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Abstract

Mixed-parity module emerges for instance when a de Rham Galois representation is being tensored
with a square root of cyclotomic character, which produces half odd integers as the corresponding
Hodge-Tate weights. We build the whole foundation on the p-adic Hodge theory in this setting over
small v-stacks after Scholze and we also consider certain moduli v-stack which parametrizes fami-
lies of mixed-parity Hodge modules. Examples of the small v-stacks in our mind are rigid analytic
spaces over p-adic fields and moduli v-stack of vector bundles over Fargues-Fontaine curves. The
preparation implemented at this level will be expected to provide further essential foundationaliza-
tion for generalized Langlands program after Langlands, Drinfeld, Fargues-Scholze. One side of
the generalized Langlands correspondence in the geometric setting is the perverse motivic derived
oco-category over Modulig related to smooth representations of reductive groups, while the other
side of the generalized Langlands correspondence in the geometric setting is the corresponding
derived oco-category over the stack of mixed-parity L-parametrizations (i.e. from two-fold cov-
ering of the Weil group into £-adic groups) related to the representations of Weil group in our
setting into Langlands dual groups. Although after Scholze and Fargues-Scholze our general-
ized Langlands program can go along £-adic cohomologicalization to immediately achieve various
solid derived oco-categories DerCatg(Modulig, 0), DerCatjisse w(Modulig, O), DerCatg(Modulig, O)
and so on with well-established formalism regarding 6-functors, we already provide certain p-adic
cohomologicalization of the story over Modulig.
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Notations:

O Chapter 1: The period sheaves in the pro-étale topology in this chapter are assumed to be
already tensored with a finite extension of Q, containing square roots of p, although we do
write that notation in an explicit way. We assume the corresonding interval / contains 1.

1/2 o 1/2
1—‘deRham,X,proét{l‘ / }’ FdeRham, X’proét{l / },

1ﬂdeRham,X,proét{t ! /2’ 10g(f) }, r((i)eRham,X,proét{t ! /2’ log(t) },

perfect { tl /2} l—-perfect { tl /2} Iﬂperfect

{t'%}
Robba, X,proét Robba, X,proét,co Robba, X,proét,/ ’

f f !
pperfect {tl/z’ log(t)}, pperfect {t1/2, log(t)}, Per ectX’prOéLI{tl/Z’ log(1)};

Robba, X,proét Robba, X,proét,co Robba,

L 1/2 0] 1/2
Leri stalline, X,proét { t }, Fcristalline, X, proét {t },

1/2 0] 1/2
Iﬂcristalline,X,proe’:t{t / ,log(t)}’ Fcristalline,X,proét{[ / ,lOg(l)},

perfect 1/2 perfect 1/2 perfect 1/2
Robba, X,proét {t }’ l—‘Robb.al,X ,proét,co {t }’ IﬂRobba, X,proét,/ { 4 }’

Robba,

f f !
pperfect {tl/z’ log(£)}, pperfect {11/2, log(1)}, Per ectX,proéLI{tl/Z, log(1)}.

Robba, X,proét Robba, X,proét,co

6]
2)
3)
“4)

(&)
(6)
(7
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O Chapter 2: The period sheaves in the v-topology in this chapter are assumed to be already
tensored with a finite extension of Q, containing square roots of p, although we do write that

notation in an explicit way. We assume the corresonding interval / contains 1.
1/2y 1O 1/2
I‘deRham,X,v{t / }, rdeRham,X,v{t / },

rdeRham,X,v {tl/z’ log(t)}’ F((l)eRham,X,v {tl/z’ log(t)},
I-‘perfect { ll /2}, 1—‘perfect { ll /2}’ l—-perfect , { ll /2 }’

Robba, X,v Robba, X,v,c0 Robba, X,v,
perfect 1/2 perfect 1/2 perfect 1/2 .
TRobbaxv 1 51080) T ipa x ) oo 17751080} Ty x5 10205

1/2 1/2
1—‘cristalline,X,v {t / }’ Fg‘istalline,X,v {t / },
[ eristalline, X,v {t ! /2, log(#)}, rc(zistalline,X,v {t ! /2, log(t)},
I—-perfect {tl/z}, Iﬂperfect {tl/z}, l-‘perfect ; I{tl/Z },

Robba, X,v Robba, X,v,c0 Robba, X
perfect 1/2 perfect 1/2 perfect 1/2
FRObba,X,v{t s log(t)}’ rRObba,X,V,OO{l s IOg(I)}, rRobba,X,v,I{t ] log(t)}

€))
(10)
(1)
(12)

(13)
(14)
15)
(16)

O Chapter 3: The period rings in 3.1, 3.2 are assumed to be not already tensored with a finite
extension of Q, containing square roots of p, we do write that notation in an explicit way;
Then the period sheaves in the v-topology in 3.3, 3.4, 3.5 are assumed to be already tensored
with a finite extension of Q,, containing square roots of p, although we do write that notation

in an explicit way. We assume the corresonding interval / contains 1.
1/2y 1O 1/2
I_‘deRham,X,v{t / }’ FdeRham,X,v{t / }a

FdeRham,X,v {tl /2’ log(t)}’ F((i??Rham,X,v {tl /2’ log(t)},

perfect 1/2 perfect 1/2 perfect 1/2
I_‘Robba,X,v{l‘ }’ 1—‘Robba,)(,v,oo{t }’ l—‘Robba,X,v,I{l‘ }’

fect 2 fect 2 fect 2
TRopnex s 11/ 51080} Thopeety {112, 10g(0)}, TRoppex s 1217 log(0)}:

7)
(18)
19)
(20)



1/2 0] 1/2
1_‘cristalline,X,v{l‘ / }, Fcristalline,X,v{t / }a 21

Feristattine X {72 1021 T ttinex» {7 Jog (1)}, (22)
perfect 1/2 perfect 1/2 perfect 1/2
I Robbaxo ! H TRobbaxveot! b TRopbaxvs il 1 (23)
fi fi fi
Tropnexy 11/ 5 1080} Thope' s {112, Jog(0)}, Tropney 1 {2'/% log()}. (24)

O Chapter 4: The period rings in this chapter are assumed to be not already tensored with a
finite extension of Q, containing square roots of p, we do write that notation in an explicit
way.






Chapter 1

Mixed-Parity p-adic Hodge Modules over
Pro-Etale Sites



1.1 Geometric Family of Mixed-Parity Hodge Modules I: de
Rham Situations

1.1.1 Period Rings and Sheaves

Reference 2. [Schl1], [KL1], [KL2], [BL1], [BL2], [BS], [BHS], [Fonl], [CS1], [CS2], [BK],
[BBK], [BBBK], [KKM], [BBM], [LZ], [M].

Rings

Let X be arigid analytic space over Q,. We have the corresponding étale site and the corresponding
pro-€tale site of X, which we denote them by Xpo6, Xs. The relationship of the two sites can be
reflected by the corresponding morphism f : Xpro¢¢ — Xg. Then we have the corresponding de
Rham period rings and sheaves from [Schl]:

1—‘deRham,X ,proét r((i)eRham, X,proét’ (1.1)
Our notations are different from [Sch1], we use I' to mean B in [Sch1], while I'? will be the corre-

sponding OB ring in [Schl].

Definition 1. Now we assume that p > 2, following [BS] we join the square root of ¢ element in
I'geRham, x,proét Which forms the sheaves:

2y 19 1/2
/ }’ 1—‘deRham,X,proe’:t{l‘ / } (1.2)

And following [BL1], [BL2], [Fonl], [BHS] we further have the following sheaves of rings:

1
1—‘de,Rham, X,proét {t

I_‘deRham,X,proét{t1/2’ log(t)}, rg)eRhamX’pmét{tl/z, IOg(I) } . (1 3)
Definition 2. We use the notations:

I-,perfect perfect perfect (1 4)
Robba, X,proét> = Robba, X,proét,co’ = Robba, X,proét,/ :

to denote the perfect Robba rings from [KL1], [KL2], where I C (0, c0). Then we join 172 to these
sheaves we have:

perfect 1/2 perfect 1/2 perfect 1/2
IﬂRobba,X,proét{l‘ }’ FRobba,X,proét,oo{t }’ l—‘Robba,X,proét,I {t } (1 '5)

And following [BL1], [BL2], [Fon1], [BHS] we have the following larger sheaves:

perfect 1/2 perfect 1/2 perfect 1/2
1—‘Robba,X,proét{t ? log(t)}’ l—‘Robba,X,proét,oo{t ? log(t)}’ l—‘Robba,X,proét,I{t ’ log(t)}' (16)

Definition 3. From now on, we use the same notation to denote the period rings involved tensored
with a finite extension of Q, containing square root of p as in [BS].

1/2 0] 1/2
1—‘deRham,X,proét{l‘ / }, FdeRham,X,proét{t / } (1.7)

10



Taerham X proé {772 108(1)} T g pam x proce {1 102(1)}- (1.8)

perfect 1/2 perfect 1/2 perfect 1/2
l—‘Robba,X,proét{t }’ 1—‘Robba,X,proét,oo {[ }’ l_‘Robba,X,proe’tt,l {t } (1‘9)

perfect 1/2 perfect 1/2 perfect 1/2
lﬂRobba,X,proét{t ’ log(t)}’ I‘Robba,X,proét,oo{t ’ log(t)}’ I‘Robba,X,proét,I{t ? lOg(l)} (110)

This is necessary since we to extend the action of ¢ to the period rings by ¢(r'/>®1) = ¢(1)/?® 1.

Modules

We consider quasicoherent presheaves in the following two situation:
O The solid quasicoherent modules from [CS1], [CS2];

O The ind-Banach quasicoherent modules from [BK], [BBK], [BBBK], [KKM], [BBM] with
the corresponding monomorphic ind-Banach quasicoherent modules from [BK], [BBK],
[BBBK], [KKM], [BBM].

Definition 4. We use the notation:

solid,quasicoherent

perfect 1/2
4 Robbe\,X,proé!{t }

solid,quasicoherent

perfect {t 1 /2}
°" Robba, X, proét, co

solid,quasicoherent ( 1.11 )

perfect {tl/z}
°~ Robba, X, proét, /

preModule , preModule , preModule

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of solid
modules.

Definition 5. We use the notation:

ind—Banach,quasicoherent ( 1. 12)

perfect 1/2 ’
Robba, X, proét {t }

ind—Banach,quasicoherent (1.13)

perfect {11/2} ’
Robba, X, proét,co

preModule

preModule

ind—Banach,quasicoherent ( 1.1 4)

perfect {ll/z}
Robba, X, proét, I

preModule

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of inductive
Banach modules.

Definition 6. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
Module**"4 , Module*4 , Module*"4 (1.15)
perfect {tl/z} perfect {tl/z} o I—perfect {t 1 /2}
" Robba, X, proét *~ Robba, X, proét,co >~ Robba, X, proét,/

to denote the (oo, 1)-categories of solid quasicoherent sheaves over the corresonding Robba sheaves.
Locally the section is defined by taking the corresponding (co, 1)-categories of solid modules.

11



Mixed-Parity Hodge Modules without Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Definition 7. For any locally free coherent sheaf F over

perfect 1/2 perfect 1/2
I_‘Robba,X,proe’:t,oo{t }’ l—‘Robba, X,proét,] {t }’ (1 . 16)

we consider the following functor dR sending F to the following object:

O 1/2
SAF @pgeren ) Diernamxgroa ) (1.17)
or
0 1/2
JAE @07 Tacmbamxproa {77 (118)
We call F mixed-parity de Rham if we have the following isomorphism':
* 0] 1/2 0] 1/2 ~ O 1/2
f f:"(F ®r£if§:x proét’m{tl/Z} l—‘deRham,X,proe’:t{t / }) ® IﬂdeRham,X,proe’:t{t / } — IF® IﬂdeRham,X,proe’:t{t / }
(1.19)
or
- 0] 1/2 0] 1/2 ~ 0] 1/2
f f*(F ®r§‘:ﬁ‘:x pméu{zlﬂ} 1—‘deRham,X,proét{l‘ }) ® 1—‘deRham,X,proét{t } — F® l—‘deRhaun,X,proét{t }
(1.20)
Definition 8. For any locally free coherent sheaf F over
perfect 1/2 perfect 1/2
I_‘Robba,X,proét,oo {t }’ l—‘Robba,X,proét,I{t }’ (1 '21)

we consider the following functor dRmOst

FlF ®pperca 15 T piam x proce 15 108(D)}) (1.22)

Robba, X, proét, co

sending F to the following object:

or

Fo(F ®ppertc ) rfeRth,pmét{tl/ 2 log(1)}). (1.23)

Robba, X, proét, I {l

We call F mixed-parity almost de Rham if we have the following isomorphism:

* 0} 1/2 0} 1/2
F* fo(F ®pperec (172 TieRham x prost 1 2 1og(1)}) ® g pham x procc U 2 log(t)y  (1.24)

Robba, X, proét,co

S F® rfeRham X’pmét{l‘lﬂ, log(1)} (1.25)
or

* 0 1/2 O 1/2
FUIE Oppee oy Diernam,xprost 12,10g()}) ® Tq ppamxprocclt 51081} (1.26)

{t'72, 1og(1)}. (1.27)

I As in [KL, Definition 10.10], when we consider the corresponding de Rham, cristalline, semi-stable functors we
will assume 1 is belonging to the interval I in all the following corresponding discussion.

~ 0}
F® l—‘deRham,X ,proét

12



We now define the (oo, 1)-categories of mixed-parity de Rham modules and he corresponding
mixed-parity almost de Rham modules by using the objects involved to generated these categories:

Definition 9. Considering all the mixed parity de Rham bundles (locally finite free) as defined
above, we consider the sub-(co, 1) category of

solid,quasicoherent

perfect 12
4 R()bb'd,X,pl‘()él,oo{t }

solid,quasicoherent (1.28)

perfect {l‘ 1/2 }
>~ Robba, X, proét, I

preModule , preModule

generated by the mixed-parity de Rham bundles (locally finite free ones). These are defined to be
the (oo, 1)-categories of mixed-parity de Rham complexes:

solid,quasicoherent,mixed—paritydeRham

solid,quasicoherent,mixed—paritydeRham
preModule”™"_ "0 2 ,;preModule”™ "5’ 2 . (1.29)
°~ Robba, X, proét, co {t } °" Robba, X, proét, {t }

Definition 10. Considering all the mixed parity almost de Rham bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent

perfect {tl/z}
>~ Robba, X, proét,co

solid,quasicoherent (1. 3 ())

perfect {t 1/2 }
°" Robba, X, proét, /

preModule , preModule

generated by the mixed-parity almost de Rham bundles (locally finite free ones). These are defined
to be the (oo, 1)-categories of mixed-parity de Rham complexes:

solid,quasicoherent,mixed—parityalmostdeRham

perfect {tl/z}
*~ Robba, X, proét,co

solid,quasicoherent,mixed—parityalmostdeRham

perfect {tl/z}
°~ Robba, X, proét,/

preModule , preModule

(1.31)

Then the corresponding mixed-parity de Rham functors can be extended to these categories:

solid,quasicoherent,mixed—paritydeRham

solid,quasicoherent,mixed—paritydeRham
preModule™ " "0 s ,preModule™ " " ) ,  (1.32)
" Robba, X, proét, co >~ Robba, X, proét, I
and

solid,quasicoherent,mixed—parityalmostdeRham

preModule™ " " 2 , (1.33)
*~ Robba, X, proét,co {t }

solid,quasicoherent,mixed—parityalmostdeRham

preModule”™ " "t s . (1.34)

>~ Robba, X, proét, /

Mixed-Parity Hodge Modules with Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Remark 1. All the coherent sheaves over mixed-parity Robba sheaves in this section will carry
the corresponding Frobenius morphism ¢ : FF — ¢*F.

Definition 11. For any locally free coherent sheaf F over

perfect 1/2 perfect 12
rRObba,X,proét,oo{t }’ FRobba, X,proét, {t }’ (1 .35)

13



we consider the following functor dR sending F to the following object:

0] 1/2
AE ®F§Zrbf§z,lx procteo U'72} rdeRham,X,PFOét{t ”h (1.36)
or
0 1/2
FAF @ppetes oy Tiemam xproe 1) (137

We call F' mixed-parity de Rham if we have the following isomorphism:

* 0 1/2 0] 1/2 ~ 0] 1/2
FH(F ®F§Zﬁ:&pmém{zl/2} FdeRham,X,proét{t / H® Iﬂde,Rham,X,proét{t / }—Fe IﬂdeRham,X,proét{t / }
(1.38)
or
* 0] 1/2 0] 1/2 = 0] 1/2
f ‘ﬁ‘ (F ®F§Zﬁ2x proét, l{t1/2} IﬂdeRham,X,proét{t / }) ® IﬂdeRham,X,proét{t / } — I® l—‘deRham,X,proét{[ / }
(1.39)
Definition 12. For any locally free coherent sheaf F over
perfect 1/2 perfect 1/2
I_‘Robba,X,proét,oo{t }’ l—‘Robba,X,proét,I{t }’ (1 40)
we consider the following functor dR¥™° sending F to the following object:
0] 1/2
fAF ®F§Zr;§:xpmém{tl/2} l—‘deRham,X,proét{t / ,log(n)}) (L.41)
or
. 0] 12
J(F ®Fﬁifb2x ot 11172 rdeRham, X’proét{t ,log(1)}). (1.42)

We call F mixed-parity almost de Rham if we have the following isomorphism:

* 0] 1/2 0] 1/2
A @ ppertect {1112} I_‘df:Rham,X,proét{t / log(n)}) ® 1—‘df:Rham,X,proét{t / ,log(r)} (1.43)

Robba, X, proét,co

—F® rtham,X,pmét{zl/z, log(r)} (1.44)

or
* 0] 1/2 0] 1/2
[ R(F ®r§iﬁ2x,pme’u{’l/2} 1—‘deRham,X,proét{t / ,log(1)}) ® l—‘deRham,X,proét{t / »log(r)} (1.45)
— F O T pramxproat! 51020} (1.46)

We now define the (oo, 1)-categories of mixed-parity de Rham modules and he corresponding
mixed-parity almost de Rham modules by using the objects involved to generated these categories:

Definition 13. Considering all the mixed parity de Rham bundles (locally finite free) as defined
above, we consider the sub-(oo, 1)-category of

solid,quasicoherent

perfect 1/2
’ RObba,X,pl‘OéLoo{t }

solid,quasicoherent (1.47)

perfect 1/2
>~ Robba, X, proét, 1 {t }

ppreModule , ppreModule
generated by the mixed-parity de Rham bundles (locally finite free ones). These are defined to be
the (oo, 1)-categories of mixed-parity de Rham complexes:

solid,quasicoherent,mixed—paritydeRham’ (ppreMo dulesolid,quasicoherent,mixed—paritydeRham' (1. 48)

perfect 1/2 perfect 1/2
" Robba, X, proét, co {t } o, Robba, X, proét, / {t }

ppreModule
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Definition 14. Considering all the mixed parity almost de Rham bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ 50 . ppreModule™ 50 2 (1.49)
*~ Robba, X, proét,co {t } >~ Robba, X, proét, I {t }

generated by the mixed-parity almost de Rham bundles (locally finite free ones). These are defined
to be the (oo, 1)-categories of mixed-parity de Rham complexes:

solid,quasicoherent,mixed—parityalmostdeRham

perfect { /1 /2 }
*~ Robba, X, proét,co

solid,quasicoherent,mixed—parityalmostdeRham

perfect {tl/z}
" Robba, X, proét, I

ppreModule , ppreModule

(1.50)

Then the corresponding mixed-parity de Rham functors can be extended to these categories:

solid,quasicoherent,mixed—paritydeRham

perfect {11/2}
>~ Robba, X, proét, co

solid,quasicoherent,mixed—paritydeRham (1 5 1)

perfect 1/2 ’
" Robba, X, proét, I {t }

ppreModule , ppreModule

and
solid,quasicoherent,mixed—parityalmostdeRham
ppreModule™ "5 2 , (1.52)
L Robba, X, proéueo U/ 7}
solid,quasicoherent,mixed—parityalmostdeRham
ppreModule™ o0 (7 . (1.53)

>~ Robba, X, proét, /

1.1.2 Mixed-Parity de Rham Riemann-Hilbert Correspondence
This chapter will extend the corresponding Riemann-Hilbert correspondence from [Schl], [LZ],
[BL1], [BL2], [M] to the mixed-parity setting.

Definition 15. We define the following Riemann-Hilbert functor RHyixed-parity from the one of
categories:

solid,quasicoherent,mixed—paritydeRham

solid,quasicoherent,mixed—paritydeRham
preModule™ " "0 s ,preModule™ """ ) ,  (1.54)
°~ Robba, X, proét, co >~ Robba, X, proét, I
and
solid,quasicoherent,mixed—parityalmostdeRham
preModule™ " " 2 , (1.55)
>~ Robba, X, proét,co {t }
solid,quasicoherent,mixed—parityalmostdeRham
preModule™_ “C° ) (1.56)

°~ Robba, X, proét, I

to (oo, 1)-categories in image denoted by:

preModuley (1.57)

to be the following functors sending each F in the domain to:
RHpixed-parity (F) := fo(F ®F§$§2x,pmé,,w ") FthamX’pmét{tl/ 2, (1.58)
RHpixed parity (F) = ful F Gppict () T3 Rham.x proc !~} (1.59)
RHumixed-party (F) 1= FuF @pgerce oy Tidgpam x proar {1/ 1020 (1.60)
RHuixea purty(F) = fo(F @ppert vy TidRnam,x proaclt' ' 1020} (1.61)
(1.62)
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respectively.

Definition 16. In the situation where we have the Frobenius action we consider the follwing. We
define the following Riemann-Hilbert functor RHyyixed-parity from the one of categories:

solid,quasicoherent,mixed—paritydeRham

solid,quasicoherent,mixed—paritydeRham
‘ppreMOdUIeD rperfect {1‘1/2} ’ QopreMOdUIeD Iﬂperfecl {1’1/2} s ( 1 '63)
" Robba, X, proét, co °" Robba, X, proét, I
and

solid,quasicoherent,mixed—parityalmostdeRham

ppreModule™ o0 2 , (1.64)
>~ Robba, X, proét, co {t }

solid,quasicoherent,mixed—parityalmostdeRham

ppreModule™ 50 S (1.65)

°~ Robba, X, proét, I

to (oo, 1)-categories in image denoted by:
preModuley (1.66)

to be the following functors sending each F in the domain to:

RHmixed party(F) = fe(F @pperee oy Tlmnamx prosc?' ) (1.67)
RHuixearparty(F) = fo(F @ppet vy Tidmnamxproacl?' ) (1.68)
RHmixed-parity(F) := folF @ppee 1y T3 Rham x procc > 108(D)}), (1.69)
RHmixed-paricy(F) := folF @ppeee 112 T3 Rham x procc Lt 108D}, (1.70)

(1.71)

respectively.
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1.2 Geometric Family of Mixed-Parity Hodge Modules II: Cristalline
Situations

1.2.1 Period Rings and Sheaves

Reference 3. [Sch1], [KL1], [KL2], [BL1], [BL2], [BS], [BHS], [Fonl], [CS1], [CS2], [BK],
[BBK], [BBBK], [KKM], [BBM], [LZ], [TT], [M].

Rings

Let X be arigid analytic space over Q,. We have the corresponding étale site and the corresponding
pro-€tale site of X, which we denote them by Xpo6, Xs. The relationship of the two sites can be
reflected by the corresponding morphism f : Xp06e — Xg. Then we have the corresponding
cristalline period rings and sheaves from [TT]:

0]
l—‘cristalline,X ,proét rcristalline, X,proét’ (1 72)

Our notations are different from [TT], we use I to mean B in [TT], while I'? will be the corre-
sponding OB ring in [TT].

Definition 17. Now we assume that p > 2, following [BS] we join the square root of ¢ element in
I cristalline, X, pro¢t Which forms the sheaves:

1/2 O 1/2
l—‘cristalline,X,proét{l‘ / }’ Fcristalline,X,proét{t / } (1.73)

And following [BL1], [BL2], [Fonl], [BHS] we further have the following sheaves of rings:

1—‘cristalline,X,proét{t1/2’ 10g(t)}, rgistalline,X,proét{t1/2’ 10g(l)} . (1 74)
Definition 18. We use the notations:

I-,perfect perfect perfect ( 1.7 5)
Robba, X,proét> = Robba, X,proét,co’ = Robba, X,proét,/ :

to denote the perfect Robba rings from [KL1], [KL2], where I C (0, c0). Then we join 172 to these
sheaves we have:

perfect 1/2 perfect 1/2 perfect 1/2
IﬂRobba,X,proét{l‘ }’ FRobba,X,proét,oo{t }’ l—‘Robba,X,proét,I {t } (1 '76)

And following [BL1], [BL2], [Fon1], [BHS] we have the following larger sheaves:
perfect 1/2 perfect 1/2 perfect 1/2
l—‘Robba,X,proét{l‘ ’ lOg(l)}, I_‘Robba,X,proét,oo{t ’ log(t)}’ I_‘Robba,X,proét,I{l‘ ’ lOg(l)}. (1'77)

Definition 19. From now on, we use the same notation to denote the period rings involved tensored
with a finite extension of Q, containing square root of p as in [BS].

1/2 0] 1/2
l—‘Cl’istalline,X,proét{l‘ / }’ Fcristalline,X,prOét{t / } (1.78)
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Teristatiine X proét{"/% 102(1)}, T attne x proct {11 > 108(1)} (1.79)

perfect 1/2 perfect 1/2 perfect 1/2
l—‘Robba,X,proét{t }’ 1—‘Robba,X,proét,oo {[ }’ l_‘Robba,X,proe’tt,l {t } (1 '80)

perfect 1/2 perfect 1/2 perfect 1/2
lﬂRobba,X,proét{t ’ log(t)}’ I‘Robba,X,proét,oo{t ’ log(t)}’ I‘Robba,X,proét,I{t ? lOg(l)} (181)

This is necessary since we to extend the action of ¢ to the period rings by ¢(r'/>®1) = ¢(1)/?® 1.

Modules

We consider quasicoherent presheaves in the following two situation:
O The solid quasicoherent modules from [CS1], [CS2];

O The ind-Banach quasicoherent modules from [BK], [BBK], [BBBK], [KKM], [BBM] with
the corresponding monomorphic ind-Banach quasicoherent modules from [BK], [BBK],
[BBBK], [KKM], [BBM].

Definition 20. We use the notation:

solid,quasicoherent

perfect 1/2
4 Robbe\,X,proé!{t }

solid,quasicoherent

perfect {t 1 /2}
°" Robba, X, proét, co

solid,quasicoherent ( 1 82)

perfect {tl/z}
°~ Robba, X, proét, /

preModule , preModule , preModule

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of solid
modules.

Definition 21. We use the notation:

ind—Banach,quasicoherent (183)

perfect 1/2 ’
Robba, X, proét {t }

ind—Banach,quasicoherent (1.84)

perfect {11/2} ’
Robba, X, proét,co

preModule

preModule

ind—Banach,quasicoherent ( 1.8 5)

perfect {ll/z}
Robba, X, proét, I

preModule

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of inductive
Banach modules.

Definition 22. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
Module™ ™1 . Module*®4 . Module*®4 (1.86)
perfect {tl/z} perfect {tl/z} o I—perfect {t 1 /2}
" Robba, X, proét *~ Robba, X, proét,co >~ Robba, X, proét,/

to denote the (oo, 1)-categories of solid quasicoherent sheaves over the corresonding Robba sheaves.
Locally the section is defined by taking the corresponding (co, 1)-categories of solid modules.
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Mixed-Parity Hodge Modules without Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-

parity Hodge modules. We start from the following definition.

Definition 23. For any locally free coherent sheaf F over

perfect 1/2 perfect 1/2
I_‘Robba,X,proét,oo {t }’ l—‘Robba,X,proét,I {t } ’

we consider the following functor cristalline sending F to the following object:

ﬁk(F ®rperfect FO {tl/z})

Robba, X, proé,co {t1/2}  cristalline, X,proét

or

ﬁk (F ®rperfecl

0] 1/2
Robba, X, proce (1'%} FCI‘iSta"inesX,PTOét{t }-

We call F mixed-parity cristalline if we have the following isomorphism:

* 0] 1/2 0] 1/2
f f;(F ® perfect F . . P {t }) ® F . . L {t }
I“Robb& X.proét,co {t1/2} ~ cristalline,X,proét cristalline, X,proét

~ 0 1/2
Fe l—‘cristalline,X ,proét{t }

or

* o 1/2 o 1/2
F1(F @ pertect {r1/2} r‘cristalline,,X,proét{t })®Fcristalline,X,proét{[ }

Robba, X, proét, I
S FeI? {17y,

cristalline, X,proét
Definition 24. For any locally free coherent sheaf F' over

perfect { P 1/2 }’ l—-perfect

{t'?}
Robba, X,proét,co Robba, X,proét,/ ’

almost

we consider the following functor cristalline sending F to the following object:

0 12
Jo(F @ppertect 1172y Ueristattine, X proct U 2 log(1)})

Robba, X, proét, co

or

o 1/2
ﬁ(F ®rPeffeCl 1{11/2} l—‘cristalline,X,proe’:t{t / ’log(t)})'

Robba, X, proét,

We call F mixed-parity almost cristalline if we have the following isomorphism:

* 0 1/2 0 1/2
f f;(F ®ngr;eb:fx prOét’m{tl/z} 1—‘cristalline,X,proét{t > log(t)}) ® Fcristalline,x,proé[{t > IOg(l)}
- 0] 1/2
—F® I_‘cristalline,X,proét{t > IOg(I)}
or

f * f;k (F ®rperfecl

@) 1/2 0 1/2
Robba’X’pméu{tlﬂ} Iﬂcristalline,X,proe’:t{[ ’ log(t)}) ® r‘cristalline,X,proét{t ’ log(t)}

- 0 1/2
—Fe® Iﬂcristalline,X,proét{t / > lOg(t)}.
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We now define the (oo, 1)-categories of mixed-parity cristalline modules and he corresponding
mixed-parity almost cristalline modules by using the objects involved to generated these categories:

Definition 25. Considering all the mixed parity cristalline bundles (locally finite free) as defined
above, we consider the sub-(co, 1) category of

solid,quasicoherent

perfect {t'/2}
>~ Robba, X, proét,co

solid,quasicoherent (1.101)

perfect {11/2}
°" Robba, X, proét, /

preModule , preModule

generated by the mixed-parity cristalline bundles (locally finite free ones). These are defined to be
the (oo, 1)-categories of mixed-parity cristalline complexes:

solid,quasicoherent,mixed—paritycristalline
preModule da b PAT
o perfect {11/2}

" Robba, X, proét, co

solid,quasicoherent,mixed—paritycristalline
, preModuleD perfoct (112) . (1.102)

" Robba, X, proét, I

Definition 26. Considering all the mixed parity almost cristalline bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent

perfect {tl/z}
>~ Robba, X, proét,co

solid,quasicoherent (1.103)

perfect {l 1 /2}
°" Robba, X, proét, /

preModule , preModule

generated by the mixed-parity almost cristalline bundles (locally finite free ones). These are de-
fined to be the (oo, 1)-categories of mixed-parity cristalline complexes:

solid,quasicoherent,mixed—parityalmostcristalline
preModule™ " "t ° 2 , (1.104)
" Robba, X, proét, co {t }
solid,quasicoherent,mixed—parityalmostcristalline
preModule™ " "0 R . (1.105)

" Robba, X, proét, I
Then the corresponding mixed-parity cristalline functors can be extended to these categories:

solid,quasicoherent,mixed—paritycristalline
perfect 12 s (1 . 106)
°~ Robba, X, proét, co {l }

solid,quasicoherent,mixed—paritycristalline
preModuleD perfoct 1) , (1.107)

" Robba, X, proét, I

preModule

and

solid,quasicoherent,mixed—parityalmostcristalline (1 108)

perfect { /1 /2} ’
" Robba, X, proét, co

preModule

solid,quasicoherent,mixed—parityalmostcristalline (1 1 09)

perfect {l 1 /2}
°" Robba, X, proét, I

preModule

Mixed-Parity Hodge Modules with Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Remark 2. All the coherent sheaves over mixed-parity Robba sheaves in this section will carry
the corresponding Frobenius morphism ¢ : FF — ¢*F.
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Definition 27. For any locally free coherent sheaf F over

I-,perfect { l‘l /2} l—‘perfect

{t'?)
Robba, X,proét,co Robba, X,proét,/ ?

we consider the following functor cristalline sending F to the following object:

.ﬁk(F ®rperfect FO {l.l/Z })

Robba, X, prot,co {t1/2} * cristalline,X,proét

or

ﬁ(F ®rperfecl FO {tl/z})

Robba, X, proét I {¢1/2} ~ cristalline, X,proét

We call F mixed-parity cristalline if we have the following isomorphism:

* (F® 1—0 t1/2 )®FO t1/2
perfect o . 4 . . .
Ik r Robb&X’pméLw{tW} crlstallme,X,proet{ } crlstalhne,X,proet{ }
- o 1/2
Fe Iﬂcristalline,X,proc’:t{l‘ }
or
* (F® 1—0 t1/2 )®FO t1/2
perfect . . 4 . . 2
f f* T Robba, X.proét 1{11/2} crlstallme,X,proet{ } crlstallme,X,proet{ }
= o 1/2
Fe 1—‘cristalline,X,proét{t }

Definition 28. For any locally free coherent sheaf F over

I-‘perfect { ¢ 1/2 }’ l—-perfect

{t'%}
Robba, X,proét,co Robba, X,proét,/ ’

almost

we consider the following functor cristalline sending F to the following object:

0} 1/2
f><(F ®1‘p€rfe°t {1172} I_‘cristalline,X,prOét{l‘ / ’ IOg(I)})

Robba, X, proét, co

or

0] 1/2
.ﬂ(F ®FP3ffe“ {r1/2} l—‘cristalline,X,proét{l‘ / ’ lOg(I)})

Robba, X, proét, I

We call F mixed-parity almost cristalline if we have the following isomorphism:

* 0] 1/2 0] 1/2
f f"(F ®1“perfeCt {t1/2} l—‘cristalline,X,proét{t / ’ log(t)}) ® 1—‘cristalline,X,proét{l‘ / ’ log(t)}

Robba, X, proét,co

N ) 1/2
Fe 1—‘cristalline,X,proét{t ’ IOg(I )}
or

* 0] 1/2 0] 1/2
f f;‘(F ®Fperfe°t {11/2} Iﬂcristalline,X,proét{t / ’ lOg(t)}) ® I_‘cristalline,X,proét{t / ’ IOg(I)}

Robba, X, proét, I

- ) 1/2
—F® I_‘cristalline,X,proét{l‘ > lOg(l)}.

(1.110)

(1.111)

(1.112)

(1.113)

(1.114)

(1.115)

(1.116)

(1.117)

(1.118)

(1.119)

(1.120)

(1.121)

(1.122)

(1.123)

We now define the (oo, 1)-categories of mixed-parity cristalline modules and he corresponding
mixed-parity almost cristalline modules by using the objects involved to generated these categories:
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Definition 29. Considering all the mixed parity cristalline bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

solid,quasicoherent

perfect {tl/z}
>~ Robba, X, proét,co

solid,quasicoherent ( 1.1 24)

perfect { 1172 }
>~ Robba, X, proét,/

ppreModule , ppreModule

generated by the mixed-parity cristalline bundles (locally finite free ones). These are defined to be
the (oo, 1)-categories of mixed-parity cristalline complexes:

solid,quasicoherent,mixed—paritycristalline

perfect {2‘1/2}
" Robba, X, proét, co

solid,quasicoherent,mixed—paritycristalline

, QppreMOdUICD perfect (112}

" Robba, X, proét, I

ppreModule
(1.125)

Definition 30. Considering all the mixed parity almost cristalline bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ %0 . ppreModule™ %0 2 (1.126)
>~ Robba, X, proét,co {t } >~ Robba, X, proét, I {t }

generated by the mixed-parity almost cristalline bundles (locally finite free ones). These are de-
fined to be the (oo, 1)-categories of mixed-parity cristalline complexes:

solid,quasicoherent,mixed—parityalmostcristalline
ppreModule™ "t 2 , (1.127)
*~ Robba, X, proét,co {t }
cppreMo dulesolid,quasicoherent, mixed—parityalmostcristalline ) ( 1.12 8)

perfect {11/2}
" Robba, X, proét, I

Then the corresponding mixed-parity cristalline functors can be extended to these categories:

solid,quasicoherent,mixed—paritycristalline ( 1.1 29)

perfect {l 1/2 } 4
>~ Robba, X, proét, co

solid,quasicoherent,mixed—paritycristalline (1 13 0)

perfect 12 ’
°~ Robba, X, proét, I {t }

wpreModule

ppreModule

and

solid,quasicoherent,mixed—parityalmostcristalline (1 13 1)

perfect {11/2} ’
*~ Robba, X, proét,co

solid,quasicoherent,mixed—parityalmostcristalline ( 1.1 32)

perfect {l‘ 1/2 }
>~ Robba, X, proét,/

wpreModule

ppreModule

1.2.2 Mixed-Parity cristalline Riemann-Hilbert Correspondence

This chapter will extend the corresponding Riemann-Hilbert correspondence from [Schl], [LZ],
[BL1], [BL2], [M] to the mixed-parity setting.

Definition 31. We define the following Riemann-Hilbert functor RHyixed-parity from the one of
categories:

solid,quasicoherent,mixed—paritycristalline

perfect { 11/2 }
*~ Robba, X, proét,co

li icoh ixed—paritycristalli
solid,quasicoherent,mixed—paritycrista me, (1.133)

perfect {l 12 }
" Robba, X, proét, I

preModule , preModule
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and

solid,quasicoherent,mixed—parityalmostcristalline

preModule”™_ " 2 , (1.134)
°" Robba, X, proét, co {t }
solid,quasicoherent,mixed—parityalmostcristalline

preModule™ " "0 S (1.135)

>~ Robba, X, proét, I

to (oo, 1)-categories in image denoted by:
preModuley (1.136)

to be the following functors sending each F in the domain to:

RHmixed-parity (F) = ful ' @ppertce {1172} ngstalline,X,Proét{t 2y, (1.137)

Robba, X, proét, co

— 0] 1/2
RHmixed-parity(F) = ﬁ(F ®F§Zﬁ§2x,pméu{tl/2} Fcristalline,X,proét{t / }), (1.138)
RHmixed-parity(F ) = f*(F ®1—Perfecl L {112} Fg.istanine,x,pmét{t 1/2, log(t )}), (1.139)

Robba, X, proét,co

— 0] 1/2
RHumixed-pariy (F) = fo(F @pgrise 1y Teiatine xproet 1 12 log(t)}), (1.140)
(1.141)

respectively.

Definition 32. In the situation where we have the Frobenius action we consider the follwing. We
define the following Riemann-Hilbert functor RHyixed-parity from the one of categories:

solid,quasicoherent,mixed—paritycristalline solid,quasicoherent,mixed—paritycristalline

SopreMOdUIe perfect {11/2} ’ ‘ppreMOdule perfect {tl/z} ’
" Robba, X, proét, co °~ Robba, X, proét, I
(1.142)
and
solid,quasicoherent,mixed—parityalmostcristalline
ppreModule™ 50 2 , (1.143)
’ Robba,X,proét,oo{[ }
solid,quasicoherent,mixed—parityalmostcristalline
ppreModule™ 70 2 (1.144)
? Robba,X,proéLI{t }
to (oo, 1)-categories in image denoted by:
preModuley ¢ (1.145)

to be the following functors sending each F in the domain to:

RHpixed-parity (F) 1= fi( F ®ppertc ro {:'?}), (1.146)

Robba, X,proé.co {#1/2} ~ cristalline, X,proét

RHuixea-parity(F) = fu(F @ppeec L) rgistalhne,x,pmét{zl/2}), (1.147)
obba, X, proé

RHmixed-paity (F) 1= folF @pprtca ) T statine x.procc > 10g(1)}), (1.148)
obba, X, proét, co

RHmixed—parity(F ) = f*(F ®rll;el‘bf§0lx 1 {t1/2} ngstauine, X’proét{t 1/2’ log(t)}), (1.149)
obba, X, proé

(1.150)

respectively.
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1.3 Geometric Family of Mixed-Parity Hodge Modules III: Semi-
Stable Situations

Reference 4. [Schl], [KLI1], [KL2], [BLI1], [BL2], [BS], [BHS], [Fonl], [CS1], [CS2], [BK],
[BBK], [BBBK], [KKM], [BBM], [LZ], [Shi], [M].

1.3.1 Period Rings and Sheaves
Rings

Let X be arigid analytic space over Q,. We have the corresponding étale site and the corresponding
pro-€tale site of X, which we denote them by Xpo6, Xs. The relationship of the two sites can be
reflected by the corresponding morphism f : Xp06e — Xg. Then we have the corresponding
semi-stable period rings and sheaves from [Shi]:

0]
l—‘semistable,X ,proéts rsemistable, X,proét* (1 .15 1)

Our notations are different from [Shi], we use I to mean B in [Shi], while I'? will be the corre-
sponding OB ring in [Shi].

Definition 33. Now we assume that p > 2, following [BS] we join the square root of ¢ element in
[semistable, X,proét Which forms the sheaves:

1/2 0] 1/2
l—‘sernistable,X,proét{l‘ / }, rsemistable,X,proét{t / } (1.152)

And following [BL1], [BL2], [Fonl], [BHS] we further have the following sheaves of rings:

1—‘semistable,X,proét { t : /2, 10g(t) }, Fsgmistable,X,proét{t ! /2, 10g(l)} . ( 1.15 3)
Definition 34. We use the notations:

perfect perfect perfect
I_‘Robba.,X,proét’ Robba, X,proét,co’ = Robba, X,proét,/ (1'154)

to denote the perfect Robba rings from [KL1], [KL2], where I C (0, c0). Then we join 172 to these
sheaves we have:

perfect 1/2 perfect 1/2 perfect 1/2
IﬂRobba,X,proét{l‘ }’ FRObba,X,proét,oo {t }’ l—‘Robbal,X,proét,I{l‘ } (1 ’ 155)

And following [BL1], [BL2], [Fon1], [BHS] we have the following larger sheaves:
perfect 1/2 perfect 1/2 perfect 1/2
I_‘Robba,X,proét{t ’ IOg(l)}, l—‘Robba,X,proét,oo{t ’ log(t)}’ l—‘Robba,X,proét,I{t ’ log(t)}' (1156)

Definition 35. From now on, we use the same notation to denote the period rings involved tensored
with a finite extension of Q, containing square root of p as in [BS].

1/2 0] 1/2
l—‘semistable,)(,proét{l‘ / }, Fsemistab]e,X,pmét{t / } (1.157)
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Tsemistable, X proét {7' /% 1081}, T, e x proec £ > 108(1) ) (1.158)

perfect 1/2 perfect 1/2 perfect 1/2
l—‘Robba,X,proét {t }’ 1—‘Robba,X,proét,oo {[ }’ l_‘Robba,X,proe’tt,l {t } (1 ’ 159)

perfect 1/2 perfect 1/2 perfect 1/2
I‘Robba,X,proét{t ’ IOg(t)}, lﬂRobba,X,proét,oo{t ’ IOg(t)}, lﬂRobba,X,proét,I{t ’ log(t)} (1 : 160)

This is necessary since we to extend the action of ¢ to the period rings by ¢(r'/>®1) = ¢(1)/?® 1.

Modules

We consider quasicoherent presheaves in the following two situation:
O The solid quasicoherent modules from [CS1], [CS2];

O The ind-Banach quasicoherent modules from [BK], [BBK], [BBBK], [KKM], [BBM] with
the corresponding monomorphic ind-Banach quasicoherent modules from [BK], [BBK],
[BBBK], [KKM], [BBM].

Definition 36. We use the notation:

solid,quasicoherent

perfect 1/2
°~ Robba, X, proét {t }

solid,quasicoherent

perfect {ll/z}
°~ Robba, X, proét,co

solid,quasicoherent ( 1.161 )

perfect 1/2
>~ Robba, X, proét,/ {t }

preModule , preModule , preModule

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of solid
modules.

Definition 37. We use the notation:

ind—Banach,quasicoherent (1 1 62)

perfect 1/2 ’
Robba, X, proét {t }

ind—Banach,quasicoherent ( 1.1 63)

perfect {11/2} ’
Robba, X, proét,co

preModule

preModule

ind—Banach,quasicoherent (1 . 164)

perfect {ll/z}
Robba, X, proét, I

preModule

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of inductive
Banach modules.

Definition 38. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
Module**"4 , Module**"¢4 , Module**¢4 (1.165)
perfect {l 1 /2} l—‘pertecl {l 1 /2} o l—‘pertecl {ll/z}
°~ Robba, X, proét °" Robba, X, proét, co °~ Robba, X, proét, I

to denote the (oo, 1)-categories of solid quasicoherent sheaves over the corresonding Robba sheaves.
Locally the section is defined by taking the corresponding (co, 1)-categories of solid modules.
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Mixed-Parity Hodge Modules without Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-

parity Hodge modules. We start from the following definition.

Definition 39. For any locally free coherent sheaf F over

perfect 1/2 perfect 1/2
I_‘Robba,X,proét,oo {t }’ l—‘Robba,X,proét,I {t } ’

we consider the following functor semistable sending F to the following object:

f:k(F ®rperfecl FO {tl/z})

Robba, X, proé,co {t1/2} ~ semistable,X,proét

or

1—0

1/2
fF @ pertect semistable,X,proét{t 1.

1/2
Robba,X,proét,I{t / }

We call F mixed-parity semi-stable if we have the following isomorphism:

% 0] 1/2 0] 1/2
f f (F ® perfect F : £ {t }) ® r : £ {t }
* I“Robb& X.proét.co {t!/2} ~ semistable, X,proét semistable, X,proét
~ 0] 1/2
F® 1—‘semistable,X ,proét { t }
or
N 1/2 0 1/2
(F ® perfect FO : £ {t }) ® F : 4 {t }
e T Robba, x.proét1 { t1/2} © semistable, X,proét semistable, X,proét
= 0] 1/2
Fe Iﬂsemistable,X ,proét{t }

Definition 40. For any locally free coherent sheaf F' over

perfect { P 1/2 }’ l—-perfect

{t'?}
Robba, X,proét,co Robba, X,proét,/ ’

almost

we consider the following functor semistable sending F to the following object:

0] 1/2
ﬁ(F ®1~P°ffeCt {£1/2} Iﬂsemistable,X,proét{l‘ / ? log(t)})

Robba, X, proét,co

or

0] 1/2
fA(F ® ppertect A2} l—‘semistable,X,proét{l‘ / ,log(1)}).

Robba, X, proét,

We call F mixed-parity almost semi-stable if we have the following isomorphism:

F*foF @ pperta ro {t'%,10g(t)}) ® T {t'72,10g(2)}

Robba, X, proét,co {t!/2} ~ semistable, X,proét semistable, X,proét

- 0o 1/2
—F® 1—‘semistable,X,proét{l‘ > log(t)}

or

. ) 12 ) 12
[ IF ®F§$§2X proces 11172} Iﬂsemistable,X,proe’:t{[ ,log(n)}) ® I‘semistable,,X,proét{t ,log(n)}

- 0 1/2
—Fe® Iﬂsemistable,X,proét{t / > log(t)}'
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We now define the (oo, 1)-categories of mixed-parity semi-stable modules and he corresponding
mixed-parity almost semi-stable modules by using the objects involved to generated these cate-
gories:

Definition 41. Considering all the mixed parity semi-stable bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

solid,quasicoherent

perfect 1/2
’ Robba,X,proér,oo{t }

solid,quasicoherent ( 1.1 8())

perfect {l 1 /2}
>~ Robba, X, proét, I

preModule , preModule

generated by the mixed-parity semi-stable bundles (locally finite free ones). These are defined to
be the (oo, 1)-categories of mixed-parity semi-stable complexes:

solid,quasicoherent,mixed—paritysemistable

perfect {tl/z}
°~ Robba, X, proét,co

solid,quasicoherent,mixed—paritysemistable (1.1 8 1)

perfect {11/2}
" Robba, X, proét, /

preModule , preModule

Definition 42. Considering all the mixed parity almost semi-stable bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent

perfect 1/2
T Robba, X, proéeeo 1/}

solid,quasicoherent ( 1.1 82)

perfect {l‘ 12 }
>~ Robba, X, proét, I

preModule , preModule

generated by the mixed-parity almost semi-stable bundles (locally finite free ones). These are
defined to be the (oo, 1)-categories of mixed-parity semi-stable complexes:

solid,quasicoherent,mixed—parityalmostsemistable ( 1.1 83)

perfect {t 1/2 } 4
>~ Robba, X, proét,co

preModule

solid,quasicoherent,mixed—parityalmostsemistable (1 18 4)

perfect 1/2
4 Robba,X,proéLI{t }

preModule

Then the corresponding mixed-parity semi-stable functors can be extended to these categories:

solid,quasicoherent,mixed—paritysemistable (1.185)

perfect {11/2} ’
°~ Robba, X, proét, co

preModule

solid,quasicoherent,mixed—paritysemistable ( 1.18 6)

perfect {ll/z} ’
>~ Robba, X, proét, /

preModule

and

solid,quasicoherent,mixed—parityalmostsemistable ( 1.1 87)

perfect {t 1/2 } 4
>~ Robba, X, proét,co

preModule

solid,quasicoherent,mixed—parityalmostsemistable ( 1.1 88)

perfect 1/2
4 Robba,X,proéLI{t }

preModule

Mixed-Parity Hodge Modules with Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Remark 3. All the coherent sheaves over mixed-parity Robba sheaves in this section will carry
the corresponding Frobenius morphism ¢ : FF — ¢*F.

27



Definition 43. For any locally free coherent sheaf F over

I-‘perfect { P 1/2 }’ l—-perfect

{t'%}
Robba, X,proét,co Robba, X,proét,/ ’

we consider the following functor semistable sending F to the following object:

f;k(F ®rperfect FO {tl/z})

Robba, X, proétco {#! /2 } ~ semistable,X,proét

or

f;k(F ®rperfect FO {tl/z})

Robba, X, proét 1 {t1/2} ~ semistable,X,proét
We call F mixed-parity semi-stable if we have the following isomorphism:

F*fo(F @ ppertc ro {t'?}) @19 {t'%}

Robba, X, proét,co {t! /2 } * semistable,X,proét semistable, X,proét

S FerI? {:'%}

semistable, X,proét

or

f*f;(F® perfect FO : 4 {tl/z}) ® FO : 2 {t1/2}
I“Robba’ X.proét 1 {t!/2} ~ semistable,X,proét semistable, X,proét

~ 0] 1/2
— F® I_‘semistable,X,proét{t } .

Definition 44. For any locally free coherent sheaf F over

perfect 1/2 perfect 1/2
I_‘Robba,X,proét,oo{t }’ l—‘Robba,X,proét,I {t }’

almost

we consider the following functor semistable sending F to the following object:

0 1/2
JAF @pperea {1172} rsemistable,X,proét{t / ,log(n)})

Robba, X, proét,co

or

f;,< (F ®Fpel‘fecl

0] 1/2
Robba, X, proct 1 {t1/2} l—‘semistable,X ,proét{t ’ log(t ) })

We call F mixed-parity almost semi-stable if we have the following isomorphism:

* 0] 1/2 0} 1/2
f f:"(F ®l"perfeCt {112} l—‘semistable,X,proét{t / > log(t)}) ® 1—‘semistable,X,proét{t / > lOg(t)}

Robba, X, proét, co

- 0o 1/2
— F® 1—‘semistable,X,proét{t ’ log(t)}

or

. ) 12 ) 12
[ IF ®F§$§2X proces 11172} Iﬂsemistable,X,proe’:t{[ ,log(n)}) ® r‘semistable,X,proe’:t{t ,log(n)}

- 0 1/2
—Fe® Iﬂsemistable,X,proét{t / > log(t)}'
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We now define the (oo, 1)-categories of mixed-parity semi-stable modules and he corresponding
mixed-parity almost semi-stable modules by using the objects involved to generated these cate-
gories:

Definition 45. Considering all the mixed parity semi-stable bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

solid,quasicoherent

perfect 1/2
’ Robba,X,proér,oo{t }

solid,quasicoherent (1.203)

perfect 1/2
>~ Robba, X, proét, I {t }

wpreModule , ypreModule

generated by the mixed-parity semi-stable bundles (locally finite free ones). These are defined to
be the (oo, 1)-categories of mixed-parity semi-stable complexes:

solid,quasicoherent,mixed—paritysemistable

perfect 1/2
" Robba, X, proét, co {t }

solid,quasicoherent,mixed—paritysemistable

perfect 1/2
>~ Robba, X, proét, I {t }

ppreModule , opreModule

(1.204)

Definition 46. Considering all the mixed parity almost semi-stable bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent

perfect 1/2
°~ Robba, X, proét,co {t }

solid,quasicoherent (1 _2()5)

perfect 1/2
>~ Robba, X, proét,/ {t }

wpreModule , ypreModule

generated by the mixed-parity almost semi-stable bundles (locally finite free ones). These are
defined to be the (oo, 1)-categories of mixed-parity semi-stable complexes:

solid,quasicoherent,mixed—parityalmostsemistable
ppreModule™ "5 2 , (1.206)
’ RObba,X,pr()él,oo{t }
gopreMo dulesolid,quasicoherent,mixed—parityalmostsemistable ) ( 1. 207)

perfect {1‘1/2}
>~ Robba, X, proét, /

Then the corresponding mixed-parity semi-stable functors can be extended to these categories:

solid,quasicoherent,mixed—paritysemistable solid,quasicoherent,mixed—paritysemistable

@preModule™ " , ppreModule™ "5 ’
{1172} {1112}
°" Robba, X, proét, co >~ Robba, X, proét, /
(1.208)
and
solid,quasicoherent,mixed—parityalmostsemistable
ppreModule™ T 2 , (1.209)
>~ Robba, X, proét,co {l }
Modul solid,quasicoherent,mixed—parityalmostsemistable 1210
(ppre odule perfect {11/2} . ( . )

>~ Robba, X, proét, I

1.3.2 Mixed-Parity semi-stable Riemann-Hilbert Correspondence

This chapter will extend the corresponding Riemann-Hilbert correspondence from [Schl], [LZ],
[BL1], [BL2], [M] to the mixed-parity setting.
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Definition 47. We define the following Riemann-Hilbert functor RHpixed-parity from the one of
categories:

solid,quasicoherent,mixed—paritysemistable solid,quasicoherent,mixed—paritysemistable
preModule™ _ “C° S ,preModule™ "%’ (1172 , (1.211)
°~ Robba, X, proét, co t " Robba, X, proét, I t
and
solid,quasicoherent,mixed—parityalmostsemistable
preModule™ " "t 2 , (1.212)
°~ Robba, X, proét,co {t }
solid,quasicoherent,mixed—parityalmostsemistable
preModule”™ "t ) (1.213)

>~ Robba, X, proét, /

to (oo, 1)-categories in image denoted by:
preModuley (1.214)
to be the following functors sending each F in the domain to:

RHmixed-parity (F) 1= fu( F ®ppertc ro (1'?), (1.215)

Robba, X. proél,oo{tl/z} semistable, X,proét

RHmixed—parity(F) = ﬂ (F ®Fperfecl FO {t ! /2 } ), ( 1 2 1 6)

Robba, X, proét] {r! /2 } * semistable,X,proét

RHpixca-parity (F) = fo(F @pporie (1 T istable. X proct > 108(D)}), (1.217)
obba, X, proét, co

RHmised-parity(F) = fu(F ®ppetet 1y Ticate xpro {1/ 108D}, (1.218)
obba, X, proé

(1.219)

respectively.

Definition 48. In the situation where we have the Frobenius action we consider the follwing. We
define the following Riemann-Hilbert functor RHyixed-parity from the one of categories:

solid,quasicoherent,mixed—paritysemistable

perfect 12 ’
°~ Robba, X, proét, I {t }

solid,quasicoherent,mixed—paritysemistable

ppreModule™ "5 0 (12}

" Robba, X, proét, co

, gpreModule

(1.220)
and
gopreMo dulesolig;g::tlsicoherentir/rzlixed—parityalmostsemistable, ( 1.221 )
4 R()bba,X,prOéLoo{t }
(ppreMo dulesoli;i;?fllc?sicoheren:,/r;lixed—parityalmostsemistable (1 .222)
>~ Robba, X, proét, / {t }
to (oo, 1)-categories in image denoted by:
preModuley (1.223)
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to be the following functors sending each F in the domain to:

— 0] 1/2
RHmixed-parity(F ) = f;(F ®I~Perfecl {1112} Fsemistable,X,prOét{t / }),

Robba, X, proét,co

— 0] 1/2
RHmixed-parity(F ) = f:"(F ®Fp€rfe°‘ {12y l—‘semistable,X,proét{l‘ / })’
Robba, X, proét, /

RHmixed-parity(F ) = f*(F ®1—P€rfecl {11/2} Fs(zmistable,X,proét{t 1/2, log(t )}),

Robba, X, proét,co

RHmixed—parity(F )= fuF @ pperfect A2y l—gmistable, X’proét{tl/z, log(#)}),

Robba, X, proét,

respectively.
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1.4 Localizations

Reference 5. [All], [AI2], [AB1], [AB2], [Fon2], [Fon3], [Fal].

1.4.1 Extension of Fundamental Groups

In the local setting setting in fact we can have more thorough understanding of more structures.
Locally we can have the Galois group of Q, (T1, ..., T,,) for some n > 0 in the smooth situation for
instance. Our current discussion will be in the following situation:

Definition 49. We define the corresponding two fold covering of the Galois group:

Gal(Q (T1 - Ty /Qp (Thsa Ty))2 (1.229)

by taking the product of

Gal(Qp (T1, .o Ty /Qp (T, ..., T,)), Gal(Q,/Qp) (1.230)

where the latter is the group defined in [BS, Just before Lemma 7.5]. This group admits an action
on the element ¢'/? through the action of the group Gal(Q,/Qp)a-

1.4.2 Modules

We consider the following definition of modules with (¢, Gal(Q), (T1, ..., Tn)/\ [Qp (T, ... Tn))2)-
structure.

Definition 50. Let R := Q, (T, ..., T,,). We use the notation:

Module solid,quasicoherent . Module solid,quasicoherent ‘Module solid,quasicoherent (1.231)

perfect { 1/ 2} perfeu {t 2} perfecl {t 2}
Robba, R, proét Robba, R, proét, co Robba, R, proét, I

to denote the (oo, 1)-categories of solid modules over the corresonding Robba rings in the local
setting namey associated to:

Rperfb Q (pl/P )< I/P B Tnl/Poo>Ab. (1.232)
Then we consider all the modules as such carrying commuting operations from ¢ and

S = Gal(Qp (T1, . Tpy /Qp (Ths oo Ty))a, (1.233)

which is assumed to be semilinear. We use the notation

Modul esolid,quasicoherent Modul esolid,quasicoherent Modul esolid,quasicoherent

90, Z 1—‘perfecl {[1/2}’ (,p, Z 1—‘perfect {tl/z}’ ()0, E 1—‘perfecl Al 2} (1 234)

/
Robba, R, proét Robba, R, proét, co Robba, R, proét, / {

to denote the categories.
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Definition 51. For any module F over

I-«perfect { ¢ 1/2 }, l—-perfect

1/2
Robba,R,proét,co Robba, R,proét, [{t }, (1 235)

carrying the structure of (¢, X)-action, we consider the following functor dR sending F to the
following object:

(F ®pperic ro {t'71)* (1.236)

1/2 S
Robba, R,proétco {12} deRham, R proét

or

fo(F ®pperec ro {:'?}). (1.237)

Robba, R, proét, I {tl/z} deRham,R,proét
We call F mixed-parity de Rham if we have the following isomorphism:
10) 1/20\2 o 70 12y _~ 10) 1/2
(F ®F§:§§: R pmét’m{tlﬁ} IﬂdeRham,R,proét{t DT e I—‘deRham,R,proét{t }— Fe® IﬂdeRham,R,proe’:t{l‘ }
(1.238)
or

{t'?}.
(1.239)

(') 5 Feor?

0] 1/2\2 0]
(F ®rperfect r {t } ) QT deRham, R,proét

Robba, R,proét I {¢1/2} ~ deRham,R,proét deRham,R,proét
Definition 52. For any module F over

Iﬂperfect { l‘l /2} l—‘perfect

12
Robba, R,proét,co Robba,R,proét,/ {t }’ (1.240)

carrying the structure of (¢, X)-action, we consider the following functor dR sending F' to the
following object:

(F ®ppertec ro {t'2, log(1)})* (1.241)

1/2 &
Robba‘R‘pméLm{t / } © deRham,R,proét

or

0] 1/2
fo(F ®ppertc 172y TéoRham R proct U1 2}). (1.242)

Robba, R, proét, I

We call F mixed-parity almost de Rham if we have the following isomorphism:

0} 1/2 z 0} 1/2
(F ®[‘§Zrbf§2R’pméLw{tl/2} I_‘deRham,R,proét{t / ’log(t)}) ® 1—‘deRham,R,proét{t / ’log(t)} (1243)
— F O T phamproccl > 108(0)} (1.244)
or
0] 1/2 z O 1/2
(F ®F§Zrlf§2&pméu{zl/2} IﬂdeRham,R,proe’:t{t / Jlog(n})™ ® IﬂdeRham,R,proét{[ / ,log(n)} (1.245)
— F O T rpamrproat? 108D} (1.246)
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Definition 53. For any module F over

Iﬂperfect { l‘l /2} l—‘perfect

12
Robba, R,proét,co Robba,R,proét,/ {t }’ (1.247)

carrying the structure of (¢, X)-action, we consider the following functor cristalline sending F' to
the following object:

(F ®rperfect 1/2})2 (1248)

0]
Robba, R,proétco {1172} I_‘cristallline,R,proét {t

or

So(F ®pperec ro {'?}). (1.249)

Robba, R.proct] {t1/2} ~ cristalline,R,proét

We call F mixed-parity cristalline if we have the following isomorphism:

10) 1/2\\& 10) /2y _~ 0) 12
(F ®F ﬁ‘:‘ﬁ‘: R pméhm{tlﬂ} 1—‘cristalline,R,proét{l‘ }) ® I_‘cristalline,R,proét{l‘ } — F® 1—‘cristalline,R,proét{l‘ }
(1.250)
or
0 1/2\\2 o 10 12y _~ o 1/2
(F ®1"1ng;: R proé {1112} I‘cristalline,R,proét{t D=e® Iﬂcristalline,R,proét{l‘ }— Fe Iﬂcristalline,R,proe’:t{t }-
(1.251)
Definition 54. For any module F over
perfect 1/2 perfect 1/2
I_‘Robba,R,proét,oo{l‘ } ’ l—‘Robba,R,proét,I {t }’ (1 252)
carrying the structure of (¢, X)-action, we consider the following functor cristalline®™° sending
F to the following object:
10) 12 )
(F ®F£eortf§:&pmét’m{tl/2} l—‘cristalline,R,proét{t ’ IOg(t)}) (1 '253)
or
0] 1/2
f(F ®rPerfe°‘R proéLI{tl/z} l—‘cristalline,R,proét{t b (1.254)

Robba,

We call F mixed-parity almost cristalline if we have the following isomorphism:

(F ®pperec ro {t'2 log(n)})* @ T? {t'%10g(t)}  (1.255)

Robba, R,proétoo {t1/2} ~ cristalline, R proét cristalline, R,proét

S Fer?

cristalline, R,proét

{t'72, log(r)} (1.256)
or

0] 1/2 z 0] 1/2
(F ® ppertec {1172} Iﬂcristalline,R,proét{l‘ / Jlog(n})™ ® Iﬂcristallincit,R,proe’:t{l‘ / ,log(n)} (1.257)

Robba, R, proét, I

S FerI? {t'72, log(1)}. (1.258)

cristalline, R,proét
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Definition 55. For any module F over

I-‘perfect { ¢ 1/2 }, l—-perfect

1/2
Robba,R,proét,co Robba,R,proét, [{t }, (1 .259)

carrying the structure of (¢, X)-action, we consider the following functor semistable sending F' to
the following object:

(F ®Fperfec[ FO {t ! /2 })2 (1 260)

Robba, R,proétco {t! / 2} © semistable,R,proét

or

fo(F ®pperea ro {:'?}). (1.261)

Robba‘R,pméu{tl/Z} deRham,R,proét
We call F mixed-parity semi-stable if we have the following isomorphism:

{t1/2} ;) F® 1—~() {tl/Z}

semistable, R,proét

(1.262)

(F ®Fperfect FO {t1/2})2 ® FO

Robba, R, proétco {t1/2} ~ semistable,R,proét semistable, R,proét

or

{tl/Z})Z Q FO

semistable, R,proét

(1'?y S Fer? {117y,

semistable, R,proét

(1.263)

(F ®Fperfect

FO
Robba, R, proét I {t1/2} ~ semistable,R,proét

Definition 56. For any module F over

I-‘per‘fect { P 1/2 } l—‘perfect

12
Robba, R,proét,co Robba,R,proét,/ {77} (1.264)

carrying the structure of (¢, X)-action, we consider the following functor semistable?™st

F to the following object:

sending

0] 1/2 z
(F ®1—-perfect {t1/2} FSCmiStable,R,proét{t / R log(l')}) (1 265)

Robba, R, proét, co

or

So(F ®ppertec ro {t'71). (1.266)

Robba, R,proét I {t! / 2} © semistable,R,proét
We call F mixed-parity almost de Rham if we have the following isomorphism:

(F ®ppertc ro {t'2, log(1)})* ® T? ("2, log()}  (1.267)

Robba, R,proét,co {t1/2} ~ semistable,R,proét semistable, R,proét

S FeI? ("2, log(r)}  (1.268)

semistable, R,proét

or

(F ® pperic ro {12 10g()})* ® T L abterproai 1080} (1.269)

Robba, R,proét I {t! / 2} © semistable,R,proét

S FI? {t'%10g(t)}.  (1.270)

semistable, R,proét

35



36



Chapter 2

Mixed-Parity p-adic Hodge Modules in
v-Topology
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2.1 Geometric Family of Mixed-Parity Hodge Modules I: de
Rham Situations

Reference 6. [Schl], [Sch2], [FS], [KL1], [KL2], [BL1], [BL2], [BS], [BHS], [Fonl], [CS1],
[CS2], [BK], [BBK], [BBBK], [KKM], [BBM], [LZ], [M].

2.1.1 Period Rings and Sheaves
Rings

Let X be arigid analytic space over Q,. We have the corresponding €tale site and the corresponding
pro-étale site of X, which we denote them by X, Xs. The relationship of the two sites can be
reflected by the corresponding morphism f : X, — Xg. Then we have the corresponding de
Rham period rings and sheaves from [Schl]:

0]
1—‘deRham,X,v, FdeRham,X,v . (2 1)

Our notations are different from [Sch1], we use I to mean B in [Sch1], while I'C will be the corre-
sponding OB ring in [Schl].

Definition 57. Now we assume that p > 2, following [BS] we join the square root of ¢ element in
I'deRham.x,v Which forms the sheaves:

1—‘deRham,X,v{1‘1/2}, F((j)eRham’X’v{tl/Z}- (2-2)

And following [BL1], [BL2], [Fonl], [BHS] we further have the following sheaves of rings:

TgeRnam X {72 102(0)}. T gm0 {22 10g (1)} (2.3)
Definition 58. We use the notations:

perfect perfect perfect
l—‘Robba,X,v’ FRObba,X,v,oo’ 1—‘Robba,X, v,1 (24)

to denote the perfect Robba rings from [KL1], [KL2], where I C (0, c0). Then we join 1172 to these
sheaves we have:

l—-perfect { tl /2}, l—-perfect { tl /2 }, I—-perfect

1/2
Robba, X,v Robba, X,v,c0 Robba,X,v,I{t } (25)

And following [BL1], [BL2], [Fon1], [BHS] we have the following larger sheaves:
f f f
TRopmexy 151080}, Thopeet L {112, 10g(0)}, Troppey. ., 41'/% log()} (2.6)

Definition 59. From now on, we use the same notation to denote the period rings involved tensored
with a finite extension of Q, containing square root of p as in [BS].

TaeRnam X {'/* 1. Togpam . {1 2.7)
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TgeRnam x.v {172, 102(0)}, T gpam .0 {2 10g (1)} (2.8)

perfect 1/2y yperfect 1/2 t-perfect 12
lﬂRObba,X,V{t 12 FRObba,X,v,oo{t |3 rRobba,X,v,I{t }. 2.9)
e £ f
FRosbaxs (21080} TRoiecly | (112 og(0) TRgiedly | (1'% log()}. (2.10)

This is necessary since we to extend the action of ¢ to the period rings by ¢(1'/?®1) = ¢(1)'/?® 1.

Modules

We consider quasicoherent presheaves in the following two situation:
O The solid quasicoherent modules from [CS1], [CS2];

O The ind-Banach quasicoherent modules from [BK], [BBK], [BBBK], [KKM], [BBM] with
the corresponding monomorphic ind-Banach quasicoherent modules from [BK], [BBK],
[BBBK], [KKM], [BBM].

Definition 60. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
preModule d’qf , preModule® "4 , preModule d’ci (2.11)
perfect {tl/z} perfect {t 1 /2} pertect {fl/z}
>~ Robba, X,v >~ Robba, X, v, >~ Robba, X,v,I

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of solid
modules.

Definition 61. We use the notation:

ind—Banach,quasicoherent (2 12)

perfect 1/2 ’
IﬂRobba,X,v{t / }

ind—Banach,quasicoherent (2 1 3)

perfect 1/2 ’
Robba, X, v,co U/ 1~}

ind—Banach,quasicoherent (2 1 4)

perfect 1/2
l—‘Robbu,X,v,l {l }

preModule
preModule

preModule

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of inductive
Banach modules.

Definition 62. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
Module d , Module d’q , Module d".] (2.15)
erfect erfect erfect
o.rP {tl/2} o.r? {tl/Z} o.r? {,1/2}
>~ Robba, X,v >~ Robba, X, v,c0 >~ Robba, X,v,I

to denote the (oo, 1)-categories of solid quasicoherent sheaves over the corresonding Robba sheaves.
Locally the section is defined by taking the corresponding (co, 1)-categories of solid modules.
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Mixed-Parity Hodge Modules without Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-

parity Hodge modules. We start from the following definition.

Definition 63. For any locally free coherent sheaf F over

perfect 1/2 perfect 1/2
TRobbaxweoll b Troppa xp {7 h

we consider the following functor dR sending F to the following object:

1/2
ﬁk(F ®Fperfect oo{tl/Z} Iﬂ((i)eRhaI’I],X,V{t / })

Robba, X, v,

or

0 1/2
ﬂ(F ®rperfecl ,{t‘/z} rdeRham,X,v{t / })

Robba, X, v,
We call F mixed-parity de Rham if we have the following isomorphism:

0

. 0 1/2 ) 12y _~ 12
STHE @ppereer 10y Ternam, 11 D) @ Tornamxn (1'%} = F ® T x, (')

Robba, X, v,c0

or

. ) 12 ) 12y _~ ) 1/2
J7SAF @ppertea 1112} L gernamxp 7D © Lgepam x 177 F = F ® Dgpam x 1777}

Robba, X, v,
Definition 64. For any locally free coherent sheaf F over

l—‘perfect { tl /2} l—‘pc::rfect

("%}
Robba, X,v,c0 Robba,X,v,I ’

Ralmost

we consider the following functor d sending F to the following object:

f;(F ®rperfect {t1/2} F(%Rham,X,v {tl /2’ log(t)})

Robba, X, v,c0

or

]‘;(F ®Fperfect I{t1/2} rtham,X,v {t1/27 log(t)})

Robba, X, v,

We call F mixed-parity almost de Rham if we have the following isomorphism:

F*FoF @pgerter 1y Tiognam o 1110801 ® T x, (1'% log(1)}

Robba, X, v,

;) Fe IﬂgeRham,X,v{tl/z’ 1Og(t)}
or

P IAF Ot i T o (173 1080D) © T gy, (1 To(t))

Robba, X, v,

S F® F(‘i)eRth,v{tl/z, log(1)}.
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We now define the (oo, 1)-categories of mixed-parity de Rham modules and he corresponding
mixed-parity almost de Rham modules by using the objects involved to generated these categories:

Definition 65. Considering all the mixed parity de Rham bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
preModule”™ " "t 2y PreModule e 2 (2.28)
4 Robba,X,v,oo{t } ? Robba,X,v,I{t }

generated by the mixed-parity de Rham bundles (locally finite free ones). These are defined to be
the (oo, 1)-categories of mixed-parity de Rham complexes:

solid,quasicoherent,mixed—paritydeRham

perfect 12
M Robba, X,v,c0 U117

solid,quasicoherent,mixed—paritydeRham (2 29)

perfect 12
’ Robba,X,v,I{t }

preModule , preModule

Definition 66. Considering all the mixed parity almost de Rham bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
preModule™ " "0 ,preModule™ " (2.30)
{ ! /2 } { ! /2 }
>~ Robba, X, v,c0 >~ Robba, X,v,I

generated by the mixed-parity almost de Rham bundles (locally finite free ones). These are defined
to be the (oo, 1)-categories of mixed-parity de Rham complexes:

solid,quasicoherent,mixed—parityalmostdeRham

preModule” " "5 U , (2.31)
T Robba, X.v0 U117}
solid,quasicoherent,mixed—parityalmostdeRham

preModule™ " " ° . (2.32)

? Robba,X,v,I{t[/z}
Then the corresponding mixed-parity de Rham functors can be extended to these categories:

solid,quasicoherent,mixed—paritydeRham (2 3 3)

perfect 1/2 ’
T Robba, X,v,00 1/}

solid,quasicoherent,mixed—paritydeRham (2 3 4)

perfect 1/2 4
0.1 Robba, x,v, 177}

preModule

preModule

and

solid,quasicoherent,mixed—parityalmostdeRham (2 3 5)

perfect 1/2 4
T Robba, x,v,00 1777}

preMo dulesolid,qfuasicoherent,mixed—parityalmostdeRham ) (2.3 6)
Iapt’.l’ ect {tl/z}
o, Robba, X,v,1

preModule

Mixed-Parity Hodge Modules with Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Remark 4. All the coherent sheaves over mixed-parity Robba sheaves in this section will carry
the corresponding Frobenius morphism ¢ : FF — ¢*F.
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Definition 67. For any locally free coherent sheaf F' over

perfect 1/2 perfect 1/2
I Robbaxweo 1 Tropba v {1

we consider the following functor dR sending F to the following object:

0] 1/2
FF Ot g2y Taerpamx 17

or

0] 1/2
f;k(F ®Fperfect I{II/Z} FdeRham,X,v{t / })

Robba, X, v,

We call F mixed-parity de Rham if we have the following isomorphism:

* 0] 1/2 0] 1/2 ~ 0 1/2
f f*(F ®1“perfecl {r1/2} r‘deRham,X,v{[ / }) ® IﬂdeRham,X,v{t / } —F® IﬂdeRham,X,v{t / }

Robba, X, v,c0

or

x o) 1/2 0 12y "~ o) 1/2
f f*(F ®1"pe'fe°‘ 1{11/2} l—‘deRham,X,v{t })®FdeRham,X,v{t }—)F®rdeRham,X,v{t }

Robba, X, v,
Definition 68. For any locally free coherent sheaf F over

1—,perfect { l‘l /2} l—‘perfect

{t'%}
Robba, X,v,c0 Robba, X,v,/ ’

Ralmost

we consider the following functor d sending F to the following object:

10) 1/2
FE @pgerer 172y Tiernam,x,o {1777 108(1)})
or

FolF @pparet 1y T a1/ I02(D}).

Robba, X, v,

We call F mixed-parity almost de Rham if we have the following isomorphism:

f*FF @pperee iy Ty 1710801 ® Tt x, (1'% log(1)}

Robba, X, v,c0

;) re 1—‘((l)eRham,X,v{l‘l/z’ log(t)}

or

P IAF Ot i T o (173 10800D) © Ty, (1 Tog(t))

Robba, X, v,

S F® F(‘i)eRth,v{tl/z, log(1)}.

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

We now define the (oo, 1)-categories of mixed-parity de Rham modules and he corresponding
mixed-parity almost de Rham modules by using the objects involved to generated these categories:
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Definition 69. Considering all the mixed parity de Rham bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ 5| 2y’ ppreModule™ 70 2 (2.49)
T Robba, x,v.00 17177} T Robba,x,v. 1117

generated by the mixed-parity de Rham bundles (locally finite free ones). These are defined to be
the (oo, 1)-categories of mixed-parity de Rham complexes:

solid,quasicoherent,mixed—paritydeRham

solid,quasicoherent,mixed—paritydeRham
ppreModule™ 00 2 » ppreModule™ " “C 0 2 . (2.50)
I Robba, X, v,c0 17} T Robbax,v, 1 1172}

Definition 70. Considering all the mixed parity almost de Rham bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ 00 2 , ppreModule” "o 2 (2.51)
T Robba, x,v,00 1777} T Robba, x,v.r 17}

generated by the mixed-parity almost de Rham bundles (locally finite free ones). These are defined
to be the (oo, 1)-categories of mixed-parity de Rham complexes:

solid,quasicoherent,mixed—parityalmostdeRham

ppreModule™ o0 2 , (2.52)
I Robba, x,v,00 177}
solid,quasicoherent,mixed—parityalmostdeRham

ppreModule™ 5| . (2.53)

’ Robba,X,v,I{tl/z}
Then the corresponding mixed-parity de Rham functors can be extended to these categories:

solid,quasicoherent,mixed—paritydeRham

solid,quasicoherent,mixed—paritydeRham
ppreModule™ 00 2 , ppreModule” " "0 2 , (2.54)
’ Robba,X,v,oo{t } ’ Robba,X,v,I{t }
and
solid,quasicoherent,mixed—parityalmostdeRham
ppreModule™ 30 2 , (2.55)
4 Robba,X,v,oo{l }
solid,quasicoherent,mixed—parityalmostdeRham
ppreModule Lperic ) . (2.56)
O R gbba, x,v, 1 11777}

2.1.2 Mixed-Parity de Rham Riemann-Hilbert Correspondence

This chapter will extend the corresponding Riemann-Hilbert correspondence from [Schl], [LZ],
[BL1], [BL2], [M] to the mixed-parity setting.

Definition 71. We define the following Riemann-Hilbert functor RHpixed-parity from the one of
categories:

solid,quasicoherent,mixed—paritydeRham solid,quasicoherent,mixed—paritydeRham (2 57)

preModule , preModule

perfect 1/2 perfect 1/2 4
T Robba, X,v.00 U/2} T Robba,x.v,1 {117}
and
solid,quasicoherent,mixed—parityalmostdeRham
preModule ppertet p , (2.58)
O, RObba,X,v,oo{ }
solid,quasicoherent,mixed—parityalmostdeRham
preModule Py (2.59)

>~ Robba, X, v,I
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to (oo, 1)-categories in image denoted by:
preModuley (2.60)

to be the following functors sending each F in the domain to:

RHuixed-parity (F) := fu(F @ppereec 112y TS rnamxr 172D, (2.61)
RH pixed-parity(F) = fu(F petet (s deRhava{,l/z}) (2.62)
RHmixed-parity(F) = fo(F @pgetest 1oy Tiogpam 1'% Tog(0)}), (263)
RHmixed-parity(F) = fo(F @pgerst 12y Tl e (1'% 108(0}), (2:64)

(2.65)

respectively.

Definition 72. In the situation where we have the Frobenius action we consider the follwing. We
define the following Riemann-Hilbert functor RHyixed-parity from the one of categories:

solid,quasicoherent,mixed—paritydeRham

ppreModule™ 70 2 s gopreModulesoli,?;?f:jsiCOherSI;t’mixed_paritydeRham, (2.66)
’ Robba,X,v,oo{t } ’ Robba,X,v,I{t }
and
solid,quasicoherent,mixed—parityalmostdeRham
SDpreModule S iy , (2.67)
reMo dulesohd,quaswoherent,mixed—parityalmostdeRham 268
Aot e 102) 200
to (oo, 1)-categories in image denoted by:
preModuley (2.69)
to be the following functors sending each F in the domain to:
RHmised-parity(F) := fu(F @ppers 1) Tiogpam xo {721 (2.70)
RHmised-parity(F) 1= fo(F @pyertse o) Tiogpam 172 271)
RHmised-parity(F) := fu(F @pyers 1oy Tiogpam (1'% 1080}, (272)
RHuixed-parity (F) = fulF @pgee 1110y TG ham x> 10g(D}), (2.73)

(2.74)

respectively.
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2.2 Geometric Family of Mixed-Parity Hodge Modules II: Cristalline
Situations

References: [Schl], [Sch2], [FS], [KL1], [KL2], [BL1], [BL2], [BS], [BHS], [Fonl], [CS1],
[CS2], [BK], [BBK], [BBBK], [KKM], [BBM], [LZ], [TT], [M].

2.2.1 Period Rings and Sheaves
Rings

Let X be a rigid analytic space over Q,. We have the corresponding étale site and the correspond-
ing pro-étale site of X, which we denote them by X,, X¢. The relationship of the two sites can
be reflected by the corresponding morphism f : X, — Xg. Then we have the corresponding
cristalline period rings and sheaves from [TT]:

0]
l—‘cristalline,X,v, rcristalline,X,v . (275)

Our notations are different from [TT], we use ' to mean B in [TT], while I'C will be the corre-
sponding OB ring in [TT].

Definition 73. Now we assume that p > 2, following [BS] we join the square root of ¢ element in
Icristalline, x,v Which forms the sheaves:

l—‘cristalline,X,v {t 1/2 }, ngstamne,x,v {t : /2} . (2.76)

And following [BL1], [BL2], [Fonl], [BHS] we further have the following sheaves of rings:

Feristattine. .o {2 108() 1 T atine . {212 Tog (1)} (2.77)

Definition 74. We use the notations:

perfect perfect perfect
l—‘Robba,X,v’ FRObba,X,v,oo’ 1—‘Robba,X,v,I (278)

to denote the perfect Robba rings from [KL1], [KL2], where I C (0, c0). Then we join 1172 to these
sheaves we have:

l—-perfect { tl /2}, l—-perfect { tl /2 }, I—-perfect

1/2
Robba, X,v Robba, X,v,c0 Robba,X,v,I{t } (279)

And following [BL1], [BL2], [Fon1], [BHS] we have the following larger sheaves:
f f f
TRopmexy 151080}, Thopeet L {112, 10g(0)}, Troppey. ., 41'/% log()} (2.80)

Definition 75. From now on, we use the same notation to denote the period rings involved tensored
with a finite extension of Q, containing square root of p as in [BS].

Feristattine.Xoo {t'* 1 T qatne o {21} (2.81)
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Teristattine. .o {2 1081 T atine .0 {212 Tog (1)} (2.82)

perfect 1/2 perfect 1/2 perfect 1/2
I Robbaxv " h TRobbaxmeot? ' b TRoppaxvs {0} (2.83)
fi fi fi
Tropnex s 1151080} Thope' s {1172, Jog(0)}, TRopney . /427 log()}. (2.84)

This is necessary since we to extend the action of ¢ to the period rings by ¢(1'/?®1) = ¢(1)'/?® 1.

Modules

We consider quasicoherent presheaves in the following two situation:
O The solid quasicoherent modules from [CS1], [CS2];

O The ind-Banach quasicoherent modules from [BK], [BBK], [BBBK], [KKM], [BBM] with
the corresponding monomorphic ind-Banach quasicoherent modules from [BK], [BBK],
[BBBK], [KKM], [BBM].

Definition 76. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
preModule d’qf , preModule® "4 , preModule d’ci (2.85)
perfect {tl/z} perfect {t 1 /2} pertect {fl/z}
>~ Robba, X,v >~ Robba, X, v, >~ Robba, X,v,I

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of solid
modules.

Definition 77. We use the notation:

ind—Banach,quasicoherent (2 8 6)

perfect 1/2 ’
IﬂRobba,X,v{t / }

ind—Banach,quasicoherent (2 87)

perfect 1/2 ’
Robba, X, v,co U/ 1~}

ind—Banach,quasicoherent (2 88)

perfect 1/2
l—‘Robbu,X,v,l {l }

preModule
preModule

preModule

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of inductive
Banach modules.

Definition 78. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
Module d , Module d’q , Module d".] (2.89)
erfect erfect erfect
o.rP {tl/2} o.r? {tl/Z} o.r? {,1/2}
>~ Robba, X,v >~ Robba, X, v,c0 >~ Robba, X,v,I

to denote the (oo, 1)-categories of solid quasicoherent sheaves over the corresonding Robba sheaves.
Locally the section is defined by taking the corresponding (co, 1)-categories of solid modules.
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Mixed-Parity Hodge Modules without Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Definition 79. For any locally free coherent sheaf F over

1—,perfect { l‘l /2} l—‘perfect

1/2
Robba, X,v,c0 Robba, X, v,/ {t }’ (290)

we consider the following functor dR sending F to the following object:

0] 1/2
fAF ®F£ngebitxv G I_‘cristalline,X,v{l‘ / ) 291
or
0] 1/2
fF ®F]';irbfﬁzx L2y l—‘cristalline,X,v{t / D (2.92)

We call F mixed-parity cristalline if we have the following isomorphism:

% 0] 1/2 0] 1/2 ~ O 1/2
f f*(F ®1“Pe'f“‘ {112} 1—‘cristalline,X,v{l‘ }) ® l—‘cristalline,X,v{l‘ } — F® I_‘cristalline,X,v{t }

Robba, X, v,c0

(2.93)
or
* 0] 1/2 0] 1/2 ~ 0} 1/2
f f"(F ®I“Ip{zrbf§2X”{tl/2} I_‘cristalline,X,v{t / }) ® 1—‘cristalline,X,v{t / } — F® l—‘cristalline,X,v{l( / }
(2.94)
Definition 80. For any locally free coherent sheaf F over
r‘perfect {t1/2 }, Iﬂperfect {11/2}, (295)

Robba, X,v,c0 Robba, X, v,

we consider the following functor dR*™°

Sl F ®petec T, satiine.x. {12 10g()}) (2.96)

1/2
RObba,X,v,oo{t / }

sending F to the following object:

or

FolF @pperes 11y T atine x (1'% 10g(1)}). (2.97)

Robba, X, v,

We call F mixed-parity almost cristalline if we have the following isomorphism:

« o 1/2 ) 1/2
fE B 1172} Fehstattine x {71020} ® T ine x., {11/, Tog(0)} (2.98)
;) Fe 1—‘(fzistalline,X,v{1‘1/2’ log(t)} (299)
or
* O 1/2 0] 1/2
fR(F Opperiect (1172 I istattine, xv {7 2, log(0)}) ® [ cristattine,xv {7 2, log(1)} (2.100)
; Fe rgistalline,X,v{1‘1/2’ IOg(t)}. (2-101)
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We now define the (oo, 1)-categories of mixed-parity cristalline modules and he corresponding
mixed-parity almost cristalline modules by using the objects involved to generated these categories:

Definition 81. Considering all the mixed parity cristalline bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
preModule”™ " "t Uy’ preModule”™" " "0 2 (2.102)
4 Robba,X,v,oo{t } ? Robba,X,v,I{t }

generated by the mixed-parity cristalline bundles (locally finite free ones). These are defined to be
the (oo, 1)-categories of mixed-parity cristalline complexes:

solid,quasicoherent,mixed—paritycristalline

solid,quasicoherent,mixed—paritycristalline
preModule™ " "t U ,preModule™ "%’ 2 . (2.103)
>~ Robba, X,v,c0 {t } >~ Robba, X,v,I {t }

Definition 82. Considering all the mixed parity almost cristalline bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
preModule™ " "0 2y’ preModule™ " "0 2 (2.104)
>~ Robba, X, v,c0 {t } >~ Robba, X,v,I {t }

generated by the mixed-parity almost cristalline bundles (locally finite free ones). These are de-
fined to be the (oo, 1)-categories of mixed-parity cristalline complexes:

solid,quasicoherent,mixed—parityalmostcristalline (2 10 5)

perfect 1/2 ’
I Robba, X, v,00 U}

solid,quasicoherent,mixed—parityalmostcristalline (2.106)

perfect 1/2
>~ Robba, X,v,I {t }

preModule

preModule

Then the corresponding mixed-parity cristalline functors can be extended to these categories:

solid,quasicoherent,mixed—paritycristalline (2 107)

perfect 1/2 ’
I Robba,X,v,co 1/}

solid,quasicoherent,mixed—paritycristalline (2 108)

perfect 1/2 ’
[ Robba,x,v.r 1777}

preModule

preModule

and

solid,quasicoherent,mixed—parityalmostcristalline (2 109)

perfect 1/2 ’
O Robba, X, v,00 U7}

solid,quasicoherent,mixed—parityalmostcristalline (2.110)

perfect 1/2
|:l’rRobba,X,v,I {t }

preModule

preModule

Mixed-Parity Hodge Modules with Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Remark 5. All the coherent sheaves over mixed-parity Robba sheaves in this section will carry
the corresponding Frobenius morphism ¢ : FF — ¢*F.
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Definition 83. For any locally free coherent sheaf F over

1—,perfect { l‘l /2} l—‘perfect

1/2
Robba, X,v,c0 Robba X, 17 1> (2.111)

we consider the following functor dR sending F to the following object:

O 1/2
f"‘(F ®F§Zﬁ§‘:wi{tl/2} 1—‘cristalline,X,v{t / }) (2.112)
or
0] 1/2
fF ®r§f§§:xu{t1/2} [ istattine x,v ). (2.113)

We call F mixed-parity cristalline if we have the following isomorphism:

* 0] 1/2 0] 1/2 ~ 0] 1/2
f ﬁ‘ (F ®rpe'fe°‘ {112} Iﬂcristalline,X,v{t }) ® Iﬂcristalline,X,v{t } — FoTl cristalline,X,v{t }

Robba, X, v, 00
(2.114)
or
* 0] 1/2 0] 1/2 = 0] 1/2
f f*(F ®F§Zrlfebzx‘)w{tl/2} 1—‘cristalline,X,v{t / }) ® l—‘cristalline,X,v{l‘ / } — F® 1—‘cristalline,X,v{t / }
(2.115)
Definition 84. For any locally free coherent sheaf F over
f fi
rlgf)rbEZ,tX,v,oo{tl/Z }’ Flg‘(:)rbﬁz,t)(,v,l{tl/z }’ (21 16)
we consider the following functor dR¥™°* sending F to the following object:
0] 1/2
fAF Oppertect (112} I istattine,xv {7 2, log(1)}) (2.117)
or
0 1/2
fF ®F§fﬁ:x L2y l—‘cristalline,X,v{t / ,log(n)}). (2.118)
We call F mixed-parity almost cristalline if we have the following isomorphism:
x 0 1/2 0 1/2
f ﬁ‘(F ®F§$§2x N L7y 1ﬂcristalline,X,v{t / > lOg(l)}) ® Iﬂcristalline,X,v{l" / ’ 10g(t)} (2.119)
— F T e xr 1'% log(t)} (2.120)
or
* 0 1/2 0 1/2
f f:"(F ®r}2§$§2x v I{t1/2} l—‘cristallline,X,v{t / ’ log(t)}) ® 1ﬂcristalline,X,v{t / > lOg(t)} (2.121)
~ 0 1/2
— F @ T, ine x» {172 10g(1)}. (2.122)

We now define the (oo, 1)-categories of mixed-parity cristalline modules and he corresponding
mixed-parity almost cristalline modules by using the objects involved to generated these categories:
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Definition 85. Considering all the mixed parity cristalline bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ o0 |2y PreModule” 2 (2.123)
T Robba, x,v,00 177} T Robba, x,vr 17}

generated by the mixed-parity cristalline bundles (locally finite free ones). These are defined to be
the (oo, 1)-categories of mixed-parity cristalline complexes:

solid,quasicoherent,mixed—paritycristalline

perfect { 1 /2}
>~ Robba, X, v,c0

solid,quasicoherent,mixed— parltycrlstallme

,gppreModuleD pefeet 172,

Robba,X v,

wpreModule
(2.124)

Definition 86. Considering all the mixed parity almost cristalline bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ o0 |2y $PreModule o A (2.125)
T Robba, X.ve0 1717} Ol Robba,x.v.1 {177}

generated by the mixed-parity almost cristalline bundles (locally finite free ones). These are de-
fined to be the (oo, 1)-categories of mixed-parity cristalline complexes:

solid,quasicoherent,mixed—parityalmostcristalline (2 12 6)

perfect 1/2 ’
l—‘Robba,)( v, oo{t }

solid,quasicoherent,mixed—parityalmostcristalline (2 127)

perfect 1/2
e AL

cppreModule
(ppreModule

Then the corresponding mixed-parity cristalline functors can be extended to these categories:

solid,quasicoherent,mixed—paritycristalline solid,quasicoherent,mixed—paritycristalline

()OpreMOdUIe perfect 1/2 ’ (ppreMOdule perfect 1/2 ’
’ RObba,X,v,oo{t } ’ Robba,X,v,I{t }
(2.128)
and
solid,quasicoherent,mixed—parityalmostcristalline
ppreModule i ) , (2.129)
Robba, X,v,00 U/ 1~}
solid,quasicoherent,mixed— parltyalmostcrlstalhne
wpreModule - 2 (2.130)
Robba, X,v,T {t }

2.2.2 Mixed-Parity Cristalline Riemann-Hilbert Correspondence

This chapter will extend the corresponding Riemann-Hilbert correspondence from [Schl], [LZ],
[BL1], [BL2], [M] to the mixed-parity setting.

Definition 87. We define the following Riemann-Hilbert functor RHyixed-parity from the one of
categories:

solid,quasicoherent,mixed—paritycristalline solid,quasicoherent,mixed—paritycristalline
preModule”™ " " U , preModule et 2 , (2.131)
4 Robba,X,v,oo{t } Robba,X v, l{Z }
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and

solid,quasicoherent,mixed—parityalmostcristalline (2 1 32)

perfect 1/2 ’
Ij’l—‘Robba,X,v,oo{l‘ }

solid,quasicoherent,mixed—parityalmostcristalline (2 13 3)

perfect 1/2
O Robba, xv.r 17777}

preModule
preModule

to (oo, 1)-categories in image denoted by:
preModuley (2.134)
to be the following functors sending each F in the domain to:

RHumixed-parity(F) := fu(F @ pperec ro {t'?), (2.135)

{r1/2} * cristalline, X,v

Robba, X, v,c0

RHmixed—parity(F) = fulF ®1"Eerbfiax A7 l—‘gistalline,X,v{1‘1/2})’ (2.136)
obba, X, v,

RHmixed-parity (F) = fu(F ®ppeees 12y Tt 117 10g(0}), (2.137)
obba, X,v,c0

RHmixed-parity (F) = fo(F ®ppos 1y Tigaine x,o '/ 1020}, (2.138)
obba, X, v,

(2.139)

respectively.

Definition 88. In the situation where we have the Frobenius action we consider the follwing. We
define the following Riemann-Hilbert functor RHyixed-parity from the one of categories:

solid,quasicoherent,mixed—paritycristalline solid,quasicoherent,mixed—paritycristalline

reModule , opreModule ) R
i IR 1) > I )
(2.140)
and
solid,quasicoherent,mixed—parityalmostcristalline
ppreModule oy , (2.141)
obba, X, v, 0
reMo dulesolid,quasicoherent,mixed—parityalmostcristalline (2 1 42)
i ST 1) |
to (oo, 1)-categories in image denoted by:
preModuley (2.143)
to be the following functors sending each F in the domain to:
RHmixed—parity(F) = fi(F ®r§i‘;§‘:x‘}m{zl/2} ngstalline,X,v{tl/z})’ (2.144)
RHaixed-pariy(F) 1= fu(F ®ppees 1) T, satinex {17 D: (2.145)
obba, X,v,I
RHmixed—parity(F) = ﬁ(F ®r§2§§:x,v,m{tl/2} Fg‘istalline,X,v{tl/z’ log(t)}), (2146)
RHmixed—parity(F) = ﬁ(F ®r1g2-tf§:x!v,1{tl/2} FCOI‘iStalline,X,v{tl/2’ log(l‘)}), (2147)

(2.148)

respectively.
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2.3 Geometric Family of Mixed-Parity Hodge Modules III: Semi-
Stable Situations

References: [Schl], [Sch2], [FS], [KL1], [KL2], [BL1], [BL2], [BS], [BHS], [Fonl], [CS1],
[CS2], [BK], [BBK], [BBBK], [KKM], [BBM], [LZ], [Shi], [M].

2.3.1 Period Rings and Sheaves
Rings

Let X be arigid analytic space over Q,. We have the corresponding €tale site and the corresponding
pro-étale site of X, which we denote them by X, Xs. The relationship of the two sites can be
reflected by the corresponding morphism f : X, — Xg. Then we have the corresponding semi-
stable period rings and sheaves from [Shi]:

0]
I_‘semistalble,X Vs rsemistable, X.v* (2 149)

Our notations are different from [Shi], we use ' to mean B in [Shi], while T© will be the corre-
sponding OB ring in [Shi].

Definition 89. Now we assume that p > 2, following [BS] we join the square root of ¢ element in
Isemistable.x,» Which forms the sheaves:

Iﬂsu;—:mistable,)(’,v{1‘1/2}, ro {f1/2}- (2.150)

semistable, X,v

And following [BL1], [BL2], [Fonl], [BHS] we further have the following sheaves of rings:

Temistable X {72 1080} T, e o {212, Tog (1)} (2.151)

Definition 90. We use the notations:

perfect perfect perfect
FRobba,X,v’ l—‘Robba,X,v,OO’ FRObba,X,v,I (2.152)

to denote the perfect Robba rings from [KL1], [KL2], where I C (0, c0). Then we join 1172 to these
sheaves we have:

l—-perfect { tl /2}, l—-perfect { tl /2 }, I—-perfect

1/2
Robba, X,v Robba, X,v,c0 Robba,X,v,I{t } (2 153)

And following [BL1], [BL2], [Fon1], [BHS] we have the following larger sheaves:

fe fe fe
TRopmexy 1151080}, Thogeety {112, 102(0)}, TRopmey..s 217 10g(0)} (2.154)

Definition 91. From now on, we use the same notation to denote the period rings involved tensored
with a finite extension of Q, containing square root of p as in [BS].

Iﬂsemistable,}(’,v{1‘1/2}, ro {fl/z}- (2.155)

semistable, X,v
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Tsemistable X {172 10801 T, i bte o 1212 T0g (1)} (2.156)

perfect 1/2 perfect 1/2 perfect 1/2
I Robbaxv " h TRobbaxmeot? ' b TRoppaxvs {0} (2.157)
fi fi fi
Tpopoa {51080}, Thopre s {1172, 1og(0)}, TRoppey. ., {2'/% log()}. (2.158)

This is necessary since we to extend the action of ¢ to the period rings by ¢(1'/?®1) = ¢(1)'/?® 1.

Modules

We consider quasicoherent presheaves in the following two situation:
O The solid quasicoherent modules from [CS1], [CS2];

O The ind-Banach quasicoherent modules from [BK], [BBK], [BBBK], [KKM], [BBM] with
the corresponding monomorphic ind-Banach quasicoherent modules from [BK], [BBK],
[BBBK], [KKM], [BBM].

Definition 92. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
preModule™ " "t R preModule™ " "t 1y preModule™ " " ) (2.159)
>~ Robba, X,v >~ Robba, X, v, o0 >~ Robba, X, v, I

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of solid
modules.

Definition 93. We use the notation:

ind—Banach,quasicoherent (2 160)

perfect 1/2 ’
IﬂRobba,X,v{t / }

ind—Banach,quasicoherent (2 161 )

perfect 1/2 ’
Robba, X, v,co U/ 1~}

ind—Banach,quasicoherent (2 1 62)

perfect 1/2
l—‘Robbu,X,v,l {l }

preModule
preModule

preModule

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of inductive
Banach modules.

Definition 94. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
Module d , Module d’q , Module d".] (2.163)
erfect erfect erfect
o.rP {tl/2} o.r? {tl/Z} o.r? {,1/2}
>~ Robba, X,v >~ Robba, X, v,c0 >~ Robba, X,v,I

to denote the (oo, 1)-categories of solid quasicoherent sheaves over the corresonding Robba sheaves.
Locally the section is defined by taking the corresponding (co, 1)-categories of solid modules.
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Mixed-Parity Hodge Modules without Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Definition 95. For any locally free coherent sheaf F over

1—,perfect { l‘l /2} l—‘perfect

1/2
Robba, X,v,c0 Robba X, 1 1> (2.164)

we consider the following functor dR sending F to the following object:

0] 1/2
fAF ®ngfebitxv G 1—‘semistable,X,v{t / 1)) (2.165)
or
0 1/2
fAF ®I“]gzrbfﬁzx L2y I_‘semistable,X,v{t / D (2.166)

We call F mixed-parity semi-stable if we have the following isomorphism:

* 0} 1/2 0} 1/2 ~ 0} 1/2
f ﬂ(F ®1"Ezrtf;:x‘)w{zl/2} 1—‘semistable,X,v{t / }) ® l—‘semistable,X,v{l‘ / } — F® l—‘semistable,X,v{t / }
(2.167)
or
% 0] 1/2 0] 1/2 ~ 0} 1/2
f fx(F ®I‘§Z§:§2X”{tl/2} 1—‘semistable,X,v{t / }) ® 1—‘semistable,X,v{l‘ / } — F® 1—‘semistable,X,v{t / }
(2.168)
Definition 96. For any locally free coherent sheaf F over
r‘perfect {tl/z} Iﬂperfect {11/2} (2 169)

Robba, X,v,c0 Robba, X, v,

we consider the following functor dR*™°

Jo(F ® ppertc Q) isablexr 1'% 1og(D)}) (2.170)

1/2
RObba,X,v,oo{t / }

sending F to the following object:

or

fo(F ®pperec ro {t'/2,10g(1)}). (2.171)

Robba,X.v. 1{11/2} semistable, X,v

We call F mixed-parity almost semi-stable if we have the following isomorphism:

[ IAF ®r§j§;§jx’m{,l/2} rs?tmistable,X,v{t 12 log(1)}) ® rs(zmistable,X,v{t "2 log(1)} (2.172)
— FOTY . exa {17 log(t)} (2.173)
or
UIAF @pper 1y TQ isabexy {2 10gON ®T v 1'% log(1)} (2.174)
— FOTE e {12 10g(0)}. (2.175)
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We now define the (oo, 1)-categories of mixed-parity semi-stable modules and he corresponding
mixed-parity almost semi-stable modules by using the objects involved to generated these cate-
gories:

Definition 97. Considering all the mixed parity semi-stable bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

soli asicoherent soli asicoherent
preModule’ ld’qfu. . , preModule’ idquasi (2.176)
perfect 1/2} perfect {tl/z}
4 RObba,X,v,oo{t >~ Robba, X,v,I

generated by the mixed-parity semi-stable bundles (locally finite free ones). These are defined to
be the (oo, 1)-categories of mixed-parity semi-stable complexes:

solid,quasicoherent,mixed—paritysemistable

perfect 1/2
’ RObba,X,v,oo{t }

solid,quflsicoherent,mixed—paritysemistable ' (2. 177)
perfect 11/2
’ Robba,X,v,I{ }

preModule , preModule

Definition 98. Considering all the mixed parity almost semi-stable bundles (locally finite free) as
defined above, we consider the sub-(co, 1) category of

solid,quasicoherent

perfect 1/2
I Robba,X,v,c0 1/}

solid,quasicoherent (2.178)

perfect 12
I:l’rRobba,X,v,I {t }

preModule , preModule

generated by the mixed-parity almost semi-stable bundles (locally finite free ones). These are
defined to be the (oo, 1)-categories of mixed-parity semi-stable complexes:

solid,quasicoherent,mixed—parityalmostsemistable (2 179)

2

preModule™ " "
’FRObba,X,v,oo {t 1/2 }
solid,quasicoherent,mixed—parityalmostsemistable ) (2 18 0)

perfect 1/2
Ol Robba,x,v,7 12}

preModule

Then the corresponding mixed-parity semi-stable functors can be extended to these categories:

solid,quasicoherent,mixed—paritysemistable solid,quasicoherent,mixed—paritysemistable
preModule™ " "t U ,preModule™ "%’ U , (2.181)
’ RObba,X,v,oo{t } ’ Robba,X,v,I{t }
and
solid,quasicoherent,mixed—parityalmostsemistable
preModule” " "5 ) , (2.182)
T Robba, X.v,e0 117}
solid,quasicoherent,mixed—parityalmostsemistable
preModule™ " "t . (2.183)

1/2
’ Robba,X,v,I{t / }

Mixed-Parity Hodge Modules with Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Remark 6. All the coherent sheaves over mixed-parity Robba sheaves in this section will carry
the corresponding Frobenius morphism ¢ : FF — ¢*F.
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Definition 99. For any locally free coherent sheaf F over

perfect 1/2 perfect 1/2
TRobba X0t 1 TRobba xer U1 (2.184)

we consider the following functor dR sending F to the following object:

o 1/2
fAF ®r§$§2x,v,m{’l/2} Fsemistable,X,v{t / 1)) (2.185)
or
0] 1/2
fF ®F£eor;§itx Lty Iﬂsemistable,X,v{t / D (2.186)

We call F mixed-parity semi-stable if we have the following isomorphism:

* 0] 1/2 0] 1/2 - 0] 1/2
f ﬁ‘(F ®F£eortfzzxvm{zl/2} 1ﬂsemistable,X,v{t / }) ® Iﬂsemistable,X,v{t / } — F® l—‘semistable,X,v{t / }
(2.187)
or
* 0] 1/2 0] 1/2 - 0] 1/2
f ﬁ"(F ®F§f§§2x”{t1/2} Iﬂsemistable,X,v{t / }) ® Iﬂsemistable,X,v{l‘ / } — F® Iﬂsemistable,X,v{t / }
(2.188)
Definition 100. For any locally free coherent sheaf F' over
perfect 1/2 perfect 1/2
1_‘Robba,X,v,oo{l‘ / }’ l—‘Robba,X,v,I{t / }’ (2189)
we consider the following functor dR¥™°* sending F to the following object:
o 1/2
ﬁ“(F ®F§f§§:X ; Sy Iﬂsemistable,X,v{t / ’ log([)}) (2.190)
or
0 1/2
fF ®F§:§;ZTX L2y l—‘semistable,X,v{t / ,log(n)}). (2.191)
We call F mixed-parity almost semi-stable if we have the following isomorphism:
* o 1/2 0] 1/2
f ﬁ‘(F ®FE2;EZX N w{zl/z} 1—‘semistable,X,v{t / ’ lOg(l)}) ® I_‘semistable,X,v{t / > log(t)} (2.192)
— FOTY . vex, {12 log(t)} (2.193)
or
* 0] 1/2 0] 1/2
T R(F ®I‘g§)fizx L2y I_‘semistable,X,v{t / ,log(1)}) ® 1—‘semistable,X,v{t / ,log(r)} (2.194)
— FOTY i viexa {12 log(t)}. (2.195)

We now define the (oo, 1)-categories of mixed-parity semi-stable modules and he corresponding
mixed-parity almost semi-stable modules by using the objects involved to generated these cate-
gories:
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Definition 101. Considering all the mixed parity semi-stable bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ o0 |2y PreModule” 2 (2.196)
T Robba, x,v,00 177} T Robba, x,vr 17}

generated by the mixed-parity semi-stable bundles (locally finite free ones). These are defined to
be the (oo, 1)-categories of mixed-parity semi-stable complexes:

solid,quasicoherent,mixed—paritysemistable

perfect 1/2
’ Robba,X,v,oo{t }

solid,quasicoherent,mixed— parltysemlstable

,gppreModuleD pefeet 172,

Robba,X v,

wpreModule
(2.197)

Definition 102. Considering all the mixed parity almost semi-stable bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ o0 |2y $PreModule o A (2.198)
T Robba, X.ve0 1717} Ol Robba,x.v.1 {177}

generated by the mixed-parity almost semi-stable bundles (locally finite free ones). These are
defined to be the (oo, 1)-categories of mixed-parity semi-stable complexes:

solid,quasicoherent,mixed—parityalmostsemistable (2 199)

perfect 12 ’
4 Robba,X,v,oo{z }

solid,quasicoherent,mixed—parityalmostsemistable (2 200)

perfect 1/2
I Robba,x.v,r 1177

ppreModule
ppreModule

Then the corresponding mixed-parity semi-stable functors can be extended to these categories:

solid,quasicoherent,mixed—paritysemistable solid,quasicoherent,mixed—paritysemistable

‘ppreMOdUIe perfect 1/2 ’ (ppreMOdule perfect 1/2 ’
’ Robba,X,v,oo{t } ’ Robba,X,v,I{t }
(2.201)
and
solid,quasicoherent,mixed—parityalmostsemistable

wpreModule o i a , (2.202)

Robba, X,v,c0l! /)
Modul solid,quasicoherent,mixed— parltyalmostsemlstable 2203

(ppre odule 1—‘perfect 1/2 ( : )

Robba, X,v,T {t }

2.3.2 Mixed-Parity semi-stable Riemann-Hilbert Correspondence

This chapter will extend the corresponding Riemann-Hilbert correspondence from [Schl], [LZ],
[BL1], [BL2], [M] to the mixed-parity setting.

Definition 103. We define the following Riemann-Hilbert functor RHpxed-parity from the one of
categories:

solid,quasicoherent,mixed—paritysemistable solid,quasicoherent,mixed—paritysemistable
preModule”™ "t U , preModule et 2 , (2.204)
4 Robba,X,v,oo{t } Robba,X v, I {l }
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and

solid,quasicoherent,mixed—parityalmostsemistable (2 20 5)

2

preModule

perfect
T Robba, X,v,e0 172}
solid,quasicoherent,mixed—parityalmostsemistable (2 20 6)

perfect 1/2
T Robba, x, v, 1117}

preModule

to (oo, 1)-categories in image denoted by:

preModuley ¢ (2.207)

to be the following functors sending each F in the domain to:
RHumixed-parity (F) 1= fu(F @ppertecr (112 T isuvexr {2 (2.208)
RHumixed-parity (F) 1= fu(F @pperter (1) T isabexr {2 (2.209)
RHmixed-parity(F) := fulF @ppeiec (112 Q) istablex 1% 1og(D)}), (2.210)
RHumixed-parity (F) := fu(F Bppetes 1) T, e o 1772 Tog(D}), (2.211)
(2.212)

respectively.

Definition 104. In the situation where we have the Frobenius action we consider the follwing. We
define the following Riemann-Hilbert functor RHyjxed-parity from the one of categories:

solid,quasicoherent,mixed—paritysemistable solid,quasicoherent,mixed—paritysemistable

(ppreMOdUIeD’Fﬁifzzx,v,w{f ) , S0preM0duleD,rE2 o ) ,
(2.213)
and
gopreMo dulesoli;i;?fllcallsicoher;cnzt,mixed—parityalmostsemistable’ (2.21 4)
O Robba, X, v.c0 {17}
(,DpI‘CMO dulesolii?fgca[lsicoher]czlt,mixed—parityalmostsemistable (2.2 1 5)
I:]’1—‘R0bba,X,v,I {t }
to (oo, 1)-categories in image denoted by:
preModuley (2.216)
to be the following functors sending each F in the domain to:
RHmixed—parity(F) = ﬂ(F ®F§Zﬁ:x v m{tl/z} l—‘S(Zmistable,X,v {tl /2})’ (2217)
RHmixed—parity(F) = ﬂ(F ®F§fﬁ:x v. 1{t'/2} l—‘Sczmistable,}(,v {tl/z})’ (2218)
RHmixed—parity(F) = fx(F ®rgzrlf§:x ) {1 Fs(zmistable,x,v {l] /2, log(t)}), (2.219)
RHmixed—parity(F) = fX(F ®F§fﬁ2x v. I{t'/Z} l—‘sczmistable,x,v{tl/z’ log(t)})’ (2220)
(2.221)

respectively.
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Remark 7. We now have discussed the corresponding two different morphisms:

St Xproet — Xet; (2.222)
f Xy — X (2.223)

One can consider the following relation among the sites:
Xy — Xprost — Xt (2.224)
which produces f’. The map:
8 Xv — Xprost (2.225)

can help us relate the corresponding constructions above as in [B, Proposition 2.37]. Namely we
have:

dR, = dRprocrg:: (2.226)
dRy aimost = dRproét,almostg s (2.227)
cristalline, = cristallinepo¢tgx; (2.228)
cristalline,, aimost = cristallin€progt almostgs (2.229)
semistable, = semistablepo¢tgs; (2.230)
semistable, aimost = semistableprost aimostgx- (2.231)
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Chapter 3

Mixed-Parity Hodge Modules over v-Stacks
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3.1 (oo, 1)-Quasicoherent Sheaves over Extended Fargues-Fontaine
Curves I

We now consider the sheaves over extended Fargues-Fontain stacks:
Remark 8. Let X be a general small v-stack over Q, (as a v-stack!).

Definition 105.

o perfect 1/2 perfect,+ 1/2 7
FFy := U SPATR gy, x 1c(0,00) 1 F B0y B T X 1c(0,00) 17} ®0, E)/ @7 G.D
1c(0,00)

which has the corresonding structure map as in the following:

FFy

FFspae(q,)-
Definition 106. We use the notation

. lid
Quaswoherent;%;’owx (3.2)
to denote (oo, 1)-category of all the solid quasicoherent sheaves over the stack FFx. For any local
perfectoid Y € X, we define the corresponding (co, 1)-category in the local sense.
We use the notation

solid,perfectcomplexes (3 3)

uasicoherent
Q FFx,OFFy

to denote (oo, 1)-category of all the solid quasicoherent sheaves over the stack FFy which are
perfect complexes. For any local perfectoid Y € X, we define the corresponding (oo, 1)-category
in the local sense.

Definition 107. We use the notation

indBanach (3 4)

Quas1coherentFFX’ Orr

to denote (oo, 1)-category of all the ind-Banach quasicoherent sheaves over the stack FFy. For any
local perfectoid Y € X, we define the corresponding (oo, 1)-category in the local sense.
We use the notation

indBanach,perfectcomplexes ( 3 5)

uasicoherent
Q FFx,Orry

to denote (oo, 1)-category of all the indBanach quasicoherent sheaves over the stack FFx which are
perfect complexes. For any local perfectoid Y € X, we define the corresponding (oo, 1)-category
in the local sense.

LAll v-stacks in this chapter are assumed to be over a v-stack associated to Q,, like this.
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Definition 108. We use the notation

i rf
{¢Module* " (TERY {172} ®q, E)}ic(oo) (3.6)

to denote (oo, 1)-category of all the solid ¢p-modules over the extended Robba ring. The modules
satisfy the Frobenius pullback condition and glueing condition for overlapped intervals I ¢ J C K.
For any local perfectoid Y € X, we define the corresponding (oo, 1)-category in the local sense.
We use the notation

perfect 1/2
{solid,gpoel:/[fe(c)t((::l(l)lr}lilexes(FRObba’XJ U ®q, E)}i c(0,00) 3.7)

to denote (oo, 1)-category of all the solid ¢-modules over the extended Robba ring which are per-
fect complexes. The modules satisfy the Frobenius pullback condition and glueing condition for
overlapped intervals / ¢ J C K. For any local perfectoid ¥ € X, we define the corresponding
(oo, 1)-category in the local sense.

Definition 109. We use the notation

{¢Modu1ei“dBa“a°h(rﬁfﬁi‘x, A1) ®q, E)}ico.oo) (3.8)

to denote (oo, 1)-category of all the ind-Banach ¢-modules over the extended Robba ring. The
modules satisfy the Frobenius pullback condition and glueing condition for overlapped intervals
I c J c K. For any local perfectoid Y € X, we define the corresponding (oo, 1)-category in the
local sense.

We use the notation

¢Module 3.9

indBanach,perfectcomplexes,Fgfﬁ(: X1 {t!/ 2}®QP E Ic(0.00)
, 00

to denote (oo, 1)-category of all the ind-Banach ¢-modules over the extended Robba ring which are
perfect complexes. The modules satisfy the Frobenius pullback condition and glueing condition
for overlapped intervals / ¢ J C K. For any local perfectoid Y € X, we define the corresponding
(oo, 1)-category in the local sense.

Proposition 1. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

. solid solid (y-perfect 1/2
QuaslcoherentFFSpd(Qp)o’()FFspd(Qp)(> —— {¢Module (FRobba’sp 4Qp)°, A7} ®q, E)}ico.)
- solid solid (p-perfect 1/2
QuaswoherentFFX’OFFX {¢Module (FRobba, X, At /2 ®q, E)}ic(0.0)-
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Proposition 2. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

. solid,perfectcomplexes perfect 1/2
Quasicoherenty O —{ ¢Module (I ;. Spd(Qy)° At 2y ®q, E)}1c(o.0)
Spd(@p)*>=Frspaqp)© solid,perfectcomplexes ’ P

. solid,perfectcomplexes perfect 1/2
Quasicoherenty, o —{ ¢Module (I ;.. {17} €, E)}ic(oe0)-
X solid,perfectcomplexes

Proposition 3. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

uasicoh erentindBanach Modul eina’Banach FPQ’fECf ¢ 1/2 E
Q FFspape OfFspagyye le (Trobbaspacg, 1"} 2, EDbiceo)
Quasic0herenti_f‘lgf’2(‘;‘;‘;;}(l {Module"dBanach (F;;ZZZZX’ At 172y ®q, E)}c(0.0)-

Proposition 4. We have the following commutative diagram by taking the global section functor
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in the horizontal rows:

. indBanach,perfectcomplexes
Quasicoherent P plexes ¢Module
FFSPd(Qp )°> l:FSpd(Qp)° indB h,perfect 1 Fpetfect {tl/2}® E
indBanach,perfectcomplexes.ly by 1o s Qp 1e(0,0)
. indBanach,perfectcomplexes
QuaswoherentlFFX O P PIexes o ¢Module
UFFx ) .
mdBanach,perfectcomplexes,FzZZZZf X1 {t1/2 }®q, E 1(0.00)

Taking the corresponding simplicial commutative object we have the following propositions:

Proposition 5. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

implicialRings — implicialRings
SimplicialR SimplicialR
. solid solid (p-perfect 1/2
QuaSlCOherentFFSpd(Qp)°’0FFSpd(Qp)o {¢Module (rRobba,Spd(Qp)°,l{t 12}®q, E)}c(0.00)
SimplicialRings SimplicialRings
: lid id pperfec
Quaswoherent;‘;;’ OFry {‘pMOdUIeSOhd(rngZZ;fX,I {1'2}®q,, E)}1c(0.00)

Proposition 6. We have the following commutative diagram by taking the global section functor
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in the horizontal rows:

SimplicialRings — SimplicialRings
. solid, perfectcomplexes solid, perfectcomplexes (-perfect 1/2
QuaswoherentFFSpd(Qp)O’OFFSpd(Qp)O {¢Module (rRob,,a’Spd(Qp)o, ,{l‘ / }®QPE)}IC(O,00)

SimplicialRings ——— SimplicialRings
. solid, perfectcomplexes soli fe lexes (-perfect
QuasmoherentFFX’ Orky {¢Module*° id, perfectcomplexes (I—R()bbn, i (1112} ®q, E)} c(0.00)

Proposition 7. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

SimplicialRings SimplicialRings
) indBanach i erfec
Qua81coherenti§‘FXf‘3“F°FX {¢ModulendBanach (FZ‘OZZZ x i 2Y®q,, E)}1c(0.0)
SimplicialRings — SimplicialRings
: indBanach indBanach (y-perfect 1/2
Quas1coherentFFSpd(Qp o OFFSpd(Qp . {¢Module o ba.Spd(Qp)°.1 {t12}®q, E)}1c0,00)

Proposition 8. We have the following commutative diagram by taking the global section functor
in the horizontal rows:
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SimplicialRings — SimplicialRings

. indBanach, perfect lexes i S '
Quas1coherentg’Fng‘;:F;er ectcomplexes {"DMOdulemdBanach,perfectcomplexes(FIP;ZZZX,I {t 1/2 }®Qp E)}I (0,00)
SimplicialRings — SimplicialRings
icoh tindBane\ch,perfectcomplexes Modul indBanach, perfectcomplexes rperfect 11/2 E o
Quasicoheren P10, OFFSpd(Qp)° {¢Module ( Robba,Spd(Qp)°. 1{ }®Qp )} c(0,00)
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3.2 (oo, 1)-Quasicoherent Sheaves over Extended Fargues-Fontaine
Curves I1
We now consider the sheaves over extended Fargues-Fontain stacks:

Remark 9. Let X be a general small v-stack over Q, (as a v-stack?). Spa will denote Clausen-
Scholze analytic space in [CS2].

Definition 110.

. rfect 1/2 rfect,+ 1/2 Z
FEy := U Spa(rllif)bEZ,X,lc(O,oo){t 7, log(1)} ®q, E, rlgibEZ,X,Ic(O,oo){t 2, log(1)} ®q, E)/¢",

I1c(0,00)
(3.10)
3which has the corresonding structure map as in the following:
FFx
FFspae(q)-
Definition 111. We use the notation
Quasicoherent® (3.12)

FFx,OrFy

to denote (oo, 1)-category of all the solid quasicoherent sheaves over the stack FFy. For any local
perfectoid Y € X, we define the corresponding (oo, 1)-category in the local sense.
We use the notation

solid,perfectcomplexes (3.13)

uasicoherent
Q FFx,OFFy

to denote (oo, 1)-category of all the solid quasicoherent sheaves over the stack FFy which are
perfect complexes. For any local perfectoid Y € X, we define the corresponding (oo, 1)-category
in the local sense.

Definition 112. We use the notation

. indBanach
QuaswoherentFFX’ Orry (3.14)

2All v-stacks in this chapter are assumed to be over a v-stack associated to Q,, like this.

Iﬁperfect t1/2’ log(t)} is defined to be jllStI

3 .
Here the ring Iy |, IC(O,oo){

o
rlgf)b;ilx,l .ot 2} [log(1)] (3.11)

which carries the corresponding adic topology from the corresponding Banach ring I’ gzgg:x 1c0 m){tl/ 2}, which in-

duces a topological adic ring structure (therefore a corresponding condensed animated ring structure in [CS2]). Then
the corresponding spectrum will be defined to be the correponding analytic spectrum from Clausen-Scholze.
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to denote (oo, 1)-category of all the ind-Banach quasicoherent sheaves over the stack FFy. For any
local perfectoid Y € X, we define the corresponding (oo, 1)-category in the local sense.
We use the notation

indBanach,perfectcomplexes (3 1 5)

uasicoherent
Q FFx,Orry

to denote (oo, 1)-category of all the indBanach quasicoherent sheaves over the stack FFx which are
perfect complexes. For any local perfectoid Y € X, we define the corresponding (co, 1)-category
in the local sense.

Definition 113. We use the notation

i f
{¢Module*"(Tpeite, {172, log(1)} ®q, E)}ic(0.0) (3.16)
to denote (co, 1)-category of all the solid ¢-modules over the extended Robba ring. The modules
satisfy the Frobenius pullback condition and glueing condition for overlapped intervals I c J C K.
For any local perfectoid Y € X, we define the corresponding (oo, 1)-category in the local sense.
We use the notation

¢Module (3.17)

solid,perfectcomplexes,(ngﬁg:x 1{['/2,log(1)}®QpE) 1c(0.00)
g 00

to denote (oo, 1)-category of all the solid ¢-modules over the extended Robba ring which are per-
fect complexes. The modules satisfy the Frobenius pullback condition and glueing condition for
overlapped intervals I ¢ J c K. For any local perfectoid ¥ € X, we define the corresponding
(oo, 1)-category in the local sense.

Definition 114. We use the notation

1t
{¢Module(Tpe -, /{172, log(1)} ®q, E)}ic(0.0) (3.18)
indBanach

to denote (oo, 1)-category of all the ind-Banach ¢-modules over the extended Robba ring. The
modules satisfy the Frobenius pullback condition and glueing condition for overlapped intervals
I c J c K. For any local perfectoid Y € X, we define the corresponding (oo, 1)-category in the
local sense.

We use the notation

¢Module (3.19)

Fperfecl

indBanach,perfectcomplexes,I' o\ { 12 log(t)}®q, E

1c(0,00)

to denote (oo, 1)-category of all the ind-Banach ¢-modules over the extended Robba ring which are
perfect complexes. The modules satisfy the Frobenius pullback condition and glueing condition
for overlapped intervals I C J C K. For any local perfectoid ¥ € X, we define the corresponding
(oo, 1)-category in the local sense.
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Proposition 9. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

: solid solid (y-perfect 1/2
Quas1coherentFFspd(Qp)O’OFFSpd(Qp)O —— {¢Module (l"Robba’Sp 4Qp)°, A5 log(1)} ®q, E)}ico.)
. lid lid 1
Quasicoherentgg o {¢Module™" (FZZ'ZZ; 1'% 10g(1)} ®g, E)}ic(oeo)-

Proposition 10. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

. li fects 1

Quelslcoherents};;ld’per P ¢Module
Spd@p)* T spap)® solid,perfectcomplexes, (77! {t1/2,]og(t)}®g, E)
p PIEXES,\L Robba,spd(@p)o.1 108 Qp 1c(0.00)

. solid,perfectcomplexes

QuaswoherentFFX O — ¢Module
;OFFy .
sohd,perfectcomplexes,(FZZ'ZZZ X1 {1172, log(t)}®q, E) 1(0.00)

Proposition 11. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

. indBanach perfect 1/2
QuasmoherentFFspd(Qp)o’ Oty — {frﬁiﬁlﬁe(l“mbba’sp 4@, I{t ,log(1)} ®q, E )} 1c(0.00)
: indBanach perfect 1/2
QuaswoherentFFX’OFFX {fﬁi/{;fi}]e(rRObba’X’ A5 log(t)} ®q, E)}c(,00)-

70



Proposition 12. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

. indBanach,perfectcomplexes

Quasicoherent; P plexes ¢Module
FFSpd(Qp)O’OFFSpd(QP ) indBanach,perfectcomplexes, 77! {t172]og(t)}®q, E
P PIEXES.L Robba,spd(@p)2.1 108 w=), C(0.00)

. indBanach,perfectcomplexes
Quasicoherenty o™ hp plexes ¢Module
,OFFy . _

1ndBanach,perfectcomplexes,l"ﬁf)'gzzx’ A112Jog(1)}®q, E 1C(0.00)

Taking the corresponding simplicial commutative object we have the following propositions:

Proposition 13. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

SimplicialRings — SimplicialRings
asicoherent{ol solid pperfect 1/2
Quasi PFSpa(p)> OFF )0 {¢Module (rRabba,Spd(Qp)°, 1% log(1)}®qg, E)}c(0,00)

SimplicialRings SimplicialRings
. solid .
Quasmoherent;‘;;(’ Oy {¢Module**d (T ZZ’ZZ;’X 1172, log(1)}®q, E)} i c(0.00)

Proposition 14. We have the following commutative diagram by taking the global section functor
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in the horizontal rows:

SimplicialRings — SimplicialRings
icoh tsolid,perfectcnmplexes Modul solid, perfectcomplexes rﬁerfe” t1/2’1 t E o
Quasicoheren FFSpa0p)* OFFs 00 {¢Module ( Robba’spd(Qp)o’,{ 0g(1)}®q, E)}c(o,00)

SimplicialRings —— SimplicialRings
- lid, perfectcompl, lid, perf 1 1fect
Quamcoherent;oF;(";;;;;wmp e {¢pModule™tidperfectcomplexes (periel (112, 1og(1)}®q,, E)}1c(0.00)

Proposition 15. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

SimplicialRings SimplicialRings
. indBanach i
Quaswoherent}?FXf‘(“)aFcFX {¢ModuleindBanach (FZZZZZX,I {11/210g(1)}®q, E)}1c(0,00)
SimplicialRings — SimplicialRings
: indBanach indBanach jy-perfect 1/2
Quasicoherentyy spd(Qp)° OFFspq(g,)0 {¢Module (onbaspaapye.s U 1080} 8, ENicom)

Proposition 16. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

SimplicialRings —_— SimplicialRings
. indB f lexes i -
Quasmoherent;'FX ag::’ ; criecicomplexes {pModulendBanach.perfectcomplexes (Fﬁfgzz x.1 {1'/2108(1)}®q, E)}r c(0,00)
SimplicialRings — SimplicialRings
. indBanach, perfectcomplexes indBanach, perfectcomplexes (-perfect 1/2
QuaswoherentFFSpd(Qp)o’ Orp {¢Module ((ons Spd(Qp)°.] {1172,log(1)}®q), E)}1c(0.00)

Spd(Qp)°
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3.3 Geometric Family of Mixed-Parity Hodge Modules I: de
Rham Situations

Reference 7. [Schl], [Sch2], [FS], [KL1], [KL2], [BL1], [BL2], [BS], [BHS], [Fonl], [CS1],
[CS2], [BK], [BBK], [BBBK], [KKM], [BBM], [LZ], [M].

3.3.1 Period Rings and Sheaves
Rings

Let X be a v-stack over SpdQ,,, which is required to be restricted to be a diamond which is further
assumed to be spacial in the local setting. We have the corresponding étale site and the corre-
sponding pro-étale site of X, which we denote them by X, X. The relationship of the two sites
can be reflected by the corresponding morphism f : X, — Xg. Then we have the corresponding
de Rham period rings and sheaves from [Schl]:

TgeRnam X.v» T goRham.x.v- (3.20)
Our notations are different from [Sch1], we use I to mean B in [Sch1], while I'C will be the corre-

sponding OB ring in [Schl].

Definition 115. Now we assume that p > 2, following [BS] we join the square root of ¢ element
in I'yerham,x,v Which forms the sheaves:

TaeRnam X {/* 1. Togam . {1 (3:21)
And following [BL1], [BL2], [Fon1], [BHS] we further have the following sheaves of rings:
TaeRnam X {72, 102(0)}, T gpam .0 {22 T0g (1)} (3.22)

Definition 116. We use the notations:

perfect perfect perfect
rRobba,X,v’ FRObba,X,v,oo’ IﬂRobba\,X,v,I (323)

to denote the perfect Robba rings from [KL1], [KL2], where I C (0, c0). Then we join 172 to these
sheaves we have:

perfect 1/2 perfect 1/2 perfect 1/2
TRobbax v 1" H TRobbaxv.co 11 TRobbaxv s 177} (3.24)

And following [BL1], [BL2], [Fon1], [BHS] we have the following larger sheaves:
fi fi fi
Tposba x5 10gOh Thoety | A1'/%, 10g(0)}, Toppe v, 417 log(0)}- (3.25)

Definition 117. From now on, we use the same notation to denote the period rings involved ten-
sored with a finite extension of Q, containing square root of p as in [BS].

TaeRnam X {'/* 1. Togpam . {1 (3.26)
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TgeRnam x.v {172, 102(0)}, T gpam .0 {2 10g (1)} (3.27)

perfect 1/2 perfect 1/2 perfect 1/2
I Robbaxv " h TRobbaxmeot? ' b TRoppaxvs {0} (3.28)
fi fi fi
Tropnex s 1151080} Thope' s {1172, Jog(0)}, TRopney . /427 log()}. (3.29)

This is necessary since we to extend the action of ¢ to the period rings by ¢(1'/?®1) = ¢(1)'/?® 1.

Modules

We consider quasicoherent presheaves in the following two situation:
O The solid quasicoherent modules from [CS1], [CS2];

O The ind-Banach quasicoherent modules from [BK], [BBK], [BBBK], [KKM], [BBM] with
the corresponding monomorphic ind-Banach quasicoherent modules from [BK], [BBK],
[BBBK], [KKM], [BBM].

Definition 118. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
preModule d’qf , preModule® "4 , preModule d’ci (3.30)
perfect {tl/z} perfect {t 1 /2} pertect {fl/z}
>~ Robba, X,v >~ Robba, X, v, >~ Robba, X,v,I

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of solid
modules.

Definition 119. We use the notation:

ind—Banach,quasicoherent ( 33 1)

perfect 1/2 ’
IﬂRobba,X,v{t / }

ind—Banach,quasicoherent (3 32)

perfect 1/2 ’
Robba, X, v,co U/ 1~}

ind—Banach,quasicoherent (333)

perfect 1/2
l—‘Robbu,X,v,l {l }

preModule
preModule

preModule

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of inductive
Banach modules.

Definition 120. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
Module d , Module d’q , Module d".] (3.34)
erfect erfect erfect
o.rP {tl/2} o.r? {tl/Z} o.r? {,1/2}
>~ Robba, X,v >~ Robba, X, v,c0 >~ Robba, X,v,I

to denote the (oo, 1)-categories of solid quasicoherent sheaves over the corresonding Robba sheaves.
Locally the section is defined by taking the corresponding (co, 1)-categories of solid modules.
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Mixed-Parity Hodge Modules without Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-

parity Hodge modules. We start from the following definition.

Definition 121. For any locally free coherent sheaf F over

perfect 1/2 perfect 1/2
TRobbaxweoll b Troppa xp {7 h

we consider the following functor dR sending F to the following object:

1/2
ﬁk(F ®Fperfect oo{tl/Z} Iﬂ((i)eRhaI’I],X,V{t / })

Robba, X, v,

or

0 1/2
ﬂ(F ®rperfecl ,{t‘/z} rdeRham,X,v{t / })

Robba, X, v,
We call F mixed-parity de Rham if we have the following isomorphism:

0

. 0 1/2 ) 12y _~ 12
STHE @ppereer 10y Ternam, 11 D) @ Tornamxn (1'%} = F ® T x, (')

Robba, X, v,c0

or

. ) 12 ) 12y _~ ) 1/2
J7SAF @ppertea 1112} L gernamxp 7D © Lgepam x 177 F = F ® Dgpam x 1777}

Robba, X, v,
Definition 122. For any locally free coherent sheaf F over

l—‘perfect { tl /2} l—‘pc::rfect

("%}
Robba, X,v,c0 Robba,X,v,I ’

Ralmost

we consider the following functor d sending F to the following object:

f;(F ®rperfect {t1/2} F(%Rham,X,v {tl /2’ log(t)})

Robba, X, v,c0

or

]‘;(F ®Fperfect I{t1/2} rtham,X,v {t1/27 log(t)})

Robba, X, v,

We call F mixed-parity almost de Rham if we have the following isomorphism:

F*FoF @pgerter 1y Tiognam o 1110801 ® T x, (1'% log(1)}

Robba, X, v,

;) Fe IﬂgeRham,X,v{tl/z’ 1Og(t)}
or

P IAF Ot i T o (173 1080D) © T gy, (1 To(t))

Robba, X, v,

S F® F(‘i)eRth,v{tl/z, log(1)}.
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(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)
(3.44)

(3.45)

(3.46)



We now define the (oo, 1)-categories of mixed-parity de Rham modules and he corresponding
mixed-parity almost de Rham modules by using the objects involved to generated these categories:

Definition 123. Considering all the mixed parity de Rham bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
preModule”™ " "t Uy’ preModule”™" " "0 2 (3.47)
4 Robba,X,v,oo{t } ? Robba,X,v,I{t }

generated by the mixed-parity de Rham bundles (locally finite free ones). These are defined to be
the (oo, 1)-categories of mixed-parity de Rham complexes:

solid,quasicoherent,mixed—paritydeRham

perfect 12
M Robba, X,v,c0 U117

solid,quasicoherent,mixed—paritydeRham ( 3 48)

perfect 12
’ Robba,X,v,I{t }

preModule , preModule

Definition 124. Considering all the mixed parity almost de Rham bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
preModule™ " "0 ,preModule™ " (3.49)
{ ! /2 } { ! /2 }
>~ Robba, X, v,c0 >~ Robba, X,v,I

generated by the mixed-parity almost de Rham bundles (locally finite free ones). These are defined
to be the (oo, 1)-categories of mixed-parity de Rham complexes:

solid,quasicoherent,mixed—parityalmostdeRham
preModule” " "5 U , (3.50)
T Robba, X.v0 U117}
solid,quasicoherent,mixed—parityalmostdeRham
preModule™ " " ° . (3.51)

? Robba,X,v,I{t[/z}
Then the corresponding mixed-parity de Rham functors can be extended to these categories:

solid,quasicoherent,mixed—paritydeRham (3 52)

perfect 1/2 ’
T Robba, X,v,00 1/}

solid,quasicoherent,mixed—paritydeRham (3 53)

perfect 1/2 4
0.1 Robba, x,v, 177}

preModule

preModule

and

solid,quasicoherent,mixed—parityalmostdeRham (3 5 4)

perfect 1/2 4
T Robba, x,v,00 1777}

preMo dulesolid,qfuasicoherent,mixed—parityalmostdeRham ) (3 5 5)
Iapt’.l’ ect {tl/z}
o, Robba, X,v,1

preModule

Mixed-Parity Hodge Modules with Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Remark 10. All the coherent sheaves over mixed-parity Robba sheaves in this section will carry
the corresponding Frobenius morphism ¢ : FF — ¢*F.
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Definition 125. For any locally free coherent sheaf F' over

perfect 1/2 perfect 1/2
I Robbaxweo 1 Tropba v {1

we consider the following functor dR sending F to the following object:

0] 1/2
FF Ot g2y Taerpamx 17

or

0] 1/2
f;k(F ®Fperfect I{II/Z} FdeRham,X,v{t / })

Robba, X, v,

We call F mixed-parity de Rham if we have the following isomorphism:

* 0] 1/2 0] 1/2 ~ 0 1/2
f f*(F ®1“perfecl {r1/2} r‘deRham,X,v{[ / }) ® IﬂdeRham,X,v{t / } —F® IﬂdeRham,X,v{t / }

Robba, X, v,c0

or

x o) 1/2 0 12y "~ o) 1/2
f f*(F ®1"pe'fe°‘ 1{11/2} l—‘deRham,X,v{t })®FdeRham,X,v{t }—)F®rdeRham,X,v{t }

Robba, X, v,
Definition 126. For any locally free coherent sheaf F over

1—,perfect { l‘l /2} l—‘perfect

{t'%}
Robba, X,v,c0 Robba, X,v,/ ’

Ralmost

we consider the following functor d sending F to the following object:

10) 1/2
FE @pgerer 172y Tiernam,x,o {1777 108(1)})
or

FolF @pparet 1y T a1/ I02(D}).

Robba, X, v,

We call F mixed-parity almost de Rham if we have the following isomorphism:

f*FF @pperee iy Ty 1710801 ® Tt x, (1'% log(1)}

Robba, X, v,c0

;) re 1—‘((l)eRham,X,v{l‘l/z’ log(t)}

or

P IAF Ot i T o (173 10800D) © Ty, (1 Tog(t))

Robba, X, v,

S F® F(‘i)eRth,v{tl/z, log(1)}.

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)
(3.65)

(3.66)

(3.67)

We now define the (oo, 1)-categories of mixed-parity de Rham modules and he corresponding
mixed-parity almost de Rham modules by using the objects involved to generated these categories:
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Definition 127. Considering all the mixed parity de Rham bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ 0 2, #PreModule 2 (3.68)
T Robba, x,v.00 17177} T Robba,x,v. 1117

generated by the mixed-parity de Rham bundles (locally finite free ones). These are defined to be
the (oo, 1)-categories of mixed-parity de Rham complexes:

solid,quasicoherent,mixed—paritydeRham

solid,quasicoherent,mixed—paritydeRham
epreModule™ 0 2 » ppreModule™ " “C 0 2 . (3.69)
I Robba, X, v,c0 17} T Robbax,v, 1 1172}

Definition 128. Considering all the mixed parity almost de Rham bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ 00 2 , ppreModule” "o 2 (3.70)
T Robba, x,v,00 1777} T Robba, x,v.r 17}

generated by the mixed-parity almost de Rham bundles (locally finite free ones). These are defined
to be the (oo, 1)-categories of mixed-parity de Rham complexes:

solid,quasicoherent,mixed—parityalmostdeRham
ppreModule™ o0 2 , (3.71)
I Robba, x,v,00 177}
solid,quasicoherent,mixed—parityalmostdeRham
ppreModule™ 5| . (3.72)

’ Robba,X,v,I{tl/z}
Then the corresponding mixed-parity de Rham functors can be extended to these categories:

solid,quasicoherent,mixed—paritydeRham

solid,quasicoherent,mixed—paritydeRham
ppreModule™ 00 2 , ppreModule” " "0 2 , (3.73)
’ Robba,X,v,oo{t } ’ Robba,X,v,I{t }
and
solid,quasicoherent,mixed—parityalmostdeRham
ppreModule™ 30 2 , (3.74)
4 Robba,X,v,oo{l }
solid,quasicoherent,mixed—parityalmostdeRham
ppreModule ppertet 2 . (3.75)
O R gbba, x,v, 1 11777}

3.3.2 Mixed-Parity de Rham Riemann-Hilbert Correspondence

This chapter will extend the corresponding Riemann-Hilbert correspondence from [Schl], [LZ],
[BL1], [BL2], [M] to the mixed-parity setting.

Definition 129. We define the following Riemann-Hilbert functor RHpixed-parity from the one of
categories:

solid,quasicoherent,mixed—paritydeRham solid,quasicoherent,mixed—paritydeRham (3 7 6)

preModule , preModule

perfect 1/2 perfect 1/2 4
T Robba, X,v.00 U/2} T Robba,x.v,1 {117}
and
solid,quasicoherent,mixed—parityalmostdeRham
preModule ppertet R , (3.77)
O, RObba,X,v,oo{ }
solid,quasicoherent,mixed—parityalmostdeRham
preModule Py (3.78)

>~ Robba, X, v,I
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to (oo, 1)-categories in image denoted by:
preModuley (3.79)

to be the following functors sending each F in the domain to:

RH pixed-parity(F) = fu(F Brpeiet (i) deRhamxv{tl/z}) (3.80)
RH pixed-parity(F) = fu(F petet (s deRhava{,l/z}) (3.81)
RHmixed-parity(F) = fo(F @pgetest 1oy Tiogpam 1'% Tog(0)}), (382)
RHmixed-parity(F) = fo(F @pgerst 12y Tl e (1'% 108(0}), (383)

(3.84)

respectively.

Definition 130. In the situation where we have the Frobenius action we consider the follwing. We
define the following Riemann-Hilbert functor RHyixed-parity from the one of categories:

solid,quasicoherent,mixed—paritydeRham

ppreModule™ "5’ 2 , (,DpreMOdu]eSOIiS;?lejsicoherlfjrzn,mixed—paritydeRham’ (3.85)
’ Robba,X,v,oo{t } ’ Robba,X,v,I{t }
and
solid,quasicoherent,mixed—parityalmostdeRham
SDpreModule = , (3.86)
reMo dulesohd,quaswoherent,mixed—parityalmostdeRham 3.87
Aot e 102) A7
to (oo, 1)-categories in image denoted by:
preModuley (3.88)
to be the following functors sending each F in the domain to:
RHmised-parity(F) := fu(F @ppers 1) Tiogpam xo {721 (3.89)
RHmised-parity(F) 1= fo(F @pyertse o) Tiogpam 172 (3.90)
RHmised-parity(F) := fu(F @pyers 1oy Tiogpam (1'% 1080}, (3.91)
RHuixed-parity (F) = fulF @pgee 1110y TG ham x> 10g(D}), (3.92)

(3.93)

respectively.
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3.4 Geometric Family of Mixed-Parity Hodge Modules II: Cristalline
Situations

References: [Schl], [Sch2], [FS], [KL1], [KL2], [BL1], [BL2], [BS], [BHS], [Fonl], [CS1],
[CS2], [BK], [BBK], [BBBK], [KKM], [BBM], [LZ], [TT], [M].

3.4.1 Period Rings and Sheaves
Rings

Let X be a v-stack over SpdQ,,, which is required to be restricted to be a diamond which is further
assumed to be spacial in the local setting. We have the corresponding étale site and the corre-
sponding pro-étale site of X, which we denote them by X, X. The relationship of the two sites
can be reflected by the corresponding morphism f : X, — Xg. Then we have the corresponding
cristalline period rings and sheaves from [TT]:

l—‘cristalline,X,v, rgistamne, X,v* (3.94)
Our notations are different from [TT], we use ' to mean B in [TT], while I'C will be the corre-

sponding OB ring in [TT].

Definition 131. Now we assume that p > 2, following [BS] we join the square root of ¢ element
in T¢ristalline, x,y Which forms the sheaves:

l—‘cristalline,}(’,v {t 1/2 }, ngstamne,x,v {t ! /2} . (3.95)
And following [BL1], [BL2], [Fon1], [BHS] we further have the following sheaves of rings:
Teristattine. X {21020 1 T, tine 0 121/ Tog (1)} (3.96)

Definition 132. We use the notations:

perfect perfect perfect
rRobba,X,v’ FRObba,X,v,oo’ IﬂRobba\,X,v,I (3 97)

to denote the perfect Robba rings from [KL1], [KL2], where I C (0, c0). Then we join 172 to these
sheaves we have:

perfect 1/2 perfect 1/2 perfect 1/2
TRobbax v 1" H TRobbaxv.co 11 TRobbaxv s 177} (3.98)

And following [BL1], [BL2], [Fon1], [BHS] we have the following larger sheaves:
fi fi fi
Tposba x5 10gOh Thoety | A1'/%, 10g(0)}, Toppe v, 417 log(0)}- (3.99)

Definition 133. From now on, we use the same notation to denote the period rings involved ten-
sored with a finite extension of Q, containing square root of p as in [BS].

Feristattine. o {21 T attne . 117 (3.100)
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Teristattine. .o {2 1081 T atine .0 {212 Tog (1)} (3.101)

perfect 1/2 perfect 1/2 perfect 1/2
I Robbaxv " h TRobbaxmeot? ' b TRoppaxvs {0} (3.102)
fi fi fi
Tpopoa {51080}, Thopre s {1172, 1og(0)}, TRoppey. ., {2'/% log()}. (3.103)

This is necessary since we to extend the action of ¢ to the period rings by ¢(1'/?®1) = ¢(1)'/?® 1.

Modules

We consider quasicoherent presheaves in the following two situation:
O The solid quasicoherent modules from [CS1], [CS2];

O The ind-Banach quasicoherent modules from [BK], [BBK], [BBBK], [KKM], [BBM] with
the corresponding monomorphic ind-Banach quasicoherent modules from [BK], [BBK],
[BBBK], [KKM], [BBM].

Definition 134. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
preModule d’ci , preModule d’qf , preModule ld’qf ' (3.104)
perfect {tl/z} pertect {11/2} perfect {tl/z}
>~ Robba, X,v >~ Robba, X, v, o0 >~ Robba, X, v, I

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of solid
modules.

Definition 135. We use the notation:

ind—Banach,quasicoherent (3 10 5)

perfect 1/2 ’
IﬂRobba,X,v{t / }

ind—Banach,quasicoherent (3 1 06)

perfect 1/2 ’
Robba, X, v,co U/ 1~}

ind—Banach,quasicoherent (3 107)

perfect 1/2
l—‘Robbu,X,v,l {l }

preModule
preModule

preModule

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of inductive
Banach modules.

Definition 136. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
Module d , Module d’q , Module d".] (3.108)
erfect erfect erfect
o.rP {tl/2} o.r? {tl/Z} o.r? {,1/2}
>~ Robba, X,v >~ Robba, X, v,c0 >~ Robba, X,v,I

to denote the (oo, 1)-categories of solid quasicoherent sheaves over the corresonding Robba sheaves.
Locally the section is defined by taking the corresponding (co, 1)-categories of solid modules.
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Mixed-Parity Hodge Modules without Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Definition 137. For any locally free coherent sheaf F over

1—,perfect { l‘l /2} l—‘perfect

1/2
Robba, X,v,c0 Robba X, 1 1> (3.109)

we consider the following functor dR sending F to the following object:

0] 1/2
fAF ®F£ngebitx el I_‘cristalline,X,v{l‘ / ) (3.110)
or
0] 1/2
fF ®F]';irbfﬁzx L2y l—‘cristalline,X,v{t / D @3.111)

We call F mixed-parity cristalline if we have the following isomorphism:

% 0] 1/2 0] 1/2 ~ O 1/2
f f*(F ®1“Pe'f“‘ {112} 1—‘cristalline,X,v{l‘ }) ® l—‘cristalline,X,v{l‘ } — F® I_‘cristalline,X,v{t }

Robba, X, v,c0

(3.112)
or
FIE Bppreet  A1172) ngstalline,X,v{t ) e rgistalline,X,v{t 2y —>Fe ngstalline,X,v{t 12,
(3.113)
Definition 138. For any locally free coherent sheaf F over
pherfect | (pl/2y perfect - g1/2y (3.114)

Robba, X,v,c0 Robba, X, v,

we consider the following functor dR*™°

Sl F ®petec T, satiine.x. {12 10g()}) (3.115)

1/2
RObba,X,v,oo{t / }

sending F to the following object:

or

FolF @pperes 11y T, tne x o 4% Tog(D}). (3.116)

Robba, X, v,

We call F mixed-parity almost cristalline if we have the following isomorphism:

FUIAF @t 1y Tgatine o {125 108(01) © Ty ine x, 11112 log(0)} (3.117)
—F® ngstalline,X,v{t 12 log(1)} (3.118)

or
FIAE @pperct 1y [ istatine xo {72 108(01) ® Ty e x, {11/, log(1)} (3.119)
—F® rgistalline,X,v{t "2, log(1)}. (3.120)
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We now define the (oo, 1)-categories of mixed-parity cristalline modules and he corresponding
mixed-parity almost cristalline modules by using the objects involved to generated these categories:

Definition 139. Considering all the mixed parity cristalline bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
preModule”™ " "t Uy’ preModule”™" " "0 2 (3.121)
4 Robba,X,v,oo{t } ? Robba,X,v,I{t }

generated by the mixed-parity cristalline bundles (locally finite free ones). These are defined to be
the (oo, 1)-categories of mixed-parity cristalline complexes:

solid,quasicoherent,mixed—paritycristalline

solid,quasicoherent,mixed—paritycristalline
preModule™ " "t U ,preModule™ "%’ 2 . (3.122)
>~ Robba, X,v,c0 {t } >~ Robba, X,v,I {t }

Definition 140. Considering all the mixed parity almost cristalline bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
preModule™ " "0 2y’ preModule™ " "0 2 (3.123)
>~ Robba, X, v,c0 {t } >~ Robba, X,v,I {t }

generated by the mixed-parity almost cristalline bundles (locally finite free ones). These are de-
fined to be the (oo, 1)-categories of mixed-parity cristalline complexes:

solid,quasicoherent,mixed—parityalmostcristalline (3 12 4)

perfect 1/2 ’
I Robba, X, v,00 U}

solid,quasicoherent,mixed—parityalmostcristalline (3.125)

perfect 1/2
>~ Robba, X,v,I {t }

preModule

preModule

Then the corresponding mixed-parity cristalline functors can be extended to these categories:

solid,quasicoherent,mixed—paritycristalline ( 3.12 6)

perfect 1/2 ’
I Robba,X,v,co 1/}

solid,quasicoherent,mixed—paritycristalline (3 127)

perfect 1/2 ’
[ Robba,x,v.r 1777}

preModule

preModule

and

solid,quasicoherent,mixed—parityalmostcristalline (3 128)

perfect 1/2 ’
O Robba, X, v,00 U7}

solid,quasicoherent,mixed—parityalmostcristalline (3 129)

perfect 1/2
|:l’rRobba,X,v,I {t }

preModule

preModule

Mixed-Parity Hodge Modules with Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Remark 11. All the coherent sheaves over mixed-parity Robba sheaves in this section will carry
the corresponding Frobenius morphism ¢ : FF — ¢*F.
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Definition 141. For any locally free coherent sheaf F' over

1—,perfect { l‘l /2} l—‘perfect

1/2
Robba, X,v,c0 Robba X, 17 1> (3.130)

we consider the following functor dR sending F to the following object:

O 1/2
f"‘(F ®F§Zﬁ§‘:wi{tl/2} 1—‘cristalline,X,v{t / }) (3.131)
or
0] 1/2
fF ®r§f§§:xu{t1/2} [ istattine x,v ). (3.132)

We call F mixed-parity cristalline if we have the following isomorphism:

* 0] 1/2 0] 1/2 ~ 0] 1/2
f ﬁ‘ (F ®rpe'fe°‘ {112} Iﬂcristalline,X,v{t }) ® Iﬂcristalline,X,v{t } — FoTl cristalline,X,v{t }

Robba, X, v, 00
(3.133)
or
* 0] 1/2 0] 1/2 = 0] 1/2
f f*(F ®F§Zrlfebzx‘)w{tl/2} 1—‘cristalline,X,v{t / }) ® l—‘cristalline,X,v{l‘ / } — F® 1—‘cristalline,X,v{t / }
(3.134)
Definition 142. For any locally free coherent sheaf F over
perfect 1/2 perfect 1/2
T Robba X007 TRobba,xv, 17 h (3.135)
we consider the following functor dR¥™°* sending F to the following object:
0] 1/2
fAF Oppertect (112} I istattine,xv {7 2, log(1)}) (3.136)
or
0 1/2
fF ®r}§fkf§2xv A2} l—‘cristalline,X,v{t / ,log(n)}). (3.137)
We call F mixed-parity almost cristalline if we have the following isomorphism:
x 0 1/2 0 1/2
f ﬁ‘(F ®F§$§2x N L7y 1ﬂcristalline,X,v{t / > lOg(l)}) ® Iﬂcristalline,X,v{l" / ’ 10g(t)} (3.138)
— F T e xr 1'% log(t)} (3.139)
or
* 0 1/2 0 1/2
f f:"(F ®r}2§$§2x v I{t1/2} l—‘cristallline,X,v{t / ’ log(t)}) ® 1ﬂcristalline,X,v{t / > lOg(t)} (3.140)
— F T, e x 1'% log(t)}. (3.141)

We now define the (oo, 1)-categories of mixed-parity cristalline modules and he corresponding
mixed-parity almost cristalline modules by using the objects involved to generated these categories:
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Definition 143. Considering all the mixed parity cristalline bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ o0 |2y PreModule” 2 (3.142)
T Robba, x,v,00 177} T Robba, x,vr 17}

generated by the mixed-parity cristalline bundles (locally finite free ones). These are defined to be
the (oo, 1)-categories of mixed-parity cristalline complexes:

solid,quasicoherent,mixed—paritycristalline

perfect { 1 /2}
>~ Robba, X, v,c0

solid,quasicoherent,mixed— parltycrlstallme

,gppreModuleD pefeet 172,

Robba,X v,

wpreModule
(3.143)

Definition 144. Considering all the mixed parity almost cristalline bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ o0 |2y $PreModule o A (3.144)
T Robba, X.ve0 1717} Ol Robba,x.v.1 {177}

generated by the mixed-parity almost cristalline bundles (locally finite free ones). These are de-
fined to be the (oo, 1)-categories of mixed-parity cristalline complexes:

solid,quasicoherent,mixed—parityalmostcristalline (3 14 5)

perfect 1/2 ’
l—‘Robba,)( v, oo{t }

solid,quasicoherent,mixed—parityalmostcristalline (3 1 46)

perfect 1/2
e AL

cppreModule
(ppreModule

Then the corresponding mixed-parity cristalline functors can be extended to these categories:

solid,quasicoherent,mixed—paritycristalline solid,quasicoherent,mixed—paritycristalline

()OpreMOdUIe perfect 1/2 ’ (ppreMOdule perfect 1/2 ’
’ RObba,X,v,oo{t } ’ Robba,X,v,I{t }
(3.147)
and
solid,quasicoherent,mixed—parityalmostcristalline
ppreModule i ) , (3.148)
Robba, X,v,00 U/ 1~}
solid,quasicoherent,mixed— parltyalmostcrlstalhne
wpreModule e 2 (3.149)
Robba, X,v,T {t }

3.4.2 Mixed-Parity Cristalline Riemann-Hilbert Correspondence

This chapter will extend the corresponding Riemann-Hilbert correspondence from [Schl], [LZ],
[BL1], [BL2], [M] to the mixed-parity setting.

Definition 145. We define the following Riemann-Hilbert functor RHpixed-parity from the one of
categories:

solid,quasicoherent,mixed—paritycristalline solid,quasicoherent,mixed—paritycristalline
preModule”™ " " U , preModule et 2 , (3.150)
4 Robba,X,v,oo{t } Robba,X v, l{Z }
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and

solid,quasicoherent,mixed—parityalmostcristalline (3 15 1)

perfect 1/2 ’
Ij’l—‘Robba,X,v,oo{l‘ }

solid,quasicoherent,mixed—parityalmostcristalline (3 1 52)

perfect 1/2
O Robba, xv.r 17777}

preModule
preModule

to (oo, 1)-categories in image denoted by:
preModuley (3.153)
to be the following functors sending each F in the domain to:

RHumixed-parity(F) := fu(F @ pperec ro {t'?), (3.154)

Robba, X.v o0{11/2} cristalline, X,v

RHumixed-parity (F) 1= fuF ®pgeries 10y Tiaine o (1721 (3.155)

Robba, X,v,I

RHumixed-parity (F) := fu(F ®pperies 1y Tohcaine x.0 17175 10g(0}), (3.156)

Robba, X, v,c0

RHaixed-parity(F) 1= fu(F @pporss 1) T, atiine.x. {12 10g(1)}), (3.157)
obba, X, v,
(3.158)
respectively.

Definition 146. In the situation where we have the Frobenius action we consider the follwing. We
define the following Riemann-Hilbert functor RHyixed-parity from the one of categories:

solid,quasicoherent,mixed—paritycristalline solid,quasicoherent,mixed—paritycristalline

reModule , opreModule ) R
v IR 1) > I )
(3.159)
and
solid,quasicoherent,mixed—parityalmostcristalline
ppreModule oy , (3.160)
obba, X, v, 0
reMo dulesolid,quasicoherent,mixed—parityalmostcristalline (3 1 61)
i ST 1) |
to (oo, 1)-categories in image denoted by:
preModuley (3.162)
to be the following functors sending each F in the domain to:
RHixed-parity(F) := fo(F Bppetest (1) T attinexo {27 (3.163)
RI'Imixed—parity(F )= fuF ®r§ef§a {112} lﬂgistalline,X,v{t 1/2})’ (3.164)
obba, X,v,I
RHmixed—parity(F) = ﬁ(F ®r§2§§:x,v,m{tl/2} Fg‘istalline,X,v{tl/z’ log(t)}), (3165)
Rmixed-parity (F) 1= fu(F ®pperect 112, T, atiine.x. {15 10g(1)}), (3.166)

(3.167)

respectively.
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3.5 Geometric Family of Mixed-Parity Hodge Modules III: Semi-
Stable Situations

References: [Schl], [Sch2], [FS], [KL1], [KL2], [BL1], [BL2], [BS], [BHS], [Fonl], [CS1],
[CS2], [BK], [BBK], [BBBK], [KKM], [BBM], [LZ], [Shi], [M].

3.5.1 Period Rings and Sheaves
Rings

Let X be a v-stack over SpdQ,,, which is required to be restricted to be a diamond which is further
assumed to be spacial in the local setting. We have the corresponding étale site and the corre-
sponding pro-étale site of X, which we denote them by X, X. The relationship of the two sites
can be reflected by the corresponding morphism f : X, — Xg. Then we have the corresponding
semi-stable period rings and sheaves from [Shi]:

I_‘semistable,X,v, rsZmistable,X,v . (3 168)
Our notations are different from [Shi], we use ' to mean B in [Shi], while T will be the corre-

sponding OB ring in [Shi].

Definition 147. Now we assume that p > 2, following [BS] we join the square root of ¢ element
in Tsemistable, x,v Which forms the sheaves:

[ semistable,x,v 11 1/2 b Fgmistable,x’v {t 1/2 }. (3.169)
And following [BL1], [BL2], [Fon1], [BHS] we further have the following sheaves of rings:
l—‘semistable,X,v {tl/z, 10g(t)}, rs(gmistable,X,v {tl /2, log(t)} . (3.170)

Definition 148. We use the notations:

perfect perfect perfect
T Robba, x.v* T Robba, X100 T Robba, X.v.1 (3.171)

to denote the perfect Robba rings from [KL1], [KL2], where I C (0, c0). Then we join 172 to these
sheaves we have:

perfect 1/2 perfect 1/2 perfect 1/2
TRobbax v 1" H TRobbaxv.co 11 TRobbaxv s 177} (3.172)

And following [BL1], [BL2], [Fon1], [BHS] we have the following larger sheaves:

Fﬁiﬁix,v{t 2, log(1)}, Fﬁifiitx,v,m{f Y2, log(n)}, Fﬁiﬁix,v,l{t 2, log(n)}. (3.173)

Definition 149. From now on, we use the same notation to denote the period rings involved ten-
sored with a finite extension of Q, containing square root of p as in [BS].

Iﬂsemistable,}(’,v{1‘1/2 I3 FO {fl/z}- (3.174)

semistable, X,v
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Tsemistable X {172 10801 T, i bte o 1212 T0g (1)} (3.175)

perfect 1/2 perfect 1/2 perfect 1/2
I Robbaxv " h TRobbaxmeot? ' b TRoppaxvs {0} (3.176)
fi fi fi
Tpopoa {51080}, Thopre s {1172, 1og(0)}, TRoppey. ., {2'/% log()}. (3.177)

This is necessary since we to extend the action of ¢ to the period rings by ¢(1'/?®1) = ¢(1)'/?® 1.

Modules

We consider quasicoherent presheaves in the following two situation:
O The solid quasicoherent modules from [CS1], [CS2];

O The ind-Banach quasicoherent modules from [BK], [BBK], [BBBK], [KKM], [BBM] with
the corresponding monomorphic ind-Banach quasicoherent modules from [BK], [BBK],
[BBBK], [KKM], [BBM].

Definition 150. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
preModule d’ci , preModule d’qf , preModule ld’qf ' (3.178)
perfect {tl/z} pertect {11/2} perfect {tl/z}
>~ Robba, X,v >~ Robba, X, v, o0 >~ Robba, X, v, I

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of solid
modules.

Definition 151. We use the notation:

ind—Banach,quasicoherent (3 179)

perfect 1/2 ’
IﬂRobba,X,v{t / }

ind—Banach,quasicoherent (3 1 80)

perfect 1/2 ’
Robba, X, v,co U/ 1~}

ind—Banach,quasicoherent (3 181 )

perfect 1/2
l—‘Robbu,X,v,l {l }

preModule
preModule

preModule

to denote the (oo, 1)-categories of solid quasicoherent presheaves over the corresonding Robba
sheaves. Locally the section is defined by taking the corresponding (oo, 1)-categories of inductive
Banach modules.

Definition 152. We use the notation:

solid,quasicoherent solid,quasicoherent solid,quasicoherent
Module d , Module d’q , Module d".] (3.182)
erfect erfect erfect
o.rP {tl/2} o.r? {tl/Z} o.r? {,1/2}
>~ Robba, X,v >~ Robba, X, v,c0 >~ Robba, X,v,I

to denote the (oo, 1)-categories of solid quasicoherent sheaves over the corresonding Robba sheaves.
Locally the section is defined by taking the corresponding (co, 1)-categories of solid modules.
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Mixed-Parity Hodge Modules without Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Definition 153. For any locally free coherent sheaf F over

1—,perfect { l‘l /2} l—‘perfect

1/2
Robba, X,v,c0 Robba X, 1 1> (3.183)

we consider the following functor dR sending F to the following object:

0] 1/2
fAF ®ngfebitxv G 1—‘semistable,X,v{t / 1)) (3.184)
or
0 1/2
fAF ®I“]gzrbfﬁzx L2y I_‘semistable,X,v{t / D (3.185)

We call F mixed-parity semi-stable if we have the following isomorphism:

* 0} 1/2 0] 1/2 ~ 0] 1/2
f ﬂ(F ®1"Ezrtf;:x‘)w{zl/2} 1—‘semistable,X,v{t / }) ® l—‘semistable,X,v{l‘ / } — F® l—‘semistable,X,v{t / }
(3.186)
or
% 0] 1/2 0] 1/2 ~ 0} 1/2
f fx(F ®I‘§Z§:§2X”{tl/2} 1—‘semistable,X,v{t / }) ® 1—‘semistable,X,v{l‘ / } — F® 1—‘semistable,X,v{t / }
(3.187)
Definition 154. For any locally free coherent sheaf F over
r‘perfect {tl/z} Iﬂperfect {11/2} (3188)

Robba, X,v,c0 Robba, X, v,

we consider the following functor dR*™°

Jo(F ® ppertc Q) isablexr 1'% 1og(D)}) (3.189)

1/2
RObba,X,v,oo{t / }

sending F to the following object:

or

fo(F ®pperec ro {t'2,log(t)}). (3.190)

Robba,X.v. 1{11/2} semistable, X,v

We call F mixed-parity almost semi-stable if we have the following isomorphism:

[ IAF ®r§j§;§jx’m{,l/2} rs?tmistable,X,v{t 12 log(1)}) ® rs(zmistable,X,v{t "2 log(1)} (3.191)
— FOTY . exa {17 log(t)} (3.192)
or
UIAF @pper 1y TQ isabexy {2 10gON ®T v 1'% log(1)} (3.193)
— FOTE e {12 10g(0)}. (3.194)
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We now define the (oo, 1)-categories of mixed-parity semi-stable modules and he corresponding
mixed-parity almost semi-stable modules by using the objects involved to generated these cate-
gories:

Definition 155. Considering all the mixed parity semi-stable bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

soli asicoherent soli asicoherent
preModule’ ld’qfu. . , preModule’ idquasi (3.195)
perfect 1/2} perfect {tl/z}
4 RObba,X,v,oo{t >~ Robba, X,v,I

generated by the mixed-parity semi-stable bundles (locally finite free ones). These are defined to
be the (oo, 1)-categories of mixed-parity semi-stable complexes:

solid,quasicoherent,mixed—paritysemistable

perfect 1/2
’ RObba,X,v,oo{t }

solid,quflsicoherent,mixed—paritysemistable ' (3 19 6)
perfect 11/2
’ Robba,X,v,I{ }

preModule , preModule

Definition 156. Considering all the mixed parity almost semi-stable bundles (locally finite free) as
defined above, we consider the sub-(co, 1) category of

solid,quasicoherent

perfect 1/2
I Robba,X,v,c0 1/}

solid,quasicoherent (3.197)

perfect 12
I:l’rRobba,X,v,I {t }

preModule , preModule

generated by the mixed-parity almost semi-stable bundles (locally finite free ones). These are
defined to be the (oo, 1)-categories of mixed-parity semi-stable complexes:

solid,quasicoherent,mixed—parityalmostsemistable (3 198)

2

preModule™ " "
’FRObba,X,v,oo {t ! /2}
solid,quasicoherent,mixed—parityalmostsemistable ) ( 31 99)

perfect 1/2
Ol Robba,x,v,7 12}

preModule

Then the corresponding mixed-parity semi-stable functors can be extended to these categories:

solid,quasicoherent,mixed—paritysemistable solid,quasicoherent,mixed—paritysemistable
preModule™ " "t U ,preModule™ "%’ U , (3.200)
’ RObba,X,v,oo{t } ’ Robba,X,v,I{t }
and
solid,quasicoherent,mixed—parityalmostsemistable
preModule” " "5 ) , (3.201)
T Robba, X.v,e0 117}
solid,quasicoherent,mixed—parityalmostsemistable
preModule™ " "t . (3.202)

1/2
’ Robba,X,v,I{t / }

Mixed-Parity Hodge Modules with Frobenius

Now we consider the key objects in our study namely those complexes generated by certain mixed-
parity Hodge modules. We start from the following definition.

Remark 12. All the coherent sheaves over mixed-parity Robba sheaves in this section will carry
the corresponding Frobenius morphism ¢ : FF — ¢*F.
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Definition 157. For any locally free coherent sheaf F over

perfect 1/2 perfect 1/2
TRobba X0t 1 TRobba xer U1 (3.203)

we consider the following functor dR sending F to the following object:

0] 1/2
fAF ®r§$§2x,v,m{’l/2} Fsemistable,X,v{t / D (3.204)
or
0] 1/2
fF ®F£eor;§itx Lty Iﬂsemistable,X,v{t / D (3.205)

We call F mixed-parity semi-stable if we have the following isomorphism:

* 0] 1/2 0] 1/2 - 0] 1/2
f ﬁ‘(F ®F£eortfzzxvm{zl/2} 1ﬂsemistable,X,v{t / }) ® Iﬂsemistable,X,v{t / } — F® l—‘semistable,X,v{t / }
(3.206)
or
* 0] 1/2 0] 1/2 - 0] 1/2
f ﬁ"(F ®F§f§§2x”{t1/2} Iﬂsemistable,X,v{t / }) ® Iﬂsemistable,X,v{l‘ / } — F® Iﬂsemistable,X,v{t / }
(3.207)
Definition 158. For any locally free coherent sheaf F' over
perfect 1/2 perfect 1/2
1_‘Robba,X,v,oo{l‘ / }’ l—‘Robba,X,v,I{t / }’ (3208)
we consider the following functor dR¥™°* sending F to the following object:
o 1/2
ﬁ“(F ®F§f§§:X ; Sy Iﬂsemistable,X,v{t / ’ log([)}) (3.209)
or
0 1/2
fF ®F§:§;ZTX L2y l—‘semistable,X,v{t / ,log(n)}). (3.210)
We call F mixed-parity almost semi-stable if we have the following isomorphism:
* o 1/2 0] 1/2
f ﬁ‘(F ®FE2;EZX N w{zl/z} 1—‘semistable,X,v{t / ’ lOg(l)}) ® I_‘semistable,X,v{t / > log(t)} (3.211)
— FOTY . vex, {12 log(t)} (3.212)
or
* 0 1/2 0] 1/2
T R(F ®F§f:g§z’txvl{tl/2} I_‘semistable,X,v{t / ,log(1)}) ® 1—‘semistable,X,v{t / ,log(r)} (3.213)
— FOTY i viexa {12 log(t)}. (3.214)

We now define the (oo, 1)-categories of mixed-parity semi-stable modules and he corresponding
mixed-parity almost semi-stable modules by using the objects involved to generated these cate-
gories:
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Definition 159. Considering all the mixed parity semi-stable bundles (locally finite free) as defined
above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ o0 |2y PreModule” 2 (3.215)
T Robba, x,v,00 177} T Robba, x,vr 17}

generated by the mixed-parity semi-stable bundles (locally finite free ones). These are defined to
be the (oo, 1)-categories of mixed-parity semi-stable complexes:

solid,quasicoherent,mixed—paritysemistable

perfect 1/2
’ Robba,X,v,oo{t }

solid,quasicoherent,mixed— parltysemlstable

,gppreModuleD pefeet 172,

Robba,X v,

wpreModule
(3.216)

Definition 160. Considering all the mixed parity almost semi-stable bundles (locally finite free) as
defined above, we consider the sub-(oo, 1) category of

solid,quasicoherent solid,quasicoherent
ppreModule™ o0 |2y $PreModule o A (3.217)
T Robba, X.ve0 1717} Ol Robba,x.v.1 {177}

generated by the mixed-parity almost semi-stable bundles (locally finite free ones). These are
defined to be the (oo, 1)-categories of mixed-parity semi-stable complexes:

solid,quasicoherent,mixed—parityalmostsemistable (3 71 8)

perfect 12 ’
4 Robba,X,v,oo{z }

solid,quasicoherent,mixed—parityalmostsemistable ( 321 9)

perfect 1/2
I Robba,x.v,r 1177

ppreModule
ppreModule

Then the corresponding mixed-parity semi-stable functors can be extended to these categories:

solid,quasicoherent,mixed—paritysemistable solid,quasicoherent,mixed—paritysemistable

‘ppreMOdUIe perfect 1/2 ’ (ppreMOdule perfect 1/2 ’
’ Robba,X,v,oo{t } ’ Robba,X,v,I{t }
(3.220)
and
solid,quasicoherent,mixed—parityalmostsemistable

wpreModule o i a , (3.221)

Robba, X,v,c0l! /)
Modul solid,quasicoherent,mixed— parltyalmostsemlstable 3222

(ppre odule 1—‘perfect 1/2 ( : )

Robba, X,v,T {t }

3.5.2 Mixed-Parity semi-stable Riemann-Hilbert Correspondence

This chapter will extend the corresponding Riemann-Hilbert correspondence from [Schl], [LZ],
[BL1], [BL2], [M] to the mixed-parity setting.

Definition 161. We define the following Riemann-Hilbert functor RHpxed-parity from the one of
categories:

solid,quasicoherent,mixed—paritysemistable solid,quasicoherent,mixed—paritysemistable
preModule”™ "t U , preModule et 2 , (3.223)
4 Robba,X,v,oo{t } Robba,X v, I {l }
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and

solid,quasicoherent,mixed—parityalmostsemistable (3 224)

2

preModule

perfect
T Robba, X,v,e0 172}
solid,quasicoherent,mixed—parityalmostsemistable ( 3.22 5)

perfect 1/2
T Robba, x, v, 1117}

preModule

to (oo, 1)-categories in image denoted by:

preModuley ¢ (3.226)

to be the following functors sending each F in the domain to:
RHumixed-parity (F) 1= fu(F @ppertecr (112 T isuvexr {2 (3.227)
RHumixed-parity (F) 1= fu(F @pperter (1) T isabexr {2 (3.228)
RHmixed-parity(F) := fulF @ppeiec (112 Q) istablex 1% 1og(D)}), (3.229)
RHumixed-parity (F) := fu(F Bppetes 1) T, e o 1772 Tog(D}), (3.230)

(3.231)
respectively.

Definition 162. In the situation where we have the Frobenius action we consider the follwing. We
define the following Riemann-Hilbert functor RHyjxed-parity from the one of categories:

solid,quasicoherent,mixed—paritysemistable solid,quasicoherent,mixed—paritysemistable

(ppreMOdUIeD’Fﬁifzzx,v,w{f ) , S0preM0duleD,rE2 o ) ,
(3.232)
and
gopreMo dulesoli;i;?fllcallsicoher;cnzt,mixed—parityalmostsemistable’ (3 23 3)
O Robba, X, v.c0 {17}
(,DpI‘CMO dulesolii?fgca[lsicoher]czlt,mixed—parityalmostsemistable (3.23 4)
I:]’1—‘R0bba,X,v,I {t }
to (oo, 1)-categories in image denoted by:
preModuley (3.235)
to be the following functors sending each F in the domain to:
RHmixed—parity(F) = ﬂ(F ®F§Zﬁ:x v m{tl/z} l—‘S(Zmistable,X,v{l‘]/z})’ (3236)
RHmixed—parity(F) = ﬂ(F ®F§fﬁ:x v. 1{t'/2} l—‘sczmistable,x,v{1‘1/2})’ (3237)
RHuixed-parity (F) 1= fo(F ®ppetcs (1) T2 isaviexy {5 1og(®)}), (3.238)
RHmixed—parity(F) = fX(F ®F§fﬁ2x v. I{t'/Z} l—‘sczmistable,x,v{tl/z’ log(t)})’ (3239)
(3.240)

respectively.
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Remark 13. We now have discussed the corresponding two different morphisms:

f Xproét — X¢t; (3.241)
f Xy — X (3.242)

One can consider the following relation among the sites:
Xy — Xprost — X (3.243)
which produces f’. The map:
g Xy — Xprost (3.244)

can help us relate the corresponding constructions above as in [B, Proposition 2.37]. Namely we
have:

dR, = dRproétg*; (3.245)
dRy aimost = dRproét,almostg %5 (3.246)
cristalline, = cristallinepo¢tgx; (3.247)
cristalline,, aimost = cristallin€progt almostgs (3.248)
semistable, = semistablepo¢tgs; (3.249)
semistable, aimost = semistableprost aimostgx- (3.250)

94



Chapter 4

Generalized Langlands Program
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4.1 Moduli v-Stack

References: [FS], [FF], [Sch1],[Sch2], [KL1], [KL2];
Further References:[Lanl], [Drinl], [Drin2], [Zhu], [DHKM].

- 7|) X
We consider the category of all the perfectoid spaces over Qp((upoo))AA as in [FS]. We use the
notation Perfectoid_v to denote the associated v-site after [FS], [Sch2]. Let p > 2. For any
Spa(A, A*) € perfectoid, we have the perfect Robba rings from [KL1], [KL2]:

perfect
T Robba,Spa(A,A4*),1c(0,00)" 4.1)

We also have the corresponding de Rham period rings:

1—‘cleeRh::nn,Spa(A, Aty 1—‘deRham,Spa( AAT)- 4.2)

In the first filtration of this first de Rham period ring we have the generator ¢, we now extend the
corresponding rings above by adding the square root of 7, ¢!/ following [BS]. We then have the
extended rings:

perfect 1/2
I RobbaSpa(aA+).1cOe) ) (4.3)
1—‘(-iFeRham,Spa(A,AJr) {t 12 }, 1—‘deRham,Spa(A,A‘f) {f 12 } . 4.4)

Then we form the corresponding extended Fargues-Fontaine curve (after choosing a large finite
extension E of Q, containing o(t)/?):

i perfect 1/2 perfect,+ 1/2 7
FFa = U SPA(TRgbbaspacaayrc0eo i} B2 Es Trgpna spacaatyicoemll T} ©2, E)/¢7
1c(0,00)
4.5)

where the Frobenius is extended to #'/2 ® 1 by acting ¢(r)!/? ® 1.

Definition 163. Let G be any p-adic group as in [FS]!. We now define the pre-v-stack Modulig to
be a presheaf valued in the groupoid over

perfectoid, 4.6)

sendind each Spa(A, A™) perfectoid in the site to the groupoid of all the locally finite free coherent
sheaves carrying G-bundle structure over

i perfect 1/2 perfect,+ 1/2 7
FFy = U Spa(rRobba,Spa(A,m),Ic(o,oo){t } ®q, E, FRobba,Spa(A,A+),IC(0,oo){t } ®q, E)/¢”.
1c(0,00)

4.7)
Proposition 17. This prestack is a small v-stack in the v-topology.

Proof. The proof will be the same as in [FS, Proposition III.1.3]. Our stack can also be regarded
as a two components extension of the original stack in [FS]. O

I'That is to say the group G is defined over Qp- And the Robba rings are defined over Q,, as well, which strictly
speaking are generated from Witt vectors in [KL1], but one can generalize this directly to the level of [KL2] by

———Ab . —AD . . .
replacing the field QP((ppm))AA with some larger field F((upm))AA , where F'/Q),, is finite extension of Q,,.
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4.2 Motives over Modulig;

With the notation in the previous section, we now consider the sheaves over extended Fargues-
Fontain stacks:

Definition 164.

o perfect 1/2 perfect,+ 1/2 7
FEModuti = U Spa(rRobba,ModuliG,IC(O,OO){t } ®g, E, FRobba,ModuliG,Ic(O,oo){t } ®q, E)/¢7,

1c(0,00)
(4.8)
which has the corresonding structure map as in the following:
FFModuliG
FFrr,
FFspac@,)
Spd®(Qp).
Definition 165. We use the notation
Quasicoherent?d 4.9)

FFnModuliOFFytoguii

to denote (oo, 1)-category of all the solid quasicoherent sheaves over the stack FFyioquli;;- For any
local perfectoid ¥ € Modulig, we define the corresponding (oo, 1)-category in the local sense.
We use the notation

solid,perfectcomplexes ( 4.1 0)

uasicoherent
Q FFM()duIiG ’OFFModuliG

to denote (oo, 1)-category of all the solid quasicoherent sheaves over the stack FFyioquii; Which are
perfect complexes. For any local perfectoid ¥ € Modulig, we define the corresponding (oo, 1)-
category in the local sense.

Definition 166. We use the notation

indBanach (4 1 1)

uasicoherent
Q FPModulig ’OFFModuliG

to denote (oo, 1)-category of all the ind-Banach quasicoherent sheaves over the stack FFyodulig; -
For any local perfectoid Y € Modulig, we define the corresponding (oo, 1)-category in the local
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sense.
We use the notation

. indBanach,perfectcomplexes

QuaswoherenthModm@ Oty 4.12)
to denote (oo, 1)-category of all the indBanach quasicoherent sheaves over the stack FFuoqulig
which are perfect complexes. For any local perfectoid Y € Modulig, we define the corresponding

(o0, 1)-category in the local sense.

Definition 167. We use the notation

i f
{‘pMOdUIeSOhd(rgibEZ,tModunG,l{t 12} ®, E)}ico.e) (4.13)

to denote (co, 1)-category of all the solid ¢-modules over the extended Robba ring. The modules
satisfy the Frobenius pullback condition and glueing condition for overlapped intervals I ¢ J C K.
For any local perfectoid Y € Modulig, we define the corresponding (oo, 1)-category in the local
sense.

We use the notation

i f
{ (,DM odul esol1d,perfectcomplexes (rlgzrbli(;fModulic,I {tl / 2} ®Qp E)}IC(O,oo) (4.14)

to denote (oo, 1)-category of all the solid ¢-modules over the extended Robba ring which are perfect
complexes. The modules satisfy the Frobenius pullback condition and glueing condition for over-
lapped intervals I c J C K. For any local perfectoid Y € Modulig, we define the corresponding
(oo, 1)-category in the local sense.

Definition 168. We use the notation

i i
{pModule™ B IREEN i (1177} ©g, E)liceo (4.15)

to denote (oo, 1)-category of all the ind-Banach ¢-modules over the extended Robba ring. The
modules satisfy the Frobenius pullback condition and glueing condition for overlapped intervals
I c J c K. For any local perfectoid Y € Modulig, we define the corresponding (oo, 1)-category in
the local sense.

We use the notation

ind— fect
{ (pModulemd Banach,perfectcomplexes(l—-gf(?)rb EZ; Vodulic. ! { tl /2} ®Qp E)}Ic(O,oo) ( 4. 16)

to denote (oo, 1)-category of all the ind-Banach ¢-modules over the extended Robba ring which are
perfect complexes. The modules satisfy the Frobenius pullback condition and glueing condition
for overlapped intervals / ¢ J C K. For any local perfectoid ¥ € Modulig, we define the
corresponding (oo, 1)-category in the local sense.

Definition 169. We use the notation

i rfe
¢Modu1e50hd(r§f)b§:Mo duliG,oo{tl/z} ®q, E) 4.17)

to denote (co, 1)-category of all the solid ¢-modules over the extended Robba ring. The modules
satisfy the Frobenius pullback condition. For any local perfectoid ¥ € Modulig, we define the
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corresponding (oo, 1)-category in the local sense.
We use the notation

(,DM odul esolid,perfectcomplexes (FEZfE;tMOduliG . { t 1/2 } ®Qp E) (4.18)

to denote (oo, 1)-category of all the solid ¢-modules over the extended Robba ring which are perfect
complexes. The modules satisfy the Frobenius pullback condition. For any local perfectoid ¥ €
Modulig, we define the corresponding (oo, 1)-category in the local sense.

Definition 170. We use the notation

i T
¢Modu1emd‘3a“a°h(rg‘;’;ﬁgMo duli(;,oo{tl 1%} &g, E) (4.19)

to denote (oo, 1)-category of all the ind-Banach ¢-modules over the extended Robba ring. The
modules satisfy the Frobenius pullback condition. For any local perfectoid ¥ € Modulig, we
define the corresponding (oo, 1)-category in the local sense.

We use the notation

¢Module (4.20)

perfect 1/2
Trobta.x. {1180, E 1c(0,00)

indBanach,perfectcomplexes,
to denote (oo, 1)-category of all the ind-Banach ¢-modules over the extended Robba ring which are
perfect complexes. The modules satisty the Frobenius pullback condition. For any local perfectoid
Y € Modulig, we define the corresponding (oo, 1)-category in the local sense.

Proposition 18. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

tsolid

uasicoheren
Q FFspaap)*: OFspgp e

— {¢Module™ (TP o . {17} @, E)}ico)

tsolid

uasicoheren
Q FFmodulig ’OFFModuliG

- {goMOduleSOIid (FZZZZZ,ZModuIiG,I {t 1/2 } ®Q1> E) }IC(O,oo) .

Proposition 19. We have the following commutative diagram by taking the global section functor
in the horizontal rows:
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. solid,perfectcomplexes perfect 1/2
Quasicoherentp - Our —{ ¢Module (I ;. Spd(Qy)° At 2y ®q, E)}c(.0)
Spd(@p)*~Frspa(qp)° solid,perfectcomplexes ’ P

. solid,perfectcomplexes perfect 1/2
QuaswoherentFFM e O T { ¢Module (T, vo dulic At 2y ®q, E)}c(0.0)-
OAUIG ™ Modulig solid,perfectcomplexes ’ ’

Proposition 20. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

tindBanach

—~ {oModul indBanach Fpe'feCt [1 /2 E .
FFspaiap)>-OFFspq g,y {¢Module ( A7} ®g, E)}ico.0)

Quasicoheren Robba,Spd(Q)",

indBanach indBanach (y-perfect 1/2
tFFModuliGaOFFMOduhG {¢Module (FRobba,Modulig,I {r'/7} ®q, £ )}Hc(0.00)-

Quasicoheren
Proposition 21. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

indBanach,perfectcomplexes . (,OMO dule

Quasicoherent
FFS d o,OFF
pd(Qp) Spd(Qp)° indBanach,perfectcomplexes,I” ZZ’ZZZ’SP oy {r!/ 2}®q, E (00)
g Pl 1c(0,00

indBanach,perfectcomplexes o ()DMO dule

uasicoherent
Q FFModuliG ’OFFModuliG

l—-perfect

indBanach, perfectcomplexes, I, '\ aulics A112}®q, E 1c(000)
’ ’ (0,00
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Taking the corresponding simplicial commutative object we have the following propositions:

Proposition 22. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

SimplicialRings — SimplicialRings
- solid solid ry-perfect 1/2
QuaswoherentFFspd(Qp o 0FFSpd(Q,,)° {¢Module (O baSpd(Qp)°. 1 {tY/ }®q, E)} c(0.00)

SimplicialRings — SimplicialRings
: solid lid y-perfect 1/2
Quas1coherentFFModuliG’ Oktytogue {pModule™ " (TRl Lt 12}@q, E)}1 (0,00

Proposition 23. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

SimplicialRings — SimplicialRings
icoh solid, perfectcomplexes Modul solid, perfectcomplexes FPE’feC’ t1/2 E
Quasico! erentFFSpd(Qp)o‘ OFFSpd(Qp)° {¢Module ( Robba,Spd(Qp)°. 172180, E)} e,
SimplicialRings — SimplicialRings
. solid, perfectcomplexes solid, perfectcomplexes (-perfect 1/2
QuamcoherentFFModu“G OFFModuliG {¢Module (l"Rob[MMO dulics. l{t / }®QPE)}IC(O,00)

Proposition 24. We have the following commutative diagram by taking the global section functor
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in the horizontal rows:

SimplicialRings — SimplicialRings
. indBanach indBanach (-perfect 1/2
QuaswoherentFFModuliG . OFFModuliG {¢Module' (FRD bba,Modulig. I {t / }®Q p E)}; c(0,00)
SimplicialRings — SimplicialRings
uasicoherenti“dBa"aCh indBanach (y-perfect 1/2
Q FFSpa@p)® OFFspa(g, 0 {¢Module (Cronbaspape.s 182 Do)

Proposition 25. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

SimplicialRings — SimplicialRings
. indBanach, perfectcomplexes indBanach, perfectcomplexes (-perfect 1/2
QuaswoherentFFModuhG ’ OFFModuliG {¢Module (I"Ro bba,Modulic;. I {t1/ }®g p E)} 1 c(0,00)

SimplicialRings — SimplicialRings
. indBanach, perfectcomplexes indBanach, perfectcomplexes (perfect 1/2
QuaswoherentFFspd(Qp)m Orp {¢Module T Robba,Spd(Qp)°.1 {t'72}®q, E)} 1 c(0.0)

Spd(Qp)°
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4.3 Moduli v-Stack in More General Setting

References: [FS], [FF], [Sch1],[Sch2], [KL1], [KL2];
Further References: [Lanl], [Drinl], [Drin2], [Zhu], [DHKM].

We consider the category of all the perfectoid spaces over Spdﬁp as in [FS]. We use the notation
perfectoid, to denote the associated v-site after [FS], [Sch2]. Let p > 2. Now we fix a finite
extension K of Q,. And the Robba rings are defined over K as well, namely we consider the
generalized Witt vector over Ok as in [KL2]%. For any Spa(A, A*) € perfectoid, we have the
perfect Robba rings from [KL1], [KL2]:

perfect
I Robba Spa(4.A4+)Ic(0.00)" 4.21)

We also have the corresponding de Rham period rings:

1—‘chreRham,Spa(A, Aty I_‘deRh'clm,Spa(A,AJf)- 4.22)

In the first filtration of this first de Rham period ring we have the generator ¢, we now extend the
corresponding rings above by adding the square root of 7, ¢!/ following [BS]. We then have the
extended rings:

l—-perfect

12
Robba.Spa(A.A*)Ic(0.00) L b (4.23)

rJeRham,Spa(A,Aﬂ {t1/2}5 rdeRham,Spa(A,A+) {tl/z}' (424)

Then we form the corresponding extended Fargues-Fontaine curve (after choosing a large finite
extension E of Q, containing o(t)/?):

o perfect 1/2 perfect,+ 1/2 7
FFy 1= U Spa(rRobba,Spa(A,m),1c(0,oo){t } ®q, E. FRobba,Spa(A,A“f),Ic(O,oo){t } @, E)/¢"
1c(0,00)
(4.25)

where the Frobenius is extended to 7'/? ® 1 by acting ¢(1)'/? ® 1.

Definition 171. Let G/K be any p-adic group as in [FS]. That is to say the group G is defined
over K, where K is some finite extension of Q,, defined as above. We now define the pre-v-stack
Modulig to be a presheaf valued in the groupoid over

perfectoid, (4.26)

sendind each Spa(A, A™) perfectoid in the site to the groupoid of all the locally finite free coherent
sheaves carrying G-bundle structure over

i perfect 1/2 perfect,+ 1/2 7
FFy := U Spa(rRobba,Spa(A,A*),IC(O,oo){t } ®qg, E, rRobba,Spa(A,A*),IC(O,oo){t } @, E)/ ¢
1c(0,00)

(4.27)

2In [FS] and [KL2], this field is denoted by E where the relative p-adic Hodge theory in [KL2] and the Langlands
correspondence in [FS] both happen over this field E. To be more precise relative p-adic Hodge theory studies p-adic
cohomologization over analytic stacks over E, while the Langlands correspondences relates derived co-categories of
Modulig,g and derived co-categories of moduli stack of representations of W > into the Langlands dual groups.
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Proposition 26. This prestack is a small v-stack in the v-topology.

Proof. The proof will be the same as in [FS, Proposition III.1.3]. Our stack can also be regarded
as a two components extension of the original stack in [FS]. O

4.4 Motives over Moduli; in More General Setting

Keeping the generality in the previous section, we now consider the sheaves over extended Fargues-
Fontain stacks:

Definition 172.

o perfect 1/2 perfect,+ 1/2 7
FEModuli = U Spa(FRobba,Modulig,Ic(0,00){t } ®q, E, FRobba,ModuliG,Ic(O,m){t } ®q, E)/¢7,

1c(0,00)
(4.28)
which has the corresonding structure map as in the following:
FFModulic
FFgg,
FEspac@,)
Spd®(Qp).
Definition 173. We use the notation
Quasicoherent?¢ (4.29)

FFModuli:OFFytoguli

to denote (oo, 1)-category of all the solid quasicoherent sheaves over the stack FFyjoqui;. For any
local perfectoid ¥ € Modulig, we define the corresponding (oo, 1)-category in the local sense.
We use the notation

solid,perfectcomplexes ( 43 0)

uasicoherent
Q FFmoduli 7OFFModuliG

to denote (oo, 1)-category of all the solid quasicoherent sheaves over the stack FFyoduli; Which are
perfect complexes. For any local perfectoid ¥ € Modulig, we define the corresponding (oo, 1)-
category in the local sense.
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Definition 174. We use the notation

QuasicoherentindBanach 4.31)
FFnMoauti - OFFytoauii;

to denote (oo, 1)-category of all the ind-Banach quasicoherent sheaves over the stack FFwmodui; -
For any local perfectoid Y € Modulig, we define the corresponding (oo, 1)-category in the local
sense.

We use the notation

indBanach,perfectcomplexes ( 4 32)

uasicoherent
Q FFModuliG $OFFMOdu1iG

to denote (oo, 1)-category of all the indBanach quasicoherent sheaves over the stack FFyioqulig
which are perfect complexes. For any local perfectoid Y € Modulig, we define the corresponding
(oo, 1)-category in the local sense.

Definition 175. We use the notation

i 11
{(pModuleSOhd(ngbE:ModuhG’I{tl/2} ®a, E)}1c(0.0) (4.33)

to denote (oo, 1)-category of all the solid ¢-modules over the extended Robba ring. The modules
satisfy the Frobenius pullback condition and glueing condition for overlapped intervals I C J C K.
For any local perfectoid Y € Modulig, we define the corresponding (oo, 1)-category in the local
sense.

We use the notation

i fi
{()OMOdulesol1d,perfectcomplexes(rlgzrb:‘::MOduliGJ { ¢ 1/2 } ®Qp E)}Ic(O,oo) (434)

to denote (oo, 1)-category of all the solid ¢-modules over the extended Robba ring which are perfect
complexes. The modules satisfy the Frobenius pullback condition and glueing condition for over-
lapped intervals I ¢ J C K. For any local perfectoid ¥ € Modulig, we define the corresponding
(oo, 1)-category in the local sense.

Definition 176. We use the notation

i of
{90M°dUIemdBanaCh(rngb;Z,tModunG,l{t %) ®q, E)}1c(0.0) (4.35)

to denote (oo, 1)-category of all the ind-Banach ¢-modules over the extended Robba ring. The
modules satisfy the Frobenius pullback condition and glueing condition for overlapped intervals
I ¢ J c K. For any local perfectoid Y € Modulig, we define the corresponding (oo, 1)-category in
the local sense.

We use the notation

ind—B h,perfect 1 perfect 1/2
{ goModulem anach,perfectcomp exes(rRobba,ModuliG,I {l / }®Qp E)}Ic(o,oo) (4.36)

to denote (oo, 1)-category of all the ind-Banach ¢-modules over the extended Robba ring which are
perfect complexes. The modules satisfy the Frobenius pullback condition and glueing condition
for overlapped intervals / ¢ J C K. For any local perfectoid ¥ € Modulig, we define the
corresponding (oo, 1)-category in the local sense.
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Definition 177. We use the notation

i rf
eModule* (TR et o A1} g, E) (4.37)
to denote (co, 1)-category of all the solid ¢-modules over the extended Robba ring. The modules
satisfy the Frobenius pullback condition. For any local perfectoid ¥ € Modulig, we define the
corresponding (oo, 1)-category in the local sense.

We use the notation

i f
g01\/[Odulesolld,perfectcomplexes (I-lgf;rb E(:Moduljc,oo {tl/Z} ®Qp E) (4.38)
to denote (oo, 1)-category of all the solid ¢-modules over the extended Robba ring which are perfect
complexes. The modules satisfy the Frobenius pullback condition. For any local perfectoid ¥ €
Modulig, we define the corresponding (oo, 1)-category in the local sense.

Definition 178. We use the notation

- f
eModule™BnTpetet il ®g, E) (4.39)
to denote (oo, 1)-category of all the ind-Banach ¢-modules over the extended Robba ring. The
modules satisfy the Frobenius pullback condition. For any local perfectoid ¥ € Modulig, we
define the corresponding (oo, 1)-category in the local sense.

We use the notation

¢Module (4.40)

. erfec

1ndBanach,perfectcomplexes,l"lgobb&t X1 {t!/ 2}®Qp E 1C(0.00)
to denote (oo, 1)-category of all the ind-Banach ¢-modules over the extended Robba ring which are
perfect complexes. The modules satisfy the Frobenius pullback condition. For any local perfectoid

Y € Modulig, we define the corresponding (oo, 1)-category in the local sense.

Proposition 27. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

tsolid Mo dulesohd rperfect /1 /2 E .
Py Oty ( {172} 80, Elicoo

Quasicoheren Robba,Spd(Q,)°,

tsolid

uasicoheren
Q FFmoduli 7OFFModu1iG

—{ ‘PMOdUIeSOHd(F§ZZZZfModuliG,l {t'2} ®q, E)}ic00)-
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Proposition 28. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

. li fect 1
Quzlslcoherent;OFchlp TP gModule (FZZ'ZZ:’S a(Qy)° At} ®q, E)}icoe)
Spd(Qp) >~ FFspa(qp)° solid,perfectcomplexes SPAp)

. solid,perfectcomplexes perfect 1/2
QuaslcoherentFFM o O T { ¢Module (I, o dulic At 12} ®q, E)}ic(0.0)-
OAIG  Moduli solid,perfectcomplexes ’ ’

Proposition 29. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

. indBanach indBanach jy-perfect 1/2
QuasmoherentFFSpd(Qp)o’ Ortpu — {¢Module (I"R()bba’Sp 4(@Q,)", A7} ®q, E)}ico.m)

: indBanach indBanach t
Quasicoherenti"¢Banac — > {pModule"dBanach perfec odulic At} ®q, E)}ico.m)-

FFnModulisOFFyoquti RobbaM

Proposition 30. We have the following commutative diagram by taking the global section functor
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in the horizontal rows:

. indBanach,perfectcomplexes
Quasicoherentp e plexes ¢Module
Spd(Qp)°> FFSPd(Qp)° indBanach, perfectcompl rpelfect {11/2}® E
indBanach,perfectcomplexes, RobbaSpd(Qp)°.1 Qp 1c(0.00)
. indBanach,perfectcomplexes
Quasicoherent, b.p plexes > ¢Module
FFModuli G+ OFFyoquii; . perfect "
indBanach,perfectcomplexes,I” Robba,Modulic;. I{t }®QpE 1C(000)

Taking the corresponding simplicial commutative object we have the following propositions:

Proposition 31. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

SimplicialRings — SimplicialRings
: solid solid /y-perfect 1/2
QuaswoherentFFspd(Qp)O’OFFSpd(Qp)O {¢Module™ (T 00 Q). A112}®q, E)}rc(0.0)

SimplicialRings — SimplicialRings
. solid lid p-perfect 1/2
QuasmoherentFFModu“G’ OFFModuliG {¢Module>*" (Teoi ba.Modulic;. Hr / }®QP E)} (0,00

Proposition 32. We have the following commutative diagram by taking the global section functor
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in the horizontal rows:

SimplicialRings — SimplicialRings
. solid, perfectcomplexes solid, perfectcomplexes (-perfect 1/2
QuaSlCOherentFFspd(Qp)O,OFFSpd(Qp ) {wMOdUIe (FR01717a,Spd(Q1;)°,I {t / }®QP E)}IC(Q ©0)

SimplicialRings —— SimplicialRings
Quasicoherent*C1%-Perfectcomplexes {¢Module™lid-perfectcomplexes ﬁigZZfModun G {1'2}®q, E)}rc(0.0)

FE\Modulis OFFypoduli G

Proposition 33. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

SimplicialRings — SimplicialRings
: indBanach indB. h perfect 1/2
QuaswoherentFFModuhGEOFFMOdu“G {¢Module™ T 1. Modutigs.1 1 1}@0, E)icio.00)

SimplicialRings — SimplicialRings
. indBanach indBanach (y-perfect 1/2
QuasmoherentFFSpd(Qp)Q’ OFFSPd(Q,,)<> {¢Module (FRD bba,Spd(Qp)°.1 {t }®Qp E)}rc(0.00)

Proposition 34. We have the following commutative diagram by taking the global section functor
in the horizontal rows:

SimplicialRings — SimplicialRings
. indBanach, perfectcomplexes indBanach, perfectcomplexes (y-perfect 1/2
QuamcoherentFFModuhG ORyg 1 {¢Module P P (I“Robba’Mo dulics. I / }®Qp E)} (0,00
G

SimplicialRings — SimplicialRings
. indBanach, perfectcomplexes indBanach, perfectcomplexes (-perfect 1/2
QuasmoherentFFspd(Qp)m OFFSpd(Q,,)° {¢Module T Robba.Spd(Qp)°.1 {t'72}®q, E)} (0.0
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4.5 Generalized Local Langlands Correspondence after Fargues-
Scholze

Reference 8.

O References on p-adic Hodge Theory:

[pHodgeT], [pHodgeF], [pHodgeS1], [pHodgeS2], [pHodgeKL1], [pHodgeKL2], [pHodgeBS],
[pHodgeKPX];

O References on foundations of p-adic analysis:

[pToAnCS1], [pToAnCS2], [pToAnCS3], [pToAnCS4], [P ToAnBBBK];

O References on local Langlands program:

[LPL], [LPD1], [LPLL], [LPVL], [LPC], [LPFS], [LPGL], [LPEGH], [LPEG], [LPZ], [LPDHKM],
[LPD2];

O References on p-adic Langlands program:

[LPL], [LPDI1], [LPLL], [LPVL], [LPC], [LPFS], [LPGL], [LPEGH], [LPEG], [LPZ], [LPDHKM],
[LPD2].

4.5.1 Perfectoid Moduli Stacks

As above, we discussed certain mixed-parity moduli stacks over the mixed-parity Fargues-Fontaine

curves where we work directly over the #ilt of some field K := Q,((xp ))A. We assume first that we
still work over this field where we have the corresponding element ¢ as log[&] as in [pHodgeS 1] for
the de Rham sheaves over the pro-étale site. Then in the scenario where we have the splitting ¢'/?
we then extend the underlying diamond to be a two-fold covering. To be more precise we defined
the corresponding prestack

Bundle, (FF, ) (4.41)

which sends each perfectoid space Xy in the v-site Perfectoidg, to the corresponding groupoid
of G-torsors over the relative extended Fargues-Fontaine curves FF, x_ . Here we assume G is the
p-adic group in [LPFS], namely we have a base field K’ such that G is defined over this field
and we assume other conditions from [LPFS]. This is indeed a v-stack as in [LPFS, Chapter III,
Proposition 1.3].

Proposition 35.
Bundlez,G(FFz,D) (442)

is a small v-stack over the site Perfectoidg . O

In the corresponding discussion as above we actually condidered the p-adic motives over the
corresponding v-stack here which is also small. Namely locally for each corresponding local
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perfectoid Y we have the corresponding chance to attach the corresonding Robba rings?

Iy 12, (4.43)
Iy o2, (4.44)
Iy, (4.45)

in the correspoding extended setting where we join the element #!/2. We can have the correspond-

ing Frobenius action or not actualy extended from the corresponding Robba rings. Be careful from
now on we consider the following assumption from [pHodgeKL2] and [LPFS]:

Assumption 1. We assume that the corresponding G and the corresponding Robba rings are de-
fined over a same field K" which is finite extension of Q,, where we often implicize the corre-
sponding field here. We assume the field is p-adic which is denoted by E in [LPFS].

——— Ab
This will generalize the above discussion to the situation where we work over the field K’((u poo))/\
which contains the field kg, the residue field of K’. Then we have the corresponding definitions
of the stacks as in the above after [pHodgeKL2] and [LPFS].

3Note that we need to tensor the Robba rings with a large finite extension of Qp to guarantee that ©.('/?) makes
sense in the rings.
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4.5.2 Generalization of Langlands Program and the Geometrization

Assumption 2. We assume that the corresponding G and the corresponding Robba rings are de-
fined over a same field K’ which is finite extension of Q,, where we often implicize the correspond-
ing field here. We assume the field is p-adic which is denoted by E in [LPFS]. The Bundle, s is

defined over perfectoidg pdF, -

The main conjecture in [LPFS] relates derived co-category of all the A-valued complexes over
Bundleg(FFp) to the corresponding derived oo-category of coherent sheaves over the stack of L-
parameter Stack; Gau 4/ G4, The former derived category in our setting can be defined directly
which is also well-defined from [LPFS] and [pHodgeS2]:

DerivedCat(Bundle, 6 (FF2 0))coefr:A (4.46)

which is actually not expected to completely isomorphic to the corresponding category of the latter
in our situation:

: dual
DeeredCatbounded,coherent,Nilpotent(StaCkZ,L,Gdu“',A/ G™ ) (4.47)

where the stack of L-parameters (which origin two-fold covering of the Weil group Weilg:») is
the pull back of the stack Stack; G 4/ G4 along the covering map of Weilg/, over Weilg.
Fargues-Scholze’s conjecture conjectures directly that they are isomophic in the corresponding
usual non-mixed-parity situation. In our situation the relationship should be clear as well but there
is some tiny different due to the fact that we need to tensor the Robba rings with a large finite
extension of Q, to guarantee that ¢.(t'/%) makes sense in the rings.

Conjecture 1. (Fargues-Scholze, [LPFS, Chapter I, Conjecture 10.2]) There is a canonical iso-
morphism between the two co-categories:

DerivedCat(Bundles(FFg))coefi: A (4.48)
with
Derivedcatbounded,coherent,Nilpotent(StaCkL,GdUﬂl, A/ Gdual). (449)

Conjecture 2. (After Fargues-Scholze, [LPFS, Chapter I, Conjecture 10.2]) There is a canonical
direct relationship between the two co-categories:

DerivedCat(Bundleg(FFg))coeff:a (4.50)
with
DerivedCat(Bundle, 6(FF2 0))coefr:A (4.51)
after we consider the pull-back of the categories along the map:

. al
Der lvedcatbounded,coherent,Nilpotent(StaCkz,L,Gdual,A/ G ) (4.52)

. dual
- Derlvedcatbounded,coherent,Nilpotent(StaCkL,GdUﬁl, A/ G ) (4.53)
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Remark 14. The automorphic to Galois/Weil direction of the Langlands correspondence in [LPFS]
can be realized in our setting as well, but we need to consider a corresponding larger category to
similarize the corresponding Weilk»-G-equivariant sheaves coming from the smooth representa-
tions of G. For instance over Bundle; (FF, 1) we consider such category of Weilk- »-G-equivariant
sheaves not coming from the smooth representations of G, which we denote by Pervg’ G smooth.2, €X-
actly as in the corresponding usual situation in [LPFS]. Then we take the corresponding Weilg- »-
equivariant sheaves and cohomologies obtained from this. Then all the corresponding stacks of
shtukas and the cohomologies can be defined by using the pull back along:

FF,n — FFg (4.54)

after which one can extract the corresponding representations of product of Weilg->. Then the
corresponding Drinfeld’s lemma in our mixed parity setting holds true as well since we just take
the original Drinfeld’s lemma for K’ over the corresponding morphism:

GalQp /K2 — GalQp/K. (455)

This will gives us the corresponding mixed-parity L-parameter from Weilg-> into @(A). This is
why we call our current framework generalized Langlands correspondence. At least under the
well-defined geometrization, both sides of the generalized correspondence should behave quite
similar to those in [LPFS].
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