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Abstract

This is our second scope of the consideration on the corresponding topologization and the
corresponding functional analytification. We will focus on the corresponding functorial and
motivic constructions in our current consideration. We consider topological motivic derived
I-adic and derived (p, I)-adic cohomologies through derived de Rham complexes of Bhatt,
Guo, llusie, Morrow, Scholze, Frobenius sheaves over Robba rings of Kedlaya-Liu in certain
derived I-adic and derived (p, I)-adic geometric context as what we defined for Bambozzi-
Ben-Bassat-Kremnizer co-prestacks in our previous work in this series. The foundation we will
work on will be based on the work of Bambozzi-Ben-Bassat-Kremnizer, Ben-Bassat-Mukherjee,
Clausen-Scholze and Kelly-Kremnizer-Mukherjee, in order to promote the construction to even
more general homotopical and co-categorical contexts. This gives us the chance to construct the
functional analytic derived prismatic cohomology and derived preperfectoidizations, as well
as the functional analytic derived logarithmic prismatic cohomology and derived logarithmic
preperfectoidizations after Bhatt-Scholze and Koshikawa, in the framework of Bambozzi-Ben-
Bassat-Kremnizer, Ben-Bassat-Mukherjee, Clausen-Scholze and Kelly-Kremnizer-Mukherjee.
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Chapter 1

Introduction

1.1 Introduction

In our previous paper [XT1] on the intrinsic morphisms of the corresponding topological,
bornological and ind-Fréchet rings, we discussed some generalization of the corresponding
contexts of [Huberl] and [Huber2], along two directions. One is along some answer to a ques-
tion of Kedlaya in [Ked1, Appendix 5] namely the corresponding affinoid morphisms, and the
other is along some stacky understanding of these such as in [Dr1], [Dr2], [R].

Under some certain foundation, [Paul] actually studied many parallel considerations of
our project. The parallel considerations are the corresponding ind-Banach analytic spaces, the
corresponding étale and pro-étale sites of ind-Banach analytic spaces, the corresponding de
Rham stacks of such analytic spaces, global de Rham cohomology and comparison over ind-
Banach spaces, and algebraic derived de Rham complex over the corresponding ind-Banach
spaces. And the corresponding descent over the corresponding derived ind-Banach spaces.
We will consider the corresponding topologization and functional analytification of the coho-
mology theories (topological derived de Rham after [B1], [Bei], [GL], [1l11], [IlI2] topological
logarithmic derived de Rham after Gabber such as in [B1] and [O], certainly functional analyti-
fication construction after [KL1] and [KL2] and etc). We would like to mention that our project
is also largely inspired by the corresponding development in [CS1], [CS2], [FS], [Sch2] where
the corresponding v-stacky consideration is extensively developed. Note that v-stacks are very
significant analytic spaces, especially in the corresponding geometrization of local Langlands
correspondence in [FS], where complicated derived categories are constructed through deep
foundations in [Sch2] and [CS1], [CS2] on condensed sets. One certainly believes that the cor-
responding foundations by using normed sets in [BBBK], [BBK], [BBM], [BK] and [KKM] will
also have potential applications to certainly motivic and functorial constructions in analytic
geometry which are parallel to those given in [M] by using the foundation from [CS1], [CS2].
Note that the programs in [B1], [BMS] and [BS1] have already indicated that working with the
corresponding correct simplicial spaces in the analytic setting is not only a pure generalization
but also a very significant point around even the non simplicial analytic spaces especially in
the corresponding singular situations.

Then we follow [Anl], [An2], [B1], [Bei], [BS1], [G1], [GL], [I111], [I112], [Qui] to extend the
corresponding discussion to certainly spaces, we mainly have focused on the corresponding
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rigid analytic spaces, pseudorigid spaces in some explicit way. And we then extend the corre-
sponding discussion to the corresponding derived setting. The corresponding derived setting
is literally following [An1], [An2], [B1], [B2], [Bei], [BMS], [BS1], [G1], [GL], [1111], [I112], [Qui]
and the corresponding derived logarithmic setting is literally following [B1], [Ko1] and [O]".

We promote the construction from Bhatt, Illusie, Guo, Morrow, Scholze, Gabber [B1], [G1],
(I11], [I12], [BMS] [O] in the context of topological derived de Rham complexes and topo-
logical derived logarithmic de Rham complexes, the construction from Nicolaus-Scholze [NS]
in the context of derived THH, TP and TC on the level of E;-rings , the construction from
Kedlaya-Liu in the context of the derived Robba rings and derived Frobenius sheaves [KL1]
and [KL2], the construction from Bhatt-Scholze, Koshikawa and in the context of derived pris-
matic cohomology and derived logarithmic prismatic cohomology [BS1] and [Ko1] to the level
of co-categorical functional analytic level after Lurie [Lul], [Lu2] in the stable co-cateogory of
derived J-complete simplicial commutative algebras, Bambozzi-Ben-Bassat-Kremnizer [BBBK],
Ben-Bassat-Mukherjee [BBM], Bambozzi-Kremnizer [BK], Clausen-Scholze [CS1] [CS2] and
Kelly-Kremnizer-Mukherjee [KKM] in the stable co-cateogory of simplicial functional analytic
commutative algebras.

Furthermore we promote the construction from Bhatt, Illusie, Guo, Morrow, Scholze, Gab-
ber [B1], [G1], [1l11], [1112], [BMS2] [O] in the context of topological derived de Rham complexes
and topological derived logarithmic de Rham complexes, the construction from Nicolaus-Scholze
[NS] in the context of derived THH, TP and TC on the level of [E;-rings, the construction from
Kedlaya-Liu in the context of the derived Robba rings and derived Frobenius sheaves [KL1]
and [KL2], the construction from Bhatt-Scholze, Koshikawa and in the context of derived pris-
matic cohomology and derived logarithmic prismatic cohomology [BS1] and [Ko1] not only to
the level of co-categorical functional analytic level after [Lul], [Lu2], but also to the correspond-
ing (oo, 1)-ringed toposes level after Lurie [Lul], [Lu2] in the co-category of co-ringed toposes,
Bambozzi-Ben-Bassat-Kremnizer [BBBK], Ben-Bassat-Mukherjee [BBM], Bambozzi-Kremnizer
[BK], Clausen-Scholze [CS1] [CS2] and Kelly-Kremnizer-Mukherjee [KKM] in the stable co-
cateogory of co-functional analytic ringed toposes.

We then work in the noncommutative setting after [Kon1], [Ta], [KR1] and [KR2], with some
philosophy rooted in some noncommtative motives and the corresponding nonabelian appli-
cations in noncommutative analytic geometry in the derived sense, and the noncommutative
analogues of the corresponding Riemann hypothesis and the corresponding Tamagawa num-
ber conjectures, and so on. The issue is certainly that the usual Frobenius map looks somehow
strange, which reminds us of the fact that actually we need to consider really large objects such
as the corresponding Topological Hochschild Homologies and the corresponding nearby ob-
jects, in order to define the corresponding analogues of the corresponding prismatic cohomol-
ogy through THH and nearby objects, the corresponding noncommutative "perfectoidizations’.
Here we choose to consider [NS] in order to apply the constructions to certain co-rings, which
we will call them Fukaya-Kato analytifications from [FK] as a noncommutative analog of the
constructions in [BBM].

We first consider the following list of motivic constructions in this paper which we hope to

The corresponding [Ko1] has already mentioned the corresponding derived logarithmic prismatic cohomology.



establish in very general topological and Banach setting, where one can actually believe that
the constructions are somehow parallel and in some sense equivalent even on the co-categorical
level?:

Setting 1.1.1.

A. Derived Topological de Rham complexes and Derived Topological Logarithmic de Rham
complexes of simplicial derived I-complete rings and over pro-étale site, after [B1], [B2], [Bei],
[BMS], [BS1], [G1], [GL], [1l11], [1112], [O];

B. OBgr-sheaves and OBgg 1o5-sheaves over general analytic adic spaces® after [DLLZ2], [Sch2];
C. ¢-Cx-sheaves, relative B-pairs over general analytic adic spaces after [KL1] and [KL.2];

D. Derived Prismatic Cohomology and Derived Logarithmic Prismatic Cohomology, after [BS1],
[Kol].

Remark 1.1.2. One could also consider the corresponding derived I-complete version* of the
corresponding left Kan extended THH and HH E;-ring spectra of derived I-topological [E;-
ring spectra as in [NS] and [KKM]. In certain situation, this should be able to be compared to
the constructions above.

2We are actually talking about the spaces which might not be smooth.

3These are not necessarily p-adic Tate. But as long as p is topological nilpotent we do have a basis consisting of
perfectoid subdomains as in [Ked1, Theorem 2.9.9, Remark 2.9.10].

4In fact we are taking derived I-completion of the spectra instead of the I-completion of the spectra in co-category
as in [Lu2, Chapter 7.3].



1.2 Preliminary

1.2.1 The Rings in Algebraic Topology

We consider some very general topological rings. We will consider the corresponding Huber’s
adic rings, namely we allow the corresponding rings to contain some adic open subrings which
have then the corresponding linear topology. And we consider more general simplicial topo-
logical rings which are more general adic in some derived sense.

Setting 1.2.1. We consider the corresponding category Co k., of all the Eq, rings®. We then
consider the corresponding category Cu g, rat,1 Of all the Eq, rings which have subrings being
derived I-adically complete®, where I is finite generating set coming from elements in 779. And
we have the smaller category Co g, int1 Of all the all the [E. rings being derived I-adically
complete.

Example 1.2.2. We have many interesting ring spectra from classical algebraic topology. One
can further takes the corresponding derived p-completion to achieve many interesting objects’.
For more discussion see [MP, Chapter 5-13] and [N].

Example 1.2.3. As also discussed in [MP, Chapter 14-19] on the level of just model categories
or more general construction in [Lul, Chapter 1.3] one considers the stable homotopy category
D(R) of some ring spectra, namely the corresponding co-enhancement of the corresponding
classical triangulated categories. One considers the corresponding derived complete objects in
this co-category, then one will have some interesting [E.-spectra.

Example 1.2.4. We then have the example that is the corresponding rigid analytic affinoids in
[Ta, Definition 4.1]. They have open subrings which are actually derived p-adically complete.

Example 1.2.5. We then have the example that is the corresponding pseudorigid analytic affi-
noids as in [Bell, Definition 3.1], [Bel2] and [L, Definition 4.1]. They have open subrings which
are actually derived t-adically complete for some specific pseudouniformizer t.

Example 1.2.6. We now fix a bounded morphism of simplicial adic rings A — B over A* where
A* contains a corresponding ring of definition A} which is complete with respect to the (p, I)-
topology and we assume that A is adic and we assume that (A, I) is a prism in [BS1] namely
we at least require that the corresponding é-structure on the corresponding ring will induce
the map ¢(.) := .» + pd(.) such that we have the situation where p € (I,¢(I)). For A or
B respectively we assume this contains a subring Ag or By (over Ag) respectively such that we
have A or By respectively is derived complete with respect to the corresponding derived (p, I)-
topology and we assume that B = By[1/f, f € I| (same for A). All the adic rings are assumed
to be open mapping. We use the notation d to denote a corresponding primitive element as in
[BS1, Section 2.3] for A*.

5These are the corresponding ring objects in the algebraic topology, see [Lul, Chapter 7]. So we want to consider
the corresponding interesting objects in classical algebraic topology such as in [MP] and [N].

®In fact we are taking derived I-completion of the spectra instead of the I-completion of the spectra in co-category
as in [Lu2, Chapter 7.3].

7In fact we are taking derived I-completion of the spectra instead of the I-completion of the spectra in co-category
as in [Lu2, Chapter 7.3]. This should be different in more general setting from the consideration in algebraic topol-
ogy and more general co-category theory.



We also consider the corresponding simplicial prelog rings as in [B1, Chapter 6], and also
consider the corresponding application of such algebraic derived constructions to some de-

rived I-adic rings carrying the corresponding prelog structures such as in [DLLZ1, Chapter
2].

Setting 1.2.7. We consider the corresponding category Ceo E,, prelog Of all the Eq rings carrying
the corresponding prelog structures. We then consider the corresponding category Ceo £, rat I,prelog
of all the E. rings carrying prelog structures which have subrings being derived I-adically
complete®, where I is finite generating set coming from elements in 77p. And we have the
smaller category Ceo E,, int,Iprelog Of all the all the [E« rings carrying prelog structures being de-
rived I-adically complete.

Example 1.2.8. The first example is the corresponding rigid analytic affinoids in [Ta, Definition
4.1]. They have open subrings which are actually derived p-adically complete. Then one adds
the corresponding prelog structures from [DLLZ1, Chapter 2].

Example 1.2.9. The second example is the corresponding pseudorigid analytic affinoids as in
[Bell, Definition 3.1], [Bel2] and [L, Definition 4.1]. They have open subrings which are ac-
tually derived t-adically complete for some specific pseudouniformizer . Then one adds the
corresponding prelog structures from [DLLZ1, Chapter 2].

Example 1.2.10. We now fix a bounded morphism of logarithmic simplicial adic rings (A, M) —
(B,N) over A* where A* contains a corresponding ring of definition Aj which is complete
with respect to the (p, I)-topology and we assume that A is adic and we assume that (Ag, I)
is a prism namely we at least require that the corresponding J-structure on the corresponding
ring will induce the map ¢(.) := .7 + pd(.) such that we have the situation where p € (I, ¢(I)).
For (A, M) or (B, Ny) respectively we assume this contains a subring (Ao, My) or (Bo, Np) (over
A}y) respectively such that we have (Ao, M) or (By, Np) respectively is derived complete with
respect to the corresponding derived (p, I)-topology and we assume that B = By[1/f, f € I]
(same for A). All the adic rings are assumed to be open mapping. We use the notation d to
denote a corresponding primitive element as in [BS1, Section 2.3] for A*.

81n fact again we are taking derived I-completion of the spectra instead of the I-completion of the spectra in
oo-category as in [Lu2, Chapter 7.3].



1.3 Notations on co-Categories of co-Rings

Notation Description

CooEe (00, 1)-category of E, rings.

CooEeo rat,I (00, 1)-category of Eq rings in the
sense that the rings contain some
derived rings rationally.

Coo B, int, I (00, 1)-category of E« rings which
are derived adic rings.

Coo Eq prelog (00,1)-category of Es logarithmic

Coo,Eoo,rat,I ,prelog

Coo,Eoo,int,I ,prelog

Ob] eCtEoocommutativealgebra,SimpliCial (IndSNormR )

. m
Ob] eCtEwcommutativealgebra,Simplicial ( Ind"SNormg )

Ob] eCtEoocommuta’rivealgebra,Simplicial (IndNormR )

Objecty Ind"Normg)

~commutativealgebra,Simplicial (

Ob] eCtEwCommutativealgebra,Simplicial (IndBanR )

. m
Ob] eCtEmcommutativealgebra,Simplicial ( Ind BanR )

Ob] eCtEwcommutativealgebra,Simplicial (IndSNormﬂ:l )

rings.

(00,1)-category of E logarithmic
rings in the sense that the rings con-
tain some derived rings rationally.
(00,1)-category of E logarithmic
rings which are derived adic rings.
(00,1)-category of E, commuta-
tive algebra objects in the (oo,1)-
category of E. ind-seminormed
modules over R.

(00,1)-category of E, commuta-
tive algebra objects in the (oo,1)-
category of E., monomorphic ind-
seminormed modules over R.
(00,1)-category of [E. commuta-
tive algebra objects in the (oo,1)-
category of Es ind-normed mod-
ules over R.

(00,1)-category of E, commuta-
tive algebra objects in the (co,1)-
category of [Ecc monomorphic ind-
normed modules over R.
(00,1)-category of E, commuta-
tive algebra objects in the (co,1)-
category of [Ee ind-Banach mod-
ules over R.

(00,1)-category of E. commuta-
tive algebra objects in the (co,1)-
category of E, monomorphic ind-
Banach modules over R.
(00,1)-category of E, commuta-
tive algebra objects in the (oo,1)-
category of E. ind-seminormed
sets over [Fq.



. m
Ob] eCtEmcommutativealgebra,Simplicial ( Ind SNOI‘I‘I’I]Fl )

Objecty IndNormg, )

~commutativealgebra,Simplicial (

. m
Ob] eCtEmcommutativealgebra,Simplicial (Ind Nor mp, )

Ob] eCtEwCommutativealgebra,Simplicial (IndBan]Fl )

. m
Ob] eCtEoocommutativealgebra,Simplicial (Il’ld Banﬂ:l )

. relo
Ob] eCtEO@commuta’rivealgebra,SimpliCial (IndSNormR )p &

; m relo
Ob] eCtEwCommutativealgebra,Simplicial (Ind SNormg ) prevs

. relo
Ob] eCtEo@commutativealgebra,Simplicial (IndNormR )p &

; m relo
Ob] eCtEwCommutativealgebra,Simplicial ( Ind"Normpg ) prevs

(00,1)-category of E. commuta-
tive algebra objects in the (oo,1)-
category of E., monomorphic ind-
seminormed sets over IF;.
(00,1)-category of E. commuta-
tive algebra objects in the (co,1)-
category of [E. ind-normed sets
over IF;.

(00,1)-category of E. commuta-
tive algebra objects in the (co,1)-
category of [Ec, monomorphic ind-
normed sets over [Fq.
(00,1)-category of E, commuta-
tive algebra objects in the (oo,1)-
category of [E. ind-Banach sets
over Fy.

(00,1)-category of E, commuta-
tive algebra objects in the (co,1)-
category of Eo, monomorphic ind-
Banach sets over IF;.
(00,1)-category of E, commuta-
tive algebra objects in the (oo,1)-
category of E. ind-seminormed
modules over R carrying the corre-
sponding logarithmic structures.
(00,1)-category of E. commuta-
tive algebra objects in the (oo,1)-
category of Eo, monomorphic ind-
seminormed modules over R carry-
ing the corresponding logarithmic
structures.

(00,1)-category of E., commuta-
tive algebra objects in the (oo,1)-
category of Es ind-normed mod-
ules over R carrying the corre-
sponding logarithmic structures.
(00,1)-category of E. commuta-
tive algebra objects in the (oo,1)-
category of E, monomorphic ind-
normed modules over R carry-
ing the corresponding logarithmic
structures.



. relo
Ob] eCtEwcommutativealgebra,Simplicial ( IndBanR ) P &

Objecty (Ind"Bang )Prelos

~commutativealgebra,Simplicial

. relo
Ob] eCtEwCommutativealgebra,Simplicial (IndSNormn:l )P 8

Objecty (Ind"SNormp, )Prelos

~commutativealgebra,Simplicial

. relo
Ob] eCtEooCommutativealgebra,Simplicial (IndNormIFl )P 8

Objecty Ind”Normg, )Prelog

~commutativealgebra,Simplicial (

. relo:
Ob] eCtEwCommutativealgebra,Simplicial (IndBan]Fl ) P 8

Objecty (Ind"Bang, )Prelos

~commutativealgebra,Simplicial

(00,1)-category of E, commuta-
tive algebra objects in the (oo,1)-
category of [E. ind-Banach mod-
ules over R carrying the corre-
sponding logarithmic structures.
(00,1)-category of E, commuta-
tive algebra objects in the (oo,1)-
category of [E., monomorphic ind-
Banach modules over R carry-
ing the corresponding logarithmic
structures.

(00,1)-category of E, commuta-
tive algebra objects in the (oo,1)-
category of E. ind-seminormed
sets over IF; carrying the corre-
sponding logarithmic structures.
(00,1)-category of [E. commuta-
tive algebra objects in the (oo,1)-
category of [Ec, monomorphic ind-
seminormed sets over IF; carry-
ing the corresponding logarithmic
structures.

(00,1)-category of E. commuta-
tive algebra objects in the (oo,1)-
category of [E, ind-normed sets
over [F; carrying the corresponding
logarithmic structures.
(00,1)-category of [E. commuta-
tive algebra objects in the (co,1)-
category of [Ec, monomorphic ind-
normed sets over F; carrying the
corresponding logarithmic struc-
tures.

(00,1)-category of E. commuta-
tive algebra objects in the (oo,1)-
category of [E. ind-Banach sets
over [F; carrying the corresponding
logarithmic structures.
(00,1)-category of [E. commuta-
tive algebra objects in the (co,1)-
category of [Ec, monomorphic ind-
Banach sets over F; carrying the
corresponding logarithmic struc-
tures.



: O
Ob] eCtEwcommutativealgebra,Simplicial (IndSNormR )

. m O
Ob] eCtEoocommuta’rivealgebra,Simplicial ( Ind SNormR )

: O
Ob] eCJ[Eoocommuta’rivealgebra,Simplicial (IndNormR )

. m O
Ob] eCtEwCommutativealgebra,Simplicial (Ind Nor mg )

: O
Ob] eCtEwCommutativealgebra,Simplicial (IndBanR )

. m O
Ob] eCtEwCommutativealgebra,Simplicial ( Ind BanR )

Objecty (IndSNormg, )™

~commutativealgebra,Simplicial

(00,1)-category of E. commuta-
tive algebra objects in the (co,1)-
category of E. ind-seminormed
modules over R, generated by
the corresponding formal series
rings over R. Here [J denotes
smoothformalseriesclosure.
(00,1)-category of [E. commuta-
tive algebra objects in the (co,1)-
category of [Ec, monomorphic ind-
seminormed modules over R, gen-
erated by the corresponding formal
series rings over R.

(00,1)-category of [E. commuta-
tive algebra objects in the (oo,1)-
category of Es ind-normed mod-
ules over R, generated by the cor-
responding formal series rings over
R, generated by the corresponding
formal series rings over R.
(00,1)-category of E. commuta-
tive algebra objects in the (oo,1)-
category of E, monomorphic ind-
normed modules over R, generated
by the corresponding formal series
rings over R.

(00,1)-category of E. commuta-
tive algebra objects in the (oo,1)-
category of [ ind-Banach mod-
ules over R, generated by the cor-
responding formal series rings over
R.

(00,1)-category of E, commuta-
tive algebra objects in the (oo,1)-
category of [Ec, monomorphic ind-
Banach modules over R, generated
by the corresponding formal series
rings over R.

(00,1)-category of E. commuta-
tive algebra objects in the (co,1)-
category of [E. ind-seminormed
sets over [F;, generated by the cor-
responding formal series rings over
;.



. m d
Ob] eCtEo@commutativealgebra,Simplicial ( Ind SNormlFl )

; O
Ob] eCtEoocommutativealgebra,SimpliCial (IndNormH:l )

. m O
Ob] eCtEwcommutativealgebra,Simplicial ( Ind Normﬂ:l )

; O
Ob] eCtEwcommutativealgebra,Simplicial (IndBan]Fl )

(Ind"Bang, )"

Ob] eCtEwCommutativealgebra,Simplicial

Ob] eCtEoocommutativealgebra,SimpliCial

Ob] eCtEwcommutativealgebra,Simplicial

(IndSNormg ) Pprelog

(Ind"SNormg )prelog

(00,1)-category of E, commuta-
tive algebra objects in the (oo,1)-
category of E, monomorphic ind-
seminormed sets over [F;, gener-
ated by the corresponding formal
series rings over IFy.
(00,1)-category of E. commuta-
tive algebra objects in the (oo,1)-
category of [E. ind-normed sets
over IF;, generated by the corre-
sponding formal series rings over
;.

(00,1)-category of E. commuta-
tive algebra objects in the (co,1)-
category of Eo, monomorphic ind-
normed sets over [F;, generated
by the corresponding formal series
rings over IF;.

(00,1)-category of E. commuta-
tive algebra objects in the (oo,1)-
category of [E. ind-Banach sets
over [F;, generated by the corre-
sponding formal series rings over
F;.

(00,1)-category of E, commuta-
tive algebra objects in the (oo, 1)-
category of Eo, monomorphic ind-
Banach sets over IF;, generated
by the corresponding formal series
rings over IF;.

(00,1)-category of E, commuta-
tive algebra objects in the (oo,1)-
category of E. ind-seminormed
modules over R carrying the cor-
responding logarithmic structures,
generated by the corresponding
formal series rings over R.
(00,1)-category of E. commuta-
tive algebra objects in the (oo,1)-
category of Eo, monomorphic ind-
seminormed modules over R carry-
ing the corresponding logarithmic
structures, generated by the corre-
sponding formal series rings over
R.



Ob] eCtEmcommutativealgebra,Simplicial

Ob] eCtEoocommutativealgebra,SimpliCial

Objecty

~commutativealgebra,Simplicial

Ob] eCtEo@commutativealgebra,Simplicial

Objecty

~commutativealgebra,Simplicial

Ob] eCtEoocommuta’rivealgebra,Simplicial

(IndNormg )=prelog

(Ind"Normg )-Prelog

(IndBang )-Prelog

(Ind"Bang)"Prelos

(IndSNormp, ) prelog

(Ind"SNormg, )Prelos

(00,1)-category of E. commuta-
tive algebra objects in the (oo,1)-
category of Es ind-normed mod-
ules over R carrying the corre-
sponding logarithmic structures,
generated by the corresponding
formal series rings over R.
(00,1)-category of E. commuta-
tive algebra objects in the (oo,1)-
category of E, monomorphic ind-
normed modules over R carry-
ing the corresponding logarithmic
structures, generated by the corre-
sponding formal series rings over
R.

(00,1)-category of [E. commuta-
tive algebra objects in the (co,1)-
category of [E. ind-Banach mod-
ules over R carrying the corre-
sponding logarithmic structures,
generated by the corresponding
formal series rings over R.
(00,1)-category of E, commuta-
tive algebra objects in the (oo,1)-
category of E., monomorphic ind-
Banach modules over R carry-
ing the corresponding logarithmic
structures, generated by the corre-
sponding formal series rings over
R.

(00,1)-category of E. commuta-
tive algebra objects in the (co,1)-
category of [E. ind-seminormed
sets over IF; carrying the cor-
responding logarithmic structures,
generated by the corresponding
formal series rings over IF.
(00,1)-category of [E. commuta-
tive algebra objects in the (oo,1)-
category of [E., monomorphic ind-
seminormed sets over IF; carry-
ing the corresponding logarithmic
structures, generated by the corre-
sponding formal series rings over
;.



(IndNormg, ) =Prelos (00,1)-category of E. commuta-
tive algebra objects in the (oo,1)-
category of [E, ind-normed sets
over [Fy carrying the correspond-
ing logarithmic structures, gener-
ated by the corresponding formal
series rings over [Fy.

(Ind"Normg, )=/Prlo8 (00, 1)-category of Ee commuta-
tive algebra objects in the (co,1)-
category of [Ec, monomorphic ind-
normed sets over [F; carrying the
corresponding logarithmic struc-
tures, generated by the correspond-
ing formal series rings over IFy.

ObjectEwCommutaﬁvealgebra,Simphdal(IndBan]Fl)Drprelog (00,1)-category of Es commuta-
tive algebra objects in the (oo,1)-
category of [E. ind-Banach sets
over [F; carrying the correspond-
ing logarithmic structures, gener-
ated by the corresponding formal
series rings over IFy.

(Ind"Bang, ) -Prelos (00,1)-category of E, commuta-
tive algebra objects in the (oo,1)-
category of E., monomorphic ind-
Banach sets over IF; carrying the
corresponding logarithmic struc-
tures, generated by the correspond-
ing formal series rings over IF;.

Ob] eCtEwCommutativealgebra,Simplicial

Objecty

~commutativealgebra,Simplicial

Ob] eCtEwcommutativealgebra,Simplicial

Remark 1.3.1. The generating process above is by adding all the colimits in the homotopy
sense which are assumed to be sifted. R will be Banach and carrying the corresponding p-adic

topology.



1.4 Notations on co-Categories of Commutative co-Ringed Toposes
We change the notations for co-ringed toposes slightly, therefore let us start from the rings.
Rings:

Indsmomhform"‘lserieSdosureCommu’cativealgebraSimpli cial(IndSeminormedp ): (o0, 1)-category of sim-
plicial commutative algebra objects in the co-category of colimit completion of seminormed
modules over a general Banach ring R, generated by the corresponding power series rings by
taking colimits in the homotopical sense.

IndS’mo"thform"‘lseriesdos’ureCommu’cativealgebrasimplidal (Ind"Seminormedg): (oo, 1)-category of sim-
plicial commutative algebra objects in the co-category of monomorphic colimit completion of
seminormed modules over a general Banach ring R, generated by the corresponding power
series rings by taking colimits in the homotopical sense.
IndSmOOthformalserieSdosureCommutativealgebrasimphdal(IndNormedR): (00, 1)-category of simpli-
cial commutative algebra objects in the co-category of colimit completion of normed modules
over a general Banach ring R, generated by the corresponding power series rings by taking
colimits in the homotopical sense.
IndSmOOthformalserieSdosureCommutativealgebrasimphdal(IndmNormedR): (00,1)-category of sim-
plicial commutative algebra objects in the co-category of monomorphic colimit completion of
normed modules over a general Banach ring R, generated by the corresponding power series
rings by taking colimits in the homotopical sense.
Indsmo"thformalserie“lOsureCommutativealgebrasimphdal(IndBanachR): (00,1)-category of simpli-
cial commutative algebra objects in the co-category of colimit completion of Banach modules
over a general Banach ring R, generated by the corresponding power series rings by taking
colimits in the homotopical sense.
Indsmo"thformalserieSdosureCommutativealgebrasimphdal(Indeanach R): (o0, 1)-category of simpli-
cial commutative algebra objects in the co-category of monomorphic colimit completion of Ba-
nach modules over a general Banach ring R, generated by the corresponding power series rings
by taking colimits in the homotopical sense.

Indsmo"thform"‘lseriescmsureCommu’cativealgebraSimpli cial(IndSeminormedg, ): (o, 1)-category of sim-
plicial commutative algebra objects in the co-category of colimit completion of seminormed sets
over a general Banach ring [F;, generated by the corresponding power series rings by taking
colimits in the homotopical sense.

IndSmoothform"‘ls'eriesdos’ureCommu’cativealgebrasimplicial (Ind"Seminormedp, ): (oo, 1)-category of sim-
plicial commutative algebra objects in the co-category of monomorphic colimit completion of
seminormed sets over a general Banach ring IF;, generated by the corresponding power series
rings by taking colimits in the homotopical sense.
IndSrr‘oothformalserieSdosureCommutativealgebraSimplicial (IndNormedp, ): (oo, 1)-category of simpli-
cial commutative algebra objects in the co-category of colimit completion of normed sets over a
general Banach ring IF1, generated by the corresponding power series rings by taking colimits
in the homotopical sense.

IndSmomhformalserieSdosureCommutativealgebrasimphdal(IndmNormedH:l): (00,1)-category of sim-
plicial commutative algebra objects in the co-category of monomorphic colimit completion of



normed sets over a general Banach ring IF;, generated by the corresponding power series rings
by taking colimits in the homotopical sense.

In dsmoothformalseriesclosure Commutativeal g ebr asimplicial
cial commutative algebra objects in the co-category of colimit completion of Banach sets over a
general Banach ring IF;, generated by the corresponding power series rings by taking colimits
in the homotopical sense.

In dsmoothformalseriesclosure Commutativeal g ebr asimplicial (
cial commutative algebra objects in the co-category of monomorphic colimit completion of Ba-
nach sets over a general Banach ring IF;, generated by the corresponding power series rings by
taking colimits in the homotopical sense.

(IndBanachg, ): (oo, 1)-category of simpli-

Ind"Banachg, ): (oo, 1)-category of simpli-

Prestacks:

0o — PreStaCkCommutativealgebrasimphdal( oo~ presheaves

into co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.
o= PreStaCkCommutativealgebrasmplicial oo~ presheaves
into co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.
co-presheaves into

IndSeminormed, ) PPosite Grotopology,homotopyeplmorphlsm
(Ind"Seminormed )°PPosite Grotopology,homotopyepimorphism

00— PreStaCkCommutativealgebrasimplicial
co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.
o — I)reStaCkC0mmutatiVealgebrasimpﬁd‘,jll oo~ prESheaves
into co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.
co-presheaves into

(IndNormed; )oPPosite, Grotopology,homotopyepimorphism*
(Ind™Normeds )°PPosite Grotopology,homotopyepimorphism -

o = I)reStaCkCommu’(ativealgebrasimphcia](
co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.

00 — PI‘eStaCkcOmmutatiVealgEbfasimplicial( co-presheaves into
co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

IndBanachj )opposite, Grotopology,homotopyeplmorphlsm

Ind"Banach; )°PPosite, Grotopology,homotopyepimorphism-

Stacks:

IndSeminormed, )"Ppos“e,Grotopology,homotopyepimorphism: co-sheaves into

oo — StaCkCommutatiVealgebrasimphcial(
co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.

0 — StaCkCommutativealgebraSimplicial co-sheaves into

co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

(IndNormed; )°PPosite, Grotopology,homotopyepimorphism* %~ -sheaves into co-

(Ind™Seminormed, )°PPosite Grotopology,homotopyepimorphism -

o = StaCkCommutativealgebrasimpﬁdal
groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.

o= StaCkCommutativealgebra (Ind"Normed, )opposite, Grotopology,homotopyep1m0rphlsm co-sheaves into co-

simplicial



groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, F;.

oo-sheaves into oo-

o = StaCkCommutativealgebrasimph <ia1 (IndBanachy )opposite ,Grotopology,homotopyepimorphism*

groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.

co-sheaves into co-

o0 — StaCkCOmmutativealgebrasimph cia1 (Ind" Banach; ) opposite, Grotopology,homotopyepimorphism-

groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, F;.

Ringed Toposes:

ringed,commutativealgebra IndSeminormed)

simplicial (

(IndSeminormed; ) °PPosite, Grotopology,homotopyepimorphism : co-sheaves into

o0 — .
TOp OSeSC0mmutatlvealgebrasimphdal

co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

And we assume the stack carries co-ringed toposes structure.
ringed Commutativealgebrag;, ;i (Ind" Seminormed:)

Ind’”Seminormedy)"PP"S“E,Grotopology,homotopyepimorphism: co-sheaves

o0~ Top0SesCommutativealgebrasimphcial(
into co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.
And we assume the stack carries co-ringed toposes structure.
ringed, Commutativealgebra IndNormed;) )

: co-sheaves into

(IndNormed- ) °PPosite, Grotopology, homotopyepimorphism

o (
00 — TOposeS simplicial

Cornmutatlvealgebrasimpliciéll

co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

And we assume the stack carries co-ringed toposes structure.
ringed Commutativealgebrag, ;i (Ind" Normed:)

Ind""Normed, )°PPosite Grotopologyhomotopyepimorphism” : co-sheaves into

oo — Toposes

CommutatlvealgebraSimpli cial (

co-groupoid over corresponding opposite category carrying the corresponding Grothendieck

topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

And we assume the stack carries co-ringed toposes structure.
ringed,C0mmuta’tivealgebraSlmph cia1(IndBanach;)

(IndBanachj )°PPosite Grotopology,homotopyepimorphism : co-sheaves into oo-

oo p—
TopOsesCommutativealgebra

simplicial
groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;. And
we assume the stack carries co-ringed toposes structure.
ringed, Commutativealgebra (Ind™Banach;) )
: co-sheaves into

Ind™Banach; ) °PPosite, Grotopology,homotopyepimorphism

oo — Toposes simplicial

Commutativealgebrag, jicial (

co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.

And we assume the stack carries co-ringed toposes structure.

ringed,commutativealgebra (IndSeminormed- )

:smoothformalseriesclosure simplicial

IndSeminormed; ) °PPosite Grotop0logy,homotopyeplmorphlsm

Proj oo — Toposes

Commutativealgebrag; il
co-sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing

a ring object O.



ringed, Commutativealgebra, Ind"Seminormed; )

simplicial (

:smoothformalseriesclosure . .
(Ind™Seminormed, ) °PPosite, Grotopology,homotopyepimorphism”

w —
PI'O] Top0SeSCommutativealgebrasimp“da]

co-sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O.

ringed, Commutativealgebrag, i ;. (IndNormeds)

:smoothformalseriesclosure .
IndNormed; )°PPosite, Grotopology,homotopyepimorphism’

PI'O] o0 TOPOsesCommutativealgebraSimplicial (

co-sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O.

ringed Commutativealgebrag ;i (Ind" Normed:)

;smoothformalseriesclosure _ .
Ind"Normed; )°PPosite, Grotopology,homotopyepimorphism”

Proj oo — Toposes

Commutativealgebrag . (

co-sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O.

ringed, Commutativealgebrag, ;i (IndBanachy)

:smoothformalseriesclosure i .
(IndBanachy ) °PPosite Grotopology,homotopyepimorphism

Proj oo — Toposes

Commutativealgebrag, jicial

co-sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O.

ringed Commutativealgebrag;, ;i (Ind" Banach; )

:smoothformalseriesclosure i .
Ind™Banach; ) °PPosite, Grotopology,homotopyepimorphism

m [—
PI‘O] TopOseSCornmutativealgebrasi’mpli cial(

oo-sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O.

Remark 1.4.1. In p-adic Hodge theory, one usually will need to construct presheaves M out of
from the co-ring object O. Also one can define the corresponding pre-co-ringed Toposes, we
will not continue provide the corresponding group of notations in the parallel way.

oo-Quasicoherent Sheaves of Functional Analytic Modules over Ringed Toposes § = Seminormed, Normed, Ban:

IndﬁQuaSiCOherent ringed commutativealgebra, IndSeminormed, ) : Colimits com-

. icia (
OO—TOpOSQS simplicial

Commutativealgebra (IndSeminormed, )opposite ,Grotopologyhomotopyepimorphism

simplicial
pletion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-sheaves into co-
groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;. And
we assume the stack carries co-ringed toposes structure.

IndﬁQuaSiCOherent ringed, Commutativealgebra, Ind"Seminormed; ) : Colimits com-

co—Toposes simplicial

Commutativealgebra, (Ind™Seminormed, )opposite ,Grotopologyhomotopyepimorphism

simplicial
pletion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-sheaves into co-
groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;. And

we assume the stack carries co-ringed toposes structure.



Ind ﬁQuaSiCOherent ringed, Commutativealgebra

IndNormed,) : COllmltS com-
oo—Toposes ’

simplicial (

Commutativealgebra, IndNormed; )()pposite ,Grotopology,homotopyepimorphism

simplicial (
pletion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-sheaves into co-
groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;. And
we assume the stack carries co-ringed toposes structure.

IndﬁQuaSiCOherent ringed Commutativealgebra, (Ind™Normed) : Colimits com-

implicial
OO*TOPOSES simplicia

Commutativealgebra, (Ind™Normed; )opposite ,Grotopology,homotopyepimorphism

simplicial
pletion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-sheaves into co-
groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;. And
we assume the stack carries co-ringed toposes structure.

IndﬁQuaSiCOherent ringed Commutativealgebra IndBanach, ) : Colimits com-

co—Toposes )
Commutativealgebra,

simplicial ( )
simplicial (IndBanach, JOPPOsite Grotopologyhomotopyepimorphism

pletion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-sheaves into co-
groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;. And
we assume the stack carries co-ringed toposes structure.

IndﬁQuaSiCOherent ringed, Commutativealgebra (Ind’”Banach?) . COhmlts com-

co—Toposes )
Commutativealgebra,

simplicial )
simplicial (Ind""Banachy JOPPOSite Grotopologyhomotopyepimorphism

pletion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-sheaves into co-
groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;. And

we assume the stack carries co-ringed toposes structure.

ringed,commutativealgebra, (IndSeminormed; )

IndfQuasicoherent Mormalseriescl simplicial
IndSmOOt ormalseriesc OsurewaopOSES P

Commutativealgebra, IndSeminormed, ) °PP" osite ,Grotopology,homotopyepimorphism

'simplicial (

Colimits completion of co-Quasicoherent Sheaves of Functional Analytic Modules over oo-
sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O. The difference is that we consider the corresponding O living in the colimit
completion closure.

IndfQuasicoherent

ringed, Commutativealgebra Ind™Seminormed; )

IndsmoothformalseriesclosureOo *TOPOSES simplicial (

Commutativealgebra, (Ind™ Seminormed, )OPPOSite ,Grotopology,homotopyepimorphism

'simplicial
Colimits completion of co-Quasicoherent Sheaves of Functional Analytic Modules over oco-
sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object . The difference is that we consider the corresponding O living in the colimit
completion closure.
Ind1jQuasicohere1r1tI

ndsmoothforma]seriesclosure o Toposesringed,Commutativealgebrasimphcial (IndNormed; )

Commutativealgebra, IndNormed, )OPPOSite,Grotopology,homotopyepimorphism

simplicia1<
Colimits completion of co-Quasicoherent Sheaves of Functional Analytic Modules over oo-
sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-

phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing



a ring object . The difference is that we consider the corresponding O living in the colimit

completion closure.

Incl1jQuasicoherentI
n

ringed, Commutativealgebra, Ind™Normed )

dsmoothformalseriesclosure 00— TOPOSES simplicial (

Commutativealgebra Ind” Normed, )opposite ,Grotopology,homotopyepimorphism

simplicial(

Colimits completion of co-Quasicoherent Sheaves of Functional Analytic Modules over oo-
sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O. The difference is that we consider the corresponding O living in the colimit
completion closure.
Ind1.‘¢Quasicohere1r1tI
n

ringed, Commutativealgebra (IndBanach, )

dsmoothformalsm"iesclosureoo *TOpOSES simplicial

Commutativealgebra, IndBanach, )opposite ,Grotopology,homotopyepimorphism

simplicial
Colimits completion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-
sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object . The difference is that we consider the corresponding O living in the colimit
completion closure.

Ind ﬁQuaSiCOherentI ringed, Commutativealgebra, Ind™ Banach;)
n

dsmoothforma]seriesclosureoo —Toposes simplicial (

Commutativealgebra, (Ind™Banach, )opposite ,Grotopology,homotopyepimorphism

simplicial
Colimits completion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-
sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object . The difference is that we consider the corresponding O living in the colimit

completion closure.



1.5 Notations on co-Categories of Noncommutative co-Ringed Toposes

We change the notations for co-ringed noncommutative toposes slightly, therefore let us
start from the rings. The corresponding generators we will choose in order to take the corre-
sponding homotopy colimit completion and the corresponding homotopy limit completion are
Fukaya-Kato rings in [FK]:

R{(Z4, .y Zn),n > 1, (15.1)
R{[Z1, . Zy)],n > 1,

v

with Zy, ..., Z, are noncommuting free variables. This would be the specific completions of the
polynomials:

R[Z1, o Zn],n > 1. (1.5.3)

The corresponding analogs of analytification functors from Ben-Bassat-Mukherjee [BBM, Sec-
tion 4.2] are given in the following. First we consider the co-category of [Ei-rings from [Lu2,
Proposition 7.1.4.18, as well as the discussion above Proposition 7.1.4.18 on page 1225] which
we denote it by Noncommutative, simplicial, then we consider the corresponding category of

all the polynomial rings with free variables over R, which we denote it by Polynomialfree, then
we have the corresponding fully faithful embedding:

Polynomialgee — Noncommutativeg, simplicial- (1.5.5)
Then take the corresponding completion for each:

R[Z1, . Zn],n > 1, (1.5.6)

we have the Fukaya-Kato adic ring:

R{Zy, ... Zp),n > 1, (1.5.8)
R[[Z1,.... Zn]],n > 1.

As in [BBM, Section 4.2], this will give the process what we call smooth formal series analytifi-
cation by taking into account the corresponding homotopy colimit completion:

Indsmoothformalseriesclosure poyjyp o mialff® — Noncommutativealgebra IndSeminormedg),

(1.5.10)

(IndNormedg),
(15.11)
IndBanachg).
(1.5.12)
(1.5.13)

simplicial (

smoothformalseriesclosure : 1free .
Ind Polynomial™ — Noncommutativealgebrag j;c;a

Indsmoothformalseriesclosure po v o mialfl®® — Noncommutativealgebra

simplicial (



Remark 1.5.1. The left actually spans all the [Ej-algebra in our setting by regarding the free
variable polynomials as tensor algebras over R as explained in [Lul, Proposition 7.1.4.18, as
well as the discussion above Proposition 7.1.4.18 on page 1225] in analogy of [Lul, Proposition
7.1.4.20, as well as the discussion above Proposition 7.1.4.20] in the commutative situation.



Noncommutative Rings:

InclsmoothformalseriesdosureNonc:ommutativealgebraSimplicial (IndSeminormedg ): (co, 1)-category of
simplicial noncommutative algebra objects in the co-category of colimit completion of semi-
normed modules over a general Banach ring R, generated by the corresponding power series
rings by taking colimits in the homotopical sense.
IndSmoothformalserieSdOsureNoncommutativealgebrasimplicial (Ind"Seminormedg ): (co, 1)-category of
simplicial noncommutative algebra objects in the co-category of monomorphic colimit comple-
tion of seminormed modules over a general Banach ring R, generated by the corresponding
power series rings by taking colimits in the homotopical sense.
IndSm°°thformalSeries‘zl(’sureNoncommutativealgebrasimplicial (IndNormedg): (co, 1)-category of sim-
plicial noncommutative algebra objects in the co-category of colimit completion of normed
modules over a general Banach ring R, generated by the corresponding power series rings
by taking colimits in the homotopical sense.
IndSrr“"’thformlSeries‘fk’sureNonc:ommutativealgebraSimplicial (Ind"Normedg): (oo, 1)-category of sim-
plicial noncommutative algebra objects in the co-category of monomorphic colimit completion
of normed modules over a general Banach ring R, generated by the corresponding power series
rings by taking colimits in the homotopical sense.
Indsmo"thf"rmalserieSdosureNoncommutativealgebrasimphdal(IndBanachR): (00,1)-category of sim-
plicial noncommutative algebra objects in the co-category of colimit completion of Banach mod-
ules over a general Banach ring R, generated by the corresponding power series rings by taking
colimits in the homotopical sense.

IndS”“)Othf"rmlserie“l"s“r‘°‘NoncommutativealgebraSimpli cial(Ind"Banachg): (oo, 1)-category of sim-
plicial noncommutative algebra objects in the co-category of monomorphic colimit completion
of Banach modules over a general Banach ring R, generated by the corresponding power series
rings by taking colimits in the homotopical sense.

IndSm°°thformalSeries‘zl(’sureNoncommutativealgebrasimplicial (IndSeminormedg, ): (o, 1)-category of
simplicial noncommutative algebra objects in the co-category of colimit completion of semi-
normed sets over a general Banach ring IF;, generated by the corresponding power series rings
by taking colimits in the homotopical sense.
Indsrr‘("’thformalseries‘fl(’s“reNoncommutativealgebraSimpli cial(Ind"Seminormedp, ): (oo, 1)-category

of simplicial noncommutative algebra objects in the co-category of monomorphic colimit com-
pletion of seminormed sets over a general Banach ring IF;, generated by the corresponding
power series rings by taking colimits in the homotopical sense.
Imdsmo"thf"rmalseries‘:losureNonc:ommutativealgebraSimPli cial IndNormedp, ): (o0, 1)-category of sim-
plicial noncommutative algebra objects in the co-category of colimit completion of normed sets
over a general Banach ring [F;, generated by the corresponding power series rings by taking
colimits in the homotopical sense.

IndS”“)Othf"rmlserie“l"s“r‘°‘NoncommutativealgebraSimpli cial Ind"Normedg, ): (o, 1)-category of sim-
plicial noncommutative algebra objects in the co-category of monomorphic colimit completion
of normed sets over a general Banach ring IF;, generated by the corresponding power series
rings by taking colimits in the homotopical sense.

In dsmoothformalseriesclosure Noncommutativeal g ebr asimplicial (
plicial noncommutative algebra objects in the co-category of colimit completion of Banach sets

IndBanachg, ): (oo, 1)-category of sim-



over a general Banach ring IF;, generated by the corresponding power series rings by taking
colimits in the homotopical sense.

In dsmoothformalseriesclosureN oncommutativeal g ebr asimplicial
plicial noncommutative algebra objects in the co-category of monomorphic colimit completion
of Banach sets over a general Banach ring IF;, generated by the corresponding power series
rings by taking colimits in the homotopical sense.

(Ind"Banachg, ): (o, 1)-category of sim-

Prestacks:

IndSeminormeds )oPposite Grotopology,homotopyep1morphlsm 00- preSheaveS

0 — PreStaCkNonc0mmutativealgebrasimplidal(
into co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.

o — PreStaCkNoncommutativealgebrasimphml( oo~ preSheaveS

into co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.
co-presheaves

Ind"Seminormed, )°Pposite, Grotopology,homotopyep1morphlsm

00— PreStaCkNoncommutativealgebrasimplidal(
into co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

co-presheaves

IndNormed, )°pposite, Grotopology,homotopyep1morphlsm

= PI.eStaCkNoncommutativealgeblrasimphdal
into co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.
co-presheaves

(Ind"Normed; )°PPosite Grotopology,homotopyepimorphism*

o — PreStackNoncommu’tativealgebraSimplicial (IndBanach; )opposite Grotopology,homotopyep1morphlsm
into co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

(Ind"Banachj )opposite Grotopology,homotopyeplmorphlsm 0o~ presheaves

o — I)reStaCkNonc0mmutativealgebrasimplidal
into co-groupoid over corresponding opposite category carrying the corresponding Grothendieck

topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.
Stacks:

IndSeminormed, )oPPosite, Grotopology,homotopyeplmorphlsm co-sheaves into

00— StaCkNoncommutativealgebrasimphcial(
co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

Ind"Seminormed; ) °PPosite, Grotopology homotopyepimorphism : co-sheaves

o — StaCkNoncommutativealgebrasimphcial(
into co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.

IndNormed, )°PPosite Grotopology,homotopyepimorphism+ °~ -sheaves into

o0 — StaCkNoncommutativealgebra simplicial (
co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

0 — StaCkNoncommutativealgebraSimplicial co-sheaves into

co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.
co-sheaves into

(Ind"Normed; )°PPosite, Grotopology,homotopyepimorphism

o — StaCkNoncommu’tativealgebrasimpli i1 (IndBanach; )°PPosite Grotopology,homotopyepimorphism*

co-groupoid over corresponding opposite category carrying the corresponding Grothendieck



topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.

: co-sheaves into

o — StaCkNoncommutativealgebrasimph oia1 (Ind"Banach; ) °PPesite Grotopology,homotopyepimorphism*

co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

The following is a noncommutative analog of [BBBK, Definition 5.6]:

Definition 1.5.2. Here a homotopy epimorphism is defined to be such a morphism A — B such
that B® 4 B°PP — B reflects isomorphism in the homotopy category.

Ringed Toposes:

ringed, Noncommutativealgebra IndSeminormed-)

simplicial (

(IndSeminormed; ) °PPosite, Grotopologyhomotopyepimorphism : co-sheaves

oo Top0SeSNoncommutativealgebraSimplicial
into co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;.

And we assume the stack carries co-ringed toposes structure.

ringed Noncommutativealgebrayicial (Ind™Seminormed>)

Ind"Seminormed, ) °PPosite | Grotopology,hornotopyep1morph1srn co-sheaves

m —
TOp 0sesNoncornmutativealgebrasimphml(

into co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

And we assume the stack carries co-ringed toposes structure.
ringed, Noncommutativealgebrag; i, (IndNormed: )

IndNormed, )°PPosite Grotopologyhomotopyepimorphism” C° sheaves into

m —
TOp 0sesNoncornmutativealgebrasimphcial(

co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

And we assume the stack carries co-ringed toposes structure.
ringed Noncommutativealgebrag, i i (Ind" Normed:)

(Ind"Normed; )°PPosite Grotopologyhomotopyepimorphism : co-sheaves into

oo — Toposes

Noncommutativealgebra simplicial

co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

And we assume the stack carries co-ringed toposes structure.
ﬁnged,NoncommutatiVealgebrasm.lp11 cia1 (IndBanach; )

(IndBanach; )°PPosite, Grotopology,homotopyepimorphism* : co-sheaves into

oo — Toposes

Noncommutativealgebra simplicial

co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

And we assume the stack carries co-ringed toposes structure.
ringed Noncommutativealgebrag, iciai (Ind™Banachj)

Ind™Banach; ) °PPosite, Grotopology,homotopyepimorphism* : co-sheaves into

w J—
TOp OSeSNoncommutativealgebrasimphdal(

co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.
And we assume the stack carries co-ringed toposes structure.

ringed, Noncommutativealgebra, (IndSeminormed;)

simplicial
(IndSeminormed, )oPposite Grotopology,homotopyep1rnorphlsm

Pr 0j ;smoothformalseriesclosure TOp oses A
Noncommutativealgebra simplicial

co-sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O.

ringed,Noncommutativealgebra, Ind”Seminormed)

:smoothformalseriesclosure simplicial (

Ind"Seminormed, )oPPosite, Grotopology,homotopyep1morphlsm

Proj oo — Toposes

Noncommutatlvealgeblrasimpli cial(



co-sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O.

ringed,Noncommutativealgebra; i ;, (IndNormed- )

IndNormed, )opposite Grotopology,homotopyeplmorphlsm

:smoothformalseriesclosure

Proj oo — Toposes

Noncommutativealgebrag il (
co-sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing

a ring object O.

ringed, Noncommutativealgebra;, y; i, (Ind "Normed;)

Ind"Normed; )opposite Grotopology,homotopyep1morph15m

-smoothformalseriesclosure

Proj oo — Toposes

Noncommutativealgebrag il (
co-sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing

a ring object O.

ringed Noncommutativealgebrag a1 (IndBanach,)

(IndBanachj )opposite, Grotopology,homotopyeplmorphlsm

;smoothformalseriesclosure

Proj oo — Toposes

Noncommutativealgebrag;, ;a1
co-sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O.

ringed Noncommutativealgebrag;,jicial (Ind"Banachs)

Ind"Banach; )opposite, Grotop0logy,homotopyeplmorphlsm

:smoothformalseriesclosure

Proj oo — Toposes

Noncommutativealgebrag,cia (

oo-sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O.

co-Quasicoherent Sheaves of Functional Analytic Modules over Ringed Toposes § = Seminormed, Normed, Ban:

Ind ﬁQuaSiCOherent ringed, Noncommutativealgebra,

(IndSeminormed ) : COhmltS com-
oo—Toposes

simplicial

Noncommutativealgebra IndSeminormed ) °PP osite ,Grotopology,homotopyepimorphism

simplicial
pletion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-sheaves into co-
groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;. And
we assume the stack carries co-ringed toposes structure.

IndfQuasicoherent ringed Noncommutativealgebra (Ind"Seminormeds ) : Colimits

co—Toposes simplicial
P Ind" Seminormed, ) °PPOSit€ Grotopology homotopyepimorphism

Noncommutativealgebrasimphdal (

completion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-sheaves into
co-groupoid over corresponding opposite category carrying the corresponding Grothendieck
topology, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, IF;.

And we assume the stack carries co-ringed toposes structure.

IndﬁQuaSiCOherent ringed, Noncommutativealgebra (IndNormed5 ) H COllmltS com-

OO—TOpOSQS simplicial

Noncommutativealgebra, (IndNormed; )OPPOsite Grotopology homotopyepimorphism

simplicial
pletion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-sheaves into co-
groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-

ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, F;. And



we assume the stack carries co-ringed toposes structure.

IndﬁQuaSiCOherent ringed Noncommutativealgebra Ind”Normed, ) : COllmltS com-

OO—TOPOSQS simplicial

Noncommutativealgebra Ind™Normed, )OPPOSite,Grotopology,homotopyepimorphism

simplicial(

pletion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-sheaves into co-
groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;. And
we assume the stack carries co-ringed toposes structure.

IndﬁQuaSiCOherent ringed Noncommutativealgebragiy s icial (IndBanach,) : Colimits com-
oco—Toposes

Noncommutativealgebra (IndBanach; )Opposne/Grotopology,homotopyepimorphism

simplicial
pletion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-sheaves into co-
groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;. And
we assume the stack carries co-ringed toposes structure.

IndﬁQuaSiCOherent ringed, Noncommutativealgebra Ind™ Banach;) . Collmlts com-

OO—TOPOSQS simplicial

Noncommutativealgebra Ind™ Banach; )opp(’s“e,Grotopology,homotopyepimorphism

simplicial(

pletion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-sheaves into co-
groupoid over corresponding opposite category carrying the corresponding Grothendieck topol-
ogy, and we will mainly consider the corresponding homotopy epimorphisms. ? = R, [F;. And
we assume the stack carries co-ringed toposes structure.

ringed, Noncommutativealgebra, IndSeminormed, )

simplicial (

IndfQuasicoherent
Indﬁmoot ormalseriesc OSUTCm _Toposes

Noncommutativealgebra (IndSeminormed )OPPOSite,Grotopo]ogy,homotopyepimorphism

simplicial
Colimits completion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-
sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O. The difference is that we consider the corresponding O living in the colimit
completion closure.
Inclj:iQuasicoherentI
n

ringed, Noncommutativealgebra, Ind"Seminormed;)

dsmoothformalseriesclosure co—Toposes simplicial (

Noncommutativealgebra Ind™Seminormed, )OPPOSite,Grotopology/homotopyepimorphism

simplicial
Colimits completion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-
sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O. The difference is that we consider the corresponding O living in the colimit
completion closure.
Indj:iQuasicoherentI
n

ringed, Noncommutativealgebra (IndNormed; )

) simplicial
dsmoothformalserlesclosure00 —TOpOSES 4 simplicial " . .
Noncommutativealgebragi, sJjci] (IndNormeds )OPPOSIte Grotopology,homotopyepimorphism

Colimits completion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-
sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O. The difference is that we consider the corresponding O living in the colimit
completion closure.
IndijuasicoherentI

. ringed, Noncommutativealgebrag . -1: ;-1 (Ind"Normed, )
1,ldssmoothformalserlesclosureoo —TOPOSQS ) simp. lc:: opposite . )
Noncommutahvealgebrasimpli cial (Ind"Normed,) ,Grotopology,homotopyepimorphism

Colimits completion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-



sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O. The difference is that we consider the corresponding O living in the colimit
completion closure.
Ind1.‘¢Quasicohere1r1tI
n

ringed Noncommutativealgebra, (IndBanach,)

dsmoothforma]seriesclosureoo *TOPOSES simplicial

Noncommutativealgebra IndBanach, )°PP osite ,Grotopology,homotopyepimorphism

simplicial
Colimits completion of co-Quasicoherent Sheaves of Functional Analytic Modules over oco-
sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object 0. The difference is that we consider the corresponding O living in the colimit
completion closure.

Ind ﬁQuaSiCOhe rent ringed, Noncommutativealgebra Ind"Banach;)

Indsmoothforma]seriesclosureoo *TOPOSQS simplicial (

Noncommutativealgebra, (Ind™Banach;, )opposite ,Grotopology,homotopyepimorphism

simplicial
Colimits completion of co-Quasicoherent Sheaves of Functional Analytic Modules over co-
sheaves into co-groupoid over corresponding opposite category carrying the corresponding
Grothendieck topology, and we will mainly consider the corresponding homotopy epimor-
phisms. ? = R, F;. And we assume the stack carries co-ringed toposes structure by specializing
a ring object O. The difference is that we consider the corresponding O living in the colimit

completion closure.

Let us explain slightly what is happening here, the base co-rings are noncommutative in
certain sense, which is not the same as in the foundation of [BBK], [BBM], [KKM], [BK]. Cer-
tainly for instance one considers the corresponding oo-category Simpicial(IndBanachg, ), then
takes the corresponding fibrations over the corresponding noncommutative rings to achieve
s0.



Chapter 2

Topological Theory

2.1 Topological André-Quillen Homology and Topological Derived
de Rham Complexes

2.1.1 Derived p-Complete Derived de Rham Complex

We now first discuss the corresponding Banach version of André-Quillen Homology and the
corresponding Banach version of Derived de Rham complex parallel to [Anl, Chapitre 3],
[An2], [B1, Chapter 2, Chapter 8], [Bei, Chapter 1], [G1, Chapter 5], [GL, Chapter 3, Chap-
ter 4], [Il11, Chapitre II, Chapitre III], [I112, Chapitre VIII], [Qui, Section 4]. We would like to
start from the corresponding context of [GL, Chapter 3, Chapter 4], and represent the construc-
tion for the convenience of the readers. We start from the corresponding construction of the
algebraic p-adic derived de Rham complex for a map A — B of p-complete rings. This is the
corresponding derived differential complex attached to the polynomial resolution of B:

A[A[B]]..., 2.1.1)
which is now denoted by KanLeftdeRhamgiie,earllgumber .— Kangeq deRhamcie/g;e,c’earigmber( B) after

taking the corresponding left Kan extension which will be the same for all the following con-
structions 1. The corresponding cotangent complex associated is defined to be just:

H—‘B/A,alg = deRham}q[B]degreenumber/A”alg ®A[B}degreenumber B. (212)
The corresponding algebraic André-Quillen homologies are defined to be:

Hdegreenumber,AQ,alg *= 7ldegreenumber (]LB / A,alg) . (2.1.3)

The corresponding topological André-Quillen complex is actually the completed version of
the corresponding algebraic ones above by considering the corresponding certain p-completion
over the simplicial module structure.

Then we consider the corresponding derived algebraic de Rham complex which is just de-
fined to be:

degreenumber 1%
Kanp ¢fdeRham; / Aalg ,Kany .Fil

degreenumber -
deRhamB/Aalg

(2.1.4)

1We have already considered the corresponding left Kan extension to all the rings which are not concentrated at
degree zero after [BMS, Example 5.11, Example 5.12], which is also discussed in [B2, Lecture 7].
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We then take the corresponding Banach completion and we denote that by:

degreenumber 1%
Kang ¢fdeRham; JAtopo 7 Kang ¢ Fil

degreenumber -
deRham, /A topo

(2.1.5)

Then we need to take the corresponding Hodge-Filtered completion by using the corre-
sponding filtration associated as above:

——— degreenumber %
Kang .deRhamg, Atopo JKang e Fil™_ degreenumber- (2.1.6)
deRhamB/A/topo

This is basically the corresponding analytic and complete version the corresponding alge-
braic de Rham complex. Furthermore we allow large coefficients with rigid affinoid algebra Z
over Q,. Therefore we take the corresponding completed tensor product in the following.

Definition 2.1.1. We define the following Z deformed version of the corresponding complete
version of the corresponding André-Quillen homology and the corresponding complete ver-
sion of the corresponding derived de Rham complex. We start from the corresponding con-
struction of the algebraic p-adic derived de Rham complex for a map A — B. Fix a pair of ring
of definitions Ag, By in A, B respectively. Then this is the corresponding derived differential
complex attached to the polynomial resolution of By:

Ag[Ao[Bo]]..., (2.1.7)
which is now denoted by KanLeftdeRhamg's%rjirg;ber. The corresponding cotangent complex
associated is defined to be just:

ILB[)/AO,alg = deRhamzo[Bo]degreenumber/AO,alg ®A0[30]degreenumber BO- (218)

The corresponding algebraic André-Quillen homologies are defined to be:

Hdegreenumber,AQ,alg = ndegreenumber (]LBO / Ao,alg) . (2 1 9)

The corresponding topological André-Quillen complex is actually the complete version of the
corresponding algebraic ones above by considering the corresponding derived p-completion
over the simplicial module structure:

]LB()/A(),tOpO = R 1&1 KOSpk ((deRhami‘O[Bo]degreenumber/AO/alg ®AO[BO]degreenumber BO)) . (2110)
k

Taking the product with Oz we have the corresponding integral version of the topological
André-Quillen complex:

1I—*Bg//lg,topo,Z = ILBO / Ap,topo ®Zp OZ (21 1 1)

Then we consider the corresponding derived algebraic de Rham complex which is just defined
to be:
egreenumber

d o1k
Kanj ciideRham Bo/Agaly Kanp ¢ Fil deRham} /. g’ (2.1.12)



We then take the corresponding derived p-completion and we denote that by:
degreenumber | . degreenumber 1%
KanLeftdeRharnB0 J Agtopo = R@Kospk (KanLeftdeRharnB0 JApalg 7 Kany o Fil JeRha geér:en:;beJ ,
0/ 410

(2.1.13)

KanLeftFﬂd Rham degreenumber +— RIL KOS (KanLeftFlld Rha degreenumber> .

BO /A(] topo BO/AO,alg

(2.1.14)

Before considering the corresponding integral version we just consider the corresponding prod-
uct of these E-rings with O to get:

degreenumber = degreenumber =
KanLeftdeRhamBo/Ao,topo,Z = KanLeftdeRhamB 7 Ag topo ®Zp Oz, (2.1.15)
KanLeftFlld Rham degreenumber = KanLeftFlld Rham degreenumber ®Z OZ (2116)
BO/AO,topo 4 B[]/A[) topo

Then we consider the following construction for the map A — B by putting:

LB,/ Ag topo,z := Colim 4,y IL B,/ Ag topo,z [1/ P, (2.1.17)

Hgegreenumber,AQ topo,Z *= 7Tdegreenumber (ILB/ A topo,z ), (2.1.18)
KanLeftdeRhamge/%ﬁirggber := Colimy,_, BOKanLeftdeRhamgiﬁrjszg;b;[ pl, (2.1.19)
Kan; o Fil* JeRhapydeBreenumber 1= Colim 4, g, Kany ¢ Fil, deRham} 4. opar? [1/ pl. (2.1.20)

mp / A topo 4

Then we need to take the corresponding Hodge-Filtered completion by using the correspond-
ing filtration associated as above to achieve the corresponding Hodge-complete objects in the
corresponding filtered co-categories:

degreenumber

Kang efdeRhamy opo,Hodge,Z” Kang ¢ Fil* (2.1.21)

degreenumber .
deRham B/A,topo,Hodge’Z

Definition 2.1.2. We define the corresponding finite projective filtered crystals to be the corre-
degreenumber

sponding finite projective module spectra over the topological filtered Eco-ring Kan cgdeRhamy 0po,Z

with the corresponding induced filtrations.

Definition 2.1.3. We define the corresponding almost perfect ? filtered crystals to be the corre-
degreenumber

sponding almost perfect module spectra over the topological filtered Eco-ring Kany egdeRhamy 0po,Z

with the corresponding induced filtrations.

The following is derived from the main Poincaré Lemma from [GL, Theorem 1.2] in the non-
deformed situation. Consider a corresponding smooth rigid analytic space X over k/Q, (where
k is a corresponding unramified analytic field which is discretely-valued and the corresponding
residue field is finite). Then we have the following:

2This is the corresponding derived version of pseudocoherence from [Lul], [Lu2].
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2.1.2 Analytic André-Quillen Homology and Analytic Derived de Rham complex
of Pseudorigid Spaces

We now consider the analytic André-Quillen Homology and analytic Derived de Rham com-
plex of pseudorigid space, which are very crucial in some development in [Bell] in the arith-
metic family. Therefore we just investigate the corresponding picture in the corresponding
geometric family.

Setting 2.1.6. We consider now a corresponding morphism taking the corresponding form of
A — B where A is going to be a pseudorigid affinoid algebra over Z,, and B is going to be
a perfectoid chart of A in the corresponding pro-étale site of the pseudorigid affinoid space
attached to A. As in [Bell, Definition 3.1, and below Definition 3.1] in our situation A is of
topologically finite type over Ok |[[t]] (7" /1) [1/t], where K is a discrete valued field containing
Qpand (a,b) =1°.

From [Bell, Definition 3.1, and below Definition 3.1] we have the following;:

Lemma 2.1.7. We have the following statements:

A. A as above is Tate, complete over Ok;

B. The ring A has a ring of definition Ao which is of Ox-formally finite type;
C. The ring Ay is of topologically finite type over Ok[[t]] (7" /t").

Proof. It is very easy to see that the corresponding results hold in our current situation over
Ok. O

As in the corresponding construction in the rigid situation in the previous section following
[An1, Chapitre 3], [An2], [B1, Chapter 2, Chapter 8], [Bei, Chapter 1], [G1, Chapter 5], [GL,
Chapter 3, Chapter 4], [Il11, Chapitre II, Chapitre III], [I112, Chapitre VIII], [Qui, Section 4] we
give the following definitions. First we consider the following new setting:

Setting 2.1.8. Now as in the above notion we will consider a general map of rings A — B over
Ok|[t]] {7"/*) [1/t] where we have the corresponding map of the associated ring of definitions
Ag — By over Ok([[t]] {(m"/#") such that Ay, By are basically I-adic (where Ok][[t]] (7*/t*) is I-
adic).

Definition 2.1.9. We start from the corresponding construction of the algebraic p-adic derived
de Rham complex for a map A — B. Fix a pair of ring of definitions Ao, By in A, B respec-
tively. Then this is the corresponding derived differential complex attached to the polynomial
resolution of By:

Ao[Ao[Bo]]-., (2.1.22)

which is now denoted by KanLeftdeRhamgs‘?rjjglfgmber after taking the corresponding left Kan

extension. The corresponding cotangent complex associated is defined to be just:
1
H—‘Bo/Ao,alg = deRhamAO[Bo]degreenumber/AO/alg ®A0[30]degreenumber BO (2123)
The corresponding algebraic André-Quillen homologies are defined to be:

Hdegreenumber,AQ,alg ‘= Tldegreenumber (]LBO / Ao,alg) . (2- 1 -24)

5Certainly one can also consider the characteristic p situation.



The corresponding topological André-Quillen complex is actually the complete version of the
corresponding algebraic ones above by considering the corresponding derived I-completion
over the simplicial module structure:

]LBo/Ao,topo =R I&n KOS[ ((deRhaml‘O[BO]degreenumber/AO,alg ®A0 [deegreenumber Bo)) . (2125)
I

Then we consider the corresponding derived algebraic de Rham complex which is just defined
to be:

d b .
KanLeftdeRhamBjirjjgﬁ‘gm " Kany o Fil’ (2.1.26)

1 .
KanLeﬂdeRhamBO /Ag,alg

We then take the corresponding derived I-completion and we denote that by:

degreenumber & . degreenumber a1k
KanyefideRhamy ¥ Aotopo = R1im Kos; (KarlLeftdeRhamB0 7 Aoalg ,KarlLeftFllKarlLeﬂ de%am;leg/rj&!n:[};lbﬂ) p
I 0/ 40-
(2.1.27)
Fil* d per := R1im Kos; [ Kany o Fil* d ber | -
deRhami T AR M Kan g deRham
(2.1.28)
Then we consider the following construction for the map A — B by putting:
]LBo/Ao,topO = COlionﬁBo]I—'Bg/Ag,topo [1/t], (2.1.29)
Hdegreenumber,AQ,topo *= 7ldegreenumber (]LB / A,topo ) ’ 21 30)
degreenumber & . degreenumber
KanLeftdeRhamB/Atopo = CohmAOHBOKanLeftdeRhamBO/Aoltop0 [1/1], (2.1.31)
o1k o . o1k
KanLeftFlldeRhamge/g;ieor:gnber = COllmAO_>BO FllKanLeﬁdERhamggg/rZEr"::;Eer [1 /t] . (2132)

Then we need to take the corresponding Hodge-Filtered completion by using the correspond-
ing filtration associated as above to achieve the corresponding Hodge-complete objects in the
corresponding filtered co-categories:

degreenumber 1% 2.1 33)

l .
B/ A,topo,Hodge’ degreenumber
/ P J KanLeﬂdeRhamB/A,topo,Hodge

Kanj c;;deRham

Definition 2.1.10. We define the corresponding finite projective filtered crystals to be the corre-
degreenumber

sponding finite projective module spectra over the topological filtered Eco-ring Kang egdeRhamy | opo

with the corresponding induced filtrations.

Definition 2.1.11. We define the corresponding almost perfect ° filtered crystals to be the corre-

sponding almost perfect module spectra over the topological filtered Ec-ring KanLeftdeRhamge/%ietir;mber

with the corresponding induced filtrations.

We now consider the corresponding large coefficient local systems over pseudorigid spaces
where Z now is a topological algebra over Z,”.

6This is the corresponding derived version of pseudocoherence from [Lul], [Lu2].
7Tt is better to assume that it is basically completely flat.



Definition 2.1.12. We define the following Z deformed version of the corresponding complete
version of the corresponding André-Quillen homology and the corresponding complete ver-
sion of the corresponding derived de Rham complex. We start from the corresponding con-
struction of the algebraic p-adic derived de Rham complex for a map A — B. Fix a pair of ring
of definitions Ap, By in A, B respectively. Then this is the corresponding derived differential
complex attached to the polynomial resolution of By:

Ao[Ao[B]]..., (2.1.34)

degreenumber

which is now denoted by deRham Ao By desreenumber / 4 ]

o The corresponding cotangent complex
associated is defined to be just:

H—‘B()/Ag,alg = deRham}(lO[Bo]degreenumber/AO/alg ®A0[30]degreenumber BO. (2135)
The corresponding algebraic André-Quillen homologies are defined to be:

Hdegreenumber,AQ,alg = ndegreenumber (]LBO / Ao,alg) . (2- 1 36)

The corresponding topological André-Quillen complex is actually the complete version of the
corresponding algebraic ones above by considering the corresponding derived I-completion
over the simplicial module structure:

]LBO/AO,tOPO =R 1&1 KOS[ ((deRhamzo[Bo]degreenumber/AO,alg ®A0 [Bo]degreenumber BO)) . (2137)
k

Taking the product with Z we have the corresponding integral version of the topological André-
Quillen complex®:

II-‘B()/Ag,topo,Z = ]LBO / Ao, topo ®%p Z (21 38)
Then we consider the corresponding derived algebraic de Rham complex which is just defined
to be:

degreenumber .1 (2.1.39)

Bp/Ag.al 7 degreenumber +
0/ Ag,alg KanLeftdeRhamBO 7 Agalg

KanpggedeRham

We then take the corresponding derived I-completion and we denote that by:

degreenumber . degreenumber -.1x
Kanp ciydeRham = RlimK Kanj ciydeRham
Leftl€ Bo/ Ao topo Lk OSI1 Leftd€ Bo/Aoalg " " Kanj edeRham B et | 7
(2.1.40)
Kany o Fil* . := Rlim Kos; [ Kany .¢Fil* C .
Left™™ deRhamygreenime Lk ! Lol Kany qdeRham&ieminte

(2.1.41)

Before considering the corresponding integral version we just consider the corresponding prod-
uct of these E-rings with Z to get’:

degreenumber degreenumber _ T,
KanLeftdeRharnB0 7 Ao topo,Z = KanLeftdeRharnBO ] Ag topo ®Z, Z, (2.1.42)
Kang o Fil | degreenumber ., := Fil" a ber @5 Z (2.1.43)
greenumber . egreenumber Z ) . A
deRharnBO/AOmpo Z KanLeﬂdeRhamBO/AO/topo v

8Here we did not take the corresponding derived completion, but in some situation this is achievable.
9Here again we did not take the corresponding derived completion, but in some situation this is achievable, for
instance when the ring Z is endowed with derived J-complete topology.



Then we consider the following construction for the map A — B by putting:
LB,/ Ag topo,z = Colim g ILp; / A¢ topo,z [1/t], (2.1.44)
Hgegreenumber,AQ topo,Z *= Tdegreenumber (LB/ A topo,z),  (2.1.45)
, (2.1.46)
)

degreenumber

L . degreenumber
KanyefideRhamy; Atopo,Z = Colim 4, p,Kan cideRhamy, ¥ Ao t0po, [1/t]
Kang . Fil* := Colim Kany ¢ Fil® 1/t]. (2.1.47
AMNLeft KanLeftdeRhamdBi‘(iif;;mber Z Co Ao—Bo Left KanLeﬁdeRhamlBo / AO,tOPO,Z [ / ] (

Then we need to take the corresponding Hodge-Filtered completion by using the correspond-
ing filtration associated as above to achieve the corresponding Hodge-complete objects in the
corresponding filtered co-categories:

degreenumber KanLeftFﬂ* . (2.1.48)

KanLeftdeRhamB / Atopo,Hodge,Z’ Kan; crdeRhamy, Atopo,HodgerZ

Example 2.1.13. Now we construct the corresponding pseudorigid analog of the corresponding
example in [GL, Example 4.7]. Now we consider the corresponding the map:

Zp|[ul] <%> [1/u) (X5, X5, o, XE) — Z,[[u]] <%> [1/4] <X1i/P°°/Xzi/p°°,m, X;c/p°°>
(2.1.49)

which could be written as:

Z,[[u]] <Z—Z> [L/u] (X, X5, X5 ) — (2.1.50)

a ) oo 0 .
Z,([u]] <%> [1/u) (XE,XE, ..., XE) <Y1i/” ST YE >/(Xi—yi,1 =1,..d).
(2.1.51)

So in our situation the corresponding Hodge complete topological derived de Rham complex
will be just:

Z,([u]] <%> [1/u] <Yf/’”°°,yf/’”°°,..., Yj/””> (Z1, s Za, Zi = X — Yiyi = 1,...,d]]. (2.1.52)

We now follow the corresponding previous works [B1, Chapter 2, Chapter 8], [Bei, Chapter
1], [G1, Chapter 5], [GL, Chapter 3, Chapter 4], [Il11], [I112, Chapitre VIII] to study the corre-
sponding functoriality for some triple A — B — C where we have first in the algebraic setting
the following result. Here we first consider more general setting where we will consider those

rings over Ok|[[t]] <’Z—:> which is f-adically complete.
Proposition 2.1.14. The corresponding functoriality for the corresponding algebraic derived de Rham

complex holds in our situation for the corresponding integral adic rings A, B, C in the context of this
section, namely we have the following corresponding commutative diagram:

degreenumber degreenumber
Kanp ¢fdeRham; Jaalg T Kanp ¢fideRham, 7 Aalg

degreenumber
B Kanp ¢ deRham; JAalg -




Proof. See [GL, Lemma 3.3]. O

Proposition 2.1.15. The corresponding functoriality for the corresponding algebraic derived de Rham
complex holds in our situation for the corresponding integral adic rings A, B, C in the context of this
section, namely we have the following corresponding commutative diagram:

degreenumber

degreenumber
Kang ¢f[deRhamy, 7 A topo,Hodge — Kanj .fideRham

B/ Atopo,Hodge

degreenumber
B Kanp eiideRhamy; Atopo,Hodge"

Proof. Just take the corresponding derived I-completion of the diagram in the previous propo-
sition. 0

The following conjectures are literally inspired by the rigid analytic situation in [GL, Theo-
rem 1.2]. We use the notation x to denote the ring Ox[[t]] (7t*/#”) [1/t]. We assume the spaces in
the following two conjectures are smooth pseudo-rigid analytic spaces over Ok/[[t]] (7t /#*) [1/].
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2.1.3 Derived (p, I)-Complete Derived de Rham complex of Derived Adic Rings

The corresponding construction of the derived de Rham complex could be defined for gen-
eral derived spaces. Along our discussion in the situations of rigid analytic spaces and the
corresponding pseudorigid spaces we now focus on the corresponding derived adic rings.

Setting 2.1.18. We now fix a bounded morphism of simplicial adic rings A — B over A* where
A* contains a corresponding ring of definition Aj which is derived complete with respect to
the (p, I)-topology and we assume that A is adic and we assume that (A}, I) is a prism in [BS1]
namely we at least require that the corresponding J-structure on the corresponding ring will
induce the map ¢(.) := .7 + pd(.) such that we have the situation where p € (I, ¢(I)). For A or
B respectively we assume this contains a subring Ag or By (over Ag) respectively such that we
have A or By respectively is derived complete with respect to the corresponding derived (p, I)-
topology and we assume that B = By[1/f, f € I]| (same for A). All the adic rings are assumed
to be open mapping. We use the notation d to denote a corresponding primitive element as in
[BS1, Section 2.3] for A*. We are going to assume that p is a topologically nilpotent element.

As in the corresponding construction in the rigid and pseudocoherent situation in the pre-
vious section following [An1, Chapitre 3], [An2], [B1, Chapter 2, Chapter 8], [Bei, Chapter 1],
[G1, Chapter 5], [GL, Chapter 3, Chapter 4], [1111, Chapitre II, Chapitre III], [I112, Chapitre VIII],
[Qui, Section 4], we have the following;:

Definition 2.1.19. We start from the corresponding construction of the algebraic p-adic derived
de Rham complex for a map A — B. Fix a pair of ring of definitions Ag, By in A, B respec-

tively. Then this is the corresponding left Kan extended derived differential complex attached
to By/ Ap which is now denoted by KanLeftdeRhamgsfrjoer;lgmber12 from the corresponding (p, I)-
complete commutative rings. The corresponding cotangent complex associated is defined to

be just:

1
]LB()/A(),alg = deRham degreenumber

egreenumber B . 2.1.53
Py / Apjalg ®P§‘Og ber 20 ( )

The corresponding algebraic André-Quillen homologies are defined to be:

Hdegreenumber,AQ,alg = ndegreenumber (]LBO / Ao,alg) . (2 1 54)

The corresponding topological André-Quillen complex is actually the complete version of the
corresponding algebraic ones above by considering the corresponding derived (p, I)-completion
over the simplicial module structure:

— : 1
]LBO/AO,’fOPO .= R lglKOS(p,I) ((deRhamnggreenumber/AO/alg ®nggreenumber BO)> . (2155)

Then we consider the corresponding derived algebraic de Rham complex which is just defined
to be:

degreenumber .
Kan Rham Bgp), Fil umber - 2.1.
anendeRham 7y o (Bo) Fily,dernamsrmamer (2:1:50)

12Namely over Ag we take the suitable corresponding left Kan extension, then apply to By.



We then take the corresponding derived (p, I)-completion and we denote that by:

degreenumber | . degreenumber . x
KanLeftdeRhamBO JAgtopo = ng\Kos(p, ) <Kar1LeftdeRhamB0 / Ao alg ,FllKanLeft deRhamgeg/r;en;lrgr\ber> ,
0/ 40~
(2.1.57)
Kang o¢Fil* := RIimK Fil* )
Left ™ Kany o deRhamegrsenumber *= 1% L ROS(p Kany o deRham{ s
(2.1.58)

Then in the situation that all the rings are classical adic rings we consider the following con-
struction for the map A — B by putting:

]LB/A topo = COlimAU%Bo]LBO/AO,topo [1 / ( )], (2.1.59)
Hdegreenumber AQ,tOpo = ndegreenumber (ILB/A tOpO)/ (2.1 .60)

degreenumber degreenumber
KanLeftdeRhamB/‘altopo = CohmAO_>BOKanLeftdeRhamBof/;Aoltopo [1/(d)], (2.1.61)
KanLeftFllKanLeﬂdeRha ;ige/g/;iir;\;mber = COllmAOA)BO FllKanLeﬂdeRha c;(e]g/rjzr,\;r;:er [1/( )] (2162)

Then we need to take the corresponding Hodge-Filtered completion by using the correspond-
ing filtration associated as above to achieve the corresponding Hodge-complete objects in the
corresponding filtered co-categories:

degreenumber % 2.1 63)

1 . X
B/ A,topo,Hodge’ degreenumber
/ P J KanLeﬂdeRhamB/A,topo,Hodge

Kanj ci;deRham

Definition 2.1.20. We define the corresponding finite projective filtered crystals to be the corre-

sponding finite projective module spectra over the topological filtered E-ring KanLeftdeRhamge/g:g;;mber

with the corresponding induced filtrations.

Definition 2.1.21. We define the corresponding almost perfect 2 filtered crystals to be the corre-
degreenumber

sponding almost perfect module spectra over the topological filtered Eco-ring Kany edeRhamy | opo

with the corresponding induced filtrations.

We now consider the corresponding large coefficient local systems over pseudorigid spaces
where Z now is a simplicial topological algebra over Z,*.

Definition 2.1.22. We define the following Z deformed version of the corresponding complete
version of the corresponding André-Quillen homology and the corresponding complete ver-
sion of the corresponding derived de Rham complex. We start from the corresponding con-
struction of the algebraic p-adic derived de Rham complex for a map A — B. Fix a pair of
ring of definitions Ao, By in A, B respectively. Then this is the corresponding left Kan extended

derived differential complex attached to By from the corresponding derived (p, I)-complete
degreenumber

commutative rings which is now denoted by KamLeftdeRhamB0 JAgaly - The corresponding
cotangent complex associated is defined to be just:
]LB()/A(),alg = deRhaml ® degreenumber BO (2.1.64:)

degreenumber
PB0 /Ap,alg B

13This is the corresponding derived version of pseudocoherence from [Lul], [Lu2].
141t is better to assume that it is basically derived completely flat.



The corresponding algebraic André-Quillen homologies are defined to be:

Hdegreenumber,AQ,alg ‘= Tldegreenumber (]LBO / Ao,alg) . (2 1.65 )

The corresponding topological André-Quillen complex is actually the complete version of the
corresponding algebraic ones above by considering the corresponding derived (p, I)-completion
over the simplicial module structure:

— RTi 1
]LBO/Ao,topo = R 1&1 KOS(p,I) <(deRhamnggreenumber/AO/alg ®nggreer\umber BO)) . (2166)
Taking the product with Z we have the corresponding integral version of the topological André-
Quillen complex:

g,/ Ag topo.z *= LB/ g topo 7, Z (2.1.67)
Then we consider the corresponding derived algebraic de Rham complex which is just defined

to be:

degreenumber . x
KanLeftdERhamBU/Aalalg , I KanLeﬂdeRhamdegreenumber' (2.1.68)

By/Ag.alg

We then take the corresponding derived (p, I)-completion and we denote that by:

degreenumber = . degreenumber 1.1
KangedeRhamy 7, o, 1= RlimKos, 1 <KanLeftdeRhamBO JAgalg il demamgegr;enﬁmber) ,
k 0/ 40218
(2.1.69)
Fll* degreenumber += R]-m Fll* degreenumber .
Koo = G o qdonnam
(2.1.70)

Before considering the corresponding integral version we just consider the corresponding prod-
uct of these E-rings with Z to get:

degreenumber | degreenumber _ T,
KanLeftdeRhamB0 / Agtopo,Z. = KanLeftdeRhamB0 / Ao topo ®Z, Z, (2.1.71)
Fil* := Fil’ amber @5, Z. 2.1.72
KanLeftdeRhangg/r:?g;s s KanLeﬁdeRhamgg“irf‘Erl‘m’;‘Eer ®ZV ( )

When we have that the corresponding ring Z is also derived (p, I)-topologized and commuta-
tive, then we can further take the correspding derived (p, I)-completion to achieve the corre-
sponding derived completed version:

degreenumber | degreenumber s 1L
KanLeftdeRhamB0 7 Agtopo,Z = KamLeftdeRhamB0 / Ao topo ®z, Z, (2.1.73)
. . N
Fil® := Fil’ Z. 2.1.74
KanLeftdeRhangg/r:?E;ss .z KanLeftdeRhamggg/r;;r::;Eer ®ZP ( )

Then in the situation that all the rings are classical adic rings we consider the following con-
struction for the map A — B by putting:

LB A topo,z := Colima,y g,/ 4 topo,z[1/ ()], (2.1.75)

Hgegreenumber,AQ topo,Z *= 7Tdegreenumber (ILB/ A topo,z ), (2.1.76)
KanLeftdeRhamgig:g;S;ber := Colim 4, BOKanLeftdeRhamgifrjs;ggj?[1/ (d)], (2.1.77)
12 e = COlMa g B (U@ @179

B/ Atopo 4 By /AO,topo 4



Then we need to take the corresponding Hodge-Filtered completion by using the correspond-
ing filtration associated as above to achieve the corresponding Hodge-complete objects in the
corresponding filtered co-categories:

degreenumber 1% (2.1.79)

Kang ¢.fdeRham , Fil de
greenumber .
B/ A,topo,Hodge,Z Kany egdeRhamy 5 oo HodgerZ



2.2 Topological Logarithmic Derived De Rham Complexes

2.21 Logarithmic Setting for Rigid Analytic Spaces

In this section we are now going to follow Gabber’s construction as in [O, Chapter 8] and the
extension by [B1, Chapter 5, Chapter 6, Chapter 7] to consider the corresponding construction
of the topological complete logarithmic cotangent complexes and the corresponding topolog-
ical logarithmic derived de Rham complex following the corresponding construction for rigid
spaces. Certainly the corresponding construction will also follow closely the corresponding
[An1, Chapitre 3], [An2], [B1, Chapter 2, Chapter 8], [Bei, Chapter 1], [G1, Chapter 5], [GL,
Chapter 3, Chapter 4], [1l11, Chapitre II, Chapitre III], [I112, Chapitre VIII], [Qui, Section 4] as if
we do not have the corresponding log structures, in particular the geometry context underly-
ing is just as in [GL, Chapter 3, Chapter 4]. For the geometric foundation of log adic spaces,
see [DLLZ1]. We start from the corresponding construction of the algebraic p-adic logarithmic
derived de Rham complex for a map (A, M) — (B, N) of p-complete rings carrying the cor-
responding log structures, here we use the corresponding notation (*,?),* = A, B to denote
the corresponding admissible log rings where ? represents the corresponding monoids in the
consideration. This is the corresponding derived differential complex attached to the canonical
resolution (which we will denote it by the same notation as in the non logarithmic setting) of
(B,N):

(A, M) [(B, N)]degreenumber’ (221)

degreenumber L degreenumber
(BN)/(AM)alg = KanLeftdeRham_/(A,M)lalg ((B,N))

after taking the left Kan extension as in [B1, Chapter 6] and applying to the ring (B, N). The
corresponding cotangent complex associated is defined to be just:

which is now denoted by KanpgdeRham

]L(B,N)/(A,M),alg = KanLeftdeRham%A/M)[(B,N)]degreenumber/(A,M),alg ®(A,M)[(B’N)}degreenumber (B, N)-
(2.2.2)

The corresponding algebraic André-Quillen homologies are defined to be:

Hdegreenumber,AQ,alg *= 7ldegreenumber (]L(B,N)/(A,M),alg)' (2.2.3)

The corresponding topological André-Quillen complex is actually the complete version of
the corresponding algebraic ones above by considering the corresponding certain p-completion
over the simplicial module structure.

Then we consider the corresponding derived algebraic de Rham complex which is just de-
fined to be:

degreenumber 1% (2.2.4)

Kany .sideRham i
Left (B,N)/(A,M),alg’ KanLeﬂdeRham%BlN)/(A,M)

Jalg '
We then take the corresponding Banach completion and we denote that by:

degreenumber 1% (2.2.5)

Kany .sideRham il
Left (B,N)/(A,M),topo’ KanLeﬂdeRham%B,N)/(A,M)

,topo‘
Then we need to take the corresponding Hodge-Filtered completion by using the corre-
sponding filtration associated as above:
degreenumber

KanLeftdeRham(B,N) /(A,M),topo’ Fll* _— 1 . (226)

Kange/deRham g n) /(4,m) topo



This is basically the corresponding analytic and complete version the corresponding alge-
braic log de Rham complex. Furthermore we allow large coefficients with rigid affinoid algebra
Z over Q,. Therefore we take the corresponding completed tensor product in the following.

Definition 2.2.1. We define the following Z deformed version of the corresponding complete
version of the corresponding logarithmic André-Quillen homology and the corresponding com-
plete version of the corresponding logarithmic derived de Rham complex. We start from the
corresponding construction of the algebraic p-adic logarithmic derived de Rham complex for
amap (A, M) — (B,N). Fix a pair of ring of definitions (Ao, My), (Bo, No) in (A, M), (B,N)
respectively. Then this is the corresponding derived differential complex attached to the canon-
ical resolution of (By, Np):

(Ao, Mo)[(Bo, Np)]degreenumber, (2.2.7)

degreenumber
(AO’MO)[(BO,NO)}degreenumber/(AO,MO)’al
responding left Kan extension as in [B1, Chapter 6]. The corresponding cotangent complex

associated is defined to be just:

which is now denoted by Kanj¢gdeRham . after taking the cor-

— 1
]L‘Bo/(Ao,Mo),alg T KanLeftdeRham(AO,MO) [BO,NO}degreenumber/ (A(],M(]),alg ®(A0/M0) [Bo,NO]degreenumber (B(), N()) .
(2.2.8)

The corresponding algebraic logarithmic André-Quillen homologies are defined to be:

Hdegreenumber,AQ,alg,log '= 7ldegreenumber <IL(BU,N0)/(AO,MO),alg)- (2.2.9)

The corresponding topological logarithmic André-Quillen complex is actually the complete
version of the corresponding algebraic ones above by considering the corresponding derived
p-completion over the simplicial module structure:

IL(By,No) / (Ao, M) topo (2.2.10)

R : 1

=R l%n KOSpk (<KanLeftdeRham(A0,Mg)[(Bo,No)]dEgreenumber/(Ao,Mo),alg ®(AU,NU)[(BO,NO)}degreenumber (BO/ NO) )) .
2.2.11)

Taking the product with Oz we have the corresponding integral version of the topological
logarithmic André-Quillen complex:
IL(BOINO)/(AO/MO)/’[OPOIZ = ll"(BO,N())/(Ao,Mo),’copoé’zzp Oz (2212)

Then we consider the corresponding derived algebraic de Rham complex which is just defined
to be:

degreenumber

Sk
Kanp ¢rdeRham (BoNo) / (Ao, M) alg” FﬂKanLeﬂ deRhamly v )/ (4 ) (2.2.13)

We then take the corresponding derived p-completion and we denote that by:
Kang o5 deRhamdegreenumber (2.2.14)

(Bo,No)/ (Ao,Mp) topo

degreenumber

o . e1%
=R l%nKospk (KanLeftdeRham( Bo,No) / (Ao, Mo),alg” FllKanLeﬂdeRham

degreenumber ) 7 (2.2.15)

(BO,NO )/ (AO,MO),alg

Fll* degreenumber = R@Kospk <Fll>~< degreenumber ) . (2216)
k

KanLe“deRham(Bo/No)/ (A9, M) topo KanLe“deRham(Bo/No)/ (AgMp)alg



Before considering the corresponding integral version we just consider the corresponding prod-
uct of these E-rings with Oy to get:

degreenumber L degreenumber N
KanLeftdeRham(BolNo)/(AO’MO)’tOPO,Z = KanLeftdeRham(BO,NO)/(AO’MO)’tOp()@ZP(’)Z, (2.2.17)
o1k R o1% oy ]L
FllKaDLeﬁ deRhamdegreenumber o FllKanLeft deRhamdegreenumber ®Z p OZ . (2218)

(Bo.No)/ (Ag.Mp) topo” (Bo:No)/ (Ag,Mp) topo

Then we consider the following construction for the map (A, M) — (B, N) by putting:

L (8o, No) / (A0, Mo) topo,z = COUM (40, M)— (Bo,No) L (Bo,No) / (0, Mo) topo, 2 [1/ P (2.2.19)
Hdegreenumber,AQ,topo,Z = ndegreenumber (]L(B,N )/ ( A,M),topo,z>/ (2.2.20)
degreenumber L . degreenumber
KanLeffdeRham(B,N)/(A,M),topo,z = COhm(Ao,Mo)—>(Bo,No)KanLeffdeRham(Bo,No) /(AO,MO),topo,Z[l/ rl,
(2.2.21)
Fll* degreenumber = COhmFll* degreenumber 1/ . (2222)
KanLeﬁdeRham( Bng) /(AM),topo’ KanLeftdeRham( B§,N0) /(g Mg ) topo” 7 [ 4 ]

Then we need to take the corresponding Hodge-Filtered completion by using the correspond-
ing filtration associated as above to achieve the corresponding Hodge-complete objects in the
corresponding filtered co-categories:

degreenumber * (2.2.23)

KanLeftdeRham(B,N )/ (A,M),topo,Hodge,Z” FllKanLeﬂdeRham} BN)/ (AM) VA

,topo,Hodge”

Definition 2.2.2. We define the corresponding finite projective filtered crystals to be the corre-
degreenumber

sponding finite projective module spectra over the topological filtered Ec-ring KanLeftdeRham( BN)/ (A, M) topo,Z

with the corresponding induced filtrations.

Definition 2.2.3. We define the corresponding almost perfect ° filtered crystals to be the corre-
degreenumber

sponding almost perfect module spectra over the topological filtered Ec-ring KanLeftdeRham( BN)/(AN) topo,Z

with the corresponding induced filtrations.

The following is inspired by the main Poincaré Lemma from [GL, Theorem 1.2] in the non-
deformed situation. Consider a corresponding smooth log rigid analytic space X over k/Q,
(where k is a corresponding unramified analytic field which is discretely-valued and the corre-
sponding residue field is finite). Then we have the following;:

Conjecture 2.2.4. Consider the corresponding projective map & : Xxummer-pro-ctale — XKummer-ét A1d
the the projective map f : Xkummer-pro-ctale — X. Then we have the logarithmic versions of the strictly
exact long exact sequences as in the Poincaré lemma in the rigid analytic situation.

15This is the corresponding derived version of pseudocoherence from [Lul], [Lu2].



2.2.2 Logarithmic Setting for Pseudorigid Spaces

We now consider the analytic logarithmic André-Quillen Homology and analytic logarithmic
Derived de Rham complex of pseudorigid space, which are very crucial in some development
in [Bell] in the arithmetic family. Therefore we just investigate the corresponding picture in the
corresponding geometric family.

Setting 2.2.5. We consider now a corresponding morphism taking the corresponding form of
(A, M) — (B, N) where (A, M) is going to be a log pseudorigid affinoid algebra over Z, (where
we consider the corresponding foundation in [DLLZ1, Chapter 2] for the corresponding log
adic rings), and (B, N) is going to be a Kummer perfectoid chart of A in the corresponding
Kummer pro-étale site of the log pseudorigid affinoid space attached to A (where we consider
the corresponding foundation in [DLLZ1, Chapter 5] for the corresponding Kummer pro-étale
sites). As in [Bell, Definition 3.1, and below Definition 3.1] in our situation A is of topologi-
cally finite type over Ok/[[t]] (7t?/#*) [1/#], where K is a discrete valued field containing Q, and
(a,b) =116,

From [Bell, Definition 3.1, and below Definition 3.1] we have the following;:

Lemma 2.2.6. We have the following statements:

A. A as above is Tate, complete over Ok;

B. The ring A has a ring of definition Ao which is of Ox-formally finite type;
C. The ring Ay is of topologically finite type over Ok[[t]] (7®/t").

Proof. Since we did not change the corresponding assumption on the corresponding ring theo-
retic consideration. O

As in the corresponding construction in the rigid situation in the previous section following
[An1, Chapitre 3], [An2], [B1, Chapter 5, Chapter 6, Chapter 7], [Bei, Chapter 1], [G1, Chapter
5], [GL, Chapter 3, Chapter 4], [IlI1, Chapitre II, Chapitre III], [I112, Chapitre VIII], [O, Chapter
8], [Qui, Section 4]. We keep now the following setting:

Setting 2.2.7. Now as in the above notion we will consider a general map of logarithmic rings
(A, M) — (B,N) over Ok][[t]] {(m"/#") [1/t] where we have the corresponding map of the asso-
ciated ring of definitions (Ao, Mo) — (Bo, No) over Ok|[t]] (7" /t?) such that Ay, By are basically
I-adic (where Ok[[t]] (7°/t?) is I-adic).

Definition 2.2.8. We start from the corresponding construction of the algebraic p-adic log
derived de Rham complex for a map (A,M) — (B,N). Fix a pair of ring of definitions
(Ao, M), (Bo, Np) in (A, M), (B, N) respectively. Then this is the corresponding derived dif-
ferential complex attached to the canonical resolution of (By, Np):

(Ao, Mp)|[(Bo, Np)]desreenumber (2.2.24)

degreenumber .. . _
(Bo.No)/ (Ao, Mo) alg’ This is after taking the left Kan ex

tension as in [B1, Chapter 6]. The corresponding logarithmic cotangent complex associated is
defined to be just:

which is now denoted by Kany .sideRham

— 1
]L(Bo,No)/(AO,M()),alg T KanLeftdeRham(AU/MU)[(BO,NO)]degreenumber/(AO’MO)/alg ®(A0,M0)[(BO’NO)}degreenumber (BO, NQ) .
(2.2.25)

16Certainly one can also consider the characteristic p situation.



The corresponding algebraic logarithmic André-Quillen homologies are defined to be:

Hdegreenumber,AQ,alg ‘= Tldegreenumber (]L(BO,NO) / (AO,MO),alg)~ (2.2.26)

The corresponding topological logarithmic André-Quillen complex is actually the complete
version of the corresponding algebraic ones above by considering the corresponding derived
I-completion over the simplicial module structure:

IL (By,No) / (A0, M) topo (2.2.27)
— : 1
= R 1%1’1 KOS[ <(KanLeftdeRham(AolMo)[(BO,NO)]degreenumber/(AO,MO)’alg ®(AO,MO)[(BO,NO)]degreenumber (BO/ NO) )) .

(2.2.28)

Then we consider the corresponding logarithmic derived algebraic de Rham complex which is
just defined to be:

degreenumber

S1*
KanLeftdeRham( Bo,No)/ (Ao, My),alg” FllKanLeft deRhamly  ao oyl (2.2.29)
We then take the corresponding derived I-completion and we denote that by:
degreenumber L
KanLeftdeRham(BO,No)/(AO,MO)/tOpO = (2.2.30)
. degreenumber .
Rlim Kos; | Kan;cgdeRham'® ,Fil* egreenumber ,
% [ ( Left (Ao,Mo)[(Bo,Np)]desreenumber /( Ay M) alg 1 KanLeﬂdeRham?B(g)lNO) /(XO,MO),alg
(2.2.31)
Fil* eqreenumber := R1im Kos; <Fil* cgreenumber > ) (2.2.32)
KanLeﬂdeRham?BilNo) / (:O,Mo),topo % KanLeftdeRham?Bﬁ,No) /(XO,MO),alg
Then we consider the following construction for the map (A, M) — (B, N) by putting:
IL(B(),N())/ (Ao,Mo),tOpO = COhm(Ao,Mo)—)(Bo,NO)]L (BO,NO) / (AO,MO),topo [1 / t] ’ (2233)
Hdegreenurnber,AQ,topo ‘= Tldegreenumber (]L( B,M)/( A,M),topo)r (2234)
degreenumber L . degreenumber
KanLEf’fdeRham(B,N)/(A,M),topo = COhm(Ao,Mo)ﬁ(Bo,No)KanLeffdeRham(BO,NO)/(AO,MO),topo[1/t]'
(2.2.35)
o1k o . 1%
FllKanLeﬂdeRhamdegreenumber = Collm(AO,Mg)%(BO,NO)FllKanLeﬂdeRhamdegreenumber [1 / t] . (2236)

(B,N)/(A,M),topo (Bg.Ng)/ (Ag,Mg),topo

Then we need to take the corresponding Hodge-Filtered completion by using the correspond-
ing filtration associated as above to achieve the corresponding Hodge-complete objects in the
corresponding filtered co-categories:

degreenumber % 2.2 37)

Fil de; b
greenum er
(B,N)/(A,M),topo,Hodge” ~ ~"Kan; ,ydeRham (B.N) / (4, M), topo,Hodge

Kanj oi;deRham

Definition 2.2.9. We define the corresponding finite projective filtered crystals to be the corre-

sponding finite projective module spectra over the topological filtered E-ring KanLeﬁdeRham?gfg;]e)e;xfﬁe;topo

with the corresponding induced filtrations.



Definition 2.2.10. We define the corresponding almost perfect 7 filtered crystals to be the corre-
degreenumber

sponding almost perfect module spectra over the topological filtered E-ring KanLeftdeRham( BN)/(A,M),topo

with the corresponding induced filtrations.

We now consider the corresponding large coefficient local systems over logarithmic pseu-
dorigid spaces where Z now is a topological algebra over Z,'®.

Definition 2.2.11. We define the following Z deformed version of the corresponding com-
plete version of the corresponding logarithmic André-Quillen homology and the correspond-
ing complete version of the corresponding logarithmic derived de Rham complex. We start
from the corresponding construction of the logarithmic algebraic p-adic derived de Rham
complex for a map (A, M) — (B,N). Fix a pair of ring of definitions (Ao, My), (Bo, Np) in
(A, M), (B, N) respectively. Then this is the corresponding derived differential complex at-
tached to the canonical resolution of (By, Np):

(Ao, Mo)|(Bo, Np)]degreenumber (2.2.38)

degreenumber
(Bo,No)/(AO,MO),alg'
gent complex associated is defined to be just:

which is now denoted by Kany .ffdeRham The corresponding logarithmic cotan-

— 1
]L(Bo,No)/(AO,M()),alg T KanLeftdeRham(AO/MO)[(BO,NO)]degreenumber/(AO’MO)/alg ®(A0,M0)[(BO’NO)}degreenumber (BO, NQ) .
(2.2.39)

The corresponding algebraic logarithmic André-Quillen homologies are defined to be:

Hdegreenumber,AQ,alg ‘= 7ldegreenumber (]L(BO,NO) / (AO,MO),alg)' (2-2-40)

The corresponding topological logarithmic André-Quillen complex is actually the complete
version of the corresponding algebraic ones above by considering the corresponding derived
I-completion over the simplicial module structure:

I (8o, No) / (40, Mo) topo (2.2.41)
P : 1
=R 1%1 KOS[ ((KanLeftdeRham(AO,Mo) [(BO/NO)]degreenumber/(AO/MO),alg ®(A0/M0) [(BO/NO)]degreenumber (BO, N()) )) .

(2.2.42)

Taking the product with Z we have the corresponding integral version of the topological loga-
rithmic version of the corresponding André-Quillen complex:

H“(Bo,No)/ (Ag,My),topo,Z += IL(BO,NO) /(Ao,My),topo @z, Oz (2.2.43)

Then we consider the corresponding logarithmic derived algebraic de Rham complex which is
just defined to be:

degreenumber % (2.2.4 4)

Kang .qdeRham i .
Left (Bo,No)/ (Ao,My),alg’ KanL@ﬂdeRham%Bo,No)/(Ao,M(])/alg

17This is the corresponding derived version of pseudocoherence from [Lul], [Lu2].
181t is better to assume that it is basically completely flat.



We then take the corresponding derived I-completion and we denote that by:

degreenumber L
KanLeftdeRham(BolNo) / (Ao, My) fopo = (2.2.45)
. degreenumber -
R 1im Kos; (KanLeftdeRham Fil degreenumber ) (2.2.46)
% (Bo,No)/ (Ag,Mp),alg’ KanLeﬂdeRham( PGy (AoMg) s ’
Fll* de: b =R lm KOS[ <Fll* d b > (2 2 47)
greenumber . egreenumber . A
KanLeftdeRham( Bo,No)/ (Ag, M) topo % KanLeftdeRham( Bo,No)/ (Ag,Mo).alg

Before considering the corresponding integral version we just consider the corresponding prod-
uct of these Eq-rings with Z to get:

degreenumber L degreenumber L
KanLeftdeRham(BolNo)/(Ao,Mo)rtopofz T KanLeftdeRham(BolNo)/(AorMo),f0P0®ZP Z, (2'2'48)
Fil* . .= Fil* . Lz 2.2.4

KanLeﬂ deRhamdegreen mber Kancht deRhamdegreen mber ®Zp ( 9)

(BO,NO)/(AO,MO),topo' (BU,NO)/(AO,MO),topo

Then we consider the following construction for the map (A, M) — (B, N) by putting:

I (8o, No) (A0, Mo) topo,z = COUM (g, 0y) s (Bo,No) I (B, No) / (40, Mo) topo, 2 [1/ 1], (2.2.50)
Hdegreenumber,AQ,topo,Z *= 7ldegreenumber (IL(B,N) /( A,M),topo,z)/ (225 1)
degreenumber L . degreenumber
KanLeftdeRham(B,N)/(A,M),topo,z = COhm(Ao,MoH(Bo,No)KanLeftdeRham(BO,No) /(AO,MO),topo,Z[l/ t],
(2.2.52)
. ;anLeftdeRhamdegreenumber 7 = COlim(AO’MO)_)(BO’NO)Fﬂl*(anu&deRhamdegreenumber [1/t] (2253)

(B,N)/(A,M),topo” (By,Np)/ (Ag,Mg),topo”

Then we need to take the corresponding Hodge-Filtered completion by using the correspond-
ing filtration associated as above to achieve the corresponding Hodge-complete objects in the
corresponding filtered co-categories:

degreenumber % (2.2.5 4)

Kanj oifdeRham Fil .
Left (B,N)/(A,M),topo,Hodge,Z” KanLeﬂdeRham} BN)/(AM) 4

,topo,Hodge”

Example 2.2.12. Now we construct the corresponding pseudorigid analog of the corresponding
example in [GL, Example 4.7]. Now we consider the corresponding the map:

Z,[[u]] <Z—Z> 1/ u) (X5, X5, e Xy X1y oo Xe) (2.2.55)
— Z,[[u]] <Z—Z> [1/u] <Xf/”°°, X3P, X XL Xi/”°°> (2.2.56)

which could be written as:
Z,[[u]] <Z—Z> [/ u) (X35, X5, o X5y X1y ooy Xe) — (2.2.57)

! +/p® +/p® \1/p® 1/p®
Z,([u] <%> (/0] (X5 X5 o X5, Xasr, o Xe) (577 Y3 P50, 0T (2258)

/(Xi =Y, i=1,..e). (2.2.59)



So in our situation the corresponding Hodge complete topological derived de Rham complex
will be just:

¢ £/p° \E/p® £/p® /P 1/p
Z,[[u] <%> 1/u] <Y1 R L L SIS A > (2.2.60)
(Z1) oy Ze,Zi = Xi — Yiyi = 1,... €] (2.2.61)

The following conjectures are literally inspired by the rigid analytic situation in [GL, Theo-
rem 1.2]. We assume the spaces are smooth.

Conjecture 2.2.13. After the whole foundation of [DLLZ1] and [Ked1, Theorem 2.9.9, Remark 2.9.10],
the construction in this section could be carried over the corresponding certain Kummer-pro-étale sites
where logarithmic perfectoid subdomains form a corresponding basis of neighbourhood of the topology.

Based on this conjecture one can conjecture the following;:

Conjecture 2.2.14. Consider the corresponding projective map g : Xiummer-pro-étale — XKummer-ét and
the the projective map f : Xxummer-pro-étale — X. Then we have the log versions of the strictly exact
Poincaré long exact sequences as in the pseudorigid analytic situation.

and

Conjecture 2.2.15. Consider the corresponding projective map g : Xkummer-pro-stale — XKummer-¢t A1d
the the projective map f : Xxummer-pro-ctale — X. Let M be a corresponding Z-projective differential crys-
tal spectrum. Then we have the logarithmic versions of the strictly exact Poincaré long exact sequences
for M as in the pseudorigid analytic siatution.



2.2.3 Derived (p, I)-Complete Logarithmic Derived de Rham complex

The corresponding construction of the derived de Rham complex could be defined for general
derived spaces. Along our discussion in the situations of rigid analytic spaces and the cor-
responding pseudorigid spaces we now focus on the corresponding derived rings. And we
consider the corresponding logarithmic setting.

Setting 2.2.16. We now fix a bounded morphism of log simplicial topological rings (A, M) —
(B,N) over A* where A* contains a corresponding ring of definition Aj which is derived com-
plete with respect to the (p, I)-topology and we assume that (A, M) is adic in the sense to be
defined just below and we assume that (A§, I) is a prism namely we at least require that the
corresponding d-structure on the corresponding ring will induce the map ¢(.) := P + pd(.)
such that we have the situation where p € (I, ¢(I)). For (A, M) or (B, N) respectively we as-
sume this contains a subring (Ao, M) or (By, Ny) (over Aj) respectively such that we have Ag or
By respectively is derived complete with respect to the corresponding derived (p, I)-topology
and we assume that B = By[1/f, f € I] (same for A) !°. All the adic rings are assumed to be
open mapping. We use the notation d to denote a corresponding primitive element as in [BS1,
Section 2.3] for A*. We are going to assume that p is a topologically nilpotent element.

As in the corresponding non-logarithmic situation following [B1, Chapter 6]*° we first con-

sider the category Alg 150 smooth, A of all the smooth prelog algebras over Aj and take the cor-
responding left Kan extension to the corresponding co-category Alg,, . io0 As of all the prelog

simplicial Aj-algebras. Then we may take the corresponding derived (p, I)-completion to get
completed objects. Finally we could basically apply this to the relatively more specific rings in
the previous setting. These are basically parallel to the situations where we work over Z, and
the pseudorigid disc?!.

Remark 2.2.17. The corresponding idea behind this is certainly inspired by [LL] for instance
where the authors compared the corresponding prismatic cohomology of some suitable ring
R over Aj/1 for instance and the corresponding derived de Rham cohomology canonically
attached to the corresponding morphism, and the corresponding Hodge filtration is compared
to the Nygaard filtration.

As in the corresponding construction in the rigid and pseudocoherent situation in the pre-
vious section following [Anl1, Chapitre 3], [An2], [B1, Chapter 5, Chapter 6, Chapter 7], [Bei,
Chapter 1], [G1, Chapter 5], [GL, Chapter 3, Chapter 4], [Ill11, Chapitre II, Chapitre III], [I112,
Chapitre VIII], [O, Chapter 8], [Qui, Section 4] we give the following definition.

Definition 2.2.18. We start from the corresponding construction of the algebraic p-adic loga-
rithmic derived de Rham complex for a map (A, M) — (B, N). Fix a pair of ring of definitions
(Ao, Mp), (Bo, Np) in (A, M), (B, N) respectively. Then this is the corresponding derived differ-
ential complex attached to the cofibrant replacement of (By, Np):

Pdegreenumber

P (2.2.62)

90ne can also invert p to consider the rationality with respect to p as in the rigid analytic situation.

20Here the corresponding left Kan extension happens along the embedding of the free prelog rings to the co-
category of simplicial prelog rings. See [B1, Chapter 6] for the construction.

2l Certainly we could work in more general setting over any derived J-complete ring, such as in the situation
where we do not require that the ring Aj is a prism.



degreenumber
(Bo,No)/ (Ag,My),alg
Kan extension as in [B1, Chapter 6]. The corresponding logarithmic cotangent complex associ-

ated is defined to be just:

which is now denoted by Kan;.sideRham after taking the corresponding left

®Pdegreenumber ( B(), N() ) . (2263)

- 1
L (BO,N()) / (AO,MO ),a]g = KanLeft deRhadeegreenumber / feercen
00

(BO'NO) (Ao,Mo),alg

The corresponding logarithmic algebraic André-Quillen homologies are defined to be:

Hdegreenumber,AQ,alg ‘= 7ldegreenumber (]L(BO,NO) / (AO,MO),alg)- (2'2'64)
The corresponding topological André-Quillen complex is actually the complete version of the
corresponding algebraic ones above by considering the corresponding derived (p, I)-completion
over the simplicial module structure:

/ (Ao, My),alg ®p(degfeenumber (Bo, No))) .

]L(BO,N())/(A[),M[)),tOpO = R I'&HKOS(’?/I) ((KanLeftdeRham}Jdegreenumber e
0-Y0
(2.2.65)

(By.Np)

Then we consider the corresponding derived algebraic de Rham complex which is just defined
to be:

degreenumber .
KanLeftdeRham(BorNo)/ (Ao, Mp),alg’ FllKanLeftdERham%BO,NO /(Ao Mo)als (2.2.66)
We then take the corresponding derived (p, I)-completion and we denote that by:
degreenumber
KangesrdeRham ;"\ v 40 vo) opo (2.2.67)
. degreenumber o
:= Rlim Kos, ; (KanL rdeRham Fil d b )
L (p.1) e (Bo,No)/ (Ao, My),alg’ KanLeftdERl’lam(;(?T:I;r;‘;?A;TMO),alg ’
(2.2.68)
Fil* := Rlim Kos Fil* . (2.2.69
KanLeftdeRham?;(ffl‘z]; [;‘jl?j;rMO ) topo L (pI) KanLeﬁdeRhamzlggfi%r;‘jTjngO Jalg ( )

Then in the situation that all the rings are classical logarithmic adic rings we consider the fol-
lowing construction for the map A — B by putting:

IL (BN / (A,M) topo *= COUM (A o) — (Bo,No) L (Bo,No) / (A0, M) topo 1/ ()],
(2.2.70)

Hdegreenumber,AQ,topo *= 7ldegreenumber (]L(B,N )/ (A,M),topo ) 7
2.2.71)

degreenumber L . degreenumber
KanLeftdeRham(B,N)/(A,M),tOpO = COhm(Ao,Mo)ﬁ(Bo,No)KanLeftdeRham(Bo,No)/(AO,MO),topo[1/(d)]'
(2.2.72)
o1k . o1k
degreenumber = COllm An, M, By, N F]-l degreenumber [1/ (d)]
KanLeftdeRham(B,gl\])/(A/A/I),mpo (Ao,Mo)—(Bo,No) KanLEftdeRham(Bg,No)/(AO,MO),topo
(2.2.73)

Then we need to take the corresponding Hodge-Filtered completion by using the correspond-
ing filtration associated as above to achieve the corresponding Hodge-complete objects in the
corresponding filtered co-categories:

degreenumber

Fil® degreenumb
4 egreenumber
(B,N)/(A,M) topo,Hodge” ™ “Kany ofydeRhamgR o

Kanj ciideRham (2.2.74)



Definition 2.2.19. We define the corresponding finite projective filtered crystals to be the corre-
degreenumber

sponding finite projective module spectra over the topological filtered E.-ring KanLeftdeRham( BN)/(A,M),topo

with the corresponding induced filtrations.

Definition 2.2.20. We define the corresponding almost perfect 2 filtered crystals to be the corre-
degreenumber

sponding almost perfect module spectra over the topological filtered Ec-ring KanLeftdeRham( BN)/(A,M),topo

with the corresponding induced filtrations.

We now consider the corresponding large coefficient local systems over pseudorigid spaces
where Z now is a simplicial topological algebra over Z,%.

Definition 2.2.21. We define the following Z deformed version of the corresponding com-
plete version of the corresponding logarithmic André-Quillen homology and the correspond-
ing complete version of the corresponding logarithmic derived de Rham complex. We start
from the corresponding construction of the logarithmic algebraic derived de Rham complex
for amap (A, M) — (B, N). Fix a pair of ring of definitions (Ao, My), (Bo, No) in (A, M), (B,N)
respectively. Then this is the corresponding derived differential complex attached to the canon-
ical resolution of (By, Np):

(Ao, Mo)|(Bo, Np)]desreenumber, (2.2.75)

degreenumber
. . - (Bo,No)/ (Ao,Mo),alg
gent complex associated is defined to be just:

which is now denoted by Kany .f\deRham . The corresponding logarithmic cotan-

I (8o, No) / (A0, Mo) alg (2.2.76)

— 1
T KanLeftdeRham(Ao,Mo)[(Bo,No)]degree““mbe"/(AO,MO),alg ®(A0/M0)[(BO’NO)}degreenumber (BO, NQ) .
(2.2.77)

The corresponding algebraic logarithmic André-Quillen homologies are defined to be:

Hdegreenumber,AQ,alg ‘= 7ldegreenumber (]L(BO,NO)/(AO,MO),alg)' (2-2-78)

The corresponding topological logarithmic André-Quillen complex is actually the complete
version of the corresponding algebraic ones above by considering the corresponding derived
(p, I)-completion over the simplicial module structure:

I (8o,No) / (A0,Mo) topo (2.2.79)
R : 1
=R 1&1 KOS(F,I) ((KanLeftdeRham(AO/MO)[(BO/NO)]degreenumber/(AO,MO)’alg ®(AO/MO)[(BO,NO)]degreenumber (B(], NO) )) .
k

(2.2.80)

Taking the product with Z we have the corresponding integral version of the topological loga-
rithmic version of the corresponding André-Quillen complex:

IL(Bo,No)/(AO,MO),topo,Z = ]L(BO,NO)/(AO,MO),topc,@ZpZ (2.2.81)

22This is the corresponding derived version of pseudocoherence from [Lul], [Lu2].
231t is better to assume that it is basically derived completely flat.



Then we consider the corresponding logarithmic derived algebraic de Rham complex which is
just defined to be:

degreenumber %
Kangp i deRham (BouNo)/ (Ao, Mo) alg’ FllKarlLeft deRhamls, o v (2.2.82)
We then take the corresponding derived (p, I)-completion and we denote that by:
Kany of deRhamdegreenumber — (2.2.83)

(Bo,No)/ (Ao, Mo) topo
degreenumber

R I'%nKos(p,I) (KanLeftdeRham( Bo.No) / (Ao, Mo),alg” Fil;‘(anLeft deRhamdesreenumber > , (2.2.84)

(Bg.Np)/(Ag,Mp).alg

Fll* degreenumber =R @ Kos(p,[) <Fll* degreenumber > . (2285)
k

KanLeﬂdeRham( Bo,No) / (Ag,Mo).topo KanLeﬂdeRham( Bo,No) / (Ag,Mg).alg

Before considering the corresponding integral version we just consider the corresponding prod-
uct of these E-rings with Z to get:

degreenumber degreenumber

R L
KanLeftdeRham(BO,No) / (Ao, My) fopo,Z = KanLeftdeRham(BO,NO) / (Ao, My) topo S Z Z, (2.2.86)
s1% R =T ks L
FllKanLeﬂdeRhamdegreenumber L FllKanLe&deRhamdegreenumber ®ZPZ (2287)

(BO,NO )/ (AO,MO),tDpo’ (BO,NO)/(AO,MO),topo

When we have that the corresponding ring Z is also derived (p, I)-topologized and commuta-
tive, then we can further take the correspding derived (p, I)-completion to achieve the corre-
sponding derived completed version:

degreenumber L degreenumber N
KanLeftdeRham(BO,No)/ (Ao, My) topo,Z *— KanLeftdeRham(BO,NO)/ (Ao,Mo) topo 2Z Z, (2.2.88)
Fl]-KanLeftdeRhamdegreenumber Cha FllKanLeﬁdeRhamdegreenumber ®Zp Z (2289)

(Bo-Np)/ (Ag,M) topo” (Bo-No)/ (Ag.M) topo

Then in the situation that all the rings are classical logarithmic adic rings we consider the fol-
lowing construction for the map (A, M) — (B, N) by putting:

]L(BorNo)/(Ao,Mo),tOPOrZ = COlim(AofMo)H(Bo,No)]L(Bo,No)/(Ao,Mo),topo,Z [1/(p, 1)], (2.2.90)

Hdegreenumber,AQ,topo,Z = ndegreenumber (]L(B,N) /( A,M),topo,Z)/ (2291)
. d b

= Colim g, KamvexdeRnamS55nnte 1/, 1),

(2.2.92)

degreenumber .
KanLeftdeRham( BN)/(AM),topo,Z -
1%

:= Colim Fil* 1 I)].
KarlLeftdeRhamdegree"“mber Z Co (Ao,Mo)—(Bo,No) KanLeftdeRhamdegreem‘mber [ /<p ! )]

(B,N)/(A,M),topo” (By,Ng)/ (Ag,Mg),topo”
(2.2.93)

Then we need to take the corresponding Hodge-Filtered completion by using the correspond-
ing filtration associated as above to achieve the corresponding Hodge-complete objects in the
corresponding filtered co-categories:

degreenumber a1 (2.2.9 4)

Fil d b
7 egreenumber .
(B.N)/(A,M) topo,Hodge,Z’ ~ “"KanyerdeRham{ 817, o HodgerZ

Kanj oiideRham



2.3 Robba Sheaves and Frobenius Sheaves

2.3.1 Pseudorigid Relative Toric Tower

In this section we discuss the corresponding Robba sheaves of [KL1] and [KL2] over general
spaces. Here we consider the corresponding discussion for the pseudorigid situation which
is certainly following the corresponding treatment in [KL2, Chapter 8]. But we do not really
understand if the corresponding generality could be achieved at this moment. So one definitely
has to be very careful in the corresponding analysis 2. These kinds of spaces are actually
different from the rigid analytic space, although the theories are really related to each other,
such as in [Bell], [Bel2] and [L]. Following the ideas in the rigid situation in [KL2], we consider
the towers in the smooth situation in the following;:

Setting 2.3.1. We consider the following towers as in [KL2, Chapter 5]. First we let Ag be the
ring Ok/[[u]] <$—Z> [1/u] (T, ..., T{ ) and we put A to be the ring

Ok|[u]] <Z—Z> AT, .., T ). And for the higher level we have the following rings:

(A, AF) (2.3.1)
::(oK@Hwbuun<§;>p/uxuiﬂﬂ)<rf””PwTj”“>, (2.3.2)
Oﬂﬁ”@Wﬂ<§>h”ﬁ<ﬁﬂmefM”L (2:3.3)

which implies that we have:

Ao A Ay e, VY > 0.

Proposition 2.3.2. The tower above is finite étale.

Proof. Note that the corresponding pseudorigid space is actually formally of finite type over
Ok namely we have that the ring at the zeroth level is just

Ok|[u, S1, ..., Sal][1/u] {V}*, ..., VEE).

Therefore the corresponding tower under this sort of presentation will give:

(Ay, A) (2.3.4)
= (O [P [P, SV, SV <V1ﬂ/’9",..., Vf”f’”>, (2.3.5)
OMHUﬂjwﬂwﬂsyfpwsy”n<vﬁ”“vwvf”ﬂ>y (2.3.6)
This is certainly a finite étale tower. O

Proposition 2.3.3. The tower above is perfectoid.

24Ppseudorigid spaces are actually along our generalization in our mind, which are the first kinds of spaces we
would like to study in our project before considering more general topological or functional analytic spaces, namely
those general spaces whose structure sheaves of simplicial rings carry topologies or norms such as in [BBBK] and
[CS2].



Proof. Note that the corresponding pseudorigid space is actually formally of finite type over
Ok namely we have that the ring at the zeroth level is just

Ox|[u, S1, ..., Sal][1/u] {V;5, ..., VEE).

Therefore the corresponding tower under this sort of presentation will give:

(An AT) (2.3.7)
= (0[P [P, SV, S [ Wt <Vf1/”",..., Vf””">, (2.3.8)
n no S1/p" 1/p" +1/p" +1/p"
O [7/P][[u?", 817", .., V7] <v1 vV P>). (2.3.9)
The corresponding co-level is just:
Ao (2.3.10)
(o) (o) o 00 00 00 00 A
= Ok [P Y[, VP ST ]<Vf1/” ., VEVP > , (2.3.11)
Al (2.3.12)
o o0 0 0 ) o\ A
= Ok P[P, 817, ., s <Vf”’” o VEVP > . (2.3.13)

These are certainly the corresponding perfectoid rings in the sense of [KL2, Definition 3.3.1],
also see [KL2, Lemma 3.3.28]%. O

Remark 2.3.4. Here the corresponding rings are regarded as the corresponding topological
rings instead of Banach rings, but we can certainly consider the corresponding Banach ring
structure induced from the linear topology namely really the co-level of this tower is Fontaine
perfectoid adic Banach ring which is Tate in the sense of [KL2, Definition 3.1.1].

Proposition 2.3.5. The tower is weakly decompleting.

Proof. We give the proof where K = Q,, which is certainly carried over to more general situa-
tion. The corresponding tower is actually weakly decompleting once one considers the corre-
sponding presentation as above for the corresponding ring of definition:

Aco (2.3.14)
o oo oo e8] o) 00 o\ A

= Ok [P [P, VP ST ]<Vf1”’ oy VEVY > , (2.3.15)

AL (2.3.16)
(o) (o) 00 00 00 00 A

= O [P [l 7", s} /P7, L, sH ) <Vf“*’ oy VEVP > ‘ (2.3.17)

This transfers to the positive characteristic situation under tilting:

Reo (2.3.18)
= k[P [, 5, LS P A P <Vf” A e ”°°>A, (2.3.19)
RE (2.3.20)
= ki [7P) [, 55 <Vf””°°, Vjﬂ/”w>A . (2.3.21)

25 As in [KL2, Lemma 3.3.28] one takes the original pseudouniformizer, and goes to a suitably high level to achieve
some root u’ of the function X?" — Xu — u, and evetually the corresponding element u'? will divide p.



Then one can finish as in [KL2, Lemma 7.1.2] by comparing this with R(

+ .
H, degreenumber/H degreenumber )



2.3.2 Pseudorigid Logarithmic Relative Toric Tower

Setting 2.3.6. We consider the following towers as in [KL2, Chapter 5]. First we let Ag be the
ring Ok[[u]] <”—”> [1/u] <Tli, S I I Tf_> and we put AJ to be the ring

ub

Ok|[u]] <7T—Z> (T T Ty T ) (2.3.22)
u
And for the higher level we have the following rings:
(Au, A) (2.3.23)
= (O [ul) (5 ) ) (T T2 T T, oy
Ok (/") [[u] <%> W (LT T LT ), (2.3.25)
which implies that we have:
Ay Aq Ay ey V> 0.

Proposition 2.3.7. The tower above is finite étale.

Proof. Note that the corresponding pseudorigid space is actually formally of finite type over
Ok namely we have that the ring at the zeroth level is just

Ok|[u, S1, ..., Sal][1/u] {V, ..., V).

Therefore the corresponding tower under this sort of presentation will give:

(An, A}Y) (2.3.26)

= (O[NP, 8V sy N (L v T LT,
(2.3.27)
Ol P, 8,V 8y P I (VEY L VE T LT ), (2.3.28)
This is certainly a finite étale tower. O

Proposition 2.3.8. The tower above is perfectoid.

Proof. Note that the corresponding pseudorigid space is actually formally of finite type over
Ok namely we have that the ring at the zeroth level is just

Ox|[u, S1, ..., Sal][1/u] {V}5, ..., VEE).

Therefore the corresponding tower under this sort of presentation will give:

(Au, AY) (2.3.29)
n n 1/71 1/71 n :|:1/ n :tl/" _1/11 _1/ n
= (Ok [P [P, SV, L S P [ P <v1 VLV T LT >
(2.3.30)

n noo1/p" 1/p" +1/p" £1/p" —1/p" ~1/p"
Ok [/ 7] [[u/7", S17", .., S)/P ]]<v1 L vE T LT >). (2.3.31)



The corresponding co-level is just:

Ao 1= (2.3.32)
o0 0 o0 0 ) (e8] (e8] _ o] _ co\ A
oL (R L [ VT K O /ol b L vl

(2.3.33)

Ag (2.3.34)

) 0 ) ) oo oo o oo o o\ A
= O [P [P, sV, L ST <Vf”’” s VET T, LT > . (2.3.35)

These are certainly the corresponding perfectoid rings in the sense of [KL2, Definition 3.3.1],
also see [KL2, Lemma 3.3.28]%. O

Remark 2.3.9. Here the corresponding rings are regarded as the corresponding topological
rings instead of Banach rings, but we can certainly consider the corresponding Banach ring
structure induced from the linear topology namely really the co-level of this tower is Fontaine
perfectoid adic Banach ring which is Tate in the sense of [KL2, Definition 3.1.1].

Proposition 2.3.10. The tower is weakly decompleting.

Proof. We give the proof where K = Q,, which is certainly carried over to more general situa-
tion. The corresponding tower is actually weakly decompleting once one considers the corre-
sponding presentation as above for the corresponding ring of definition:

Aco := (2.3.36)
o0 () o 0 ) (e8] (e8] _ (o] _ o\ A
O/ P ([, 817", 8P T (L VE T LT

(2.3.37)

AL (2.3.38)

0o oo co 00 ) co _ o _ o\ A
= Ok [P Y[, sTP, ., sy P] <V1ﬂ/” s VEVT T, LT > . (23.39)

This transfers to the positive characteristic situation under tilting:

Reo := (2.3.40)
o1/ =1/ PP =1/p 1 o1 JEL/p® =1/ P 1/ —1/p=\"
k[P [/, 5y, LS Y Ay ]<v1 S G L
(2.3.41)
R (2.3.42)
I B I V] T e s R —1/p=\/
= k[ P[P, 5, LS ]]<v1 G st WL s > . (2.3.43)

Then one can finish as in [KL2, Lemma 7.1.2] by comparing this with R

+ .
Hdegreer\umbel" H degreenumber )

26 As in [KL2, Lemma 3.3.28] one takes the original pseudouniformizer, and goes to a suitably high level to achieve
some root u’ of the function X?" — Xu — u, and evetually the corresponding element u'? will divide p.



2.3.3 Robba Sheaves over Pseudorigid Spaces

Now we consider Kedlaya-Liu’s Robba sheaves, which are also some motivic and functorial
construction. Our space is actually regarded over Z,, but note that the corresponding pseu-
dorigid affinoid could be defined over arbitrary integral ring Ok of some analytic field K. Let
X be a pseudorigid space over Ok, but we regard this as a corresponding Tate adic space over
Z,. Now we consider the corresponding pro-étale site of X which we denote it as Xproét-

Definition 2.3.11. We now apply the corresponding definitions of the Robba rings in [KL2,
Definition 4.1.1] with E therein being just Q, to any perfectoid subdomain (Ps, PF) of Xproét-
For each such perfectoid, we promote it to be a Banach ring (Pe, PJ, ||.||), then we have the
corresponding construction of the Robba rings in [KL2, Definition 4.1.1] (we use the notation
IT to represent the notation R):

T3 oy (23.44)
LS TN (23.45)

s
hﬂlg‘ﬁﬁﬂ,@,n,um)' (2.3.46)

r’ s

Then one just organizes these to be certain presheaves over the site Xproet:
T st (2.3.47)
lim Ty e (2.3.48)
s

hgl%nﬁ;ﬂma‘ (2.3.49)

However the corresponding construction is not canonical since the promotion to Banach rings
locally is not functorial. But we do have the situation that they are actually sheaves due to the
fact that we can regard them as sheaves over some preperfectoid spaces under the correspond-
ing tilting of the total spaces, where we use the same notation to denote the sheaves.

T et (2.3.50)
lim [T ey (2.3.51)
S
lim lim 137 . (2.3.52)
r S
The corresponding total spaces are defined as:
Spectrumadic, , (IZI[)S< groét, I:IE“Z ;]gét), (2.3.53)
Spectrumadic,, (@ ﬁg? groét, @ ﬁ;:;]gét), (2.3.54)
S S
Spectrumadicy,,, (lim lim flg? ;]roét, lim Jim ﬁ; ;]rjet) (2.3.55)
r S r S



Definition 2.3.12. As in [KL2, Chapter 4.3 and Chapter 8], consider the corresponding total
space:

Spectrumadic, (I:I[; groét, ﬁ; ;];:ét) . (2.3.56)
We define the corresponding ¢-sheaves (where ¢ is Frobenius lifting from p-th power Frobe-
nius coming from the characteristic p rings encoded in the construction recalled above from
[KL2]) to be sheaves locally attached to étale-stably pseudocoherent sheaves carrying the cor-
responding semilinear Frobenius morphisms realizing the isomorphisms under pullback. Then
over

0ét

Spectrumadic,,, (lim ﬁ; ;]roét, lim ﬁ; gf ) (2.3.57)
S S

we define the similar pseudocoherent sheaves (complete with respect to the natural topology)
locally base change to some sheaves in the previous kind. Finally we define the similar pseu-
docoherent sheaves (complete with respect to the natural topology) over

Spectrumadicy,g (lim lim [137), g, lim lim T35, (2.3.58)
r S r s

locally base change to some sheaves in the previous kind?.

?’Here it is certainly not expect to be the case where we could have uniform radius r > 0.



2.3.4 Robba Sheaves over (p, I)-Adic Spaces

Now we consider Kedlaya-Liu’s Robba sheaves over more general adic spaces, which is also
some motivic and functorial construction. Let X be a Tate adic space over Z, where p is as-
sumed to be topologically nilpotent. Now we consider the corresponding pro-étale site of X
which we denote it as Xproet-

Definition 2.3.13. We now apply the corresponding definitions of the Robba rings in [KL2,
Definition 4.1.1] with E therein being just Q, to any perfectoid subdomain (Pe,, P of Xproét-
For each such perfectoid, we promote it to be a Banach ring (Pe, P, ||.||«), then we have the
corresponding construction of the Robba rings in [KL2, Definition 4.1.1] (we use the notation
IT to represent the notation R):

rls7]
H(PW,P;,”.HOOy (2.3.59)

o
l%n H(Pw,p;,u.uw)' (2.3.60)

. . -~ [5,1’]
h% l%n (e, p o) (2.3.61)

Then one just organizes these to be certain presheaves over the site Xproet:
ﬁ[)sfl,groét’ (2362)
lim T D (2.3.63)
S

h%l%nn[;groér (2.3.64)

However the corresponding construction is not canonical since the promotion to Banach rings
locally is not functorial. But we do have the situation that they are actually sheaves due to the
fact that we can regard them as sheaves over some preperfectoid spaces under the correspond-
ing tilting of the total spaces, where we use the same notation to denote the sheaves.

T et (2.3.65)
lim [T ey (2.3.66)
S
lim lim 17, (23.67)
r S
The corresponding total spaces are defined as:
Spectrumadic,, (ﬁgﬁ groét, ﬁ;’g};t)r (2.3.68)
Spectrumadicy,, (lim I:I[)‘Z groét, lim I:I[)z ;];::ét), (2.3.69)
S S
SpeCtrurnadictotal (hg’l m ﬁ;:;]roét’ hg’l m ﬁ;:;];:)ret) : (2370)
r S r S

Definition 2.3.14. As in [KL2, Chapter 4.3 and Chapter 8], consider the corresponding total
space:

1 rls, s+
Spectrumadic, (H;groét, H;Qro o) (2.3.71)



We define the corresponding ¢-sheaves (where ¢ is Frobenius lifting from p-th power Frobe-
nius coming from the characteristic p rings encoded in the construction recalled above from
[KL2]) to be sheaves locally attached to étale-stably pseudocoherent sheaves carrying the cor-
responding semilinear Frobenius morphism realizing the isomorphism under pullback. Then
over

proét

Spectrumadic,,, (lim ﬁ; ;]roét, lim ﬁ; ) (2.3.72)
S S

we define the similar pseudocoherent sheaves (complete with respect to the natural topology)
locally base change to some sheaves in the previous kind. Finally we define the similar pseu-
docoherent sheaves (complete with respect to the natural topology) over

Spectrumadicy,g (lim lim [137), g, lim im T35, (23.73)
r S r S

locally base change to some sheaves in the previous kind?®.

Remark 2.3.15. The corresponding sheaves of the full Robba rings are well-defined since one
could regard them as structure sheaves of some total spaces.

ZHere it is certainly not expected to be the case where we could have uniform radius r > 0.



24 Derived [-Complete THH and HH of Derived I-Complete Rings

24.1 Derived I-Complete Objects

The corresponding THH and HH of derived I-complete rings are topological constructions
which are very closely related to the corresponding relative p-adic motives. And certain de-
rived I-complete versions are also relevant in some highly nontrivial way. We make some
discussion closely after [BMS, Section 2.2, Section 2.3], [BS1] and [NS, Chapter 3]. We now
consider the following rings:

Setting 2.4.1. We consider the derived I-complete [E;-rings. For instance one can consider
some derived [-complete [E;-rings relative to the corresponding integral pseudorigid disc. In
the following I will be some two sided ideal in the 77y of the base spectrum R. We regard all
the ring spectra as being in the co-category of all ring spectra over R and in the derived co-
category ID(R) of all the module spectra over R. We regard all the derived I-complete ring
spectra as being in the co-category of all derived I-complete ring spectra over R and in the
derived oco-category ID;(R) of all the derived I-complete module spectra over R. We assume
that I is central in the noncommutative setting.

Definition 2.4.2. For any such ring R which is assumed to be [Eo,, we will use the corresponding
notations LTHH(R) and LHH(R) to denote the corresponding left Kan extended THH or the
corresponding HH functor from [NS, Chapter 3]. And we will use the corresponding notations
LTHH(R); and LHH(R); to denote the corresponding left Kan extended THH or the corre-
sponding HH functor after taking the corresponding derived I-completion as in [NS, Chapter
3].

Definition 2.4.3. For any such ring R which is assumed to be [E;, we will use the corresponding
notations THH(R) and HH(R) to denote the corresponding THH or the corresponding HH
functor from [NS, Chapter 3]. And we will use the corresponding notations THH(R); and
HH(R); to denote the corresponding THH or the corresponding HH functor after taking the
corresponding derived [-completion as in [NS, Chapter 3] and [BS1, Chapter 1 Notation].

Example 2.4.4. For instance one considers the adic rings in [FK, Section 1.4], one takes such
a ring R which is complete with respect to a corresponding two sided finitely generated ideal
I, then the corresponding construction above namely LTHH(R); and LHH(R); will also be
basically topological versions of the spectra in [ELS, Definition 1.3, Definition 1.4] in the corre-
sponding derived nonocommutative deformation theory.

As in [ELS, Chapter 5] and more generally, one has the corresponding noncommutative ver-

. . . " . . degreenumber
sion of the corresponding relative Kéhler differential complexes deRham_ ° ' w05/ 4. For

instance if we have the corresponding map A — B of adic rings in [FK, Section 1.4] we could
degreenumber

noncommutative,B/ A to achieve the

then take the corresponding derived I-completion from deRham

degreenumber

corresponding topological version deRham, "\ iative,B/A opo’

Remark 2.4.5. As mentioned in the introduction, the corresponding topological derived [-adic
version of the corresponding LTHH and LHH spectra should be interesting to study, as over
a quasisyntomic site of a quasisyntomic ring Q, [BMS, Proposition 5.15] shows that the corre-
sponding sheaf myHC™ (—/Q), will be closely related to the corresponding p-adic complete



and Hodge-complete derived de Rham sheaf over the same site after taking the correspond-
ing unfolding through the quasiregular semiperfectoids. We do not know if this relation could
hold in some sense if we consider derived I-adic rings, but one might want to believe that in
the situations we considered before the story should be in some sense easier to be established.






Chapter 3

Functional Analytic Theory

3.1 Functional Analytic André-Quillen Homology and Topological
Derived de Rham Complexes

3.1.1 The Construction from Kelly-Kremnizer-Mukherjee

We now work in the corresponding foundations from [BBBK], [BBK], [BBM], [BK] and [KKM],
namely what we are going to consider will be literally the following (oo, 1)-categories and the
associated constructions with some fixed Banach ring R or Fql:

Objecty, commutativealgebra Simplicial (MASNOrmg), (8.1.D)
Objecty_ ommutativealgebra Simplicial (N4 SNOrmg), (3.1.2)
Objecty_ ommutativealgebra Simplicial INANOrmg), (3.1.3)
Objectycommutativealgebra Simplicial (Ind"Normg), (B.14)
Objecty_commutativealgebraSimplicial (INdBang), (8.1.5)
Objecty,_commutativealgebrasimplicial (INd " Bang ), (3.1.6)

with
Objecty_commutativealgebra Simplicial (NASNOrme, ), 8.1.7)

)
Objecty_commutativealgebra,Simplicial (I SNOTmE, ), (3.1.8)

Objecty  commutativealgebra Simplicial (NANOrME, ), (3.1.9)

Objecty _commutativealgebraSimplicial (I Normg, ), (3.1.10)

Objectg commutativealgebraSimplicial INABanE, ), (3.1.11)
Objecty,_commutativealgebraSimplicial (INd " Bang, ). (3.1.12)

We then use the notation X’ to denote any of these. We now first discuss the corresponding

topological version of André-Quillen Homology and the corresponding topological version of
Derived de Rham complex parallel to [An1, Chapitre 3], [An2], [B1, Chapter 2, Chapter 8], [Bei,

LAt this moment we do not work over more general rings such as Z, but this is crucial in the corresponding
globalization. That being said, working over [F; is in some sense more general even than these situations.
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Chapter 1], [G1, Chapter 5], [GL, Chapter 3, Chapter 4], [I111, Chapitre II, Chapitre III], [I1I2,
Chapitre VIII], [Qui, Section 4]. We would like to start from the corresponding context of [KKM,
Section 5.2.1, Definition 5.5, Proposition 5.6, Definition 5.8, Definition 5.9]?, and represent the
construction for the convenience of the readers 3. Namely as in [KKM, Section 5.2.1, Definition
5.5, Proposition 5.6] we consider the corresponding cotangent complex associated to any pair
object

(A, B) € X x Xy
is defined to be (as in [KKM, Section 5.2.1, Definition 5.5, Proposition 5.6]) just:
]LB/A/KKM = deRhamZ[B]degreenumber /A KKM ®A[B]degreenumber B. (3.1.13)

The corresponding topological André-Quillen homologies (as in [KKM, Section 5.2.1, Defini-
tion 5.5, Proposition 5.6]) are defined to be:

Hdegreenumber,AQ,KKM = 7Tdegreenumber (]LB / A,KKM) . (3 1. 14)

We then as in the definition [KKM, Definition 5.8, Definition 5.9, Section 5.2.1] have the corre-
sponding different kinds of (co, 1)-rings of de Rham complexes and we denote that by:
degreenumber

Sk
KangerideRhamy % ctionalanalytic KKM” Kany ¢ Fil . (3.1.15)

degreenumber
deRhamB / A functionalanalytic, KKM

Then we need to take the corresponding Hodge-Filtered completion by using the correspond-
ing filtration associated as above:

——— degreenumber ..
KanLeftC]‘eRharnB / A functionalanalytic, KKM~ KanLeftF11 —— degreenumber . (3.1 .16)
de amB/A,functionalanalytic,KKM

2Also see [Ra, Definition 4.4.7, Construction 4.4.10, Theorem 5.3.6, Definition 5.2.4, Corollary 5.3.9].
3Here we just present the homotopical contexts in Kelly-Kremnizer-Mukherjee for the general (o, 1)-categories
as above.



3.2 Functional Analytic Derived Prismatic Cohomology and Func-
tional Analytic Derived Perfectoidizations

3.2.1 General Constructions

Lurie’s book [Lu3, Section 5.5.8] illustrates in a very general way the corresponding construc-
tions on how we could extend in a certain (oo, n)-category the corresponding nonabelian de-
rived functor from a smaller class of generators in some discrete sense to a large (oo, 11)-categorical
closure by considering enough colimits being sifted. Therefore in our situation by using the
foundation in [BBBK], [BBK], [BBM], [BK] and [KKM] one can define and extend from Tate
series rings, Stein series rings, formal series rings and dagger series rings (as those in [BBM,
Section 4.2]) into very large (oo, 1)-categories in the following sense:

Objecty_commutativealgebra,Simplicial INASNormg), (3.2.1)
Objecty_commutativealgebraSimplicial (INd" SNormg ), (3.22)
Object_ ommutativealgebra Simplicial INANoOrmg), (3.2.3)
Objecty_commutativealgebra,Simplicial (INd" Normg), (3.2.4)
Objecty_commutativealgebra,Simplicial INABang), (3.2.5)
Objecty_commutativealgebra Simplicial (A" Bang), (3.2.6)
with
Objecty_commutativealgebra Simplicial (NASNOrmE, ), (3.27)
Objecty_commutativealgebra,Simplicial (1N SNOTmE, ), (3.2.8)
Object_ ommutativealgebra Simplicial (INANOrmE, ), (3.2.9)
Objecty_commutativealgebra,Simplicial (1A Normp, ), (3.2.10)
Objecty_ ommutativealgebra Simplicial INdBang, ), (3.2.11)
Objecty_commutativealgebra,Simplicial (1N Bang, ). (3.2.12)

Definition 3.2.1. Since we are going to consider Bhatt-Scholze’s derived prismatic functors
[BS1, Construction 7.6], so we take the formal series over a general prism (A, I) (assume this
to be bounded) such that A/I is also Banach. Then we consider the corresponding formal
series ring over A/I, then take the correponsding projection resolution compactly generated
closure of them to get the sub (oo, 1)-categories of above (oo, 1)-categories, which we are going
to denote them as:

Obj e CtEooCommutativealgebra,Simplicial (In dSNorm 4 /1 ) smoothformalseriesclosure , (3.2.13)
ObjeCtEoo commutativealgebra,Simplicial (Il‘ld SNormA I ) Smoothformalseriesclosure, (3 2. 14)
Ob] eCtEoocommutativealgebra,Simplicial (IndNormA /1 ) smoothformalseriesclosure/ (3 2.1 5)
Ob] eCtEoocommutativealgebra,Simplicial (Il’ld Norm 4 /1 ) smoothformalseriesclosure’ (3 2.1 6)
Objecty_commuta tivealgebra Simplicial (IndBany /) smoothformalseriesclosure (3.2.17)

Ob] eCtEmcommuta’civealgebra,Simplicial (Ind BanA I ) Smoothformalseriesclosure, (3.2.18)



as in [BBM, Section 4.2] on the corresponding analytification defined from extension from for-
mal series rings.

Consequently one applies this idea directly to Bhatt-Scholze’s prismatic construction [BS1],
one directly gets the corresponding functional analytic (co, 1)-categorical prismatic cohomolo-
gies.



3.2.2 co-Categorical Functional Analytic Prismatic Cohomologies and co-Categorical
Functional Analytic Preperfectoidizations

Definition 3.2.2. One can actually define the derived prismatic cohomologies through derived
topological Hochschild cohomologies, derived topological period cohomologies and derived
topological cyclic cohomologies as in [BMS, Section 2.2, Section 2.3], [BS1, Theorem 1.13]:

Kany o THH, Kany ¢4 TP, Kang ¢ TC, (3.2.19)

on the following (oo, 1)-compactly generated closures of the corresponding polynomials* given
over A/I with a chosen prism (A4, I)°:

4Defini’cely, we need to put certain norms over in some relatively canonical way, as in [BBM, Section 4.2] one
can basically consider rigid ones and dagger ones, and so on. We restrict to the formal one. This means that we
are going to consider the corresponding p-adic topology only such as the norm over A/I (T, ..., Ty), while rigid
analytic situation is usually over a field such as in [G2] over Bgg (T4, ..., T) for instance. One can then in the same
way define the corresponding;:

Kang o THH, Kany o TP, Kany o TC, (3.2.20)
over
ObjeCtEoo commutativealgebra,Simplicial (IndSNordeR )smoothformalseriesclosure/ (3.2.21)
Obj eCtEmcommutativealgebra,Simplicial (Indm SNOI‘deR ) smoothformalseriesclosure ’ (3.2.22)
Ob] e CtEwcammutativealgebra,Simplicial (In dN ormp,, ) smoothformalseriesclosure, (3. 2. 23)
ObjeCtEoo commutativealgebra,Simplicial (Indm NordeR )smoothformalseriesclosure’ (3.2.24)
ObjeCtEoo commutativealgebra,Simplicial (IndBan B )SmOOtthl‘malseriescl()sure, (3.2.25)
ObjectEw commutativealgebra,Simplicial (Indm BaanR ) smoothformalseriesclosure, (3.2.26)
by
KanLeftTHHfunctionalanalytic,KKM,BBM,formalanalytiﬁcation ( O) = (3.2.27)
(homotop YCOlimit KanLeftTHHfunctionalanalyﬁc,KKM ( Oi ) )BBM,formalanalytiﬁcation/
1 sifted,derivedcategory, (B4qr —Module)
(3.2.28)
KanLeftTPfunctionalanalytic,KKM,BBM,formalanalytiﬁcation (O) = (3.2.29)
(homotopycolimit KanLeftTPfunctionalanalytic,KKM (Oi ) )BBM,formalanalytification/ (3.2.30)
! sifted,derivedcategory,, (Bsr —Module)
KanLeftTCfunctionalanalytic,KKM,BBM,formalanalytiﬁcation ( O) = (3 2.3 1)
(homOtOPyCOIimit KanLeftTCfunctionalanalytic,KKM (Ot ) )BBM,formalanalytificationr (3 -2-32)

1 sifted,derivedcategory, (B4qr —Module)

where each O; is given as some Bgg (T, ..., Tn). See [G2], [G1].
5In all the following, we assume this prism to be bounded and satisfy that A/ is Banach.



Ob] eCtEwcommutativealgebra,Simplicial (IndSNormA /1 ) smoothformalseriesclosure’ (3 233)
Obj ec tEoo commutativealgebra,Simplicial (In d"SN ormy /g ) smoothformalseriesclosure , (3.2.34)
Ob] eCtEoocommutativealgebra,Simplicial (IndNormA /1 ) smoothformalseriesclosure/ (3 '2'35)
Obj eC’[Emcommu’tativealgebra,Simplicial (Ind"Norm 4 /1) smoothformalseriesclosure’ (3.2.36)
Obj ectg,, commutativealgebra,Simplicial (IndBanA /1 ) smoothformalseriesclosure, (3.2.37)

Ob] eCtEwcommutativealgebra,Simplicial (Indm Bany /1 ) smoothiormalseriesclosure : (3 238)

We call the corresponding functors are derived functional analytic Hochschild cohomologies,
derived functional analytic period cohomologies and derived functional analytic cyclic coho-
mologies, which we are going to denote them as in the following:

KanLeftTHHfunctionalanalytic,KKM,BBM,formalanalytiﬁcation ( (@) ) = (3 239)

(homO’fOpyCOUmit I<anLeft THHfunctionalanalytic,KKM ( Oi ) (3 240)
1 sifted,derivedcategory ., (A/I—Module)

) BBM, formalanalytification~ (3 241 )

KanLeftTPfunctionalanalytic,KKM,BBM,formalanalytiﬁcation ( (@) ) = (3 242)

(homOtOPYCOUmit KanLeft TPfunctionalanalytic,KKM ( Oi ) (3 24-3)
1 sifted,derivedcategory . (A/I—Module)

) BBM, formalanalytification~ (3 244)

KanLeftTCfunctionalanalytic,KKM,BBM,formalanalytification ( O) = (3 .2.45 )

(homOtOPYCOIimit KanLeft TCfunctionalanalytic,KKM ( Oi ) (3 246)

1 sifted,derivedcategory . (A/I—Module)

) BBM, formalanalytification~ (3 -2-47)
by writing any object O as the corresponding colimit

homotopycolimit  O;.
i sifted

These are quite large (oo, 1)-commutative ring objects in the corresponding (oo, 1)-categories
forR=A/I:

Objecty  commutativealgebra Simplicial ((NASNoOrmg ), (3.2.48)
Objecty_commutativealgebra,Simplicial (INd" SNormg ), (3.2.49)
Objecty_commutativealgebra Simplicial (NANOrmg), (3.2.50)
Objecty_commutativealgebra,Simplicial (INd" Normg ), (3.2.51)
Objecty_commutativealgebra,Simplicial INABang), (3.2.52)
Objecty_commutativealgebra,Simplicial (1N Bang), (3.2.53)



after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring objects in the co-derived
category of all A-modules from formal series rings over A, into:

Objecty, commutativealgebra Simplicial ((MASNOTME, ) 4, (3.2.54)
Objecty, commutativealgebra Simplicial (N SNOTME, ) 4, (3:2.55)
Objectycommutativealgebra, Simplicial (IndNormg, ) 4, (3.2.56)
Objecty_commutativealgebra,Simplicial (11" NOrME, ) 4, (3.2.57)
Objecty_ commutativealgebraSimplicial (INABanE, ) 4, (3.2.58)
Objecty_commutativealgebra Simplicial (Ind"Bang, ) 4- (3.2.59)

Remark 3.2.3. One should actually do this in a more coherent way as in [Ra], [NS], [KKM], by
applying directly the corresponding construction to objects in the corresponding (oo, 1)-objects
above, even the corresponding A«-objects. The constructions here are the corresponding func-

tional analytic counterpart of the corresponding condensed constructions in [M] after [CS1]
and [CS2].

Definition 3.2.4. Then we can in the same fashion consider the corresponding derived pris-
matic complexes [BS1, Construction 7.6]° for the commutative algebras as in the above (for a
given prism (A, I)):

KanLeftA7/A, (3260)

by the regular corresponding left Kan extension techniques on the following (e, 1)-compactly
generated closures of the corresponding polynomials given over A/I with a chosen prism
(A, 1):

Ob] eCtEwcommutativealgebra,Simplicial ( IndSNorm 4 /1 ) Smoothformalseriesclosure, (3.2.61)
()bjeCtEoo commutativealgebra,Simplicial (Indm SNormy /| ) smoothformalseriesclosure’ (3.2.62)
Objecty_ ommuta tvealgebra Simplicial (IndNorm 4 /) smoothformalseriesclosure (3.2.63)
Obj eCtEmcommutativealgebra,Simplicial (Il’ldm Normy ) smoothformalseriesclosure/ (3.2.64)
Ob] eCtEo<J commutativealgebra,Simplicial (IndBanA /1 ) smoothformalseriesclosure’ (3 2. 65)

Ob] eCtEmc0mmutativealgebra,Simplicial (Indm Bany /1 ) smoothformalseriesclosure : (3.2.66)

We call the corresponding functors functional analytic derived prismatic complexes which we
are going to denote that as in the following:

KarlLeft A ?/ A functionalanalytic, KKM,BBM, formalanalytification- (3 2. 67)

®One just applies [BS1, Construction 7.6] and then takes the left Kan extensions.



This would mean the following definition:

KanLeft A ?/ A functionalanalytic KKM,BBM, formalanalytification ( @ ) (3 2. 68)
L .. A
:= ((homotopycolimit KanyestA?/ 4 functionalanatytic kv (O7))
1 sifted,derivedcategory . (A/I—Module)
(3.2.69)
) BBM, formalanalytification (3 2. 70)

by writing any object O as the corresponding colimit

homotopycolimit  O;.
i sifted

These are quite large (oo, 1)-commutative ring objects in the corresponding (oo, 1)-categories
forR=A/I

Objecty commutativealgebra Simplicial (IMASNOrmg ), (3.2.71)
Objecty_commutativealgebra Simplicial A" SNormg), (3.2.72)
Objecty_commutativealgebra Simplicial (IMANOIMRg ), (3.2.73)
Objecty_commutativealgebra Simplicial A" NOrmg), (3.2.74)
Objecty_commutativealgebra Simplicial (MdBang ), (3.2.75)

Objecty commutativealgebra Simplicial (A" Bang), (3.2.76)
(3.2.77)

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring objects in the co-derived
category of all A-modules from formal series rings over A, into:

Objecty commutativealgebra Simplicial (MASNOTME, ) 4, (3.2.78)
Objecty commutativealgebra Simplicial (A" SNOTME, ) 4, (3.2.79)
Objecty_commutativealgebra Simplicial NANOTME, ) 4, (3.2.80)
Objecty, commutativealgebra Simplicial (A" NOTME, ) 4, (3.2.81)
Objecty commutativealgebraSimplicial (INABanE, ) 4, (3.2.82)
Objecty, commutativealgebraSimplicial (INd " Bang, ) 4. (3.2.83)

Then as in [BS1, Definition 8.2] we consider the corresponding perfectoidization in this
analytic setting.

"Before the Ben-Bassat-Mukherjee p-adic formal analytification we take the corresponding derived (p,I)-
completion.



Definition 3.2.5. Let (A, I) be a perfectoid prism, and we consider any E-ring O in the fol-
lowing

Obj e CtEooCommutativealgebra,SimpliCial (In dSNorm 4 J1 ) smoothformalseriesclosure , (3.2.84)
ObjeCtEoo commutativealgebra,Simplicial (Il’ldm SNormy ) smoothformalseriesclosure/ (3.2.85)
Ob] eCtEwcommutativealgebra,Simplicial ( IndNorm 4 /1 ) smoothformalseriesclosure’ (3 2. 86)
Ob] eCtEwcommutativealgebra,Simplicial ( Ind"™ Norm 4 /1 ) SmOOthformalseriesclosure, (3.2.87)
Ob] eCtEoo commutativealgebra,Simplicial (IndBanA /1 ) smoothformalseriesclosure’ (3 2. 88)

Obj ec tEwcommutativealgebra,Simplicial (In d"B any ) smoothformalseriesclosure (3.2.89)

Then consider the derived prismatic object:

KanLef’tA? / A functionalanalytic KKM,BBM, formalanalytification ( (@) ) . (3 290)

Then as in [BS1, Definition 8.2] we have the following preperfectoidization:

(O ) preperfectoidization (3 29 1)
:= Colimit (KanLeft Ar / A functionalanalytic, KKM,BBM, formalanalytification ( @ ) - (3 292)
Fro * KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification ( O ) (3 293)

( O) - ) BBM, formalanalytification
(3.2.94)

— FI'O* FI'O* KanLeftA? / A functionalanalytic KKM,BBM, formalanalytification

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (o, 1)-ring object in the co-derived
category of all A-modules from formal series rings over A. Then we define the corresponding
perfectoidization:

( O ) perfectoidization (3 29 5)
:= Colimit (KanLeftA? / A functionalanalytic KKM,BBM, formalanalytification ( @ ) — (3 296)
FI‘O* KanLeft A ?/ A functionalanalytic, KKM,BBM, formalanalytification ( O ) (3 297)

BBM, formalanalytification x A / I.
(3.2.98)

” FI‘O* FI‘O* KanLeftA? / A functionalanalytic KKM,BBM, formalanalytification ( @) ) 7 e )

Furthermore one can take derived (p, I)-completion to achieve the derived (p, I)-completed
versions:

Opreperfectoidization,derivedcomplete - <Opreperfectoidization)/\ (3 2 99)

= p 2.
Operfectoidization,derivedcomplete - Opreperfectoidization,derivedcomplete x A/l (3.2 100)
(3.2.101)

These are large (oo, 1)-commutative algebra objects in the corresponding categories as in the
above, attached to also large (oo, 1)-commutative algebra objects. When we apply this to the
corresponding sub-(co, 1)-categories of Banach perfectoid objects in [BMS2], [GR], [KL1], [KL2],
[Ked1], [Sch3], we will recover the corresponding distinguished elemental deformation pro-
cesses defined in [BMS2], [GR], [KL1], [KL2], [Ked1], [Sch3].



Remark 3.2.6. One can then define such ring O to be preperfectoid if we have the equivalence:

~

Opreperfectoidization -~ 0. (3.2.102)
One can then define such ring O to be perfectoid if we have the equivalence:

(preperfectoidization o 4 /7~y ) (3.2.103)



3.3 Functional Analytic Derived Logarithmic Prismatic Cohomology
and Functional Analytic Derived Logarithmic Perfectoidizations

3.3.1 Functional Analytic Derived Logarithmic Prismatic Cohomology

We now extend the previous functional analytic discussion to logarithmic context, which is
related to the logarithmic context for instance in [O, Chapter 8], [B1, Chapter 5, Chapter 6,
Chapter 7] and [Kol].

Definition 3.3.1. We define the logarithmic version of the (oo, 1)-categories we considered in
the previous section (let (B, x) be any Banach logarithmic ring or IF;):

; prelog
Ob] eCJ[Ew commutativealgebra,Simplicial (IndSNormB ) 4
(Ind"SNormp )P relog

. prelog
Ob] eCtEoo commutativealgebra,Simplicial (IndNor mp /

(3.3.1)

Objecte commutativealgebra Simplicial ) (3.3.2)
) (3.3.3)

Objecty (Ind"Normjp)Prelos, (3.34)

) (3.3.5)

) (3.3.6)

~commutativealgebra,Simplicial

IndBang P18,

(Ind"Bang prelog

Ob]eCtEoocommutativealgebra,Simplicial (
Ob]eCtEmcommutativealgebra,Sirnplicial

where the prelog object means a morphism M —? where M is in the following categories of
(00, 1)-monoid objects:

Objecty monoid Simplicial (NdSNormg), (3.3.7)
Objecty_monoid,simplicial (INd" SNormp), (3.3.8)
Objecte_ monoid Simplicial (INANormg), (3.3.9)
ObjeCtEmmonoid,Simplicial (Ind"Normg), (3.3.10)
ObjectEwmonoidlSimphdal(IndBanB), (3.3.11)
ObjectEwmonoid,Simphdal(IndeanB), (3.3.12)
(33.13)

with ? being commutative algebra object in the previous section.

Assumption 3.3.2. We are going to consider the possible colimits in the (oo, 1)-categories:

Objecty_ ommutativealgebra Simplicial ((NASNormp Preics, (3.3.14)
Objecty commutativealgebra Simplicial (1" SNoOrm)Prel’8, (3.3.15)
Objectt,_commutativealgebra Simplicial (NANOTmMp )P, (3.3.16)
Objecty_commutativealgebra Simplicial (A" Normp )Pl (3.3.17)
ObjeCtEwcommutativealgebra,Simplicial (IndBang P8, (3.3.18)
Objecty_commutativealgebraSimplicial (N Bang)P relog, (3.3.19)

which means essentially that all the construction will only apply to the object M — O which
could be written as the colimit of logarithmic formal series rings over (B, *):



homotopycolimit  (M; — O;)

! sifted

in certain large enough co-category:

Objectg;piicial (IndSets) x Obj eCtgimplicial (IndSets). (3.3.20)
(3.3.21)

We conjecture the corresponding homotopy colimits exist throughout in order to drop this
technical assumption. The resulting co-categories are denoted to be:

: smoothformalseriesclosure,prelog
Ob] eCtEoocommutativealgebra,Simplicial (IndSNormB / (3 3.22

Ind™SN ormg smoothformalseriesclosure,prelog, (3.3.23

)

Objecty commutativealgebraSimplicial ( :
(IndNorm  )smoothformalseriesclosure prelog. (3.3.24)
)

)

)

Ob]eCtEoocommutativealgebra,Simplicial

smoothformalseriesclosure,prelog, (3 3.25

(In dBang smoothformalseriesclosure,prelog’ (3 3.26

. m
Ob] eCtEwcommutativealgebra,Simplicial (Ind Normg )
Ob] eCtEDo commutativealgebra,Simplicial )

: m smoothformalseriesclosure,prelog
Ob]ECtEmcommutativealgebra,Simplicial (Ind Bang : (3‘3‘27

Namely one considers all the logarithmic formal series rings, and then takes in
Objectg;,, sjiciar (INdSets) x Objectg; . ;i (INdSets) (3.3.28)

the closure by colimits.

Definition 3.3.3. Then we can in the same fashion consider the corresponding derived pris-
matic complexes [BS1, Construction 7.6], [Ko1, Definition 4.1]® for the commutative algebras as
in the above (for a given log prism (A, I, M)):

Kang etz 4, (3.3.29)

by the regular corresponding left Kan extension techniques on the following (co, 1)-compactly
generated closures of the corresponding polynomials given over A/I with a chosen log prism
(A, I, M):

Obj e CtEw commutativealgebra Simplicial (In dSNorm 4 /1 ) smoothformalseriesclosure,prelog, (3.3.30)
Ob] ec tEmcommutativealgebra,Simplicial (In d"SNo rmpy g ) smoothformalseriesclosure,prelog/ (3.3.31 )
ObjectEoo commutativealgebra,Simplicial (IndNormA /1 ) SmOOthformalseriesclosure,prelog, (3.3.32)
Ob] eCtEoo commutativealgebra,Simplicial <Indm Norm4 /1 ) smoothformalseriesclosure,prelog/ (3 3 33)
Ob] e CtEoocommutativealgebra,Simplicial (In dBany /1 ) smoothformalseriesclosure,Prelog, (3 3 34)

Obj e CtEoo commutativealgebra,Simplicial (In d"B any | ) smoothformalseriesclosure,prelog . (3.3.35)

80ne just applies [BS1, Construction 7.6], [Kol, Definition 4.1] and then takes the left Kan extensions. We note
that the derived logarithmic prismatic cohomologies are considered in [Ko1, Just above Notation in Section 1].



We call the corresponding functors functional analytic derived logarithmic prismatic com-
plexes which we are going to denote that as in the following;:

KarlLeftA ?/ A functionalanalytic,logarithmic, KKM,BBM,formalanalytification- (3 3.3 6)

This would mean the following definition’:

KanLeftA? / A functionalanalytic logarithmic, KKM,BBM, formalanalytification ( (@) ) (3 3.3 7)
= ( (homOtOPYCOHmit KanLeftA? / A functionalanalytic logarithmic, KKM
i sifted,derivedcategory ., (A/I—Module)
(3.3.38)
(O (3.3.39)
) BBM, formalanalytification (3.3 ~4O)

by writing any object O as the corresponding colimit

homotopycolimit  O;.
i sifted

These are quite large (oo, 1)-commutative ring objects in the corresponding (oo, 1)-categories
for (R = A/I,%):

Objecty_commutativealgebra,Simplicial NASNormg yprelos, (3.341)
Object  ommutativealgebra Simplicial (Ind"SNormg P8, (3.3.42)
Objecty_commutativealgebra,Simplicial INANOrmg Jprelos, (3.3.43)
Objecty_commutativealgebra,Simplicial (1N Normpg yprelos, (3.3.44)
Objecty_commutativealgebra,Simplicial INdBang yprelos, (3.3.45)
ObjeCtEoocommutativealgebra,Simplicial(Indean Preles, (3.3.46)
(3.3.47)

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring objects in the co-derived
category of all A-modules from formal series rings over A.

9Before the Ben-Bassat-Mukherjee p-adic formal analytification we take the corresponding derived (p,I)-
completion.



3.3.2 Functional Analytic Derived Logarithmic Perfectoidizations

Then as in [BS1, Definition 8.2] we consider the corresponding perfectoidization in this analytic
setting.

Definition 3.3.4. Let (A, I, M) be a perfectoid logarithmic prism as in [Ko1, Definition 3.3], and
we consider any E-ring O in the following

Obj e CtEw commutativealgebra Simplicial (In dSNorm 4 /1 ) srnoothformalseriesclosure,prelog, (3.3.48)
Ob] ec tEmcommutatjvealgebra,Simplicial (Il’l d"™SNo rmy ) smoothformalseriesclosure,prelog/ (3.3. 49)
ObjectEoo commutativealgebra,Simplicial (IndNormA /1 ) SmOOthformalseriesclosure,prelog, (3.3.50)
Ob] eCtEOo commutativealgebra,Simplicial (Indm Normy4 /1 ) smoothformalseriesclosure,prelog/ (3 3.51 )
Ob] e CtEoocommutativealgebra,Simplicial (II’I dBany /1 ) smoothformalseriesclosure,Prelog, (3.3.52)
Obj ec tEoo commutativealgebra,Simplicial (In d"B an, | ) smoothformalseriesclosure,prelog ) (3.3.53)
Then consider the derived prismatic object:
Kange;A; / A functionalanalytic logarithmic, KKM,BBM, formalanalytification ( @ ) (3 3 '54)
= ( (hOl’I’lOtOpYCOhmit KanLeftA? / A functionalanalytic logarithmic, KKM
1 sifted,derivedcategory, (A/I—Module)
(3.3.55)
(O))" (3.3.56)
) BBM, formalanalytification - (3.3.5 7)
Then as in [BS1, Definition 8.2] we have the following preperfectoidization:
( O ) preperfectoidization (335 8)
:= Colimit (KanLeftA? / A functionalanalytic,logarithmic, KKM,BBM, formalanalytification ( O ) — (3 3.5 9)
Fro. KanLeftA? / A functionalanalytic,logarithmic, KKM,BBM, formalanalytification ( @ ) (3 3. 60)
— Fro.Fro, KanLeftA? / A functionalanalytic,logarithmic, KKM,BBM, formalanalytification ( O ) — .. (3 3.61 )
) BBM, formalanalytification ) (3 3. 62)



19Then we define the corresponding perfectoidization:

( O ) perfectoidization (3 3 70)
:= Colimit ( KanLeft Ar / A functionalanalytic,logarithmic, KKM,BBM, formalanalytification ( @ ) — (3 3.71 )
Fro * KanLeftA? / A functionalanalytic,logarithmic, KKM,BBM, formalanalytification ( (@) ) (3 3. 72)
— Fro * FTO* KanLeft A ?/ A functionalanalytic,logarithmic, KKM,BBM, formalanalytification ( O ) ? (3 3. 73)
. ) BBM, formalanalytification % A / I. (3 3.7 4)

Furthermore one can take derived (p, I)-completion to achieve the derived (p, I)-completed
versions:

Opreperfectoidization,derivedcomplete — (Opreperfectoidization)/\ (3 3 75)
= , .

Operfectoidization,derivedcomplete N Opreperfectoidization,derivedcomplete x A/l (3.3.76)

(3.3.77)

These are large (co,1)-commutative algebra objects in the corresponding categories as in the
above, attached to also large (oo, 1)-commutative algebra objects. When we apply this to the
corresponding sub-(oo, 1)-categories of Banach perfectoid objects in [BMS2], [DLLZ1], [DLLZ2],
[GR], [KL1], [KL2], [Ked1], [Sch3] we will recover the corresponding distinguished elemen-
tal deformation processes defined in [BMS2], [DLLZ1], [DLLZ2], [GR], [KL1], [KL2], [Ked1],
[Sch3].

Remark 3.3.5. One can then define such ring O to be logarithmicpreperfectoid if we have the
equivalence:

Opreperfectoidization ;> . (3378)
One can then define such ring O to be logarithmicperfectoid if we have the equivalence:

Opreperfectoidization x A/l -~ 0. (3379)

10Again after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2], which is
defined by taking the left Kan extension to all the (oo,1)-ring objects in the co-derived category of all A-modules
from formal series rings over A, into:

Ob] eCtEm commutativealgebra,Simplicial (IndSNormR )prelog, (3.3.63)
Object, commutativealgebra Simplicial (A" SNormp )P*elo8, (3.3.64)
ObjeCtE«, commutativealgebra,Simplicial (IndNor mg )prelog/ (3.3.65)
ObjeCtEm commutativealgebra,Simplicial (Indm Normpg ) prelog ’ (3.3.66)
ObjeCtEw commutativealgebra,Simplicial (IndBanR )prelog, (3~3~67)
Objects_commutativealgebra Simplicial (114" Bang )P4, (3.3.68)

(3.3.69)



3.4 Functional Analytic Derived Prismatic Complexes for (oo, 1)-Analytic
Stacks and the Preperfectoidizations

3.4.1 Functional Analytic Derived Prismatic Complexes for (oo, 1)-Analytic Stacks

We now promote the construction in the previous sections to the corresponding (oo, 1)-ringed
toposes level after Lurie [Lul], [Lu2] and [Lu3] in the co-category of co-ringed toposes, Bambozzi-
Ben-Bassat-Kremnizer [BBBK], Ben-Bassat-Mukherjee [BBM], Bambozzi-Kremnizer [BK], Clausen-
Scholze [CS1] [CS2] and Kelly-Kremnizer-Mukherjee [KKM] in the co-cateogory of co-functional
analytic ringed toposes.

Now we consider the following co-categories of the corresponding co-analytic ringed toposes
from Bambozzi-Ben-Bassat-Kremnizer [BBBK]:



ringed commutativealgebrag, yic;,i (IndSeminormed:)

oo — Toposes

Commutativealgebrasimph cia1 (IndSeminormed; ) °Pposite Grothendiecktopology,homotopyepimorphism’
(3.4.1)
0 — To Osesringed,Commutativealgebrasimpﬁdal(Indeeminormed?)
p CornmutativealgebraSimloli cia1 (Ind"Seminormed; ) °PPosite Grothendiecktopology,homotopyepimorphism
(3.4.2)
0 — To Osesringed,Commutativealgebrasimphcia](IndNormed?) (34.3)
p Commutativealgebrasimphdal(IndNormedy)DPP"S“E,Grothendiecktopology,homotopyepimorphism' o
o — To 0SeSringed,Commutativealgebrasimphcial(IndmNorrned?)
p Commutativealgebrag;jiciai (Ind""Normed; ) °PPosite, Grothendiecktopology,homotopyepimorphism”
(3.4.4)
0 — To Osesringed,Commutativealgebrasimpﬁdal(IndBanachy) (34.5)
p Commutativealgebrasimphcial(IndBanach?)°PP°S“E,Grothendiecktopology,homotopyepimorphism' o
0 — To Osesringed,Commutativealgebrasimp]icial(IndeanacI_u) (3.4.6)
p Commutativealgebrasimphdal(Indeanach7)OPPOS‘“*,Grothendiecktopology,homotopyepimorphism' o
PI.O'smoothformalseriesclosureoo o OSeSringed,commutativealgebrasimphdal(IndSeminormed7)
) p CommutativealgebrasimPli cia1 (IndSeminormed; ) °PPosite Grothendiecktopology,homotopyepimorphi
(3.4.7)
Pro-smoothformalseriesclosure 00 — Topos eSringed,Commutativealgebrasimphdal(Indeeminormeéy)
) p CommutativealgebrasmnPli cial (Ind™Seminormed, ) °PPosite, Grothendiecktopology,homotopyepimorp]
(3.4.8)
Pro-smoothformalseriesclosureOo ~ To 0SeSringecl,Commu’rativealgebrasimplicial (IndNormecp)
) P Commutativealgebrasimph cia1 (IndNormeds ) °PPosite, Grothendiecktopologyhomotopyepimorphism”
(3.4.9)
Projsmoothformalseriesclosure oy iy 0sesringed’COmmutativealgebrasimplicial (IndmNormeO_l?)
) P Commutativealgebrasimphdal(Ind'"Normed7)OPPOS‘te,Grothendiecktopology,homotopyepimorphism
(3.4.10)
Pro-smoothformalseriesclosureOO  To OSeSringed,Commutativealgebrasimphdal(IndBanach?)
) p Commutativealgebrag;jicial (IndBanach; ) °PPosite, Grothendiecktopology homotopyepimorphism
(3.4.11)
Pro-smoothformalseriesclosureOO - To OSeSringed,Commutativealgebrasimphdal(IndWBanaCh?)
) p Commutativealgebrag; . jicial (Ind™Banach; ) °PPsite, Grothendiecktopology,homotopyepimorphism”
(3.4.12)
(3.4.13)

Example 3.4.1. (Preadic nonsheafy spaces and their colimits) The main example we would like
consider comes from [BK] where one constructs the corresponding derived adic space (Spectrumadicg (R), Ospe
by using derived rational localization to reach some co-toposes carrying essentially co-sheaf of
rings, from any Banach ring R!!. Then we apply this to the corresponding situation below. Let
(A, I) be a corresponding prism from Bhatt-Scholze, with the assumption that A /I is Banach.
Then what we do is consider all the formal series rings over A/I then take the colimit comple-
tion in the homotopy sense, by embedding them through Spectrumadicgy into the co-toposes

1With some key essential assumptions but that is not so serious once one considers some foundation from Ked-
laya in [Ked?2] on reified adic spaces as mentioned in the last section of [BK].



ringed. For instance for any such formal ring F, one could regard this as a inductive system of
Banach rings:

F = homotopycolimitF;, (3.4.14)
i

where we set:

(Spectrumadicgy (F), O) := homotopylimit(Spectrumadicgy (F;), Ospectrumadicyy (F) ). (3-4-15)

1

The resulting co-stacks generated are interesting to study.

Definition 3.4.2. One can actually define the derived prismatic cohomology presheaves through
derived topological Hochschild cohomology presheaves, derived topological period cohomol-
ogy presheaves and derived topological cyclic cohomology presheaves as in [BMS, Section 2.2,
Section 2.3], [BS1, Theorem 1.13]:

Kang o THH, Kany o TP, Kang 4 TC, (3.4.16)
on the following (oo, 1)-compactly generated closures of the corresponding polynomials!? given
over A/I with a chosen prism (A, I)!3:
Pro'smoothformalseriesclosureOo CTo Osesringed,commutativealgebrasimp]ida](IndSeminormed A/l
) p Commutativealgebragjicial (IndSeminormed 4 /1) °PPOsite Grothendiecktopology homotopyepimorp]
(3.4.17)
Pro-smoothformalseriesclosure 0 — To Osesringed,Commutativealgebrasimp“da] (Ind"Seminormed 4 /)
) p Commutativealgebrag,, i, (Ind"Seminormed 4 /1) °PPosi® Grothendiecktopology,homotopyepimorpl
(3.4.18)
Pro-SmoothformalseriesclosureOo To OSeSringed,Commutativealgebrasimphdal(IndNormed A/l)
) p Commutativealgebragjiciai (IndNormed 4 /1) °PPosite Grothendiecktopologyhomotopyepimorp]
(3.4.19)
Pro-smoothformalseriesclosure o0 — To OSeSringed,Commutativealgebrasimplicial(Ind’"NormedA/ 1)
) p Commutativealgebragjiciai (Ind"Normed 4 /1) °PPosite, Grothendiecktopology homotopyepimorp]
(3.4.20)
PI.O-smoOthformalseriesclosureoo CTo Osesringed,Commutativealgebrasimphcial(IndBanach AJT)
) p CornmutativealgebrasimPli a1 (IndBanach 4 1) °PPosite, Grothendiecktopology homotopyepimorp!
(3.4.21)
Projsmoothformalseriesclosure oy Ty g eSringed,Commutativealgebrasimphdal(Ind’"BanachA/ 1)
) p Commutativealgebrag ;i (Ind"Banach 4 /) °PPosite Grothendiecktopologyhomotopyepimorp
(3.4.22)

We call the corresponding functors are derived functional analytic Hochschild cohomology
presheaves, derived functional analytic period cohomology presheaves and derived functional
analytic cyclic cohomology presheaves, which we are going to denote these presheaves as in

12Definitely, we need to put certain norms over in some relatively canonical way, as in [BBM, Section 4.2] one can
basically consider rigid ones and dagger ones, and so on. We restrict to the formal one.
131n all the following, we assume this prism to be bounded and satisfy that A/I is Banach.



the following for any co-ringed topos (X, O) = homotopycolimit(X;, O;):
i

KanLeftTHHfunctionalanalytic,KKM,BBM,formalanalytiﬁcation ( (@) ) = (3 423)

(homOtOPYCOIimit KanLeft THHfunctionalanalytic,KKM ( Oi ) (3 424’)
i sifted,derivedcategory, . (A/I—Module)

) BBM, formalanalytification, (3 4.25 )

KanLeftTPfunctionalanalytic,KKM,BBM,formalanalytiﬁcation ( (@) ) = (3 426)

(homOtOPYCOHmit KanLeft TPfunctionalanalytic,KKM ( Oi ) (3 427)
i sifted,derivedcategory, . (A/I—Module)

) BBM, formalanalytification~ (3 428)

KanLeftTCfunctionalanalytic,KKM,BBM,formalanalytification ( @ ) = (3 429)

(homOtOPYCOUmit KanLeft TCfunctionalanalytic,KKM ( Oi ) (3 430)
i sifted,derivedcategory, . (A/I—Module)

) BBM, formalanalytification~ (3 4.31 )

by writing any object O as the corresponding colimit

homotopycolimit ~ O; := homotopycolimit Ospectrumadicyy (Formalseriesring, )
i sifted 1 sifted

These are quite large (oo, 1)-commutative ring objects in the corresponding (oo, 1)-categories
for? = A/Iover (X, 0):

. heaf
Indf#Quasicoherent” "

In dsmoothformalseriesclosure ringed,commutativealgebra

simplicial (IndSeminormed )
e —TOpOSGS i opposite i i
IndSeminormed; ) °PP" ,Grotopology homotopyepimorphism

(3.4.32)

Commutativealgebrasimphcial (

. heaf
IndfQuasicoherent” "

In dsmoothformalseriesclosure ringed Commutativealgebra,

simplicial (Ind™Seminormed, )
co—Toposes it
Ind""Seminormed, ) °PPOS!€ Grotopology,homotopyepimorphism

(3.4.33)

Commutativealgebrasimph cial (

. heaf
IndfQuasicoherent” "

In dsmoothformalseriesclosure ringed, Commutativealgebra,

simplicial (IndNormeds)
oco—Toposes it . )
IndNormed, ) °PPOS!€ Grotopology,homotopyepimorphism

(3.4.34)

Commutativealgebrasimpli cial (

. heaf
Indf#Quasicoherent” "

In dsmoothformalseriesclosure ringed, Commutativealgebra

simplicial (Ind"Normed, )
e —TOpOSES opposite i i
Ind” Normed; ) °PPOS!€ Grotopology homotopyepimorphism

(3.4.35)

Commutativealgebrasimphcial (

. heaf
Ind#Quasicoherent” >

In dsmoothformalseriesclosure ringed Commutativealgebra,

simplicial (IndBanach; )
oofToposes opposite ; ;
IndBanach, ) °PP! ,Grotopology,homotopyepimorphism

(3.4.36)

C ommutativealgebrasimpli cial(

. heaf
IndfQuasicoherent” "

In dsmoothformalseriesclosure ringed, Commutativealgebra,

simplicial (Ind"*Banach ) ¢
oco—Toposes ite . .
Ind Banach; ) °PPOS!€ Grotopology homotopyepimorphism

(3.4.37)
(3.4.38)

Commutaﬁvealgebrasimplidal (



after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring objects in the co-derived
category of all A-modules from formal series rings over A.

Definition 3.4.3. Then we can in the same fashion consider the corresponding derived pris-
matic complex presheaves [BS1, Construction 7.6]'* for the commutative algebras as in the
above (for a given prism (A, I)):

KanLeftA?/A, (3439)

by the regular corresponding left Kan extension techniques on the following (e, 1)-compactly
generated closures of the corresponding polynomials given over A/I with a chosen prism
(A, 1):

Pro'SmoothformalseriesclosureOo  To 0SeSringecl,commuta’tivealgeblrasimplicial (IndSeminormed 4 /)
) p Commutativealgebragjiciai (IndSeminormed 4 ;1 )°PPOsite Grothendiecktopologyhomotopyepimorp]
(3.4.40)
Pro-smoothformalseriesclosure 00 — Topos eSringed,Commutativealgebrasimpﬁdal (Ind™Seminormed 4 )
) p Commutativealgebragjicial (Ind"Seminormed 4 ;1) °PPOsite, Grothendiecktopologyhomotopyepimorp]
(3.4.41)
Pro'smoothformalseriesclosureOo CTo Osesringed,Commutativealgebrasimplicial (IndNormed 4 /)
) p Commutativealgebrag jicial (IndNormed 4 ) °PPosite, Grothendiecktopologyhomotopyepimorp
(3.4.42)
Pro~smoothformalseriesclosureOo CTo Osesringed,Commutativealgebrasimpli cia1(Ind™Normed 4 /1)
) p Cornmutativealgebrasimp1i cia1(Ind"Normed 4 /) °PPosite, Grothendiecktopologyhomotopyepimorp!
(3.4.43)
Pro'SmoothformalseriesclosureOO  To OSeSringecl,Cornmutativealgebrasimplicial (IndBanach /)
) p Commutativealgebragp,jicial (IndBanach /1) °PPosite Grothendiecktopology,homotopyepimorpl
(3.4.44)
Pro-Smoothformalseriesclosureoo  To oSesringecl,Cornmuta’dvealgebrasimPlicial (Ind™Banachy /)
) p Commutativealgebrag;,, il (Ind™Banach /) °PPosite, Grothendiecktopologyhomotopyepimorp]
(3.4.45)

We call the corresponding functors functional analytic derived prismatic complex presheaves
which we are going to denote that as in the following:

I<anLeft A ?/ A functionalanalytic, KKM,BBM,formalanalytification- (3 446)

140One just applies [BS1, Construction 7.6] and then takes the left Kan extensions.



This would mean the following definition!®:

I<anLeft A ?/ A functionalanalytic, KKM,BBM, formalanalytification ( O ) (3 447)
L .. A
= ( (hOmOtOPYCOhmlt KanLeftA? / A functionalanalytic, KKM (Ol) )
i sifted,derivedcategory ., (A/I—Module)
(3.4.48)
) BBM, formalanalytification (3 449)

by writing any object O as the corresponding colimit!®

homotopycolimit  O;.
i sifted

These are quite large (oo, 1)-commutative ring objects in the corresponding (oo, 1)-categories
forR=A/I:

. heaf
IndfQuasicoherent” "

I dsmoothformalseriesclosureoo T ringed,commutativealgebrasimplicial (IndSeminormedp )
n — loposes .
P Commutativealgebrasimp“ cial (IndSeminormed g )OPPOsite Grotopologyhomotopyepimorphism

(3.4.53)
. presheaf
IndfQuasicoherent inged Commutativealgebra_. 1 - ' (Ind™Seminormedy)
Indsmoothformalseriesclosureoo7T0 Osesrmge /- OMMUALVEagehIasimplicial (¢ SEMINOIMEAR
P Commutativealgebrasimphdal (Ind™Seminormed g )OPPOSIte,Grotopology,homotopyepimorphism
. presheaf
Ind ﬁQuaSICOherent ringed,Commutativealgebrasimphcial (IndNormedp )

In dsmoothformalserlesclosure co— TOp oses

Commutativealgebra, (IndNormed g )OPPOsite Grotopology,homotopyepimorphism

(3.4.55)

simplicial

. heaf
Indf#Quasicoherent” >

Indsmoothformalseriesclosure o TopOsesringed,Commutativealgebrasimphcial (Ind™Normedp )

Commutativealgebra Ind”Normedg )OPPOSite ,Grotopology,homotopyepimorphism

(3.4.56)

'simplicial (

. heaf
IndfQuasicoherent” "

Ingsmoothformalseriesclosure o, .. po Sesringed,CommutativealgebrasimpliCial (IndBanachg )

Commutativealgebra, IndBanachp )OPPOSite,Grotopology/homotopyepimorphism

(3.4.57)

simplicial (

. heaf
Ind#Quasicoherent® "

ringed Commutativealgebra, Ind™Banachp ) ’

In dsmoothformalseriesclosure 00—To poses simplicial (

Ind"Banachg )OPPOsite Grotopologyhomotopyepimorphism

(3.4.58)
(3.4.59)

Commutativealgebrasimpli cial (

15Before the Ben-Bassat-Mukherjee p-adic formal analytification we take the corresponding derived (p,I)-
completion.

16Here we remind the readers of the corresponding foundation here, namely the presheaf O; in fact takes the
value in Koszul complex taking the following form:

KoszulcomplexA/I<X1,__.,Xl><T1,_“,Tm> (a1 — Thby, oy am — Trbm) (3.4.50)
= A/I(X1, ., X)) (T1, oy Tot) /M (ag = Tuby, ooy am — Tonbi). (3.4.51)

This is actually derived p-complete since each homotopy group is derived p-complete (from the corresponding
Banach structure from A/I (Xj, ..., X;) induced from the p-adic topology). Namely the definition of the presheaf:

KanLeftA? / A functionalanalytic, KKM (OZ) (3~4~52)

is directly the application of the derived prismatic functor from [BS1, Construction 7.6].



after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring objects in the co-derived
category of all A-modules from formal series rings over A.



3.4.2 Functional Analytic Derived Preperfectoidizations for (co, 1)-Analytic Stacks

Then as in [BS1, Definition 8.2] we consider the corresponding perfectoidization in this analytic
setting.

Definition 3.4.4. Let (A, I) be a perfectoid prism, and we consider any E-ring O in the fol-
lowing

Pro'Smoothformalseriesclosureoo CTo Osesringed,comrnutativealgebrasimPlicial (IndSeminormed 4 /)
) p Commutativealgebrag,jicial (IndSeminormed 4 /1) °PPOsite Grothendiecktopology homotopyepimorp]
(3.4.60)
Projsmoothformalseriesclosure g Tyhy0g esringed,Commutativealgebrasimphcial(IndeeminormedA/ 1)
) p Commutativealgebrag,jicial (Ind"Seminormed 4,1 ) °PPOsite, Grothendiecktopology homotopyepimorp]
(3.4.61)
Pro~Smoothformalseriesclosureoo CTo Osesringed,CommutativealgebraSimplicial (IndNormed 4 ;)
) p Commutativealgebrag jicial (IndNormed 4 /1 )°PPosite Grothendiecktopologyhomotopyepimorp]
(3.4.62)
Pro'smoothformalseriesclosureOo -~ To Osesringed,CommutativealgebraSimpli cia1(Ind"Normed 4 /1)
) p Commutativealgebrag, jicial (Ind"Normed 4,1 )°PPosite, Grothendiecktopologyhomotopyepimorp]
(3.4.63)
Projsmoothformalseriesclosureoo . TopOsesringed,Corflmuta’civealgebrasimplicial (IndBanélch 2:1 :E) . .
CommutatlvealgebraSimplicial (IndBanach 4 /1 ) °PPosite Grothendiecktopology,homotopyepimorp]
(3.4.64)
Projsmoothformalseriesclosure o, Tynoge Sringed,Commutativealgebrasimphcial (Ind"Banachy ;)
) p Commutativealgebrag, ;i (Ind"Banach 4 /) °PPOsite Grothendiecktopologyhomotopyepimorp
(3.4.65)
Then consider the derived prismatic object:
KanLef’tA? / A functionalanalytic KKM,BBM, formalanalytification ( (@) ) . (3 4. 66)
Then as in [BS1, Definition 8.2] we have the following preperfectoidization:
(O ) preperfectoidization (3.4. 67)
= COhnﬁit<KanLeftA?/ A functionalanalytic, KKM,BBM, formalanalytification ( O) — (3468)
F IOy KanLeftA? / A functionalanalytic KKM,BBM, formalanalytification ( O) (3 4. 69)

( O) - . ) BBM, formalanalytification
(3.4.70)

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (o, 1)-ring object in the co-derived
category of all A-modules from formal series rings over A. Then we define the corresponding
perfectoidization:

— Fro * Fro * KanLeft A ?/ A functionalanalytic, KKM,BBM, formalanalytification

( O ) perfectoidization (3 4.71 )
:= Colimit (KanLeftA? / A functionalanalytic KKM,BBM, formalanalytification ( O) — (3 4. 72)
FI‘O* KanLeft A ?/ A functionalanalytic, KKM,BBM, formalanalytification ( O ) (3 4.73 )

BBM, formalanalytification x A / I
(3.4.74)

» Fro,Fro, KanLef’tA? / A functionalanalytic KKM,BBM, formalanalytification ( (@) ) g )



Furthermore one can take derived (p, I)-completion to achieve the derived (p, I)-completed
versions:

Opreperfectoidization,derivedcomplete — ( Opreperfectoidization)/\ (3 4 75)

= , A,
Operfectoidization,derivedcomplete — Opreperfectoidization,derivedcomplete x A/l (3 4 76)
(3.4.77)

These are large (oo, 1)-commutative algebra objects in the corresponding categories as in the
above, attached to also large (oo, 1)-commutative algebra objects. When we apply this to the
corresponding sub-(oo, 1)-categories of Banach perfectoid objects in [BMS2], [GR], [KL1], [KL2],
[Ked1], [Sch3], we will recover the corresponding distinguished elemental deformation pro-
cesses defined in [BMS2], [GR], [KL1], [KL2], [Ked1], [Sch3].

The co-presheaves in this section in the co-category:

. heaf
IndfQuasicoherent” "

Indsmoothformalseriesclosure o_ TopOsesringed,commutativealgebrasimplicial (IndSeminormedp )

(IndSeminormed g )OPPOSite,Grotopology/homotopyepimorphism

(3.4.78)

Commutativealgebrasimphdal

. heaf
Ind#Quasicoherent’ "

Ingsmoothformalseriesclostre o ToposeSringed,Commutativealgebrasimphcial (Ind™Seminormedp )

Commutativealgebra, (Ind"™Seminormed g ) °PPOSite Grotopology,homotopyepimorphism

(3.4.79)

simplicial

. heaf
Indf#Quasicoherent” >

ringed, Commutativealgebra
co—Toposes )
Commutativealgebra,

In dsmoothformalseriesclosure simplicial (IndNormedp)

(IndNormed g )OPPOSite ,Grotopology,homotopyepimorphism

(3.4.80)

simplicial

. heaf
IndfQuasicoherent” "

In dsmoothformalseriesclosure ringed, Commutativealgebra,

simplicial (Ind™ Normedp )
co—Toposes

Commutativealgebra Ind™Normed )OPPOSite,Grotopology/homotopyepimorphism

(3.4.81)

simplicial (

. heaf
Ind#Quasicoherent’ "

Indsmoothformalseriesclosure o TOPOsesringed,Commutativealgebrasimplidal (IndBanachp )

Commutativealgebra (IndBanachp )opposite ,Grotopology,homotopyepimorphism

(3.4.82)

simplicial

. heaf
IndfQuasicoherent” "

ringed, Commutativealgebra
co—Toposes )
Commutativealgebra,

L m ,
In dsmoothforma]seriesclosure simplicial (Ind""Banachp )

Ind™Banachg )opposite ,Grotopology,homotopyepimorphism

(3.4.83)
(3.4.84)

simplicial (

are expected to be co-sheaves as long as one considers in the admissible situations the corre-
sponding Cech co-descent for general seminormed modules as in [KKM, Section 9.3] and [BBK]
such as Bambozzi-Kremnizer spaces in [BK]. Therefore we have:

Proposition 3.4.5. The motivic complex oco-presheaf

KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification ( (@) ) s (3 4.85 )
(3.4.86)



as well as the corresponding Hodge-Tate oo-presheaf as in [BS1]":

HodgeTat
KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification ( O) cdgelate (3487)
= KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification ( O) XA/l (3488)
. . A N
= ((homotopycolimit Kang eftA2/ 4 functionalanalytic kkm (O;))
i sifted,derivedcategory ., (A/I—Module)
(3.4.89)
) BBM, formalanalytification 3 -4-90)

and the preperfectoidization co-presheaves:

( O)preperfectoidization/ (3.4.91)
( O)perfectoidization’ (3.4.92)
( O)preperfectoidization,derivedcompleted/ (3.4.93)
( O)perfectoidization,derivedcompleted (3.4.94)

are oco-sheaves over Bambozzi-Kremnizer topos
(Spectrumadicg (F), O), (3.4.95)

attached to any colimit of formal series rings F over A/ 1 in [BK].

Remark 3.4.6. One can then define such ring O to be preperfectoid if we have the equivalence:
Opreperfectoidization AN 0. (3 496)
One can then define such ring O to be perfectoid if we have the equivalence:

Opreperfectoidization x A/l -~ 0. (3497)

7Before the Ben-Bassat-Mukherjee p-adic formal analytification we take the corresponding derived (p,I)-
completion.



3.4.3 Functional Analytic Derived de Rham Complexes for (co,1)-Analytic Stacks
and de Rham Preperfectoidizations

As in [LL] we have the comparison between the derived prismatic cohomology and the cor-
responding derived de Rham cohomology in some very well-defined way which respects the
corresponding filtrations, we can then in our situation take the corresponding definition of
some derived de Rham complex as the one side of the comparison from [LL]'®. To be more
precise after [An1, Chapitre 3], [An2], [B1, Chapter 2, Chapter 8], [Bei, Chapter 1], [G1, Chapter
5], [GL, Chapter 3, Chapter 4], [Il11, Chapitre II, Chapitre III], [I112, Chapitre VIII], [Qui, Section
4], and [BMS2, Example 5.11, Example 5.12] we define the corresponding;:

Definition 3.4.7. Then we can in the same fashion consider the corresponding derived de Rham
complex presheaves for the commutative algebras as in the above (for a given prism (A, I)):

Kanp eedeRhams 4, (3.4.98)

by the regular corresponding left Kan extension techniques on the following (oo, 1)-compactly
generated closures of the corresponding polynomials given over A/I with a chosen prism
(A, 1):

Pro-smoothformalseriesclosure 0 —To Osesringed,commutaﬁvealgebrasimpli cia1 (IndSeminormed 4 /1)
) p Commutativealgebrag,, i, (IndSeminormed 4 /1) °PPOsite, Grothendiecktopology homotopyepimorpl
(3.4.99)
Projsmoothformalseriesclosure .y Tyn0g esringed,Commutativealgebrasimplidal (Ind"Seminormed 4 /)
) p Commutativealgebrag,, iy (Ind"Seminormed 4 /1) °PPOsite, Grothendiecktopology, homotopyepimorp
(3.4.100)
Pro-Smoothformalseriesclosure 0 — To Osesr'mged,ComrnutativealgebrasimlDliCial (IndNormed 4 /1)
) p Commutativealgebrag, jicial (IndNormed 4 /) °PPOsite Grothendiecktopology homotopyepimorp]
(3.4.101)
Projsmoothformalseriesclosure y _ Tyy0g esr'mged,Commutativealgebrasimphdal (Ind"Normed 4 /)
) p Commutativealgebragjicial (Ind"Normed 4,1 ) °PPosite, Grothendiecktopologyhomotopyepimorp]
(3.4.102)
Pro-Smoothformalseriesclosureoo  To OSeSringecl,CommutatiVealgebraSimlDlicial (IndBanachy ;)
) p Commutativealgebrag, jicisl (IndBanach 4 /1) °PPosite Grothendiecktopology,homotopyepimorp
(3.4.103)
Pr O-smoothformalseriesclosure oo — Topose Sringed,Commutativealgebrasimphcial (Ind"Banach s /)
) p Commutativealgebrag, jicial (Ind™Banach ;1) °PPosite Grothendiecktopologyhomotopyepimorp]

(3.4.104)

We call the corresponding functors functional analytic derived de Rham complex presheaves
which we are going to denote that as in the following:

KanLeft deRham? / A functionalanalytic, KKM,BBM, formalanalytification- (3 4.105 )

180ur goal here is actually study the corresponding derived de Rham period rings and the corresponding appli-
cations in p-adic Hodge theory extending work of [DLLZ1], [DLLZ2], [Sch2] in the motivation from [GL], when
applyting the construction to derived p-adic formal stacks and derived logarithmic p-adic formal stacks.

19 After taking derived p-completion.



This would mean the following definition?’:

I<anLef’c deRham? / A functionalanalytic, KKM,BBM, formalanalytification ( O ) (3 4.1 06)
= ( (homOtOPYCOHmit KanLeftdeRham? / A functionalanalytic KKM
i sifted,derivedcategory,  (A/I—Module)
(3.4.107)
(0))" (3.4.108)
) BBM, formalanalytification (34 1 09)

by writing any object O as the corresponding colimit

homotopycolimit ~ O;.
i sifted

These are quite large (oo, 1)-commutative ring objects in the corresponding (oo, 1)-categories
forR=A/I

. resheaf
Ind jjQuaSlCOherent;dSmoDthformalseriesdosure o TopOseSringed,commutativealgebrasimplicial (IndSeminormed g ),
Commutativealgebrasimplicial (IndSeminormed g yopposite ,Grotopology,homotopyepimorphism
(3.4.110)
Ind tiQuasicoheren’cpreSheE’lf

ringed Commutativealgebra, Ind"Seminormedp )

simplicial (

S hformalseriesclosure
Indsmeot oo—Toposes ;
P CommutativealgebragimpJicial (Ind™Seminormed g ) °PPOSIt€ Grotopology,homotopyepimorphism
. presheaf
IndfQuasicoherent } }
ﬁQ In dsmoothformalseriesclosure 0 —TOP ose: Srlnged,Commutatlvealgebrasimphcial (IndNormedp )

Commutativealgebra, IndNormed g )OPPOsite Grotopologyhomotopyepimorphism

(3.4.112)

simplicial (

. heaf
IndfQuasicoherent” "

In dsmoothformalseriesclosure ringed Commutativealgebra

oco—Toposes )
Commutativealgebra,

simplicial (Ind™Normedp )

Ind"Normedg )OPPOSite ,Grotopology,homotopyepimorphism

(3.4.113)

simplicial (

. heaf
Indf#Quasicoherent” >

ringed, Commutativealgebra,

simplicial (IndBanachg )

In dsmoothformalsenesclosure co—Toposes

IndBanachp )OPPOSite,Grotopology/homotopyepimorphism

(3.4.114)

Commutativealgebrasimplidal (

. heaf
Ind#Quasicoherent” "

ringed Commutativealgebra, Ind™Banachp ) 4

In dsmoothformalseriesclosure 00—To poses simplicial (

(Ind"Banachp YOPPOsite Grotopologyhomotopyepimorphism

(3.4.115)
(3.4.116)

Commutativealgebrasimph cial

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring objects in the co-derived
category of all A-modules from formal series rings over A.

20Before the Ben-Bassat-Mukherjee p-adic formal analytification we take the corresponding derived (p,I)-
completion.



Now we apply this construction to any A/I formal scheme (X, Ox). But in order to use pris-
matic technology to reach the corresponding period derived de Rham sheaves, we need to
consider more, this would be some definition for "‘perfectoidizations”:

Definition 3.4.8. Let (A, I) be a perfectoid prism, and we consider any E-ring O in the fol-
lowing

Pro'Smoothformalseriesclosureoo To Osesringed,C0mmutativealgebrasimphdal(IndSeminormed AJT)
) P Commutativealgebra_ . . . (IndSeminormed 4 ,)°PPosite Grothendiecktopologyhomotopyepimorpl
g simplicial / P gy, pyep P
(3.4.117)
Prosmoothformalseriesclosure o _ T Osesringed,Commutativealgebrasimphdal(Ind’"Seminormed A/l)
) P Commutativealgebra_ ... (Ind”Seminormed 4 /;)°PPosite Grothendiecktopology,homotopyepimorpl
g simplicial / P gy, pyep P
(3.4.118)
Pro'SmoothformalseriesclosureOo CTo OSesringed,Commutativealgebrasimplidal(IndNormed AJT)
) p Commutativealgebrag; jicial (IndNormed 4 /) °PPOsite Grothendiecktopologyhomotopyepimorp]
(3.4.119)
Projsmoothformalseriesclosure o, i, Osesringed,Commutativealgebrasimphcial(Ind’”NormedA/ 1)
) p Commutativealgebrag, jicial (Ind"Normed 4 1) °PPosite, Grothendiecktopology,homotopyepimorp]
(3.4.120)
Pro'SmoOthformalseriesclosureOo CTo oSeSringed,Commutativealgebrasimp]iCial (IndBanachy ;)
) P CommutativealgebraSimpli a1 (IndBanach 4, )°PPosite, Grothendiecktopologyhomotopyepimorpl
(3.4.121)
Pro-smoothformalseriesclosureOo  To Osesringed,Commutativealgebrasimplicial(Indeanach AJT)
) p Commuta’civealgebraSimpli cia1(Ind"Banach 4 1) °PPosite, Grothendiecktopology,homotopyepimorpl
(3.4.122)
Then consider the derived prismatic object:
I<anLeft deRham? / A functionalanalytic, KKM,BBM, formalanalytification ( O) . (3 4. 123)
Then as in [BS1, Definition 8.2] we have the following de Rham preperfectoidization:
( O ) deRham,preperfectoidization (3 4.12 4)
:= Colimit (KanLeftdeRham? / A functionalanalytic, KKM,BBM, formalanalytification (O) — (3 4.125 )
FI‘O* KanLeftdeRham? / A functionalanalytic KKM,BBM, formalanalytification ( O) (3 4. 126)
— FI‘O* FI‘O* KanLeftdeRham? / A functionalanalytic, KKM,BBM, formalanalytification ( O) — .. (3 4. 127)
) BBM,formalanalytiﬁcation’ ( 3.4.12 8)

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring object in the co-derived
category of all A/I-modules from formal series rings over A/I. Furthermore one can take
derived (p, I)-completion to achieve the derived (p, I)-completed versions.

3.4.4 Functional Analytic Derived Prismatic Complexes for Inductive (oo, 1)-Analytic
Stacks

We now promote the construction in the previous sections to the corresponding inductive
systems of (oo, 1)-ringed toposes level after Lurie [Lul], [Lu2] and [Lu3] in the oco-category



of co-ringed toposes, Bambozzi-Ben-Bassat-Kremnizer [BBBK], Ben-Bassat-Mukherjee [BBM],
Bambozzi-Kremnizer [BK], Clausen-Scholze [CS1] [CS2] and Kelly-Kremnizer-Mukherjee [KKM]
in the co-cateogory of co-functional analytic ringed toposes.

Now we consider the following co-categories of the corresponding co-analytic ringed toposes
from Bambozzi-Ben-Bassat-Kremnizer [BBBK]:

ringed,commutativealgebrag, . ., (IndSeminormed,)
00 — TO oses simplicial k
P Comrnutativealgebrasimplicial (IndSeminormed- ) °PPosite Grothendiecktopology,homotopyepimorphism®
(3.4.129)
0 — To 0sesringed,C0mmutativealgebrasimphdal(Ind"'Seminormed;)
P ComrnutativealgebrasimPlicial (Ind™Seminormeds ) °PPosite Grothendiecktopology,homotopyepimorphism*
(3.4.130)
ringed, Commutativealgebrag;, ji ;o (IndNormed)
oo — Toposes, veal opposite Grothendi loevh ) hism’
ommutativea gebrasimphdal(IndNormed?) ,Grothendiecktopology,homotopyepimorphism
(3.4.131)
ringed Commutativealgebrag;,, ;i (Ind" Normed:)
oo — Toposes . o it . . o
Commutativealgebrag oy ial (Ind"Normed, )°pposite Grothendiecktopology,homotopyepimorphism
(3.4.132)
0 — To OSeSringed,Commutativealgebrasimphdal(IndBanachy)
p Commutativealgebrag jicial (IndBanachy )°Ppostte Grothendiecktopology,homotopyepimorphism*
(3.4.133)
o —To OSeSringed,Commutativealgebrasimphdal(Ind”’Banachy)
p Commutativealgebrag,, jicial (Ind""Banach; ) °PPosite, Grothendiecktopologyhomotopyepimorphism*
(3.4.134)
Indsmoothformalseriesclosureoo To OSeSringed,commutativealgebrasimphdal(IndSeminormed;)
p Commutativealgebrag, jicial (IndSeminormeds )°PPosite Grothendiecktopology,homotopyepimorphism
(3.4.135)
[ngsmoothformalseriesclosure . To OSeSringed,Commutativealgebrasimphdal(Ind’”Seminormedy)
p Commutativealgebrag, jicisl (Ind"Seminormed; ) °PPosite Grothendiecktopology,homotopyepimorphis:
(3.4.136)
In dsmoothformalseriesclosureOo ~ To OseSringed,Commutativealgebrasimphcial(IndNormed?)
p Commutativealgebrag; i, (IndNormed; )epposite Grothendiecktopology,homotopyepimorphism*
(3.4.137)
In dsmoothformalseriesclosure 0 — Topose Sringed,Commutativealgebrasimphcial(Ind'”Normed?)
p Commutativealgebrag ;o (Ind" Normed )opposite Grothendiecktopology,homotopyepimorphism*
(3.4.138)
In dsmoothformalseriesclosureOo  To OSeSringed,Commutativealgebrasimphcial(IndBanachy)
p Commutativealgebrag, 1 ial (IndBanach; ) °PPosite, Grothendiecktopology homotopyepimorphism”
(3.4.139)
In dsmoothformalseriesclosure 00 — Topos esringed,CommutatiVealgebrasimPhcial(lnd"’Banach?)
p Commutativealgebrag, 1 ial (Ind™Banach; ) °PPosite, Grothendiecktopology,homotopyepimorphism”
(3.4.140)

(3.4.141)



Definition 3.4.9. One can actually define the derived prismatic cohomology presheaves through
derived topological Hochschild cohomology presheaves, derived topological period cohomol-
ogy presheaves and derived topological cyclic cohomology presheaves as in [BMS, Section 2.2,
Section 2.3], [BS1, Theorem 1.13]:

Kanp .+ THH, Kan; .4 TP, Kan .4 TC, (3.4.142)

on the following (oo, 1)-compactly generated closures of the corresponding polynomials®!' given
over A/I with a chosen prism (A, )?:

In dsmoothformalseriesclosureoo  To OseSringecl,commu’rativealgebrasimplicial (IndSeminormed 4 /1)
p Commutativealgebrag ., (IndSeminormed 4 Jopposite Grothendiecktopology, homotopyepimorph
(3.4.143)
In C1smoothformalseriesclosure 0 — Topose Sringed,Commutativealgebrasimphcial (Ind"Seminormed 4 1)
p Commutativealgebrag ., (Ind" Seminormed 4 /; Jopposite Grothendiecktopology,homotopyepimorph
(3.4.144)
[ndsmeothformalseriesclosure () ) oca Sringed,CornmutatiVealgebrasimphcial (IndNormed 4 /)
p Commutativealgebragpicial (IndNormed 4 /) °PPosite, Grothendiecktopology homotopyepimorph
(3.4.145)
In dsmoOthformalseriesclosureOo —To OSeSringed,CornmutativealgebrasimPlicial (Ind"Normed 4,1)
p Commutativealgebrag, i ial (Ind"Normed 4 ) °PPosite, Grothendiecktopology, homotopyepimorph

(3.4.146)
In dsmoothformalseriesclosureoo To Osesringed,Commutativealgebrasimphdal(IndBanach A/l1)
p Commutativealgebragjiciai (IndBanach 4 /) °PPosite Grothendiecktopology,homotopyepimorpk
(3.4.147)
In dsmoothformalseriesclosureOo - To Osesringed,Comrnutativealgebrasimphdal(Ind’"BanachA /1)
p Commutativealgebragjiciai (Ind"Banach4 /1 )°PPosite Grothendiecktopology,homotopyepimorph
(3.4.148)

We call the corresponding functors are derived functional analytic Hochschild cohomology
presheaves, derived functional analytic period cohomology presheaves and derived functional
analytic cyclic cohomology presheaves, which we are going to denote these presheaves as in

2 Definitely, we need to put certain norms over in some relatively canonical way, as in [BBM, Section 4.2] one can
basically consider rigid ones and dagger ones, and so on. We restrict to the formal one.
2 all the following, we assume this prism to be bounded and satisfy that A/I is Banach.



the following for any co-ringed topos (X, O) = homotopycolimit(X;, O;):
i

KanLeftTHHfunctionalanalytic,KKM,BBM,formalanalytiﬁcation ( @ ) = (3 4. 149)

(homotopylimit KanLeftTHHfunctionalanalytic,KKM ( Oi ) (3 4.15 0)
i sifted,derivedcategory . (A/I—Module)

) BBM, formalanalytification~ (34 151 )

KanLeftTPfunctionalanalytic,KKM,BBM,formalanalytiﬁcation ( (@) ) = (3 4.15 2)

(hOl’IlOtOleimit KanLeftTPfunctionalanalytic,KKM ( Oi ) (3 4.153 )
i sifted,derivedcategory  (A/I—Module)

) BBM, formalanalytifications (34 154)

KanLeftTCfunctionalanalytic,KKM,BBM,formalanalytiﬁcation ( @ ) = (3 4.155 )

(hOl’IlOtOleimit KanLeftTCfunctionalanalytic,KKM ( Oi ) (3 4.15 6)
i sifted,derivedcategory, (A/I—Module)

) BBM, formalanalytification~ (3 4.15 7)

by writing any object O as the corresponding limit>
homOtOpylimit O; = homotopylimit OSpectrumadicBK(Formalseriesring,-)'
i sifted i sifted

These are quite large (oo, 1)-commutative ring objects in the corresponding (oo, 1)-categories
for? = A/Iover (X, 0):

. presheaf
IndjjQua51COheren’[IndsmoOthformalseriesdosureoo To OseSringed,commutativealgebrasimplicial(IndSeminormed7)
p Commutativealgebra,; - :_1(IndSeminormed- 0pposjte,Groto ology,homotopyepimorphism
8ebragimplicial ? PoOlogY, Pyep P
Ind#Q icoh tpresheaf
n ﬁ uasiconeren ringed Commutativealgebra, (Ind™Seminormed, )

In dsmoothformalseriesclosure 00 —TOp oses simplicial

Commutativealgebrag;jicial (Ind™Seminormed, YOPPOsite Grotopologyhomotopyepimorphism

(3.4.159)

. presheaf
IndﬁQuaSlCOherentlndSmOOtthrmalseriesdosureoo7TOPOSeSringed,Commutativealgebrasimphcial(IndNormed? ) o

Commutativealgebrasimp“ cial (IndNormed, yopposite ,Grotopology,homotopyepimorphism

(3.4.160)

. presheaf
IndﬁQuaSICOherent ringed, Commutativealgebra (Ind"Normed, )

S seri 3 simplicial
Indbmoothformalserlesclosureoo ~Toposes p

Commutativealgebra,; : +1(Ind™Normed, opposite’tho ology,homotopyepimorphism
8ePTagimplicial ? PoOlogY, Pyep P
Ind icoh tpresheaf
n ﬁQuaSlCO eren . ringed,Commutativealgebrag; , ,jicja1 (IndBanach; )
In dsmoothformalserlesclosure 00 —TOp 0ses P !
Commutativealgebragimplicial (IndBanach, ) °PPOsit€ Grotopology,homotopyepimorphism
. presheaf
IndﬁQuaSICOherent . ringed, Commutativealgebra; ;.1 (Ind"Banach; ) 4
Indsmoothformalserlesclosure oco—Toposes simplicial o
p Commutativealgebra,_: . .1 (Ind"Banach, OPPOSIte,Groto ology,homotopyepimorphism
8 simplicial ? POIOgY, pyep: P!

Z3Note that we are working with ind-co-ringed co-stacks.



after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring objects in the co-derived
category of all A-modules from formal series rings over A.

Definition 3.4.10. Then we can in the same fashion consider the corresponding derived pris-
matic complex presheaves [BS1, Construction 7.6]** for the commutative algebras as in the
above (for a given prism (A, I)):

Kan oAz 4, (3.4.165)

by the regular corresponding left Kan extension techniques on the following (e, 1)-compactly
generated closures of the corresponding polynomials given over A/I with a chosen prism
(A, 1):

In dSmoo’thformalseriesclosureoo - To OseSringecl,commutativealgebrasmnlolicial (IndSeminormed 4 ;)
p Commutativealgebrag jicial (IndSeminormed 4,1 ) °PPOsite, Grothendiecktopology homotopyepimorph
(3.4.166)
Indsmoothformalseriesclosure Ty oo Sr inged Commutativealgebragy,,ici; (Ind" Seminormed, 1)
p Commutativealgebrag jicial (Ind™Seminormed 4 /) °PPOsite, Grothendiecktopology, homotopyepimorph
(3.4.167)
In dsmoothformalseriesclosureoo  To OSeS1‘ingecl,Commutativealgeb1‘asimplicial (IndNormed4 /)
p Commutativealgebrasimph a1 (IndNormed 4 /1) °PPOsite Grothendiecktopology,homotopyepimorpk
(3.4.168)
[ndsmoothformalseriesclosure () Topose Sringed,Commutativealgebrasimphcial (Ind"Normed 4 /)
p Commutativealgebrag, ;i (Ind"Normed 4 /1 )°PPosite, Grothendiecktopology,homotopyepimorpk
(3.4.169)
In dsmoothformalseriesclosureoo To Osesringed,Commutativealgebrasimplicial (IndBanachy /)
p Commutativealgebrag jicial (IndBanach 4 /1) °PPosite, Grothendiecktopology,homotopyepimorph
(3.4.170)
In. dsmoothformalseriesclosure o0 — Topose Sringed,Commutativealgebrasimpncial (Ind™Banach4 ;)
p Commutativealgebray, i ;, (Ind"Banach 4 /) °PPOsite Grothendiecktopology homotopyepimorph

(3.4.171)

We call the corresponding functors functional analytic derived prismatic complex presheaves
which we are going to denote that as in the following:

I<anLeft A ?/ A functionalanalytic, KKM,BBM,formalanalytification- (3 4.1 72)

24One just applies [BS1, Construction 7.6] and then takes the left Kan extensions.



This would mean the following definition?:

KanLef’tA? / A functionalanalytic KKM,BBM, formalanalytification ( @ ) (3 4.1 73)
L .. A
= ( (homOtOPYhmlt KanLeftA? / A functionalanalytic, KKM ( Oi ) )
i sifted,derivedcategory, (A/I—Module)
(3.4.174)
) BBM, formalanalytification (3 4.1 75)

by writing any object O as the corresponding limit?®

homotopylimit  O;.
i sifted

These are quite large (oo, 1)-commutative ring objects in the corresponding (oo, 1)-categories
forR=A/I:

. heaf
IndfQuasicoherent” "

I dsmoothformalseriesclosureoo T ringed,commutativealgebrasimplicial (IndSeminormedp )
n — loposes .
P Commutativealgebrasimp“ cial (IndSeminormed g )OPPOsite Grotopologyhomotopyepimorphism

(3.4.179)
Ind icoh Jcpresheaf
n ﬁQuaSICO eren Indsmoothformalseriesclosureoo7Toposesrmged’commutativealgebraSimPhCial(IndmseminormedR_)
Commutativealgebrasimphdal (Ind™Seminormed g )OPPOSIte,Grotopology,homotopyepimorphism
(3.4.180)
IncltiQuasicoheren’cp]res}neaf ringed Commutativealgebragi o icia) (INdNormed )

In dsmoothformalserlesclosure co— TOp oses

Commutativealgebra, (IndNormed g )OPPOsite Grotopology,homotopyepimorphism

(3.4.181)

simplicial

. heaf
Indf#Quasicoherent” >

Indsmoothformalseriesclosure o TopOsesringed,Commutativealgebrasimphcial (Ind™Normedp )

Commutativealgebra Ind”Normedg )OPPOSite ,Grotopology,homotopyepimorphism

(3.4.182)

'simplicial (

. heaf
IndfQuasicoherent” "

Ingsmoothformalseriesclosure o, .. po Sesringed,CommutativealgebrasimpliCial (IndBanachg )

Commutativealgebra, IndBanachp )OPPOSite,Grotopology/homotopyepimorphism

(3.4.183)

simplicial (

. heaf
Ind#Quasicoherent® "

ringed Commutativealgebra, Ind™Banachp ) ’

In dsmoothformalseriesclosure 00—To poses simplicial (

Ind"Banachg )OPPOsite Grotopologyhomotopyepimorphism

(3.4.184)
(3.4.185)

Commutativealgebrasimpli cial (

ZBefore the Ben-Bassat-Mukherjee p-adic formal analytification we take the corresponding derived (p,I)-
completion.

26Here we remind the readers of the corresponding foundation here, namely the presheaf O; in fact takes the
value in Koszul complex taking the following form:

KoszulcomplexA/I<Xl,__.,XI><T1,_“,Tm> (a1 — Thby, oy am — Trbm) (3.4.176)
= A/T(X1, s X)) Ty, s Tt /(a1 — Tyb1, ooy gy — Tonbi). (3.4.177)

This is actually derived p-complete since each homotopy group is derived p-complete (from the corresponding
Banach structure from A/I (Xj, ..., X;) induced from the p-adic topology). Namely the definition of the presheaf:

KanLeft A? / A functionalanalytic, KKM ( Oi ) (3 4.1 78)

is directly the application of the derived prismatic functor from [BS1, Construction 7.6].



after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring objects in the co-derived
category of all A-modules from formal series rings over A.



3.4.5 Functional Analytic Derived Preperfectoidizations for Inductive (oo, 1)-Analytic
Stacks

Then as in [BS1, Definition 8.2] we consider the corresponding perfectoidization in this analytic
setting.

Definition 3.4.11. Let (A, I) be a perfectoid prism, and we consider any E-ring O in the fol-
lowing

In dsmoOthformalseriesclosureoo CTo OseSringed,commutativealgebrasimPlicial (IndSeminormed 4 /)
p Commutativealgebrag, i ial (IndSeminormed 4 /1 ) °PPOsite, Grothendiecktopology homotopyepimorpk
(3.4.186)
[ndsmeothformalseriesclosure ) Ty e sringed,CommutatiVealgebr Agimplicia (INd" Seminormed 4 /1)
p Commutativealgebrag, j; ial (Ind™Seminormed 4 /1 ) °PP°site, Grothendiecktopology,homotopyepimorpkh
(3.4.187)
In dSmoOthformalseriesclosureoo - To OSeSringecl,Commutativealgebrasimlolicial (IndNormed 4 ;)
p Commutativealgebrag, jicisl (IndNormed 4 /) °PPosite, Grothendiecktopology homotopyepimorph
(3.4.188)
In dsmoothformalseriesclosure 00 — Topose Sringed,Commutativealgebrasimphcial (Ind"Normed )
p Commutativealgebrag, jicisl (Ind"Normed 4 ) °PPosite, Grothendiecktopology,homotopyepimorph
(3.4.189)
In dsmoothformalseriesclosureOo To OseSringed,Commutativealgebrasimplicial (IndBanach 4 /1)
p Commutativealgebra; jicial (IndBanach 4 /1 )°PPosite Grothendiecktopology,homotopyepimorpk
(3.4.190)

[ndsmoothformalseriesclosure ) Topose sringed,Commutativealgebrasimphcial (Ind"Banachy )
p Commutativealgebrag jicial (Ind™Banach 4 ;) °PPosite Grothendiecktopologyhomotopyepimorph
(3.4.191)
Then consider the derived prismatic object:
p )

KanLef’tA? / A functionalanalytic, KKM,BBM, formalanalytification (O) . (3 4. 192)

Then as in [BS1, Definition 8.2] we have the following preperfectoidization:
(O ) preperfectoidization (3 4 193)
:= Colimit (KanLeft Ar / A functionalanalytic, KKM,BBM, formalanalytification ( O) - (3 4. 194)
Fro. KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification ( O) (3 4.195 )

BBM, formalanalytification
7

(3.4.196)

— FI‘O* FI‘O* KanLeftA? / A functionalanalytic, KKM,BBM,formalanalytification < O) — . )

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (o, 1)-ring object in the co-derived
category of all A-modules from formal series rings over A. Then we define the corresponding



perfectoidization:

( O ) perfectoidization (3.4 197)
:= Colimit (KanLef’tA? / A functionalanalytic KKM,BBM, formalanalytification ( (@) ) — (3 4. 198)
FI‘O* KarlLeft A ?/ A functionalanalytic, KKM,BBM, formalanalytification ( @ ) (3 4. 199)

BBM, formalanalytification x A/l
(3.4.200)

? FI‘O* FI‘O* KanLef’cA? / A functionalanalytic, KKM,BBM, formalanalytification ( (@) ) g )

Furthermore one can take derived (p, I)-completion to achieve the derived (p, I)-completed
versions:

Opreperfectoidization,derivedcomplete e (Opreperfectoidization>/\ (3.4.201)

= p 4.
Operfectoidization,derivedcomplete - Opreperfectoidization,derivedcomplete x A/l (3 4 202)
(3.4.203)

These are large (co,1)-commutative algebra objects in the corresponding categories as in the
above, attached to also large (oo, 1)-commutative algebra objects. When we apply this to the
corresponding sub-(oo, 1)-categories of Banach perfectoid objects in [BMS2], [GR], [KL1], [KL2],
[Ked1], [Sch3], we will recover the corresponding distinguished elemental deformation pro-
cesses defined in [BMS2], [GR], [KL1], [KL2], [Ked1], [Sch3].

Remark 3.4.12. One can then define such ring O to be preperfectoid if we have the equivalence:
Opreperfectoidization 0. (3 4.20 4)
One can then define such ring O to be perfectoid if we have the equivalence:

(Opreperfectoidization o 4 /1 = O. (3.4.205)



3.4.6 Functional Analytic Derived de Rham Complexes for Inductive (oo, 1)-Analytic
Stacks and de Rham Preperfectoidizations

As in [LL] we have the comparison between the derived prismatic cohomology and the cor-
responding derived de Rham cohomology in some very well-defined way which respects the
corresponding filtrations, we can then in our situation take the corresponding definition of
some derived de Rham complex as the one side of the comparison from [LL]?’. To be more
precise after [An1, Chapitre 3], [An2], [B1, Chapter 2, Chapter 8], [Bei, Chapter 1], [G1, Chapter
5], [GL, Chapter 3, Chapter 4], [Il11, Chapitre II, Chapitre III], [I112, Chapitre VIII], [Qui, Section
4], and [BMS2, Example 5.11, Example 5.12] we define the corresponding;:

Definition 3.4.13. Then we can in the same fashion consider the corresponding derived de
Rham complex presheaves for the commutative algebras as in the above (for a given prism
(A, 1)):

KangcideRhamy; 4, (3.4.206)

by the regular corresponding left Kan extension techniques on the following (oo, 1)-compactly

generated closures of the corresponding polynomials given over A/I with a chosen prism
(A, 1):

In dsmoothformalseriesclosureoo  To OSesringed,commutativealgebrasimphcial(IndSeminormedA /1)
p Commutativealgebra_. . . (IndSeminormed 4 ,;)°PPosite Grothendiecktopologyhomotopyepimorph
g simplicial / pology, pyep p
(3.4.207)
In dsmoothformalseriesclosureoo CTo OSeSringed,Commutativealgebrasimphdal(Ind"’sem'mormed A/l)
p Commutativealgebrag, ;o (Ind™Seminormed 4 /1 ) °PP°site, Grothendiecktopology, homotopyepimorph
(3.4.208)
In dsmoothformalseriesclosureoo C To OSeSringed,Commutativealgebrasimphdal(IndNormed A/T)
p Commutativealgebrag, jicisl (IndNormed 4 /1) °PPOsite, Grothendiecktopology homotopyepimorph
(3.4.209)
In dsmoothformalseriesclosure 00 — Topos eSringed,Commutativealgebrasimphcial(Ind’"NormedA/ 1)
p Commutativealgebrag, jicial (Ind"Normed 4 /) °PPosite, Grothendiecktopology, homotopyepimorph
(3.4.210)
In dsmoothformalseriesclosureOo To Osesringed,Commutativealgebrasimplidal(IndBanach AJT)
p Commutativealgebrag ;a1 (IndBanach 4 /) °PPosite Grothendiecktopology,homotopyepimorpk
(3.4.211)
In dsmoothformalseriesclosure oo — Topose sringed,Commutativealgebrasimplicial (Ind"Banach, )
p Commutativealgebra jicial (Ind™Banach 4 ;) °PPosite Grothendiecktopology,homotopyepimorph

(3.4.212)

We call the corresponding functors functional analytic derived de Rham complex presheaves
which we are going to denote that as in the following:

KanLeft deRham? / A functionalanalytic, KKM,BBM, formalanalytification- (3 -4-213)

2’Qur goal here is actually study the corresponding derived de Rham period rings and the corresponding appli-
cations in p-adic Hodge theory extending work of [DLLZ1], [DLLZ2], [Sch2] in the motivation from [GL], when
applyting the construction to derived p-adic formal stacks and derived logarithmic p-adic formal stacks.

28 After taking derived p-completion.



This would mean the following definition?’:

KanLeftdeRham? / A functionalanalytic KKM,BBM, formalanalytification ( O ) (3 4214)
= ( (homOtOPYhmit KanLeftdeRham? / A functionalanalytic, KKM
i sifted,derivedcategory,, (A/I—Module)
(3.4.215)
(oN" (3.4.216)
) BBM, formalanalytification (3421 7)

by writing any object O as the corresponding colimit

homotopylimit  O;.
i sifted

These are quite large (oo, 1)-commutative ring objects in the corresponding (oo, 1)-categories
forR=A/I

. resheaf
Ind jjQuaSlCOherent;dSmoDthformalseriesdosure o TopOseSringed,commutativealgebrasimplicial (IndSeminormed g ),
Commutativealgebrasimplicial (IndSeminormed g yopposite ,Grotopology,homotopyepimorphism
(3.4.218)
Ind tiQuasicoheren’cpreSheE’lf

ringed Commutativealgebra, Ind"Seminormedp )

. . . implicial (
Ind5m00thf0rmalserlesclosureoo —TOPOSES simplicia

CommutativealgebragimpJicial (Ind™Seminormed g ) °PPOSite Grotopology homotopyepimorphism

(3.4.219)

. heaf
Ind#Quasicoherent® "

ringed, Commutativealgebra IndNormedp )

In dsmoothformalseriesclosure 00—To poses simplicial (

Commutativealgebragimpicial (IndNormed g )OPPOsite Grotopologyhomotopyepimorphism

(3.4.220)

. heaf
IndfQuasicoherent” "

In dsmoothformalseriesclosure ringed Commutativealgebra

oco—Toposes )
Commutativealgebra,

simplicial (Ind™Normedp )

Ind"Normedg )OPPOSite ,Grotopology,homotopyepimorphism

(3.4.221)

simplicial (

. heaf
Indf#Quasicoherent” >

ringed, Commutativealgebra, (IndBanachp )

In dsmoothformalseriesclosure co—Toposes simplicial

Commutativealgebrasimplidal (IndBanachp )OPPOSite,GrotopolOgy/homotopyepimorphism

(3.4.222)

. heaf
Ind#Quasicoherent” "

ringed Commutativealgebra, Ind™Banachp ) 4

In dsmoothformalseriesclosure 00—To poses simplicial (

(Ind"Banachp YOPPOsite Grotopologyhomotopyepimorphism

(3.4.223)
(3.4.224)

Commutativealgebrasimph cial

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring objects in the co-derived
category of all A-modules from formal series rings over A.

2Before the Ben-Bassat-Mukherjee p-adic formal analytification we take the corresponding derived (p,I)-
completion.



Now we apply this construction to any A/I formal scheme (X, Ox). But in order to use pris-
matic technology to reach the corresponding period derived de Rham sheaves, we need to
consider more, this would be some definition for "perfectoidizations’:

Definition 3.4.14. Let (A, I) be a perfectoid prism, and we consider any Ee-ring O in the fol-
lowing

In dsmoothformalseriesclosureoo  To OSeSringecl,commu’rativealgebraSimplicial (IndSeminormed 4 /1)
p Commutativealgebrag ;a1 (IndSeminormed 4 /) °PPOsite, Grothendiecktopologyhomotopyepimorpk
(3.4.225)
In dsmoothformalseriesclosureoo To OSeSringecl,Cornmuta’rivealgebrasimplicial (Ind™Seminormed 4 )
p Commutativealgebrag, ;i (Ind" Seminormed 4 /; Jopposite Grothendiecktopology,homotopyepimorph
(3.4.226)
[ndsmeothformalseriesclosure () Ty e sringed,Cornmutativealgebrasimphcial (IndNormed /)
p Commutativealgebrag; . jicial (IndNormed 4 /) °PPosite, Grothendiecktopology homotopyepimorph
(3.4.227)
[ndsmeothformalseriesclosure ) Topose Sr inged Commutativealgebrag, jici,) (Ind" Normed 4 /)

Commutativealgebra (Ind"Normed 4 ) °PPosite, Grothendiecktopology, homotopyepimorph

simplicial
(3.4.228)
: ringed, Commutativealgebrag  ;....;(IndBanach, )
In dsmoothformalserlesclosure 0o — To poses ' simplicial " . '
Commutatlvealgebrasimp]i cia1 (IndBanach 4 /1) °PPosite, Grothendiecktopology,homotopyepimorph
(3.4.229)
IndsmoothformalseriesclosureOO To Osesringecl,CommutativealgebraSimplici . (Ind”Banach 1)
p Commutativealgebrag, jicial (Ind™Banach 4 ;) °PPosite Grothendiecktopology,homotopyepimorph
(3.4.230)
Then consider the derived prismatic object:
KanLef’t deRham? / A functionalanalytic, KKM,BBM,formalanalytification ( O) . (3 4.23 1)
Then as in [BS1, Definition 8.2] we have the following de Rham preperfectoidization:
(O ) deRham,preperfectoidization (3 4. 232)
:= Colimit (KanLeftdeRham? / A functionalanalytic, KKM,BBM, formalanalytification (O ) — (3 4.233 )
Fro. KanLeft deRham? / A, functionalanalytic, KKM,BBM, formalanalytification ( O) (3 -4-234)
— Fro,Fro, KanLeft deRham? / A functionalanalytic, KKM,BBM, formalanalytification ( O) — . (3 4.235 )
) BBM,formalanalytiﬁcation’ ( 3.4.23 6)

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring object in the co-derived
category of all A/I-modules from formal series rings over A/I. Furthermore one can take
derived (p, I)-completion to achieve the derived (p, I)-completed versions.



3.5 Functional Analytic Noncommutative Motives, Noncommutative
Primatic Cohomologies and the Preperfectoidizations

We now work in the noncommutative setting after [Kon1], [Ta], [KR1] and [KR2], with some
philosophy rooted in some noncommtative motives and the corresponding nonabelian appli-
cations in noncommutative analytic geometry in the derived sense, and the noncommutative
analogs of the corresponding Riemann hypothesis and the corresponding Tamagawa number
conjectures. The issue is certainly that the usual Frobenius map looks strange, which tells us
of the fact that actually we need to consider really large objects such as the corresponding
Topological Hochschild Homologies and the corresponding nearby objects. Here we choose to
consider [NS] in order to apply the constructions to certain co-rings, which we will call them
Fukaya-Kato analytifications from [FK].

Now we consider the following co-categories of the corresponding co-analytic ringed toposes
from Bambozzi-Ben-Bassat-Kremnizer [BBBK] in some paralle way:



ringed, Noncommutativealgebra (IndSeminormed> )

. simplicial
o TopOSeSNoncommutativealgebrasimplicial (IndSeminormed; ) °PPosite, Grothendiecktopology,homotopyepimorphism
(3.5.1)
T ringed,Noncommutativealgebrasimph a1 (Ind™ Seminormed-)
oo — OpOSeSNoncommutativealgebrasimphcial (Ind™Seminormed; ) °PPosite, Grothendiecktopology,homotopyepimorphism
(3.5.2)
o —T SeSringed,NoncommutativealgebraSimplicial (IndNormed)
opo Noncommutativealgebrag ;s (IndNormed- ) °PPosite, Grothendiecktopology,homotopyepimorphism”
(3.5.3)
T ringed Noncommutativealgebrag, . icial (Ind"Normed>)
o — Op0SeSNoncommutaﬁvealgebrasimPlicial (Ind"Normed, )°Pposite Grothendiecktopology,homotopyepimorphism
(3.5.4)
o — To 0sesringed,Noncommutativealgebrasimphcial(IndBanach?)
p Noncommutativealgebra;, ;. (IndBanach; ) PPosite, Grothendiecktopologyhomotopyepimorphism
(3.5.5)
o — To 0sesringed,Noncommutativealgebrasimphcial(Ind'”Banach?)
p Noncommutativealgebrag; ;i (Ind"Banach; )°PPosite, Grothendiecktopology homotopyepimorphism”
(3.5.6)
Pro-smoothformalseriesclosureoo  To Osesringed,Noncommutativealgebrasimphdal(IndSeminormeq?)
) p Noncommutativealgebrag ;i (IndSeminormed;)°PPosite Grothendiecktopology,homotopyepimorpl
(3.5.7)
Pro'SmOOthformalseriesclosureoo —To Osesringed,Noncomrnutativealgebrasimphdal(Ind’"Seminormeq?)
) p Noncommutativealgebrasimpli cia1 (Ind™Seminormed, ) °PPosite, Grothendiecktopology,homotopyepimor
(3.5.8)
Pro-smoothformalseriesclosureoo C To Osesringed,Nonc0mmutativealgebrasimphdal(IndNormecP)
) p Noncommutativealgebrag;, ;i (IndNormed)°Pposite Grothendiecktopologyhomotopyepimorphism
(3.5.9)
Projsmoothformalseriesclosure s _ T, 0seSringed,Nonc0mmuta’tivealgebrasimplicial (Ind"’Normec}?)
) p Noncommutativealgebrag, ;a1 (Ind™Normed; )°pposite, Grothendiecktopology,homotopyepimorphis:
(3.5.10)
Pro~smoothformalseriesclosureoo o Osesringed,Noncommutativealgebrasimphcial(IndBanachy)
) p Noncomrnutativealgebrasimplicial (IndBanachy )°pposite, Grothendiecktopologyhomotopyepimorphism®
(3.5.11)
Projsmoothformalseriesclosure . Tyyge sringed,Noncommutativealgebrasimphdal(Ind"’ Banachy)
) p Noncomrnutativealgebrasimplicial (Ind"Banach; ) °PPosite, Grothendiecktopology homotopyepimorphist
(3.5.12)
(3.5.13)

Starting from the co-rings, we have:

Definition 3.5.1. One can actually define the derived prismatic cohomologies through derived
topological Hochschild cohomologies, derived topological period cohomologies and derived
topological cyclic cohomologies as in [BMS, Section 2.2, Section 2.3], [BS1, Theorem 1.13]:

KanLeftTHHnoncommutatlve/ KanLeftTPnoncommutatwe/ KanLeftTCnoncommutatlve, (3 5.1 4)



3on the following (oo, 1)-compactly generated closures of the corresponding polynomials®!

given over A/I with a chosen prism (A4, )%

Ob] eCtEoo Noncommutativealgebra, Simplicial (IndSNormA /1 ) smoothformalseriesclosure, (3 5.1 5)
Ob] eCtEwNoncommutativealgebra,Simplicial (Ind SNorm 4 A/l ) smoothformalseriesclosure’ (3 5.1 6)
ObjeCtEoo Noncommutativealgebra,Simplicial (IndNormA /1 ) smoothformalseriesclosure/ (3 51 7)
Obj ectg,, Noncommutativealgebra,Simplicial (Ind"Norm, /1) smoothformalseriesclosure, (3.5.18)
Ob] eCtEwNoncommutativealgebra,Simplicial (IndBanA /1 ) smoothformalseriesclosure/ (3 2. 19)
ObjeCtEoo Noncommutativealgebra,Simplicial (Indm Bany ) smoothformalseriesclosure : (3 5 20)

We call the corresponding functors are derived functional analytic Hochschild cohomologies,
derived functional analytic period cohomologies and derived functional analytic cyclic coho-
mologies, which we are going to denote them as in the following:

noncommutative o
KanLeftTHHfunctionalanalytic,KKM,BBM,forrnalanalytiﬁcation,nc ( @ ) L (3 5.21 )
s noncommutative
(homotopycolimit Kany e THHE onalanalytic kv (Oi) - (3.5.22)
1 sifted,derivedcategory,, (A/I—Module)
) BBM, formalanalytification,nc~ (3 5. 23)
noncommutative R
KanLeftTPfunctionalanalytic,KKM,BBM,formalanalytiﬁcation,nc < O) T (3524)
s noncommutative
(homotopycohmlt Kang e TPnctionalanalytic KKM (O;) (3.5.25)
1 sifted,derivedcategory, (A/I—Module)
) BBM, formalanalytification,nc~ (3 5 26)
noncommutative .
KanLeftTCfunctionalanalytic,KKM,BBM,formalanalytification,nc ( O ) L (3 5 '27)
.. noncommutative
(homotopycolimit Kang et TCH hctionalanatytic kkm (Oi) (3.5.28)

1 sifted,derivedcategory ., (A/I—Module)

)BBM,formalanalytiﬁcation,nc/ (3 5 29)

by writing any object O as the corresponding colimit

homotopycolimit  O;.
i sifted

These are quite large (oo, 1)-commutative ring objects in the corresponding (oo, 1)-categories
forR=A/I:

300One has the corresponding p-completed versions as well.

31 Definitely, we need to put certain norms over in some relatively canonical way, as in [BBM, Section 4.2] one can
basically consider rigid ones and dagger ones, and so on. In this noncommutative setting we do not actually need to
fix the type of the analytification, as in commutative setting since we are going to apply directly construction from
Bhatt-Scholze and Koshikawa [BS1] and [Ko1], though the derived characterization of the prismatic cohomology
might not need to be restricted to the corresponding p-adic formal scheme situations.

32In all the following, we assume this prism to be bounded and satisfy that A/I is Banach.



Objecty_Noncommutativealgebra Simplicial (MASNOrmg ), (3.5.30)
Objecty_NoncommutativealgebraSimplicial (I SNormg), (3.5.31)
Objecty_Noncommutativealgebra Simplicial (IMANOTMR ), (3.5.32)
Objectp_Noncommutativealgebra Simplicial (INd" Normg), (3.5.33)
Objecty_Noncommutativealgebra Simplicial (INdBang), (3.5.34)
Objectp_Noncommutativealgebra Simplicial (I Bang), (3.5.35)

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring objects in the co-derived
category of all A-modules from formal series rings over A, into:

Objecty_Noncommutativealgebra Simplicial (MASNOTME, ) 4, (3.5.36)
Objectp_Noncommutativealgebra,Simplicial (I SNOTME, ) 4, (3.5.37)
Objecty_Noncommutativealgebra Simplicial (IMANOTME, ) 4, (3.5.38)
Objectp_Noncommutativealgebra Simplicial (INd" NOTME, ) 4, (3.5.39)
Objecty_Noncommutativealgebra,Simplicial (M BanE, ) 4, (3.5.40)
Objecty_NoncommutativealgebraSimplicial (INd" BanE, ) . (3.5.41)

Definition 3.5.2. Then we can in the same fashion consider the corresponding derived pris-
matic complexes [BS1, Construction 7.6]* for the commutative algebras as in the above (for a
given prism (A, I)):

KanLeft A?/A = KanLeftTPnoncommutative,pcomplete (7 / A), (3 5 42)

by the regular corresponding left Kan extension techniques on the following (co, 1)-compactly
generated closures of the corresponding polynomials given over A/I with a chosen prism
(A, 1):

Ob] eCtEoo Noncommutativealgebra, Simplicial (IndSNormA /1 ) smoothformalseriesclosure/ (3 5 43)
Obj eCtEwNoncommutativealgebra,Simplicial (Indm SNormy ) smoothformalseriesclosure, (3.5.44)
ObjeCtEoo Noncommutativealgebra,Simplicial (IndNormA /1 ) smoothformalseriesclosure/ (3 R '45)
Ob] eCtEoo Noncommutativealgebra,Simplicial (Indm Norm 4 /1 ) smoothformalseriesclosure, (3 5 46)
Ob] eCtEoo Noncommutativealgebra,Simplicial (IndBanA /1 ) smoothformalseriesclosure, (3 ) '47)
()bjeCtEoQ Noncommutativealgebra,Simplicial (Indm Bany /1 ) smoothformalseriesclosure : (3 5 48)

330ne just applies [BS1, Construction 7.6] and then takes the left Kan extensions.



We call the corresponding functors functional analytic derived prismatic complexes which we
are going to denote that as in the following:

KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification,nc (3 5 49)
o tative, let
L KanLeftTPnorlCOImrm atlvepeompiete (? / A ) functionalanalytic, KKM,BBM, formalanalytification,nc+
(3.5.50)
This would mean the following definition®
KanLeftA? / A functionalanalytic KKM,BBM, formalanalytification,nc ( O ) (3 5.51 )
. . A
= ((homotopycolimit KangeftA?/ 4 functionalanalytic kv (i)
1 sifted,derivedcategory,, (A/I—Module)
(3.5.52)
) BBM, formalanalytification,nc (3 .5.53 )
= ((homotopycolimit Kany o TPRoncommutative pcomplete (3 5 54)
i sifted,derivedcategory, (A/I—Module)
A
( ?2/A ) functionalanalytic, KKM ( 0; ) ) ) BBM, formalanalytification,nc (3.5.55 )
(3.5.56)

by writing any object O as the corresponding colimit

homotopycolimit  O;.
i sifted

These are quite large (oo, 1)-commutative ring objects in the corresponding (oo, 1)-categories
forR=A/I

Objecty_Noncommutativealgebra Simplicial (MASNOrmg ), (3.5.57)
Objecty_Noncommutativealgebra,Simplicial (1N SNormpg), (3.5.58)
Objecty_Noncommutativealgebra Simplicial (IMANOTMR ), (3.5.59)
Objecty_Noncommutativealgebra Simplicial (INd" Normg), (3.5.60)
Objecty_Noncommutativealgebra Simplicial (IMdBang ), (3.5.61)
Objecty_Noncommutativealgebra,Simplicial (INd” Bang), (3.5.62)
(3.5.63)

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (o, 1)-ring objects in the co-derived

34Before the Ben-Bassat-Mukherjee p-adic formal analytification we take the corresponding p-completion.



category of all A-modules from formal series rings over A, into:

Objecty_Noncommutativealgebra Simplicial (IndSNormeg, ) 4, (3.5.64)
Objecty Noncommutativealgebra Simplicial (Ind"SNormp, ) 4, (3.5.65)
Objecty_Noncommutativealgebra Simplicial (INANOTME, ) 4, (3.5.66)
Objecty; Noncommutativealgebra Simplicial (1N NOIME, ) 4, (3.5.67)
Objecty, Noncommutativealgebra Simplicial (IndBang, ) 4, (3.5.68)
Objecty_Noncommutativealgebra,Simplicial (INd” Bang, ) 4. (3.5.69)

Then as in [BS1, Definition 8.2] we consider the corresponding "perfectoidization” in this
analytic setting.

Definition 3.5.3. Let (A, I) be a perfectoid prism, and we consider any Ee-ring O in the fol-
lowing

. smoothformalseriesclosure
Ob] GECtEOo Noncommutativealgebra,Simplicial (IndSNormA /1 ) ’ (3 5.70

Ind"SN. ormy ) smoothformalserlesclosure/ (3 5.71
. smoothformalseriesclosure
Ob]eCtEoo Noncommutativealgebra,Simplicial (IndNormA /1 ) 4 (3 5.72

)

Objecty_Noncommutativealgebra,Simplicial ( )
)

fnd"Norm,y ,)smoothformalseriesclosure (35.73)
)

)

Ob]eCtEwNoncommutativealgebra,Simplicial <

. smoothformalseriesclosure
Ob]eCtEwNoncommutativealgebra,Simplicial (IndBanA/ I ) ’ (3‘5‘74

: m smoothformalseriesclosure
Ob]eCtEooNoncommutativealgebra,Simplicial (Ind BanA/ I ) : (3575

Then consider the derived prismatic object:

KanLef’(A ?/ A functionalanalytic KKM,BBM, formalanalytification,nc ( @ ) (3 5. 76)
e noncommutative,pcomplete
= KanLeftTP vep P (? / A ) functionalanalytic, KKM,BBM, formalanalytification,nc (O ) .
(3.5.77)

Then as in [BS1, Definition 8.2] we have the following "preperfectoidization”:

( O ) preperfectoidization (3 5 78)
:= Colimit ( I<anLeft A ?/ A functionalanalytic, KKM,BBM, formalanalytification,nc ( (@) ) — (3 . 79)
(P* KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification,nc ( @ ) (3 . 80)
BBM, formalanalytification,nc
— (P* (P*KanLeftA?/ A functionalanalytic, KKM,BBM, formalanalytification,nc (O ) — . ) Y ’

(3.5.81)

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (o, 1)-ring object in the co-derived
category of all A-modules from formal series rings over A. Then we define the corresponding



"perfectoidization”:

( O)perfectoidization (35 82)
:= Colimit ( KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification,nc ( O ) ? (3 .5.83 )
(P* KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification,nc ( @ ) (3 . 84)

? (P* ¢* KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification,nc ( @ ) g (3 .5.85 )
) BBM, formalanalytification,nc X A / I (3 5.8 6)

Furthermore one can take derived (p, I)-completion to achieve the derived (p, I)-completed
versions:

Opreperfectoidization,derivedcomplete — (Opreperfectoidization)/\ (3 5 87)

= , D.
Operfectoidization,derivedcomplete - Opreperfectoidization,derivedcomplete x A/l (3.5.88)
(3.5.89)

These are large (oo, 1)-noncommutative algebra objects in the corresponding categories as in
the above, attached to also large (oo, 1)-noncommutative algebra objects. When we apply this
to the corresponding sub-(co, 1)-categories of Banach perfectoid objects as in [BMS2], [GR],
[KL1], [KL2], [Ked1], [Sch3], we will recover the corresponding noncommutative analogues
of the distinguished elemental deformation processes defined in [BMS2], [GR], [KL1], [KL2],
[Ked1], [Sch3].

Remark 3.5.4. One can then define such ring O to be preperfectoid if we have the equivalence:
Opreperfectoidization =~ 0. (3‘ 5'90)
One can then define such ring O to be perfectoid if we have the equivalence:

(opreperfectoidization o 4 /1= 0. (3.5.91)

Definition 3.5.5. One can actually define the derived prismatic cohomology presheaves through
derived topological Hochschild cohomology presheaves, derived topological period cohomol-
ogy presheaves and derived topological cyclic cohomology presheaves as in [BMS, Section 2.2,
Section 2.3], [BS1, Theorem 1.13]:

KanLeftTHHnoncommutatlve, KanLeftTPnoncommutatwe/ KanLeftTCnoncommutatlve, (3 5.92)

on the following (o, 1)-compactly generated closures of the corresponding polynomials® given

35Defini’tely, we need to put certain norms over in some relatively canonical way, as in [BBM, Section 4.2] one
can basically consider rigid ones and dagger ones, and so on. Again in this noncommutative setting we do not
actually need to fix the type of the analytification, as in commutative setting since we are going to apply directly
construction from Bhatt-Scholze and Koshikawa [BS1] and [Kol], though the derived characterization of the pris-
matic cohomology might not need to be restricted to the corresponding p-adic formal scheme situations.



over A/I with a chosen prism (A, I)%:

Pro-smoothformalseriesclosureoo To Osesringed,Nonc0mmutativealgebrasimphdal(IndSeminormed 4/ 1)
) p Noncommutativealgebrag;, ;cai (IndSeminormed 4 /) °PPosite Grothendiecktopology,homotopyepim
(3.5.93)
Pro'Smoothformalseriesclosureoo To Osesringed,Nonc0mmutativealgebrasimphdal(Indmseminormed A1)
) p Noncommutativealgebrag;, ;a1 (Ind""Seminormed 4 ;1 ) °PPOsite Grothendiecktopologyhomotopyepim
(3.5.94)
Pro-smoothformalseriesclosureOo CTo 0Sesringed,Noncommutativealgebrasimphcial(IndNormed A/ 1)
) p Noncommutativealgebrag;,jicial (IndNormed 4 /1) °PPOsite Grothendiecktopology,homotopyepim
(3.5.95)
Projsmoothformalseriesclosure . Tyyoge sringed,Noncommutativealgebrasimphcial(IndmNormedA( 1)
) p Noncommutativealgebrag; . jicial (Ind"Normed 4 /) °PPOsite, Grothendiecktopologyhomotopyepim
(3.5.96)
Pro-SmoOthformalseriesclosureOo  To oSeSringed,Noncommutativealgebrasimphcial(IndBanachA / )
) p Noncommutativealgebrag, j;cial (IndBanach 4 ;) °PPosit Grothendiecktopology,homotopyepim
(3.5.97)
Proismoothformalseriesclosure o _ T, OseSringed,Noncommutativealgebrasimphcial(IndeanachA / 1)
) p Noncommutativealgebrag;, il (Ind™Banach 4 ;) °PPOsit Grothendiecktopology,homotopyepim
(3.5.98)

We call the corresponding functors are derived functional analytic Hochschild cohomology
presheaves, derived functional analytic period cohomology presheaves and derived functional
analytic cyclic cohomology presheaves, which we are going to denote these presheaves as in
the following for any co-ringed topos (X, O) = homotopycolimit(X;, O;):

1

noncommutative -
KanLef’fTHHfunctionalanalytic,KKM,BBM,formalanalytification,nc ( O) T (3 5 99)
sl noncommutative
(homotopycolimit Kany e THHE Gonalanalytic kxv (Oi) - (3.5.100)
l sifted,derivedcategory, (A/I—Module)
) BBM, formalanalytification,ncs (3 .5.101 )
noncommutative .
KanLEftTPfunctionalanalytic,KKM,BBM,formalanalytification,nc ( @ ) T (35 1 02)
.. noncommutative
(homotopycohrmt Kang et TPR nctionalanalytic KKM (O) (3.5.103)
1 sifted,derivedcategory ., (A/I—Module)
) BBM, formalanalytification,nc~ (3 5.1 04')
noncommutative A
KanLEftTCfunctionalanalytic,KKM,BBM,formalanalytiﬁcation,nc ( @ ) T (35 1 05)
.. noncommutative
(homotopycohmlt Kang et TCqinctionalanalytickkm (Oi)  (3.5.106)
! sifted,derivedcategory, (A/I—Module)
) BBM, formalanalytification,ncs (3 5.1 07)

by writing any object O as the corresponding colimit®”

36Tn all the following, we assume this prism to be bounded and satisfy that A/I is Banach.

37Here we assume that in the following the presheaves O; are taking values in the derived p-completed E:-
algebras over A/I, which then are generated by those p-adic formal series ring A/I(Zs, ..., Z,), n = 1,2, ... by the
corresponding derived colimit completion with free variables Z, ..., Z,, n = 1,2, ....



homotopycolimit  O;.
i sifted

These are quite large (oo, 1)-commutative ring objects in the corresponding (oo, 1)-categories
for? = A/Iover (X, 0):

. heaf
IndfQuasicoherent” "

Indsmoothformalseriesclosure o TopOsesringed,Noncommutativealgebrasimplidal (IndSeminormed; )

(IndSeminormed, )OPPOsite Grotopology,homotopyepimorphism

(3.5.108)

Noncommutahvealgebrasimpli cial

. heaf
Indf#Quasicoherent” >

. . Mens
Indsmoothformalseriesclosure o TopOsesrmged,Noncommutatlvealgebrasimphcial (Ind"Seminormed )

Ind"Seminormed, )OPPOSite ,Grotopology,homotopyepimorphism

(3.5.109)

Noncommutativealgebrasimpli cial (

. heaf
IndfQuasicoherent” "

In dsmoothformalseriesclosure ringed,Noncommutativealgebra

simplicial (IndNormed)
oo—Toposes opposite i i
IndNormed, )°PP ,Grotopologyhomotopyepimorphism

(3.5.110)

Noncommutativealgebrasimplicial (

. heaf
Ind#Quasicoherent’ "

ringed, Noncommutativealgebra (Ind™Normed;)

Indssmoothformalseriesclosureoo —TOPOSQS simplicial

Ind™Normed; )OPPOsite Grotopologyhomotopyepimorphism

(3.5.111)

Noncommutativealgebrasimpli cial (

. heaf
Indf#Quasicoherent” >

Indsm""‘h formalseriesclosure . TopOsesringed,Noncommutativealgebrasimplicial (IndBanach,)

(IndBanach; )opposite ,Grotopology,homotopyepimorphism

(3.5.112)

Noncommutativeal, gebmsimpli cial

. heaf
Indf#Quasicoherent” "

ringed, Noncommutativealgebra, Ind™ Banach,) ’

Indsmoothformalseriesclosure co—Toposes simplicial (

Ind™Banach; )DPPOS“Q,Grotupology/homotopyepimorphism

(3.5.113)
(3.5.114)

Noncommutativealgebrasimplicial (

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring objects in the co-derived
category of all A-modules from formal series rings over A.

Assumption 3.5.6. (Technical Assumption) Here we assume that in the following the presheaves
O; are taking values in the derived p-completed [E;-algebras over A/I, which then are gener-
ated by those p-adic formal series ring A/I(Z;,...,Z,), n = 1,2, ... by the corresponding de-
rived colimit completion with free variables Z, ..., Z,, n = 1,2,.... However this assumption
does not really matter so significantly in this noncommutative situation since we are just taking
the direct definition through TP.

Definition 3.5.7. Then we can in the same fashion consider the corresponding derived noncom-
mutative prismatic complex presheaves [BS1, Construction 7.6]°® for the commutative algebras
as in the above (for a given prism (A, I)):

Kany o4 A, JA = K anLeftTPnoncommutative,pcomplete < ?2/A ) , ( 35.11 5)

380ne just applies [BS1, Construction 7.6] and then takes the left Kan extensions.



by the regular corresponding left Kan extension techniques on the following (co, 1)-compactly

generated closures of the corresponding polynomials given over A/I with a chosen prism
(A, 1):

Pro-smoothformalseriesclosureoo To Osesringed,Noncommutativealgebrasimplidal(IndSeminormed A/l
) P Noncommutativealgebrag ;i (IndSeminormed 4 1) °PPosite Grothendiecktopology,homotopyepim
(3.5.116)
Pro-smoothformalseriesclosureoo  To Osesringed,Noncommutativealgebrasimp]idal(Ind'"seminormed A1)
) p Noncommutativealgebrag ;i (Ind"Seminormed 4 ;1) °PPOsite Grothendiecktopology homotopyepim
(3.5.117)
Pro-smoothformalseriesclosureOo To OseSringed,Noncommutativealgebrasimphdal(IndNormed 4/ 1)
) p Noncommutativealgebrag il (IndNormed 4 /) °PPosite Grothendiecktopology,homotopyepim
(3.5.118)
Pro-smoothformalseriesclosureoo CTo 0SeSringed,Noncommutativealgebrasimphdal(Ind"’Normed 4/ )
) p Noncommutativealgebrag il (Ind"”Normed 4 /1 )°PPosit Grothendiecktopology,homotopyepim
(3.5.119)
Pro-smoothformalseriesclosureoo To OSeSringed,Noncommutativealgebrasimphdal(IndBanachA / 1)
) p Noncommutativealgebrasimph cia1 (IndBanach 4 , 1) °PPosite Grothendiecktopology,homotopyepim
(3.5.120)
Pro-smoOthformalseriesclosureoo To OSeSringed,Noncommutativealgebrasimphdal(IndeanachA / )
) p Noncommutativealgebrasimph cial (Ind™Banach 4 /) °PPosite Grothendiecktopology,homotopyepim
(3.5.121)

We call the corresponding functors functional analytic derived prismatic complex presheaves
which we are going to denote that as in the following:

KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification,nc (3 . 122)
— tative, let
— KanLeftTPnoncommu ativepeomprete (7 / A)functionalanalytic,KKM,BBM,forrnalanalytiﬁcation,nc-
(3.5.123)
This would mean the following definition®’:
KanLeftA? / A functionalanalytic KKM,BBM, formalanalytification,nc ( O) (3 o 124)
e . . /\
:= ((homotopycolimit Kang eftA2/ 4 functionalanalytic kiv (Oi))
i sifted,derivedcategory  (A/I—Module)
(3.5.125)
) BBM, formalanalytification,nc (3 5. 126)

by writing any object O as the corresponding colimit

homotopycolimit  O;.
i sifted

3The motivation for this definition comes from the corresponding commutative picture, namely the correspond-
ing topological characterization of the corresponding prismatic cohomology and the corresponding completed ver-
sion by using the corresponding Nygaard filtrations. See [BS1, Theorem 1.13].

40Before the Ben-Bassat-Mukherjee p-adic formal analytification we take the corresponding p-completion.



These are quite large (oo, 1)-commutative ring objects in the corresponding (oo, 1)-categories
forR =A/I

. heaf
Indf#Quasicoherent” "

In dsmoothformalseriesclosure ringed Noncommutativealgebra

simplicial (IndSeminormedp )
co—Toposes it
IndSeminormed g ) °PPOS!€ Grotopology,homotopyepimorphism

(3.5.127)

Noncommutativealgebra simplicial (

. heaf
Indf#Quasicoherent” "

Ingsmoothformalseriesclosure o TopOsesringed,Noncommutativealgebrasimphcial (Ind™Seminormedp )

Ind" Seminormedg yopposite ,Grotopology homotopyepimorphism

(3.5.128)

Noncommutativealgebrasimp“ cial (

. heaf
IndfQuasicoherent” "

ringed, Noncommutativealgebra, IndNormedp )

[nds™oothformalseriesclosure —Toposes simplicial

(IndNormed g )OPPDSite,Grotopology,homotopyepimorphism

(3.5.129)

Noncommutativealgebrasimpﬁdal

. heaf
Ind#Quasicoherent’ "

ringed, Noncommutativealgebra Ind"Normedp )

Indssmoothformalseriesclosureoo —TOPOSQS simplicial (

Ind™Normed g )OPPOsite Grotopology homotopyepimorphism

(3.5.130)

Noncommutativealgebrasimpli cial (

. heaf
Ind#Quasicoherent” >

In dsmoothformalseriesclosure ringed,Noncommutativealgebra

simplicial (IndBanachg)

co—Toposes

Noncommutativealgebrasimpli cial (IndBanachp )opposite ,Grotopology homotopyepimorphism
Ind#Q icoh 1:presheaf
n ﬁ uasiconeren . ringed, Noncommutativealgebrag; . ,jicia] (INd" Banachpy ) ’
Indsmoo'rhformalserlesclosure0Q —Toposes simplicial R /
Noncommutativealgebrasimplicial (Ind™Banachg )OPPOSIte,Grotopology/homotopyepimorphism

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (oo, 1)-ring objects in the co-derived
category of all A-modules from formal series rings over A.

Then as in [BS1, Definition 8.2] we consider the corresponding noncommutative perfec-
toidization in this analytic setting.

Definition 3.5.8. Let (A, I) be a perfectoid prism, and we consider any Ee-ring O in the fol-



lowing

Pro'SmOOthformalseriesclosureoo —To Osesringed,NoncornmutativealgebrasimPlicial (IndSeminormed 4 / 1)
) P Noncommutativealgebrag il (IndSeminormed 4 /) °PPosite, Grothendiecktopologyhomotopyepim
(3.5.134)
Pro'SmOOthformalseriesclosureoo —To Osesringed,Noncommutativealgebrasimplicial (Ind"Seminormed 4 / 1)
) p Noncommutativealgebrag ;i (Ind™Seminormed 4 /) °PPosite, Grothendiecktopologyhomotopyepim
(3.5.135)
Proismooth formalseriesclosure o) To Osesringed,Noncommutativealgebrasimph cia (IndNormed 4 /1)
) p Noncommutativealgebrag, y;ciai (IndNormed 4 ;1 )°PPosite Grothendiecktopology homotopyepim
(3.5.136)
Pro'Smoothformalseriesclosureoo  To Osesringecl,Nonc0mmuta’dvealgebrasimplicial (Ind"Normed 4 ;)
) p Noncommutativealgebrag;, ;g (Ind""Normed 4,1 )°PPosite Grothendiecktopologyhomotopyepim
(3.5.137)
Proismo othformalseriesclosure o, _ To OSeSringecl,Noncommu’cativealgebraSirnplicial (IndBanach 4 / )
) p Noncommutativealgebrag il (IndBanach4 /1 )°PPosite Grothendiecktopology,homotopyepim
(3.5.138)
Projsmoothformalseriesclosure y _ Tyyge Sringed,Noncommutativealgebrasimphdal (IndeanachA( 1)
) p Noncommutativealgebrasimph cia1 (Ind™Banach 4 /) °PPosite Grothendiecktopology,homotopyepim
(3.5.139)
Then consider the derived prismatic object:
KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification,nc ( O) . (3 o 140)
Then as in [BS1, Definition 8.2] we have the following preperfectoidization:
(O)preperfectoidization (3 5.1 41)
:= Colimit (KanLeft A? / A functionalanalytic, KKM,BBM, formalanalytification,nc (O) — (3 . 142)
(P* KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification,nc ( O) (3 . 143)

( O ) - ) BBM, formalanalytification,nc
(3.5.144)

— 4)* 4)* I<anLeft A ?/ A functionalanalytic, KKM,BBM, formalanalytification,nc

after taking the formal series ring left Kan extension analytification from [BBM, Section 4.2],
which is defined by taking the left Kan extension to all the (o, 1)-ring object in the co-derived
category of all A-modules from formal series rings over A. Then we define the corresponding
perfectoidization:

(O) perfectoidization (3.5.145)
:= Colimit (KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification,nc ( O) — (3 5. 146)
(P* KanLeftA? / A functionalanalytic, KKM,BBM, formalanalytification,nc ( O) (3 . 147)
BBM, formalanalytification,nc
? (P* (P* KanLeftA? / A functionalanalytic KKM,BBM, formalanalytification,nc ( O) 7 e ) Y x A / I

(3.5.148)

Furthermore one can take derived (p, I)-completion to achieve the derived (p, I)-completed



versions:

Opreperfectoidization,derivedcomplete — (Opreperfectoidization)/\, (351 49)
0perfectoidization,derivedcomplete - 0preperfectoidization,derivedcomplete % A / I (3 5.1 50)
(3.5.151)

These are large (co,1)-commutative algebra objects in the corresponding categories as in the
above, attached to also large (co,1)-commutative algebra objects. When we apply this to
the corresponding sub- (oo, 1)-categories of Banach perfectoid objects in [BMS2], [GR], [KL1],
[KL2], [Ked1], [Sch3], we will have the corresponding noncommutative analogues of the dis-
tinguished elemental deformation processes defined in [BMS2], [GR], [KL1], [KL2], [Ked1],
[Sch3].

Remark 3.5.9. One can then define such ring O to be preperfectoid if we have the equivalence:
opreperfectoidization L> 0. (3 5.1 52)
One can then define such ring O to be perfectoid if we have the equivalence:

(preperfectoidization o 4 /1 =5 0. (3.5.153)



Acknowledgements

This paper is based on the Chapter 12 of the author’s 2021 UCSD dissertation [XT2] under the
advice and direction from Professor Kedlaya. We would like to thank Professor Kedlaya for
some motivating discussion in the preparation for this paper especially on the corresponding
Robba bundles and Frobenius bundles, as well as the corresponding co-categorical and homo-
topical motivic constructions being considered.






Bibliography

[Huber1] Huber, Roland. "A generalization of formal schemes and rigid analytic varieties."
Mathematische Zeitschrift 217, no. 1 (1994): 513-551.

[Huber2] Huber, Roland. Etale cohomology of rigid analytic varieties and adic spaces. Vol. 30.
Springer, 2013.

[Ked1] Kedlaya, K. "Sheaves, stacks, and shtukas, lecture notes from the 2017 Arizona Winter
School: Perfectoid Spaces." Math. Surveys and Monographs 242.

[HK] Hansen, David, and Kiran S. Kedlaya. "Sheafiness criteria for Huber rings." (2020).
Https:/ /kskedlaya.org/papers/.

[XT1] Tong, Xin. "Topologization and Functional Analytification I: Intrinsic Morphisms of
Commutative Algebras." Https:/ /arxiv.org/abs/2102.10766.

[BBBK] Bambozzi, Federico, Oren Ben-Bassat, and Kobi Kremnizer. "Analytic geometry over
F; and the Fargues-Fontaine curve." Advances in Mathematics 356 (2019): 106815.

[BK] Bambozzi, Federico, and Kobi Kremnizer. "On the Sheafyness Property of Spectra of Ba-
nach Rings." arXiv preprint arXiv:2009.13926 (2020).

[BBK] Ben-Bassat, Oren, and Kobi Kremnizer. "Fréchet Modules and Descent." arXiv preprint
arXiv:2002.11608 (2020).

[B1] Bhatt, Bhargav. "p-adic derived de Rham cohomology." arXiv preprint arXiv:1204.6560
(2012).

[B2] Bhatt, Bhargav.  "Lectures on  prismatic = cohomology."  Http://www-
personal.umich.edu/ bhattb/teaching/prismatic-columbia/.

[G1] Guo, Haoyang. '"Crystalline Cohomology of Rigid Analytic Spaces."
Https:/ /sites.google.com/umich.edu/hyg.

[GL] Guo, Haoyang, and Shizhang Li. "Period sheaves via derived de Rham cohomology."
arXiv preprint arXiv:2008.06143 (2020).

[I11] Tllusie, Luc. Complexe cotangent et déformations I. Vol. 239. Springer, 2006.
[1112] Tllusie, L. "Complexe cotangent et déformations II, SLN, 283 (1972)." Zb10224 13014.

[KL1] Kedlaya, Kiran Sridhara, and Ruochuan Liu. 2015. Relative p-adic Hodge theory: foun-
dations. Asteérisque. Paris, Société Mathématique de France.

125



[KL2] Kedlaya, Kiran S., and Ruochuan Liu. "Relative p-adic Hodge theory, II: Imperfect pe-
riod rings." arXiv preprint arXiv:1602.06899 (2016).

[R] Gregoric,c Rok. "The crystalline space and Divided Power Completion."
Https:/ /web.ma.utexas.edu/users/gregoric/CrystalMath.pdf.

[Bell] Bellovin, Rebecca. "Galois representations over pseudorigid spaces." arXiv preprint
arXiv:2002.06687 (2020).

[Bel2] Bellovin, Rebecca. "Cohomology of (¢,I')-modules over pseudorigid spaces." arXiv
preprint arXiv:2102.04820 (2021).

[Lul] Lurie, Jacob. "Higher algebra. 2014." Preprint, available at
http:/ /www.math.harvard.edu/~lurie (2016).

[Lu2] Lurie, Jacob. "Spectral algebraic geometry." unpublished paper (2018).

[Lu3] Lurie, Jacob. Higher Topos Theory (AM-170), Princeton: Princeton University Press,
2009.

[Dr1] Drinfeld, Vladimir. "A stacky approach to crystals." arXiv preprint arXiv:1810.11853
(2018).

[Dr2] Drinfeld, Vladimir. "Prismatization." arXiv preprint arXiv:2005.04746 (2020).

[L] Lourengo, Joao NP. "The Riemannian Hebbarkeitssidtze for pseudorigid spaces." arXiv
preprint arXiv:1711.06903 (2017).

[BS1] Bhatt, Bhargav, and Peter Scholze. "Prisms and prismatic cohomology." arXiv preprint
arXiv:1905.08229 (2019).

[BMS] Bhatt, Bhargav, Matthew Morrow, and Peter Scholze. "Topological Hochschild homol-
ogy and integral p-adic Hodge theory." Publications mathématiques de I'THES 129, no. 1
(2019): 199-310.

[BMS2] Bhatt, Bhargav, Matthew Morrow, and Peter Scholze. "Integral p-adic Hodge theory."
Publications Mathématiques de I'THES 128, 219-397 (2018).

[O] Olsson, Martin C. "The logarithmic cotangent complex." Mathematische Annalen 333, no.
4 (2005): 859-931.

[Paul] Paugam, Frédéric. "Overconvergent global analytic geometry." arXiv preprint
arXiv:1410.7971 (2014).

[DLLZ1] Diao, Hansheng, Kai-Wen Lan, Ruochuan Liu, and Xinwen Zhu. "Logarithmic adic
spaces: some foundational results." arXiv preprint arXiv:1912.09836 (2019).

[DLLZ2] Diao, Hansheng, Kai-Wen Lan, Ruochuan Liu, and Xinwen Zhu. "Logarithmic
Riemann-Hilbert correspondences for rigid varieties." arXiv preprint arXiv:1803.05786
(2018).

[CS2] Clausen, Dustin, and Peter Scholze. Lectures on Analytic Geometry.
Https:/ /www.math.uni-bonn.de/people/scholze /Notes.html.



[CS1] Clausen, Dustin, and Peter Scholze. Lectures on Condensed Mathematics.
Https:/ /www.math.uni-bonn.de/people/scholze /Notes.html.

[LL] Li, Shizhang, and Tong Liu. "Comparison of prismatic cohomology and derived de Rham
cohomology." arXiv preprint arXiv:2012.14064 (2020).

[FS] Fargues, Laurent, and Peter Scholze. "Geometrization of the local Langlands correspon-
dence." arXiv preprint arXiv:2102.13459 (2021).

[SP] Stacks Project Authors. "Stacks Project." (2021).

[Kol] Koshikawa, Teruhisa. "Logarithmic Prismatic Cohomology 1" arXiv preprint
arXiv:2007.14037 (2020).

[Sch1] Scholze, Peter. "Etale cohomology of diamonds." arXiv preprint arXiv:1709.07343 (2021).

[Sch2] Scholze, Peter. "p-adic Hodge theory for rigid-analytic varieties." In Forum of Mathe-
matics, Pi, vol. 1. Cambridge University Press, 2013.

[Sch3] Scholze, Peter. "Perfectoid Spaces." Publications mathématiques de 'THES (2012).

[GR] Gabber, O., and L. Ramero. "Foundations for Almost Ring Theory—Release 7.5." Mathe-
matics (2004). arxiv preprint arXiv: 0409583v13.

[L] Lourengo, Joao NP. "The Riemannian Hebbarkeitssidtze for pseudorigid spaces." arXiv
preprint arXiv:1711.06903 (2017).

[NS] Nikolaus, Thomas, and Peter Scholze. "On topological cyclic homology." Acta Mathemat-
ica 221, no. 2 (2018): 203-409.

[FK] Fukaya, Takako and Kazuya Kato "A formulation of conjectures on p-adic zeta functions
in noncommutative Iwasawa theory." In Proceedings of the St. Petersburg Mathematical
Society, pp. 1-85. 2006.

[ELS] Eriksen, Eivind, Olav Arnfinn Laudal, and Arvid Sigveland. Noncommutative Defor-
mation Theory. CRC Press, 2017.

[Ta] Tate, John. "Rigid analytic spaces."” Inventiones mathematicae 12, no. 4 (1971): 257-289.

[MP] May, J. Peter, and Kate Ponto. More concise algebraic topology: localization, completion,
and model categories. University of Chicago Press, 2011.

[N] Neisendorfer, Joseph. Algebraic methods in unstable homotopy theory. Vol. 12. Cam-
bridge University Press, 2010.

[BS2] Bhatt, Bhargav, and Peter Scholze. "The pro-étale topology for schemes." Astérisque 369
(2015): 99-201.

[Bei] Beilinson, Alexander. "p-adic periods and derived de Rham cohomology." Journal of the
American Mathematical Society 25, no. 3 (2012): 715-738.

[An1] André, Michel. Homologie des algebres commutatives. Vol. 206. Springer, 2013.



[An2] André, Michel. Méthode simpliciale en algebre homologique et algebre commutative.
Vol. 32. Berlin-Heidelberg-New York: Springer, 1967.

[Qui] Quillen, Daniel. "On the (co-) homology of commutative rings." In Proc. Symp. Pure
Math, vol. 17, no. 2, pp. 65-87. 1970.

[M] Mao, Zhouhang. "Revisiting Derived Crystalline Cohomology." ArXiv Preprint
ArXiv:2107.02921, 2021.

[Ra] Raksit, Arpon. "Hochschild Homology and the Derived de Rham Complex Revisited."
Arxiv Preprint ArXiv:2007.02576.

[KKM] Kelly, Jack, Kobi Kremnizer and Devarshi Mukherjee. "Analytic Hochschild-Kostant-
Rosenberg Theorem." Arxiv preprint arXiv: 2111.03502.

[BBM] Ben-Bassat, Oren and Devarshi Mukherjee. "Analytification, Localization and Homo-
topy Epimorphisms." ArXiv preprint arXiv: 2111.04184.

[XT2] Xin Tong. "Geometric and Representation Theoretic Aspects of p-adic Motives." Univer-
sity of California San Diego Dissertation, 2021.

[Ked2] Kedlaya, Kiran. (2015). "Reified valuations and adic spectra." Research in Number The-
ory. 1. 10.1007 /s40993-015-0021-7.

[Konl] Kontsevich, Maxim. "Noncommutative motives." Talk at the Institute for Advanced
Study on the occasion of the 61st birthday of Pierre Deligne (2005).

[Ta] Tabuada, Gongalo. Noncommutative motives. Vol. 63. American Mathematical Soc., 2015.

[KR1] Kontsevich, Maxim, and Alexander Rosenberg. "Noncommutative spaces." Max-Planck-
Inst, 2004.

[KR2] Kontsevich, Maxim, and Alexander Rosenberg. "Noncommutative stacks." 2004.

[G2] Guo, Haoyang. "Prismatic cohomology of rigid analytic spaces over de Rham period
ring." Arxiv preprint arxiv: 0112.14746.



