ANALYTIC GEOMETRY AND HODGE-FROBENIUS STRUCTURE

XIN TONG

ABSTRACT. In this paper, we study Frobenius structures in higher dimensional p-adic ana-
lytic geometry and the corresponding p-adic functional analysis. This will build up founda-
tions for further study on some generalized cohomology of Frobenius modules and the corre-
sponding generalized Iwasawa theory and generalized noncommutative Tamagawa number
conjectures in the spirit of Burns-Flach-Fukaya-Kato and Nakamura (as well as certainly
the original noncommutative Tamagawa number conjectures as observed by Pal-Zabradi).
We will work in the program proposed by Carter-Kedlaya-Zabradi and after Pal-Zabradi,
and we will follow closely the approach from Kedlaya-Pottharst-Xiao to investigate the cor-

responding deformation of the generalized p-adic Hodge structures.
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1. INTRODUCTION

1.1. Higher Dimensional Analytic Geometry. Higher dimensional analytic geometry in
the nonarchimedean setting and corresponding p-adic analysis received very rapid develop-
ment in the past decades, dated back to the last century to some point. Its complex analog,
which is to say the complex analysis in higher dimension of several variables or the study of
complex analytic varieties could be dated back even earlier. For instance searching for the
automorphism groups of higher dimensional domains is still attracting extensive attention.
On the other hand in the p-adic setting, considering higher dimensional analytic domains
will be a very natural generalization (especially in the rigid analytic geometry, or more gen-
eral analytic geometry). However, the approaches do not generalize very smoothly to the
higher dimension, even, one will immediately need to find new approaches. This is actually
already clear in the complex setting, for instance one may believe that complex analysis of
several variables over complex polydiscs is natural generalization of one variable situation,
for instance the Cauchy integration formula and maximal value issues. However in the p-adic

setting, this might be more complicated as discussed in the following.

The famous p-adic local monodromy theorem, proved by Tsuzuki in the unit-root setting,
and then proved by André-Kedlaya-Mebkhout [Ked04|, [Andl] and [Me| in the full gen-
eral setting, is already a very difficult theorem over one-dimensional p-adic annulus, which
roughly speaks that over such annulus, each finite locally free sheaf with connection and
Frobenius (not necessarily absolute) structure could be made simpler with respect to the
connection structure. For instance in the unit-root setting, the picture is even simpler, since
then we only need to consider Galois representations with finite monodromy which is to say
potentially unramified somewhat: we have an equivalence between the category of unit-root
overconvergent isocrystals and the one of all the potentially unramified étale Q,-local sys-
tems, over some space. Actually Kedlaya’s approach established in [Ked04| used very deep
theorem on the slope filtration over one-dimensional p-adic annulus to reduce to Tsuzuki’s

approach.

To generalize to the higher dimensional situation, we have many ways to do so which are
encoded in the following projects. First one could consider the picture in the relative p-adic
Hodge theory, for instance established in [KL15] and [KL16], or the multidimensional pro-
gram of [CKZ18| and [PZ19]. Also we would like to mention some relativization programs in

[BC1], [Ked10], [Liul] where some attempt to generalize the slope filtration theorem and the



local monodromy theorem to the relative Frobenius situation had been successful. The ap-
plications from [Ked04| to the rigid cohomology and isocrystals have already considered some
sort of multidimensional construction as in [Ked06],[Ked07],[Ked08],[Ked11],[Ked09],[Ked07].
However, one could still only get information deduced from the monodromy theorem or the
slope filtration theorem essentially from the one mentioned above. The theory of partial
differential equations have been regarded as non-trivial and significant generalization of the
story relevant above. To be more precise, these are reflected in the following work: [Xiaoll],
[Xiaol2] and [KX10], [Ked10], [Ked11], [Ked13].

That being all said, we will only focus on mixed-characteristic situation in this paper.
Here let us do some summarization in a uniform way on the known pictures which one might

want to follow being local or global, being étale or non-étale:

Setting 1.1. Mixed-characteristic local étale: Berger’s theorem for potentially semi-stable

Galois representations |Berl].
Setting 1.2. Mixed-characteristic local non-étale: Again Berger’s theorem for (¢, I')-modules.

Setting 1.3. Mixed-characteristic global étale: Relative p-adic Hodge theory after Faltings,
Andreatta, Iovita, Brinon, Scholze, Kedlaya, Liu and so on, in [Fal|, [A1], [AI1], [AI2], [AB1],
[AB2]|, [AB3|, [Schl], [KL15] and [KL16].

Setting 1.4. Mixed-characteristic global non-étale: Relative p-adic Hodge theory in the
style of Kedlaya-Liu [KL15] and [KL16].

In this paper, we first consider the program of [CKZ18] and [PZ19|, and we will work
in the generality of [KPX14]. The generalization itself is already interesting enough and
actually we need to address some fundamental issues around. The multidimensionalization
we studied here represents some similarity to the globalization and multidimensionalization
mentioned above in the relative p-adic Hodge theory and some globalization of the study
of isocrystals in the style of Kedlaya’s theorem on Shiho’s conjecture. Actually we consider
slightly different actions within the module structures, which is to say that we will have

multi-Frobenius actions, multi-Lie group actions, multi-differentials.

1.2. Results and Applications. Here is our first main result, while the corresponding

proof will be given in section 4.1:

Theorem 1.5. With the same assumptions as in assumption 4.1 as below, we set M to be

the global section of a locally free coherent sheaf of module over the sheaf of the Robba ring



Hancon,1.x(Tk,) over an affinoid domain X attached to an affinoid algebra A in the rigid
analytic geometry, carrying mutually commuting actions of (vr,I'k,). Then we have the
(M) lives then in the derived category D’ (A), and we

corresponding Herr complex C; perf

1Tk

have that the corresponding complex C’;I(M ) has all the cohomology groups which are coad-

missible over Uan oo, 1, 4(Uk;). Moreover when A = Q,, C3 (M) lives in D;erf(ﬂan,ooyLA(FKI)).

Another motivation in our situation comes from the equivariant Iwasawa theory proposed
by Kedlaya-Pottharst in [KP1]. Here the idea will be working over more general distribution
algebra after Berthelot, Schneider and Teitelbaum in the following sense. The idea is from
the following observation. Now suppose G is a nice p-adic Lie group for instance as above
we considered the product of Z, or Z;. Then we consider the corresponding distribution
algebra which we will use the notation IT,, . 4(G) to denote this ring (note that here we
have already considered the even more general relative setting). Now consider L/K a p-
adic Lie extension. Then we have that one could consider the projection Gx — G(L/K)
to define the corresponding Galois representation with coefficients in Il., - 4(G), which
then gives rise to a (¢, 'x)-module over I, 4(G). Then we take the external tensor
product of any (p,I")-module M with this p-adic Lie deformation DfmLie we will get a
module M X DfmLie which is actually (¢, I")-module over Il,; o 4(G). Then we are going
to define the Herr complex of this module, which will be called the G-equivariant Iwasawa
cohomology. It is natural to investigate the fundamental properties of this cohomology which
is over MaxA x MaxlIly, o (G). For instance over Z¢ as above, we will have to study the
cohomology of the big (¢, I')-module over the product of the ring Il.,cona(7x) and the
ring Ilanoo(G). Therefore through the previous theorem we have the following coherence
over more general Fréchet-Stein algebras, while the corresponding proof will be given in

section 4.1:

Theorem 1.6. Let X(G) be the quasi-Stein rigid analytic space attached to the p-adic Lie
group G = T'g, for some set J possibly different from I as in setting 3.1. Let A be an
affinoid algebra over Q,. Suppose F is a locally free coherent sheaf over the sheaf of Robba
ring oy con. 1 x.0 ()34 (T, ), where we use the same notation to denote the global section and
we assume that the global section is finite projective, carrying mutually commuting actions
of (¢1,T'k;). Then we have that the cohomology groups of the Herr complex C3 v (F) are

coadmissible over XOO(G)(}A@A, and the corresponding cohomology groups of Twasawa complex

1One should be able to work in the (00, 1)-derived categories as well, see definition 4.5, though we just

use the regular derived categories to formulate our results without the enhancement.



Cy, (F) are coadmissible over 11, . 1 x _(aa(U'x;). Moreover when A = Q,, C}, (F) lives
in D’ (oo 1. x ()24 (L'i;)) and Cf 1 (F) lives in D’ (Xoo (G)RA).

perf perf

Remark 1.7. The two theorems are around commutative period rings. Actually we conjec-
tured that the corresponding analogs in the noncommutative setting should hold. In other
words not only we would expect that one can follow the ideas in this work to establish some
finiteness theorems when we have the coefficients that are noetherian noncommutative Ba-
nach rings as those discussed in section 5.1, but also we should as well have some analogs of
the results on the (noncommutative) equivariant Iwasawa cohomology. For more detail, see

conjecture 5.22, conjecture 5.23, conjecture 5.24.

It is actually not expected (due to some difficulty in high dimensional p-adic analysis) that
one could derive the finiteness or perfectness in some ambient derived categories by using
analogue of Kedlaya’s key ingredient to prove the theorem mentioned in setting 1.2 above,
which is to say there is no dévissage possibility transparent for us to use in order to reduce
all the proof in the non-étale setting to the main results of [CKZ18| and [PZ19], in the étale
setting. The coherence of the cohomology is significant in our theory, for instance if one
would like to study the global triangulation of (¢, I')-modules over any rigid analytic spaces,

for more application see the discussion below.

Now we discuss the applications of our results. The multidimensionalization represented in
the program of [PZ19] and [CKZ18| is aimed at some motivation from p-adic Local Langlands
program and relative Fukaya-Kato-Nakamura’s local Tamagawa number conjecture or the
g-isomorphism conjecture. One could somehow regard the two conjectures as closely related

to each other to some extent. Roughly speaking we have the following conjecture:

Conjecture 1.8. (Nakamura [Nak2|) In the determinant category attached to any (p,T)-
modules over relative Robba rings, for each such M there exists an isomorphism between the
object 1 with the fundamental line attached to M. Moreover this isomorphism is compatible

with algebraic functional equation, duality and the de Rham isomorphism.

The program initiated in [PZ19] and [CKZ18]| gives rise to some possible approach to this
conjecture, by first generalizing this to higher dimensional situation, and then consider some
sort of diagonal embedding in the group theoretic consideration. Again there should be a

corresponding relative version of the conjectures of Pal-Zabradi [PZ19].



Another application will be deformation theory and the variation of the triangulation
property represented already in the one-dimensional situation, see [KPX14]. As mentioned
above, local triangulation or global triangulation are significant properties in the study of
Galois theoretic eigenvarieties. We should mention that actually our approach which is par-
allel to [KPX14] is different from the one in [Liul]. The latter used essentially some local
spreading properties of the slope filtrations, which is tested by considering the sensibility of
the neighbourhood around a good point on the slope filtrations. All of these are not directly
expected in the context of [KPX14| and the one we are considering in this paper. For the

extended and detailed exposition, see the corresponding section 4.2.

1.3. What’s Next. The framework we studied here is just some partial aspects of the
whole story in the higher dimensional analytic geometry. One can definitely study more
general analytic geometry even in the archimedean setting where one can search for more
very typical multi-Hodge structures such as those coming from the hyper-Kéahler geometry.
We have only worked over polydisks and polyannuli in the strictly affinoid setting in regular
rigid analytic geometry which we believe of course should be the most similar setting to the
classical complex analysis of several variables. But that being said, these restrictions are
not necessary at all. One can obviously ask how general the spaces which we could handle
are. We certainly believe in some very general sense that the spaces we could potentially
handle are those allowing us to do the suitable p-adic functional analysis and p-adic complex

analysis of several variables.

The corresponding construction we established here targets directly at the noncommuta-
tive Tamagawa number conjectures. We should then follow [Nakl|, [Nak2|, [Zahl]|, [PZ19]
to amplify our programs in our mind from the philosophy in [BF1|, [BF2] and [FK|. And we
should believe that our approach could be also applied in many other contexts where [Kiel]
and |[KL] will provide insights and applications, which certainly might not have to be Iwa-
sawa theoretic. Certainly in the context of [PZ19] one still has to investigate in more detail
the corresponding p-adic Hodge theoretic properties of objects studied in this paper, such

as the corresponding possible analogs of the main results in [Ked04], [And1], [Me] and [Ber1].



Notation Description (These are mainly starting participating in the discussion in
Chapter 2 in the commutative setting, while in Chapter 5 in the noncom-
mutative setting)

P A prime number which is > 2.

1 A finite set.

K, Finite extension of Q, for each a € I, with chosen 7x 4.

Gk, The corresponding Galois group of Gal(@p /K,) for each a € I.

I The corresponding I' group of K, for each a € I.

SI,TI Multidimensional radii 0 < s; < r; with coordinates which are rational
numbers.

A An affinoid algebra (which could be noncommutative).

IL,, r Multidimensional convergent ring with respect to the radius r;.

His, r1 Multidimensional analytic ring with respect to the radii in [sy, 7]

|} P Multidimensional analytic ring with respect to the radius r;.

Ian,con, 1 Multidimensional Robba rings.

II,, 1,4 Multidimensional convergent ring with respect to the radius r; with coef-
ficients in an affinoid algebra A.

s, 11,4 Multidimensional analytic ring with respect to the radii in [sy,r;] with
coefficients in an affinoid algebra A.

Wan 1,4 Multidimensional analytic ring with respect to the radius r; with coeffi-
cients in an affinoid algebra A.

ILan con,1,4 Multidimensional Robba rings with coefficients in an affinoid algebra A.

(Coyla)aer Collections of pair (Cl,, l,) each of which consists of a multiplicative topo-
logical group which is abelian with finite torsion part and free part iso-
morphic to Z,, and a continuous homomorphism from C, to Q, for each
acl.

on s, 1(Cr) Multidimensional analytic ring with respect to the radius r;, with new
variables from C7.

Manconr(Cr)  Multidimensional Robba rings, with new variables from Cj.

L, 1.4(Cr)  Multidimensional analytic ring with respect to the radius r; with coefhi-
cients in an affinoid algebra A, with new variables from C7.

Ian con.r.4(Cr) Multidimensional Robba rings with coefficients in an affinoid algebra A,

with new variables from C7.



Han,oo,[ (CI)

Han,oo,I,A(CI)

Notation

Multidimensional analytic ring with respect to the radius r;, with new
variables from Cf.
Multidimensional analytic ring with respect to the radius r; with coeffi-

cients in an affinoid algebra A, with new variables from C7.

Description (These are mainly starting participating in the discussion in
Chapter 3 and 4 in the commutative setting, while in Chapter 5 in the

noncommutative setting)

Han,m,[ (TrK,I)
H[SI,TI],I(WK,I)

Han,con,[ (WK,I)

Han,rI,I,A(WK,I)
Uis; 11,4 (WK,I)
Han,con,I,A ('”K,I)
a0, r(Tk, 1)

Han,oo,I,A (FK,I)

Multidimensional analytic ring with respect to the radius r;, with new
variables in 7 ;.

Multidimensional analytic ring with respect to the radii in [s7, 7], with
new variables in 7 ;.

Multidimensional Robba rings, with new variables in g ;.
Multidimensional analytic ring with respect to the radius r; with coeffi-
cients in an affinoid algebra A, with new variables in 7 ;.
Multidimensional analytic ring with respect to the radii in [sy, r;] with
coefficients in an affinoid algebra A, with new variables in 7k ;.
Multidimensional Robba rings with coefficients in an affinoid algebra A,
with new variables in 7 ;.

Multidimensional analytic ring with respect to the radius r;, with new
variables from ['g.

Multidimensional analytic ring with respect to the radius r; with coeffi-

cients in an affinoid algebra A, with new variables from I'k.



2. FRECHET RINGS AND SHEAVES IN THE COMMUTATIVE CASE

2.1. Fréchet Objects. In this subsection we are going to define the main objects we are
going to study ring theoretically. Everything will be modeling the one-dimensional situation.
As indicated in the title of the section, we will consider Fréchet-Stein objects in the sense of

[ST03]. We first proceed by defining the following rings:

Definition 2.1. (After KPX [KPX14, Notation 2.1.1]) We consider the multi radii as
mentioned in the notation list, where 0 < s; < r; are all rational numbers or co. Under
this assumption first let I is a finite set. Then we consider the multidimensional polynomial
rings generalizing the one-dimensional situation with variables T5, .., TIjEl which is to say
the ring:

QT .., T5.

Now we endow this rings with some specific Gauss valuations and norms as in the following

way for any multi radii ¢; > 0:

v, (f) = Utz(z anzTIiI) = inf {%(am) + Ztaia} )

a€el

LAl =

E if
Qn; TI
nr

We are going to use the Gauss valuations and norms with respect to the multi-interval [sy, r/]

= up {Jan,[p Do o0}
nr

tr

in the following sense:

U[s;,r;](f) = U[SI,TI](Z anIT;I) := min {vp(an,) + Ztaia} ,
ng

to,E{S],’r‘j} el

= max
ta6{517rl}

1A Wy ) =

i
E an, 17
nr

The latter will give rise to the following definition:

if
E an, 17
nr

[s1,71] ta

H[sbm],[

which is defined to the completion of the ring Q,[TF!, .., TF'] with respect to the norms

defined above with respect to the multi-interval [s;,r;]. For the polynomial rings:

Qp[Tla (XX} TI]

we then instead define for some t; > 0:



Utl(f) - Ut[(Z anIT;I) := inf {Up(am) + Z taia} )
nr = aecl
S o7

nr

Hf”t, = := sup {|an1‘p_ Zaeztaia/(p—l)} ‘
nr

tr
This will then give rise to the rings corresponding to the closed polydiscs and open polydiscs:

;00,0 Man,oor,1 mHtI:OOI

tr>0

Then correspondingly we define the following analytic rings corresponding to the full polyan-

I_IMM«I7 : ﬂ HSI,TI]I; an,con,] * U m HSIJ“I

0<sr<rr ry>00<sr<ry

nuli:

Remark 2.2. One could actually define the rings by considering all the (rigid) analytic func-
tions over the corresponding open polydiscs, closed polydiscs, polyannuli and full polyannuli,

which will be more transparent.

Remark 2.3. Actually one could see that in the definition, one could find that especially
in the multi-interval situation, the rightmost radii could be mixed-type with respect to the
infinity which is to say that one could have a genuine proper subset of indexes where the
rightmost radii are exactly infinite. We will mainly focus on the situation where such proper

subset does not emerge in our discussion later, if not specified otherwise.

Now we consider the relative version of the definition as in the one dimensional situation
in [KPX14, Notation 2.1.1].

Definition 2.4. (After KPX [KPX14, Notation 2.1.1]) Let A be an affinoid algebra over
Q, in the sense of rigid analytic spaces. Then we are going to define the relative version of

the rings defined as above in the absolute situation:
Wis,ri,1,45
as the analytic functions relative to A over the products:
MaxA x Al[s;,77],0 < s; <77

Then we define:

Han oA = m H[s;,rﬂ IA: an,con,I,A - U ﬂ HS[,’/‘[] 1,A-

0<sr<rr rr>00<s;<ry



Correspondingly almost in the parallel and similar way one could define the following ring
of analytic functions relative to the space A:
s, 0011.1,45 Hanyoop,1,4 = ﬂ s, 0071,1,4-
51>0

Eventually we are going to work within the framework of Fréchet-Stein algebras over rigid
analytic spaces. Now we are going to consider the construction over the affinoid algebras.
First let ro be a fixed radii (where we do not consider the situation that there is a finite
proper set of [ where the radii approach the infinity). Then we consider a decreasing sequence
of multi radii {rr,},>0 which is to say that for each o € I, 74 11 < Tan, and when n =0

the radii is the one fixed above. And we require that for each a € I, ro1 < 7.

Remark 2.5. Actually this looks a little bit strange, but one could eventually choose in the

following way that for each n > 1 one just set r,,, = 7, for each a.

Then we consider the following result which in some non-trivial way generalizes the one

dimensional situation:

Proposition 2.6. For all n > 1, the rings Wy, .+ 1.4 and Uy, oop).1,4 are noetherian as

Banach A-algebras.

Proof. We are going to follow ideas in |[PZ19] and [Ked19] to prove this. This will be some
application of a theorem due to Fulton in [Full]. We are going to show the statement in the
situation where A is just the field Q,, and leave the general situation to the reader. We are
going to only choose to prove the statement for the ring IIj,, ., ,j.1,4, and we leave the check

for the other ring to the readers. We are going to show that the ring II; 1,4 1s weakly

T1,m5T1,0)
complete algebras over the corresponding adic completion of the ring Z [T, « € I] with the
ideal (p) generated by the element p , and a theorem due to Fulton will imply that the ring
Uy, rr0)0,4 18 actually noetherian.

Following Monsky-Washnitzer, we recall as in the following the basic definition of a ring
R being relatively weakly complete algebras over A. This means that for any element f € R
and any degree d > 0, one could find k elements ¢4, ..., t; and a polynomial p; with k-variables
with the coefficients in (p)¢, such that there exists a constant C' > 0 with degpy < C(d + 1)

and with that:

f = Zpd(tl, ,tk)

d>0
Therefore we are going to find some essential estimate over the degree of the polynomial

with respect to some given element f. To get start for any such given f and any given d



in the condition recalled as above, we consider a degree d,; positive which is maximal in the
sense that f is inside T} ade /(p)? and the index is the maximal throughout all such indexes.
Then we are going to use the notation d; to denote the corresponding multi-index (which is
possibly not the same as —9%). Now we take a constant ¢; > 1 such that 1 o) < -

Then we compute:

¢ > ”fH[errLd > Her,,O > ’COGH@I (f)‘padra,o/(P~l) H p~7“,6,0i,8/(10—1)
pel\{a}

which gives rise to that for some ¢y > 0:

|coeffy, (f)|pPareo/P=D < ¢,

Then we compute as in the following:

(2.1) |coeffy, (f)[pPr=o/®1 < ¢

(2.2) log, |coeffy, (f)] + Ograpn/(p — 1) < log,co

(2.3) (1 =d) + 0aran/(p— 1) < log,c

(2.4) Oarao < (p — Dlog,co + (d — 1)(p — 1)

(2.5) 9a < (p— Dlog,ca/rap + (d—1)(p = 1)/ray

which gives rise to the desired estimate, which then further finishes the proof by considering
Fulton’s theorem in [Full| which says that the desired relative weakly complete algebra is

now noetherian. 0

Then we consider the following statement which sends us to the framework of [ST03],

which generalizes the one dimensional situation in [KPX14, Section 2.1]:

Proposition 2.7. For alln > 1, the rings Way,; o1,4 and Han oo, 1.4 are Fréchet-Stein in the
sense of [STO03].

Proof. We keep the notations simple so we just consider the proof for the first ring and
leave the task for checking the second case to the reader. Now indeed, we first note that
I

a union of the relative annuli as in the following:

rrol,1,A 18 Fréchet algebra in the sense that it is the ring of the analytic functions over

TI,ns

U MaxA x AI[TLn, r10]-

0<rrn<rro



Furthermore we note that this is also the increasing union which is of the form of:

U MaxA x A[[T[m, 7“[70],
0<rin<rro
where MaxA x Al[r;,,rr0] € MaxA x Al[r;,.1,710]. The corresponding transition map
over the algebras then with respect to this increasing union is actually flat since it is étale
by the production construction and the base change properties. Finally the transition map

is of topologically dense image again by the product construction. U

Before we proceed to study more in more detail on the representation and structure of the
algebras defined above, we first define the vector bundles over polyannuli generalizing the
one dimensional result in [KPX14, Definition 2.1.3]. We mimick the definition, which gives

rise to the following:

Definition 2.8. (After KPX [KPX14, Definition 2.1.3]) We define coherent sheaves of
modules and the global sections over the ring Han,mo, 1,4 in the following way. First a co-
herent sheaf M over the relative multidimensional Robba ring Il 1,4 is defined to be a
family (Mg, r))(s;r11c(0.01,0) Of modules of finite type over each relative Ilj, ;17,4 satisfying

the following two conditions as in the more classical situation:
Misirp) @11y 00 Wisttrpra = Misy o)
for any multi radii satisfying 0 < s} < s7 <rf <7} <rro, with furthermore

(M[SII’T” ®H[ 1,1,A H[SII/7T/I/]’I’A) ®H[S’I/,T’I/],I,A H[sljllvT/]//]vlyA — H[S/]//ﬂ'/[”}»]vA’

sl

for any multi radii satisfying the following condition:
0<s; <s]<s<r] <r]<ri<rp.

Then we define the corresponding global section of the coherent sheaf M, which is usually

denoted by M which is defined to be the following inverse limit:
M = I&H M[Slﬂ”l,o]'
81—>0_}—

We are going to follow [KPX14, Definition 2.1.3] to call any module defined over Ila, ;1,4

coadmissible it comes from a global section of a coherent sheaf M in the sense defined above.

Then we could collect the following properties form more general theory from [ST03| as

in [KPX14, Lemma 2.1.4] in the one dimensional situation.



Proposition 2.9. (After KPX [KPX14, Lemma 2.1.4]) We have the following properties
for the coherent sheaves defined above over the relative multi-dimensional Robba rings HanmIOJ’A :
I. For each multi radii 0 < s; < r; < rro as above, we have that the global section M is
dense in the corresponding section M, ;) where 11 is finite, where the statement is also
true for M[1/Ty] for rro infinite but with r; not;

II. For each multi radit 0 < s; < r;p <rro as above, we have the following comparison:

M Qn H[sl,rﬂ,I,A :> M[S[,T[];

an,'rIO,I,A

II1. For each multi radit 0 < s; < rpo we have the following higher vanishing result:

R' im Miy, ) = 0

sy—0t+

1V. The kernel or cokernel of a morphism between coadmissible modules over HanmIO,I,A 18
again coadmissible;
V. Any finite presented module over Han,mo,LA 18 coadmissible;
VI. Any submodule of finite type of any coadmissible Ian v, 1.4-module is again coadmissible;
VII. For each multi radii 0 < s; < r; < rrg, and for the global section defined above, we

have that M ®Ha“!rlo’I’A s, rp,1,4 18 flat over g, 1.4

Proof. See [KPX14, Lemma 2.1.4] and [ST03|. Again let us mention that actually in this
setting initially we only have the corresponding results for r; fixed which could for instance
be r79, however this could be overcome by the same method as in the one dimensional
situation in [KPX14, Lemma 2.1.4]. O

We then follow the ideas and approaches from [KPX14| to study further the structure
theory of the coherent sheaves defined above. The following is then a generalization of the

corresponding result in the one-dimensional situation in [KPX14, Corollary 2.1.5]|.

Lemma 2.10. (After KPX [KPX14, Corollary 2.1.5]) The rings Wanrgy 1,45 and Han con,1,4
are flat over A as in |[KPX14, Corollary 2.1.5].

Proof. We adapt the corresponding method of proof in [KPX14, Corollary 2.1.5] to prove this
generalization. Indeed one could then prove this by the same method of [KPX14, Corollary
2.1.5] since then by taking a suitable basis we will have I, 10, = @,Q,e,. Then one
could just finish as in [KPX14, Corollary 2.1.5]. O

Definition 2.11. (After KPX [KPX14, Definition 2.1.3]) Consider a coherent sheaf M, ,
over Han,%, 1.4 defined as above, then we are going to call this sheaf a vector bundle if for

each [s7, 7] suitably located multi interval we have M, . is flat over Iy [, r,.1,4-



This will give us a chance to consider the following result:

Proposition 2.12. (After KPX [KPX14, Lemma 2.1.6]) For any coherent sheaf M,,
over Han’rloJ,A which admits a vector bundle structure in our situation, we then have that the
global section M of it is finitely projective if and only if it is finitely presented. (Actually one
can even derive the corresponding sufficient and necessary condition to be just being finitely

generated by applying |[KL16, Corollary 2.6.8]).

Proof. Basic representation theory tells us that the module involved is finitely projective if
and only if it is finitely presented and flat. Therefore back to our proposition one direction of
the implications is trivial, which is to say that we could now assume that the corresponding
module is finitely presented, and it suffices to show that it is flat. Therefore as in [KPX14,

Lemma 2.1.6] we consider the map [ ®p M — M for some finitely generated ideal

an,rpg J,A

I. Then we are going to show that this is injective. First choose some presentation of M
which is of type (m,n) over the base ring Ian 1,4 then translate this to the corresponding
statement for the ideal I which is to say I"™ — [". This actually gives us a chance to derive
the statement that S -

proposition 2.9 we have that it suffices to show that:

1.4 M is also coadmissible by the proposition 2.9. Now again by

I ®n M—M

an,'rIO J,A

is injective over some base change to some Il (s, r,),7,4- Then as in [KPX14, Lemma 2.1.6]

one could finish the proof since this is nothing but the following map:

(I ®n Wan sy r1.0,4) @ Mg ) = Mgy

an,rIO JI,A

which is injective by the flatness from [KPX14, Lemma 2.1.6]. O

We then have the following corollary which is a direct analog of the corresponding results
in [KPX14, Corollary 2.1.7|:

Corollary 2.13. Let A be an affinoid algebra which is reduced. Now consider a module
M over the Robba ring with respect to a specific radius 1, defined over Max(A) x A™(0, /]
and we assume that for any maximal ideal m,, of A the fiber My, has the same rank. Then
we have that M is finite projective if we further assume that M is finitely presented (as

mentioned in the previous proposition one can even assume that it is finitely generated).

Proof. This is a corollary of the previous proposition and the corresponding noetherian prop-
erty as in [KPX14, Corollary 2.1.7]. O



Before we study the relationship between the finiteness of the global sections and the
coherent sheaves, we generalize the uniform finiteness in the one dimensional situation which

is established in [KPX14, Definition 2.1.9).

Definition 2.14. (After KPX [KPX14, Definition 2.1.9]) We first generalize the notion of
admissible covering in our setting, which is higher dimensional generalization of the situation
established in [KPX14, Definition 2.1.9|. For any covering {[s;, 7]} of (0,770], we are going
to specify those admissible coverings if the given covering admits refinement finite locally
(and each corresponding member in the covering has the corresponding interior part which
is assumed to be not empty with respect to each a € I). Then it is very natural in our
setting that we have the corresponding notations of (m,n)-finitely presentedness and n-
finitely generatedness for any m,n positive integers. Then based on these definitions we
have the following generalization of the corresponding uniform finiteness. First we are going
to call a coherent sheaf {M, ,, }(s;ry) OVer Ilan,, o,r,4 uniformly (m,n)-finitely presented if
there exists an admissible covering {[sy, 7]} and a pair of positive integers (m,n) such that
each module Mj,, ;1 defined over Il,y (s, r,1,7,4 is (m,n)-finitely presented. Also we have the
notion of uniformly n-finitely generated for any positive integer n by defining that to mean
under the existence of an admissible covering we have that each member Mj, ., in the
family defined over Il (s, ;7,4 is n-finitely generated. Sometimes we are also going to use
the notions of being uniformly finitely generated and being uniformly finitely presented to
mean the corresponding objects when the corresponding uniform numbers of the generators

are well-understood.

After defining these notions one could consider the following generalization of the cor-
responding results in [KPX14, Lemma 2.1.10] specifically in the one-dimensional situation.

Before establishing this kind of generalization we first consider the following:

Lemma 2.15. (After KPX [KPX14, Lemma 2.1.10]) Consider now the following short

exact sequence of coherent sheaves over Iy, ,, ,1.4:

0 — (M, ) tsrry — Mispe)) sy — (M, ) (Gsm1y — 0.

Then we have that if (M[ls,,r,]>{[81m} and one of the rest two sheaves are uniformly finitely
presented so is the third, moreover we have that if (Mis, 1) {[s1r1}5 (M[i,,m]){[w,m}} are uni-

formly finitely presented then the third one will be uniformly finitely generated.

Proof. See [KPX14, Lemma 2.1.10]. O



Lemma 2.16. (After KPX [KPX14, Lemma 2.1.11]) Let {M, 1} be a coherent sheaf
over Wan r, o.1,.4 with global section which we will denote it by M (with respect to an admissible
covering in our context). Suppose that we have a set of generators {ey, ..., e, } which generates
Mis, 1 for each [sp, 7] involved, then we have that this set of generators will generate M as

well.

Proof. As in the one dimensional situation (see [KPX14, Lemma 2.1.11]|) one could prove
this by first exhibiting a map by using the given basis (Ilan; o,7,4)" — M, then arguing that
this will give rise to the desired generating set by considering the corresponding projection
which is again a well-defined surjection and comparison under the assumption mentioned

above. U

Proposition 2.17. (After KPX [KPX14, Proposition 2.1.13]) Consider any arbitrary co-
herent sheaf { My, ,,} over Uany, o.1,4 with the global section M. Then we have the following
corresponding statements:

I. The coherent sheaf {Mi,, .} is uniformly finitely generated iff the global section M is
finitely generated;

II. The coherent sheaf {M, .} is uniformly finitely generated iff the global section M is
finitely presented;

III. The coherent sheaf {M, .} is uniformly finitely presented vector bundle iff the global

section M 1is finite projective.

Proof. One could derive the the second and the third statements by using the lemma 2.15
and proposition 2.12. Therefore it suffices for us to prove the first statement. Indeed one
could see that one direction in the statement is straightforward, therefore it suffices now
to consider the other direction. So now we assume that the coherent sheaf {M,,,} is
uniformly finitely generated for some n for instance. Then we are going to show that one
could find corresponding generators for the global section M from the given uniform finitely
generatedness.

Now by definition we consider an admissible covering taking the form of {[s;,r/]}. In
[KPX14, Proposition 2.1.13] the corresponding argument goes by using special decompo-
sition of the covering in some refined way, mainly by reorganizing the initial admissible
covering into two single ones, where each of them will be made into the one consisting of
those well-established intervals with no overlap. In our setting, we need to use instead the
corresponding upgraded nice decomposition of the given admissible covering in our setting,
which is extensively discussed in [KL16, 2.6.14-2.6.17]. Namely as in [KL16, 2.6.14-2.6.17]



there is a chance for us to extract 2/ families st 18, Yo, 020 qvay, (N = 2‘”)
of intervals, where there is a chance to have the situation where for each such family the cor-
responding intervals in it could be made to be disjoint in pairs. Then we are in the situation
of [KL16, Proposition 2.6.17], namely whenever we have a 2//l-uniform covering, then the
uniformly finiteness throughout all the coverings involved will guarantee the corresponding
finiteness of the corresponding global section which proves the proposition. To be more pre-
cise we make the argument in [KL16, Proposition 2.6.17| more precise in our setting. First

we write the corresponding space Af(0,77]4 into the following form:

A0, rr0]a = A'[s1.0:710]a-

a>0

For A[s; _1,770]a We choose that to be empty. Then for a chosen family {[s;s,,71.5,] ti=o0.1...,
we use the notation {[s;, 77|} to denote this specific family where I" is endowed with the
corresponding well ordering as in [KL16, proposition 2.6.17]. Now we consider for each
7y the corresponding index «(7) such that the intersection between A’[s;q(y),7r0)a and
A'[s7~,714]4 is empty and meanwhile this index is the largest among all the candidates
such that the intersection like this is empty. Then we consider the corresponding subspace

in the following way:

B, = AI[SLOL(V), rr0la U U A][Slm riqla-

¥ <yy'el

Then we can see that one can find an element in the section O(B,) which by considering
the corresponding restriction gives rise to some element which represents an invertible of an
element which is topologically nilpotent over the section over Al[s; ., 7r,]4 but meanwhile
vanishes over the section over B,. Then by the density of the global section one can see that
one can upgrade this element to be some element in O(A?(0,r70]4) which which represents
an invertible of an element which is topologically nilpotent over the section over A![s Iy TTy)A
but meanwhile represents an element which is topologically nilpotent over the section over
B,. We denote this element by . Now we can perform the corresponding iteration process

in [KL16, proposition 2.6.17] to generate the following families of elements in M:

(2.7) €1y ey €y



whose limit will be the corresponding finite generating set of the global section. We first

start from a generating set of M, ., | such ey, ..., €, then we are considering will be the

SI,v»

sequence defined in the following way:
e’y,i = e'y,i + ZL’Z@Z-,

where 7 is sufficiently large integer. This process guarantee that we can have converging limit
set of generators. The generators actually generate the corresponding section Mj,, _ ., | since
in our situation we can control the corresponding difference between the restriction of our
produced set of elements and the actually generator over such section as in [KL16, proposition
2.6.17] and [KPX14, Lemma 2.1.12].

O

2.2. Further Discussion and Residue Pairings. We collect some further continuation of
the discussion in the previous section before we consider the residue pairings in our setting,

these are higher dimensional generalization of the corresponding results in [KPX14].

Lemma 2.18. (After KPX [KPX14, Lemma 2.1.16]) Consider a morphism f : M — N
of modules over 1l 1.4 with kernel and cokernel of finite types. Suppose f : M — N
s injective over Iy conr,a. Then f is injective over Il ., 1.4 for some radii rp < 7.
Furthermore if f : M — N is surjective over ay, con.1.4, then f is surjective over Ilan ., 1.4

for some radii r; < rryp.

Proof. See the proof of [KPX14, Lemma 2.1.16| which is a reinterpretation of the properties

of being of finite type of the corresponding kernel and cokernel involved. O

Proposition 2.19. (After KPX |[KPX14, Lemma 2.1.18]) Suppose now that M is a mod-
ule defined over Wan, 1,4 and is assumed to be finite over A. Then we have that there exists

some multt radii r; < rpo such that the base change of M to Ilan ., 1.4 vanishes.

Proof. This is a higher dimensional generalization of the corresponding results in [KPX14,
Lemma 2.1.18|. The argument is parallel, we adapt the argument to our setting as in the
following. First we consider the situation where A is Artin, then it is easy to see that the
proposition is true. Then more generally we consider the copy A (T}) C Wan,r; 1,4, Which
allows us to go back to the previous situation by taking the reduction. Note that we still
satisfy the condition since then the module is also finite over A (T7) since it is so over A.

Then one could finish as in the one dimensional situation, see [KPX14, Lemma 2.1.18|. O



Then we define the following higher dimensional analog of the differential €2 over the
one dimensional Robba ring relative to the ring A. This amounts to considering a higher

dimensional residue formula for a function with I variables.

Definition 2.20. (After KPX) We first generalize the definition of the differentials of the
Robba rings to higher dimensional situation. First consider our full Robba rings Il con 7.4,
then we are going to define the corresponding n-th differential of this ring relative to A as

the following:

— AlllO1
QHan,con,I,A/A T /\ QHan,con,I,A/A

which is nothing but the ||-th differential of the ring .y cons.4 With respect to the affinoid

A. Here the differentials are assumed to be the continuous ones.

Then for any element in the ||-th differential we could define the corresponding residue

of this chosen element as in the following:

Definition 2.21. (After KPX) For any f € Q,, ., .4 of the general form of f =

.....

formula:

nr

Here the symbol 1 is defined to be the index of (1,...,1) in a uniform way.

Proposition 2.22. (After KPX [KPX14, Lemma 2.1.19|) The residue map defined above
in our setting is well-defined, and the differential module iy, .., ,/4 18 free of rank one. We

define the following differential pairing over the relative differential module O, . 1 4/4°

(29) h: Han,conJ,A X Han,con,LA — A
(2.10) (f,9) —res(f(Tr)g(Tr)dTy A ... N dTy).

Then the pairing now induces the following canonical isomorphisms (where the topology de-

pends on the choices of the variables):

~

(211) Homcon(Han,con,I,Aa A) — Han,con,I,A

(212) Homcon(Han,con,I,A/ Z Han,k,I,Aa A) :> Han,oo,I,A-
k

(2.13)



Here the ring oy k1,4 15 defined as
(2.14) Mankra = U oy 1.4
7i>0,ik,r=00,k=1,..,|I|

Proof. As in the one dimensional situation, from the very definitions, one could derive that
the residue map is well-defined and the fact that the differential module is generated by dT7.
Consider our product construction and the descent process in the one dimensional situation
we have that one could then check the issue of well-definedness over the corresponding
multivariate convergent rings Ea in [CKZ18] and [PZ19]. Then for the first statement in
the isomorphisms, first one could see that one direction (from right to left) which is induced
directly from the residue pairing. On the other hand, we consider the following map which

is a generalization of the one dimensional situation:

(215) Homcon<Han,00n,I,A7 A) — Han,con,I,A
(2.16) pr= Yy (T T
nr

which is easy to see that this gives an inverse mapping by the definitions of the residue
pairings. For the second isomorphism, under our construction, see [?, Proposition 5.5] and
the corresponding [Ked06, Lemma 8.5.1].

O

Then as below we are going to contact with the multi Lie groups structures which is a
higher dimensional generalization of the usual pictures in [KPX14, Definition 2.1.20]. To
achieve so we need to generalize the constructions in [KPX14, Definition 2.1.20] in the

following sense:

Definition 2.23. (After KPX |[KPX14, Definition 2.1.20]) Uniformizing the notations as
in our list of notations at the beginning, we use the notation (Cy, {s)aer to denote I pairs
consisting of I commutative topological groups with finite torsion parts and with the free
part uniformly isomorphic to Z,, and I morphism from ¢, : C, — Q, for each o € I. Then
based on these we consider the following generalization of the constructions in [KPX14,
Definition 2.1.20]. First we are going to choose now for each o € I a generator taking the
form of ¢, of the free part of the a-th topological group for all @ € I. Then we generalize
the corresponding definitions in the usual situation as in the following. First assume that
we only have torsion free topological groups in our setting for each av € I. Then we will use
the notations Il 7,4(Cr), s, r,0,1,4(Cr) respectively to denote the corresponding higher

dimensional period rings defined above namely Il.,,, 14,1, ;7,4 formally modified by



considering the replacement of the variables with ¢, — 1 for each dimension o € I. As in the
usual situations in this situation we do not have the issue of the dependence of the choices
of the generators. Also we know since by the corresponding one dimensional result we will
have that

G A+ TP = L), = (T, TON

for each v € I which implies that certainly for all the o € I together. Therefore from this

fact we know that for each o € I:

Han,(...,pra,...),I,A(---7pCom ) ®Zp[(...,pCa,...)] Zp[ol] :> Han,r;,I,A(CI)a
with
Han,(...,p[sa,ra],...),I,A(---7pcaa ) ®Zp[(...,p0a,...)] Zp[CI] :> H[S],T[],I,A(OI)‘

As in [KPX14, Definition 2.1.20] one could then consider more general situation where C
may not be torsion free. In this case one considers simultaneously all small r; < 1 or all
small s; when r; are all infinity, and any D, a torsion free open subgroup of C, for each

a € I, one has:

Han,([Cl:Dl]rl,...,[C’I:DI]TI),I,A(DI) ®ZP[D1] Zp[CI] :> Han,r;,I,A(CI)a
with
Ian (... (Co:Dallsesrali) L A os Das ) @z, Das) Zp|Cr) = sy p1,1,4(Chr).

Then we consider the situation for some general open subgroups D} of the groups D; which
are torsion free then for each a € I, and for each r, < 1/D;.;, or for each s, < 1/4Dy,, for

ry infinite, we define:

Han,([DlzD’l]rl,...,[Dl:D’I]TI),I,A<DII) ®ZP[D’I] Zp[DI] :> Han,TI,I,A<DI>7
with
Woan, (.. (Da:DLs0ral ) LA oo Dy o) @20 ) L Di) = Mgy 1.1,4( D).

As in the one dimensional situation everything is well-defined with respect to the choices
involved. Then based on this observation we start to consider the generalization of the
differentials defined above as in the following. In our situation we consider the differential
wy, which is defined to be the wedge product wy, A ... A wy,, where each wy, is defined as
in the situation in [KPX14, Definition 2.1.20]. Then we could then consider any element
J € Q1 consa(0r)/4, and define:

res(f) :==a_s.



Then we define pairing as above in more general setting as:
(217) h - Han,con,I,A(CI) X Han,con,I,A(CI) — A
(2.18) (f,9) = res(fguwe,).

And we also have the following analog:

(219) Homcon(Han,con,I,A(CI>a A) ; Han,con,I,A<CI)-



3. RELATIVE FROBENIUS SHEAVES OVER AFFINOIDS AND FRECHET RINGS

Now we introduce main objects in our study and our consideration. We first generalize
the setting in [KPX14] to the situation we have multi Hodge-Frobenius structure which is
quite natural since we consider already some higher dimensional spaces. Then we generalize
everything to the setting in [KP1]|, which is also very natural in the consideration of non-
commutative Iwasawa theory in the style of [KP1]. The latter will be around the Iwasawa
cohomology of some p-adic Lie deformation of the usual (¢, ')-modules. Therefore in the
second situation we will consider the usual Hodge structure but we consider the p-adic Lie
extension, for instance one could consider the product of Z;; with some power of Z; or Z,.
This will be then highly relative since we will work over some relative Robba rings or sheaves
taking the form of Iy con 7,1y, o 4(@)> Where Il oo (G) for instance could be Berthelot’s A-

algebra, namely the distribution over G.

Setting 3.1. We will work over the ring Il,, - 4(G) which is just the ring defined in the
previous section which is abelian and which is the corresponding completed tensor product
of the corresponding rings. To be more precise we will consider the Frobenius modules over
Wan,con I,y o s a(Txc,)- NOte that here J could be different from I, but we assume that we
have the relation I C J, and for those K, (o € J\I) we have that K, = Q,. Now set G be
Ik, (see the discussion below for the definitions). By considering the philosophy of Burns-

Flach-Fukaya-Kato, this is actually already some noncommutative type Hodge structures.
Remark 3.2. The noncommutative setting is considered in the 2017 thesis |[Zahl].

Let K; be I finite extension of the p-adic number field Q,. Now for each o € I, we
consider the cyclotomic field K, (pp~), which gives rise to the the extension K, (pp=)/Ka
with the Galois group G(K,(f1p=)/K,s) which is just the corresponding I'k,, in our situation.
Note that for each K, we have the associated cyclotomic character x, whose kernel will be
denoted as usual by Hp,, for each o € I. And for each a we will use the notation e,
to denote the ramification indexes along the towers, namely for each « this is the quotient
[Ka(ptpe) + Qpptp=)]/ [KKo(upeo) * ki, ] Then first step now is to add some Hodge-Frobenius
structures over the period rings we established in the previous section. To do so we consider

the following situation:

Definition 3.3. (After KPX |[KPX14, Definition 2.2.2]) For each o € I, we choose suit-

able uniformizer 7y, in our consideration. Then we are going to use the notation Iay con 1,4 (7, )



to denote the corresponding period ring constructed from Il,y, con 7.4 just by directly replac-
ing the variables by the corresponding uniformizers as above. And similarly for other pe-
riod rings we use the corresponding notations taking the same form namely L., con r.4(7x;, ),
Wanry 0,0,4(7x; )5 Hanfsprg),1,4(Tx; ). As in the one dimensional situation we consider the situ-
ation where the radii are all sufficiently small. Then one could define the multiple Frobenius
actions from the multi Frobenius ¢ over each the ring mentioned above. For suitable radii r;
we define a ¢;-module to be a finite projective Ilay ., 1 4(7k, )-module with the requirement
that for each a@ € I we have ¢’ M,, 5 M. ,./p.. (after suitable base changes). Then we
define M := M,, ®n,,,, ; a(rx,) Hancon,1,4(Tk,) to define a p;-module over the full relative
Robba ring in our situation. Furthermore we have the notion of ¢;-bundles in our situation
which consists of a family of p;-modules {M, 1} where each module M, ., is defined to
be finite projective over Iu, s, r,1.1,4(7x,) satisfying the action formula taking the form of
OnMis; r] = M (so/pra/pl.... (after suitable base changes). Furthermore for each o we have

the corresponding operator oo : Mg, r;) — M. [s./pra/p),... and we have the corresponding

I

operator v, which is defined to be p~!¢ ! o Trace M., - Certainly we have

/p,ra/p],4.4/(pa(M[sI,7‘
the corresponding operator v, over the global section M,,. Note that here we require that
the Hodge-Frobenius structures are commutative in the sense that all the Frobenius are

commuting with each other, and they are semilinear.

So now based on the definitions above we can consider the corresponding objects over the
ring 1, . 4(G), which are actually complicated. The basic reason is that over the infinite
level we will lose some control of the corresponding finiteness, also very significantly we
lose the control of the behavior of the radius throughout the whole variation over the Stein
space attached to I, o 4(G). Let X (Il 00,4(G)) be the corresponding Fréchet-Stein space

attached to the group G, which gives rise to the following represetation:

(3'1> X(Han,oo,A<G)) = hgl X(Han,oo,A<G))k7
k
(32) OX (M e, (@) = W0 Ox (11, 0 4 (@)
k
(33) Han,oo,A<G> =. @Han’m’A(Gh.
k

Deﬁnition 3'4' Over |:| = Hanvcon7]7nan,oo,A(G) (T{-KI)’ or Hanvrl,OyI7Han,oo,A(G) (T{-KI)’ or Han7[817rl]717nan,oo,A(G) (WKI)
as in the above (with the notations for the radii as considered above) we have the notion of

wr-modules over L. Be careful that we will define a ¢;-module M over [ to be the following



projective limit:

(3.4) M = 1im M
k

where M}, is a corresponding object over [J;, as defined above as a corresponding ¢ ;-module M
(finite projective) over . Here Oy, := Ilancon, 1, Mun o (@) (TE7 ) OF Hanpy o110 oo a(@)i (T, ),
OF Man [s; 11,0, Man 0.4 (G): (T, ) TESPECtively. One defines the ¢ -bundles over Il con 1,11, oo (@) (TK;)

in the same fashion.

We also have the corresponding notions of families of the corresponding objects considered

above in the Fréchet-Stein situation.

Definition 3.5. Over O := Tlay con,7,X (ITan oo 4 (@) (T&; )5 OF Hanry .7, X (Man oo a (@) (TK; ), OT

Han, s774,1, X (an.oo.4(G) (Tx;) @s in the above (with the notations for the radii as considered
above) we have the notion of ¢;-modules over 0. Be careful that we will define a p;-module
M over O to be the following the sheaf taking each quasi-compact ¥ C X (Il 00,4(G)) to
M (Y') such that this is a corresponding object over [y as defined above as a corresponding
@r-module M (finite projective) over [Jy. Here Oy := Han,con,l,@x(nanmﬂ(c))(Y)(”KI)’ or
Hanv”,mfvoxman,oo,A<G>>(Y)(WKI>’ or Han»[smLfvox(nanm,A<G>>(Y)(WKI) respectively. One defines
the families of ¢;-bundles over Ilan con, 7, x (I, oo 4(@)) (TK;) in the same fashion. Here one can

take the corresponding Y as some member in the filtration:

X (Hanc0,4(G)) = lim X (Ian 00,4(G) -

Proposition 3.6. (After KPX [KPX14, Proposition 2.2.7]) We have that natural func-
tor from families of pr-modules (in the sense of the previous definition without the finite
condition on the global section) over Han,rl,oy_[,nan,oo,A(G)(ﬂ'KI) to the corresponding families
of pr-bundles (in the sense of the previous definition without the finite condition on the
global section) is an equivalence. Here by a family of ¢r-module we mean a @r-module over

Wanrr 0.0, X (Ian 0.4 (@) (TK; ), which is the same to a family of or-bundles over Wan ;o 1110 oo a(@) (TE;)-

Proof. Here we need to consider the corresponding Fréchet sheaves as in the previous defi-
nition since in our situation the relative Robba rings are defined over some non-noetherian
Stein space. The statement is obviously true for each M,, as in the usual situation. First the
faithfulness is straightforward, then for the surjectivity part, we only need to show that the
global section is finite projective, which is a directly consequence of proposition 5.19 as long
as in our situation one considers the simultaneous application of our multiple Frobenius to

shift around to vary through all the intervals. 0



Definition 3.7. (After KPX [KPX14, Definition 2.2.12]) Then we add the corresponding
more Lie group action in our setting, namely the multi semiliear I'k,-action. Again in this
situation we require that all the actions of the I'k, are commuting with each other and with
all the semilinear Frobenius actions defined above. We define the corresponding (¢r, I'y)-
modules over o r; .7, 0o.4(G) (7K, ) to be finite projective module with mutually commuting

semilinear actions of ¢; and I'k,. For the latter action we require that to be continuous.

The continuity condition here could be made more explicit, as in [KPX14, Proposition
2.2.14]. In our setting, we just need to generalize the result in [KPX14, Proposition 2.2.14|
to multiple actions from I'g,.

Lemma 3.8. (After KPX |[KPX14, Proposition 2.2.14|) For suitable r;, consider M,, , a

TI,0

module (carrying a semilinear action of I'r;) of finite type over an o 111 ) (T,) with

an,00,4 (G
the generating set e1, ..., e, (namely we look at a sheaf over Uan ;o 1 x(1an o, a(G)) (TK;) With
global section finitely generated). We will follow |[KPX14, Proposition 2.2.14] to differenti-
ate the corresponding Banach module norm |.|s, ., and the operator norm ||.|, ., . when
we consider the module over the polydisc with respect to the corresponding multi-interval
(and the corresponding member in the Fréchet family). Then we have: I. The action of
the group 'k, is continuous if and only if that for each v € I'k, and each element in
the generating set we have lim,_,; ye; = e;; The continuity of the action implies that: II.
lmy s |y = 1, 4, o) = O for any sp; I Whenever we have the subgroups (with the nota-
tions in [KPX14, Proposition 2.2.14|) I',,, C I', (Vny > 0), one can find separately gq.s,

with the fact that ||(+,, — 1)% < p~ Y@=V for each a € I.

‘ [s1,71,0]

Proof. First we need to work over some affinoid domain with respect to the Fréchet-Stein
algebra in the coefficient, but this will be reduced to the corresponding affinoid situation.
We then follow the strategy of [KPX14, Proposition 2.2.14|, where we just need to consider
each group in the product I'k,. The first statement could be derived in the same way as
in [KPX14, Proposition 2.2.14]. For the second statement therefore we assume the limit
identity in I, then prove the corresponding results on the identity in II. As in the proof in
[KPX14, Proposition 2.2.14], for I and II, we reduce ourselves to the situation where the base
field is Q, for each K, from the induction properties, and correspondingly we reduce us to
the situation where all the uniformizers 7; are just same as a product taking the form of 7! as
considered in the proof in [KPX14, Proposition 2.2.14|. First is the following observation on

the Newton-Leibniz style formula for each decomposition of elements with respect to given



basis > r;e; and for any v € I'k,:

(v = 1) (ries) = v(ri) (v — D(es) + (v — Dries.

It suffices to look at the corresponding last term. We then further reduce ourselves to the
situation where the module is just free of rank one over the base ring, which directly implies
it suffices to consider the element in the ring taking the general form of 7j*...77’. Since we
consider further the group element 7, separately for each a € I, the result follows from then
directly observation that v (ms) — 75 = f(m5)((1 4 m5)®" — 1) as well as fya(wgl) — 7yl =
F(7)((1 +75)®" — 1) (a = B otherwise we have trivial action) where f’ actually depends
on k but could be controlled by some ¢’ which does not depend. Then from this for each
B, a one gets the result. For the third statement we again argue by separately considering
the corresponding group I', where o € I. By first stage of reduction, we reduce ourselves to
the situation where the base fields are all @, by induction and the uniformizer are all 7 for
each a € I. Since for each «a, as in [KPX14, Proposition 2.2.14] the Banach module norm
|-ljss.r1 ) is invariant under the action of I',, for some n,. Note that this is based on the

corresponding observation that:

(3.5) Yo (T T ) = W g =T f () (1 + o) — 1)..ml
(3.6) Yo(mi b ) — it m = i () (14 7m0)® — 1)

and note that |.|fs, r, o] (mi L (4ma) " =1)..7) < |- jsrrp.o) (T3 oo To. ). Then we consider
the corresponding average which is invariant as in [KPX14, Proposition 2.2.14] for some

/ .
Ny, = Ng:

_ 1 -
|'|[51y7”1,0} = [Fn ST ] Z |'|[51,T1,o] O Vo

nad 5a€lng /Th,

which is equivalent to the original one:

1y = —
C |'|[51,r1,o] < |'|[517”70] S CH[SM’I,O]

for some positive number C' > 0. First for the average norm we have that by taking suitable

%/1;_1

[ | is small enough, then take the corresponding p™a~"=-power
SI,71,0

of the element 7/, — 1 one could further make this term smaller than p~"/®~1 under the

n. one could get ’

corresponding operator norm, namely the term (7, — 1)pn&_na as in [KPX14, Proposition
2.2.14]. Then by the inequality above between the original norms and the average ones, we
smaller than
<

|[$Iﬂ"1,0} -

have that by taking suitable power g,, one could make [|(y}, — 1)%«

’[5177‘1,0]
p~ /=1 To be more precise by raising the power g, one will have H (Y, — 1)9se




C||(+, — 1)9= |[_SI,7"I,O] < CC,y,. where Cy, could be made sufficiently small along this pro-

cess. O



4. DER ENDLICHKEITSSATZ

4.1. Finiteness through p-adic Functional Analaysis. In this section we are going
to study the cohomology of our relative Frobenius modules defined in the previous sec-
tions. We start from a (¢, I'r)-module over 11, conr.a(7k,) as well a (¢7,I'r)-module over
an con1,4(7k, ). We are going to use M to denote such a module. First we are going to use
the notation A; to denote the p-torsion part of I'; in the product form, which will be used

in the definitions of the corresponding cohomologies as below.

Assumption 4.1. We choose to consider the story in which I consists of two elements. We
note that actually everything could be carried over to more general setting. We will then use
the notation {1,2} to denote our set which indicates the corresponding Frobenius actions

and Lie group actions with respect to each index.

Definition 4.2. (After KPX [KPX14, 2.3]) For any (¢, I'r)-module M over oy conr.4(Tk,)
we define the complex CF (M) of M to be the total complex of the following complex through

the induction:

r
(C2,, oy (M) —> O,y (M)).

Then we define the corresponding double complex C’;IC’;I(M ) again by taking the corre-
sponding totalization of the following complex through induction:
L] ° M I C. L] M
[ PI\{I} FI( ) — Yr\(1} FI( )]
Then we define the complex C¢ 1 (M) to be the totalization of the double complex defined
above, which is called the complex of a (¢;,I';)-module M. Similarly we define the corre-
sponding complex Cy . (M) to be the totalization of the double complex define d in the
same way as above by replacing (; by then the operators ¢);. For later comparison we also

need the corresponding 1;-cohomology, which is to say the complex C}, (M) which could be
defined by the totalization of the following complex through induction:

[ ] 1/}1 [ ]
[C"/’I\{I} (M) Yr\{I} (M)].

One can actually compare the two total complexes defined above in the following way, as

in the situation where I is a singleton. First for the (¢;, I')-complex we have the following



initial double complex:

(p1—1,p2—1) (p2=1)+(1—¢1)

M2 —— 50

MA@ MA!

(11—1,72-1)

0 —> M2 @ MAT — M2 M2 @ MA@ MAT —— MA1 @ MAT — ()

(v2—1)+(1—m1)

0 MA1 MA@ M2 M~ ——- 0

Here we followed the corresponding convention as in [KPX14]. And then correspondingly

we have the following double complex for the corresponding (7, I';)-module:



(Y1—1,2b2—1) (Y2=1)+(1—21)

MA@ MA!

(r1—=1,72-1)

0 —> M2 @ MA — M2 M2 @ MA@ MAT —— MA1 @ M2 — ()

(v2—1)+(1-71)

In our situation in order to relate the two double complexes we consider the corresponding
map induced from the following maps for the two first lines of two big complexes where one

complex is given as above, while the other is the following one:



MA@ M2 M~ —— 0

(11—1,72-1)

0 — M2 @ M2 —— M2 @ M2 @ MA@ M~ —— M5 & M* —— ()

(y2—1)+(1—1)

0 MA1 MA@ MA! MAT — 5 )

(which is a direct generalization of the corresponding morphisms in one dimensional situ-
ation in [KPX14, Definition 2.3.3]):



(p1—1,m—1) (=D+(1—p1)

0 MA1 MA@ MA! MA! 0
Id (—1,1d) -1
0 MO (Y1—1,m—1) MA o MO (r=1+(1—v1) MO 0.

We will denote the corresponding morphism in between the two total complex by:

Wy 0;171/)2,F17F2 (M) 121,¢27F17F2<M)'
Proposition 4.3. (After KPX [KPX14, Proposition 2.3.6,Lemma 3.1.2]) The morphism

! . °
\Ill' w1,

(M) — C}, r, (M)
18 a quasi-isomorphism. This will imply that ¥y is a quasi-isomorphism.

Proof. First the problem is now reduced to the checking of the injectivity of the morphism
U’ defined above. Note now that the kernel of the above morphism is now just the corre-
sponding complex which consists of the invariance taking the form of M*1%1=0 g0 it suffices
to prove that the operator 7, — 1 in our situation bas the corresponding property of be-
ing invertible. Therefore we will follow the argument in [KPX14, Proposition 2.3.6], which
will be just a direct generalization of the corresponding one dimensional result in [KPX14,
Proposition 2.3.6]. First we consider the reduction of the proof to the situation where all
the finite extensions K over , are all just the fields Q,, which could be checked through
the induction. Then we assume that we have a corresponding Ilo,,, o 7,4(7")-module Mﬁ%”
and the corresponding invariance Mﬁ%"’wlzo. Then we consider the suitable multi integers
ny; > 1 which gives rise to (for suitable multi radii s; and r; smaller than the corresponding
original multi radii 7o) the corresponding decomposition of the section

Aq,,11=0 I
P
MTI,O ®Han,7'1 O,I,A(WI) Ha‘nv[‘s[/pnlv""l/pnILIvA(Tr )

into the corresponding summation of the corresponding components taking the form of:

Agy,

[sr,r1]’

(1+m)" 01" 03> M
for suitable integers ¢; in our generalized situation. Then it now suffices to show that for

each ny, the action of the corresponding operators 7,, — 1 are invertible over each member in



the decomposition as above, which is to say the action of each 7, — 1 is invertible over each
(1+ wl)gprflM[fl %ﬁl], which implies that the A[y,,]-module structure could be promoted by
continuation to the corresponding Il o.7,4(I'n, )-module structure. Now we look at each
member in the decomposition as above, and do the standard computation as in [KPX14,
Lemma 3.1.2] as below (which is generalization since we are working with higher dimensional

situation) for each m in each member participating in the decomposition as above:

(4.1) (Y1 = DL+ m)e1" 037 (m)

(4.2) = (Y — D1+ m)ei 3% (m)

(4.3) = (L+m)"" " o hn, (m) — (1 + m)} 52 (m)
(4.4) = (L+m)((1+m)" e 05, — 91" ¢5) (m)
(4.5) = (L+m)er" (1 + m)95vm, — 3°)(m)

(4.6) = L+ m)e e’ mi(l+ (1 +m)/mi(Yn, — 1)) (m)

which implies that the inverse could be taken to be:

(4.7) [(1+ )t 52 m (14 (1+ 1) /7 (Y, — 1))] 7 (m)
(4.8) = 1n — ! m
(I +m)eit ey’ m 1+ (1+m)/m(Yn, — 1)

(4.9) = L S DA ) (s — 1)

(T+m)ei pp’m

Now in the same fashion one can define the corresponding morphism:

\IJQZC.

¢1,¢2,FI(M) 0;1,1[12,1_‘]<M)

Lemma 4.4. This morphism Vs is also a quasi-isomorphism. Therefore by composition we

have the following quasi-isomorphism.:

‘III:C.

w1,02,'1

(M) - C?Z'l,wg,rj(M)'

Then now we are at the position to consider the finiteness of the corresponding involved

cohomologies. In our situation we consider the following derived categories:

Definition 4.5. (After KPX [KPX14, Notation 4.1.2]) Now we consider the following de-
rived categories. The first one is the sub-derived category consisting of all the objects in D(A)

which are quasi-isomorphic to those bounded above complexes of finite projective modules



over the ring A. We denote this category (which is defined in the same way as in [KPX14,
Notation 4.1.2]) by ]D);erf(A). Over the larger ring I1,,, 1 4(I'k,) we also have the sub-derived
category of D(Ilan 0o 1.4(I'k,)) consisting of all those objects in D(Il,, o0 r.4(I'k,)) which are
quasi-isomorphic to those bounded above complexes of finite projective modules now over
the ring . 00r,4(T'k,). We denote this by D;erf(ﬂan,oo,LA(FKI)). Similar we define the
bounded derived categories D? _(A), ]D}b)erf(l"[an,oo, r.A(l'k,)). We then use the notation as fol-

(A), Do i(anso1.4(Tk,)), as well as D°_(A),

10Wiﬂg Dperf(A)7 Dperf(Han,oo,I,A(FKz))a D ;erf perf
(Iancor.4(I'k,)) to denote the (oo, 1)-enhancement of these derived categories.

perf

Db

perf

Then we will investigate the complexes attached to any finite projective (¢r, I'y)-module
M over oy con1,4(Tk, ):
orr, (M), G, p, (M), CF (M),
which are living inside the corresponding derived categories:

D(A) ) D(A)7 D(Han,oo,I,A<FK1))'

Proposition 4.6. (After KPX [KPX14, Proposition 4.2.3]) Now for any multiplicative
character n; of the group I'k,, we have the following isomorphism in the corresponding de-

rived categories defined above:

(4.10) Cy, (M) @ Mancos.a(Tre,) /My an so1.4(T,) — Cy, o, (M ® M)
(4.11) =5 02, 1 (M @ M),

Then we are going to study the finiteness of the cohomologies defined above in more details.
The methods in [KPX14| requires some deep results on the slope filtrations for modules over
the one-dimensional Robba rings, where allows [KPX14] to reduce the proof in some sense to
the étale situation. It looks like we have no chance to apply the ideas in [KPX14]. Here we
adopt the ideas in some development from Kedlaya-Liu in [KL|. To be more precise we are

going to apply some ideas in [KL] around the application of some p-adic functional analysis.

Proposition 4.7. With the notation and setting up as above we have h*(Cy,(M)) are coad-

missible over ay, oo 1.4(I'k;, ).

Proof. This can be proved in the étale setting after [PZ19] and [CKZ18] in the absolute
situation, by using Galois cohomology and the Hochschild-Serre spectral sequences directly.
We adopt the Cartan-Serre method involving the completely continuous maps within the
p-adic functional analysis. By simultaneous induction to the base cases for the field Q,

from all K;, we can now assume that we are considering the situation where all K are Q,.



Then for the complex Cy (M), by definition one can then regard this complex as the double

complex taking the following form (after considering the totalization):

1—1
M v M
Pa—1
M M.

The boundedness of the complex can be observed from the definition and the ideas in [KL,
Theorem 3.3, Theorem 3.5]. For the finiteness we construct suitable completely continuous
maps comparing the quasi-isomorphic complexes for M as below. First we consider some
model M, over some L., 7.4(7k;). Then as in [KL, Theorem 3.3, Theorem 3.5] we can
regard the complex for M,, as equivalently the complex over Han’m,OJ’Haan(pKI)(WKI). We
are then reduced to considering the complex over Han,rlm TRTR— A(FKI)(TFKI) for some ¢;.

Then we consider the complex for some section over some multi interval taking the form

of sy, 7] which gives rise to the quasi-isomorphic complex now over

Hanv[SI77"10]717Han,[t1,oo],I,A(FKI) (TrKI)
which gives rise to the complex:

P1—1

M[sl,rl} X [s2,72] M[pshrl] X [s2,r2]

Pha—1

M[sl,rﬂx[pSQ,rg] M[psl,rl]x[pSQ,rg]-

Here the quasi-isomorphism among different boxes (e.g. multi intervals) is not actually
trivial. For the serious argument after the knowledge on the equivalence between the cate-
gories of p;-modules over the full Robba ring, ¢;-Frobenius bundles and ¢;-modules over the
Robba ring with respect to some single multi interval, which can be realized in our context
by using proposition 3.6 as in [KP1, Lemma 2.10], we refer to [KP1, Lemma 5.2] and [KL16,

Proposition 5.12, Theorem 5.7.11] for the comparison on the cohomology groups.



To show that the cohomology groups do not change when we switch from a multi-interval
[s7,7]] X [sh, 5] to a multi-interval [sY,r]] x [s5,r5], we choose to look at an intermediate

multi-interval [s], 7] x [s5,75] namely we consider the following in order rings over multi-

intervals:

<4 12) Han7[5/1 77-/1} X [SlgvTIQ]vlrnan,[tI,oo],I,A(FKI) <7TKI )
(4.13) Tan, (s, 4/1x 571, a1 o0) 1,4 (i) (TET)
(4.14) Lan, (s 41X [ 741 L a1 oo 1,4 (Cic,) (TG

and compare the first two and the last two. To compare with respect to the first two multi-
intervals we first consider the 1;-complex, the cohomology groups can be regarded as the
Yoneda extension groups over the twisted polynomial ring in variable of v; with coefficients
in the Robba rings, which shows that the ;-cohomology groups do not change when we
change the boxes. To be more precise, we form the spectral sequences for the two intervals
in comparisom coming from the overall double complexes:

(4.15) Bl

ol I ™ ’
an’[‘sl’rl]x[52‘T2]‘I‘Han,[t1,oo],I,A(FK])( KI)

k.l
(4.16) Exn

i .
M o7/ /1[5,y T M, (01 o)1, 4 T ) 7T

Here one considers the 0-th page and the 1-th page respectively, one can see directly that

the isomorphism beyond the 1-page:

(4.17)
iyJ ~ k,l
E" — E” > 1.
q’Han,[sll,Tll] X[5/2’7'/2]’I'Han,[t1,oo],I,A<FKI)(ﬂ-KI) q’Han,[s/l/,r/l/]X [Sl2‘7'l2]‘1‘nan,[t1,oo],I,A(FK[>(7TKI), q

This implies that:

(4.18) EY —= EM

oo,I1 o o s 00,1 N
’ a"’[‘sl’rl]X[‘52’72]’I’Han,[tj,oc],I,A<FKI)( K]) )

Sl ™ :
an»[‘Sl ‘Tl]X[52’72]’I’Han,[t1,OO],I,A<FK])( KI)

This implies that the cohomologies of the original double complexes are actually preserved
when we change the boxes. Then for the remaining similar comparisons in this articles in
the following discussion we argue in the parallel way.

To show that the cohomology groups do not change when we switch from Robba ring over
some fixed multi-radii 7y X ro to some interval [sy, 1] X [s2, 73], we consider the intermediate
Robba ring:

<4 19) m HaHV[Slvrl] X [52,7‘2}7-[7Han,[t1,oo],1,A(FK] ) <7TKI>

s2>0



and then in order the following rings:

<42O) m Ha‘nv[slvrl}X[527r2]7lvnan,[t1,oo],I,A(FKI)(WKI>7
s1>0,52>0

<421) m HaDV[Slvrl] X [5277‘2]717Han,[t1,oo],I,A(FK]) <7TKI )7
s2>0

(422) Hﬁﬂ,[slzrl] X [327r2}7lvnan,[t1,oo],l,A(FKI) (ﬂ-KI ) :

Note that finite projective modules over these are equivalent when carrying the p-structure.
To compare with respect to the first two situations, we first consider the ;-cohomology
complex, then by using the Yoneda extension we have the 1;-cohomology groups are the
same, which implies further that the v;-cohomology groups are the same. To be more
precise, we form the spectral sequences for the two intervals in comparisom coming from the

overall double complexes:

4.93 B
( ) *s1 0,50 >0 Man,[s1,m11x 52,721 M (1 00], 1,4 T ) (TK L)
(4.24) E"

*7ﬂsg>0 Wan, [s1,r1]x [827T2]J7Han,[t1,oo]717/;(FKI)(”KI)

Here one considers the 0-th page and the 1-th page respectively, one can see directly that
the isomorphism beyond the 1-page:

4.25 E" Nt
( ) Q7nsl>0,52>0 Ha“’[sl”"llX[SQVTZ]VIVHan,[tI,oo],I,A(FKI)(ﬂ—KI)
(4.26) EM g > 1.

qvns2>0 Han,[sl,rl] X [SQ’TQ]’I’Han,[tI,oo],I,A(FKI)(TrKI)

This implies that:

(4.27) E" =

Oovns1>o,52>0 Han,[SlﬁTl]><[SszzlJvnan,[tI,oo],I,A(FKI)(”KI)

k,l

4.28 E” .
( ) 007052>0 Ham[Sl’Tl]X[527T2]7Iﬂnan,[t1,oo],I,A(FKI)(TrKI)

This implies that the cohomologies of the original double complexes are actually preserved

when we change the boxes. Then for the remaining comparison we argue in the parallel way.

Then to finish, we choose two well-located multi intervals such that one embeds into another

(which exists trivially in our situation which is a little bit different from the situation in



[KL)):

[ ] wlil [ ]

0 C¢1\{1) (M---v[s}v’"ll]) C¢1\{1} (M~~~,[P5}7T/1]) —0
[ ] wlil [ ]

0 Coriny M gsy) Coneny Mo sy ry) ——— 0,

or more explicit:

Mipsy vt 1x1sh,r5] B Mist vt 1x[psh ) Mips; 11 xpsh )

Mg, 11 [s,4)

M[S’{,T”]X[S” //}

1 272

Myt px sy e @ Mg Y1x[psty Y]

1°71 272 1°71

Mipsr v xipst )

Here the maps between objects over different multi intervals are induced exactly from the
inclusion of multi intervals. Then by the fundamental lemma for in [Kiel, Satz 5.2| and
KL, Lemma 1.10] on the continuous completely maps we get the finiteness when we restrict
to [tr,00], since the map according to the embeddings of the multi intervals are quasi-
isomorphisms. For the definition of continuous completely maps, we refer to [KL, Definition
1.3]. The vertical homomorphisms here are actually continuous completely since we are
actually embedding a smaller rigid multi-annuli to a larger one. Then the cohomology
groups can be arranged to be a coherent sheaf over each section with respect to each such

[t7, 00], then the coadmissibility follows. O

Proposition 4.8. Based on the previous proposition we have:
C"/’I (M) < D;erf<Han7OO,I7A(FKI))7

for A =Q,.



Proof. We have the corresponding coadmissibility from the previous proposition, then we
work in the category of all the coadmissible modules over the ring Il o 7 4(I'x,). Then by
applying the corresponding result [Zabl, Theorem 3.10] we can show that the complex is
quasi-isomorphic to a corresponding complex being finite projective at each degree in the
following. By base change to some Il ¢, 00,1, 4(T'k,) for some t; we have that any such com-
plex over Il 1, 00),1,4(I'k, ) is quasi-isomorphic to a complex being finitely generated at each
degree. Therefore the corresponding original complex is quasi-isomorphic to a corresponding
complex being coadmissible at each degree. Then in fact at each degree this latter complex
is also projective (in the category of all the coadmissible modules over 1., « 1.4(I'k,)), since

this will be further equivalent to that each section over Il ¢, o)1, 4(T'k,) is projective for

tr,
some ¢7, which is the case in our situation. Then we are done by [Zabl, Theorem 3.10] which

implies that coadmissible and projective modules are finitely generated.
O

We then give a direct proof on the finiteness of the cohomology of (¢, I'7)-modules:

Proposition 4.9. With the notations above, we have that

;I,F1<M) € ]D;erf(A)7 C@?;[,FI(M) € D;erf(A>‘

Proof. This can be proved in the étale setting after [PZ19] and |[CKZ18| in the absolute
situation, by using Galois cohomology and the Hochschild-Serre spectral sequences directly.
We use the Cartan-Serre method to prove this in the following fashion, modeled on the
context of [KL|. By simultaneous induction to the base cases for the field Q, from all K7,
we can now assume that we are considering the situation where all K; are Q,. We choose to
prove the result for (¢7,';)-modules. In our situation we look at the continuous complexes
(I'k,, M). Then the idea is to

(T'k,, M) (to be more precise we

coming from the I';-action, which gives us the complex Cg.

look at the following double complex of the complex C?



need to look at the totalization):

P1—1

Cc.on(FKn M[Slﬂ“l] X[SQJ"Q]) Cc.on(FKH M[pSl,Tl] X[SQ,TQ])
Pa—1
Cc.on<FKI7 M[Sl,rﬂ ><[p82,r2]) Cgon(FKn M[pSl,m]X[pSQ,rz])-

Here the quasi-isomorphism among different boxes (e.g. multi intervals) is not actually
trivial. For the serious argument after the knowledge on the equivalence between the cate-
gories of p;-modules over the full Robba ring, ¢-Frobenius bundles and ¢ ;-modules over the
Robba ring with respect to some single multi interval, which can be realized in our context
by using proposition 3.6 as in [KP1, Lemma 2.10], we refer to [KP1, Lemma 5.2] and [KL16,
Proposition 5.12, Theorem 5.7.11] for the comparison on the cohomology groups.

To show that the cohomology groups do not change when we switch from a multi-interval
(s, 7] x [sh,rh] to a multi-interval [s],r]] x [sh, 5], we choose to look at an intermediate

multi-interval [s],7]] x [s}, 5] namely we consider the following in order rings over multi-

intervals:

(4.29) Wan (s, 1% [, 1,4 (TR,
(4.30) Mo (s vy x st t],2,4(TEc;)
(4.31) Wan (s v (s, 1,A(TE )

and compare the first two and the last two. To compare with respect to the first two multi-
intervals we first consider the 1;-complex, the cohomology groups can be regarded as the
Yoneda extension groups over the twisted polynomial ring in variable of ¢); with coefficients in
the Robba rings, which shows that the 1);-cohomology groups do not change when we change

the boxes. Here we perform the spectral sequential technique twice. First we consider a fixed



P1—1

CCWOLH(FKI7 M[Sl,TﬂX[SQ,TQ]) Cgﬁn<FK17 M[;Dsl,?‘l]X[SQ,m])
ha—1
ngn<FK17 M[Slﬂ"ﬂ ><[p8277“2]) ngn(FKn M[p817T1]><[P52,?"2})'

Then we consider the corresponding spectral sequence attached to this layer [,,. To be more
precise, we form the spectral sequences for the two intervals in comparisom coming from the

overall double complexes:

i,

(4.32) B oyt (Om).
k,l

(433) E*,[s’l’,T’l’}X[S'yTé]<Dm)'

Here one considers the 0-th page and the 1-th page respectively, one can see directly that

the isomorphism beyond the 1-page:

@, ~ k,l
(434) E J (Dm) —> Eq,[S&’,Ti’]X[SIQ,Té](I:]m)’ q > ].

;51,71 ]x[5,75

This implies that:

%, ~ k,l
(4.35) E J [3/2,""/2 (I:]m) —> EOO,[S” ”}X[SIQJ‘IQ](Dm)'

00, (8], ] % o

This implies that the cohomologies of the double complexes for this layer [, are actually
preserved when we change the boxes. That is to say the totalization of this layer Total((J,,)
will be quasi-isomorphic when we change boxes. Then we consider the double complex
Total((J,), then a second stage of the comparison of the oco-pages of the spectral sequence
will show eventually that the totalization Total (Total((J,)) of Total(CJ,) will have the
isomorphic cohomology groups when we change boxes. Then for the remaining comparison
we argue in the parallel way.

To show that the cohomology groups do not change when we switch from Robba ring over
some fixed multi-radii 7y X ro to some interval [s1, r1] X [s2, 73], we consider the intermediate
Robba ring:

(436) m Han,[sl,rl]x[sg,rg],l,A(ﬂ-KI)

s2>0



and then in order the following rings:

(437) 1_‘1 . m Han,[sl,rﬂX[sz,rg],I,A(TrKj)a
s1>0,52>0

(438) I_\2 . ﬂ Han,[sl,rl]x[SQ,TQ],I,A<7TK1)7
s2>0

(439) FS : Han,[sl,rl]x[sz,rg},I,A(ﬂ-KI)-

Note that finite projective modules over these are equivalent when carrying the p-structure.
To compare with respect to the first two situations, we first consider the 1/;-cohomology
complex, then by using the Yoneda extension we have the ;-cohomology groups are the
same, which implies further that the 1);-cohomology groups are the same. Here we perform

the spectral sequential technique twice. First we consider a fixed m:

P1—1

O&LH(FKHM) ngn(FKﬂM)
ha—1
ngn(FKI,M) Oggn(FKI’M)'

Then we consider the corresponding spectral sequence attached to this layer [,,. To be more
precise, we form the spectral sequences for the two intervals in comparisom coming from the

overall double complexes:
(4.40) E, (O,
(4.41) ELT, (O)-

Here one considers the 0-th page and the 1-th page respectively, one can see directly that

the isomorphism beyond the 1-page:

(4.42) E/

o (Om) — Erp, (), g > 1

This implies that:

(4.43) E%

oo,I"

(Om) = Er, (Gn).

This implies that the cohomologies of the double complexes for this layer [, are actually

preserved when we change the boxes. That is to say the totalization of this layer Total([J,,)



will be quasi-isomorphic when we change boxes. Then we consider the double complex
Total([J,), then a second stage of the comparison of the co-pages of the spectral sequence
will show eventually that the totalization Total (Total((J,)) of Total((J,) will have the
isomorphic cohomology groups when we change boxes. Then for the remaining comparison
we argue in the parallel way.

Then in order to apply the fundamental lemma namely [KL, Lemma 1.10|, we need to
choose suitable intervals in our multi setting where one embeds into the other which gives
rise to the following diagram:

. . vi-l o, o
00— wl\{l}( Con<FK17 M,[SII,T‘}])) - Y1} (Ccon(FKnM...,[ps’l,r’l])) —0

[ ] (] wl_l L] o
0 —=C, (1 (CoonTrer, Mo jsyr)) —> €, (C

", con(Urps M psy o)) — 0.
To be more explicit this gives rise to the following diagram:

O (Mg et 1x(s,ra) = O, (Mipst vt )x[sp ) © COF (Mgt et xfpshrt)) = O (Mips! vt [ps}rh])

CI:I(M[S” ”]><[s” //]) —_— CI:I (M[ps” ”]><[s” 1" ) @ CEI (M[s” ”]X[ps” ,r,//) —_— CI:I (M[ps” 1" " .01

171 272 171 272 171 2572 171X [psy ’Tﬂ)'

Here the maps between objects over different multi intervals are induced exactly from the
inclusion of multi intervals. Then we consider the fundamental lemma [Kiel, Satz 5.2] and
[KL, Lemma 1.10] which implies the finiteness, after one further takes the totalizations of the
horizontal complexes in this final diagram. And by our basic construction the result follows.
Over A, any bounded complex (C*) in D’(A) will be automatically perfect whenever we have
the perfectness of the cohomology groups h*(C*®) which is the case in our setting as proved

above. O



Now we consider a finite projective (o7, I'r)-module M over the ring Ilan con 7,11y ()

namely we have:

M = lim M;,
k

where each object M, satisfies the corresponding framework in the above discussion.

Definition 4.10. (After KPX [KPX14, 2.3|) For any (¢, I'r)-module M over Il con, 1,11, .. 1(c)
we define the complex CF (M) of M to be the total complex of the following complex through
the induction:

I'r

Then we define the corresponding double complex C3 Cp (M) again by taking the corre-

sponding totalization of the following complex through induction:

(Cs, . Cp, (M) e Cp (M),

PIN{I} PI\{I}

Then we define the complex C¢ 1 (M) to be the totalization of the double complex defined
above, which is called the complex of a (¢r,I';)-module M. Similarly we define the corre-
sponding complex C7, . (M) to be the totalization of the double complex define d in the
same way as above by replacing (; by then the operators ;. For later comparison we also
need the corresponding v);-cohomology, which is to say the complex CJ)I(M ) which could be
defined by the totalization of the following complex through induction:

[ ] wl [ ]
[sz\{f} (M) Cl/)[\{f} (M)]

Proposition 4.11. With the notation and setting up as above we have h*(Cy,(M)) are

coadmissible over Han’oo’A@Hanm(FKl)(G).

Proof. By simultaneous induction to the base cases for the field Q, from all K, we can now
assume that we are considering the situation where all K; are Q,. Then for the complex

C,I)I(M ), by definition one could then regard this complex as the double complex taking the



following form (after considering the corresponding totalization):

M _ M
Po—1
M M.

The boundedness of the complex could be observed from the definition and the corre-
sponding ideas in [KL, Theorem 3.3, Theorem 3.5]. For the finiteness we construct suitable
completely continuous maps comparing the corresponding quasi-isomorphic complexes for
M as below. Write Il,; o0,4(G) as the following form:

Han,oo,A (G) = 1£1 Han,oo,A(G)ka
k

as a Fréchet-Stein algebra. Then take some I, o 4(G)x in the family with the corresponding
Mj. By our result above for M), proposition 4.7 we have that h®(Cy, (My)) are coadmissible
over o co oo a(@) (I'k;). Therefore we have the the corresponding cohomology groups
h*(Cy,(M)) are actually coming from (the global sections of) some coherent sheaves over

Hanvoovnan,oo,A(G) (FKI ) °
0

Proposition 4.12. Based on the previous proposition we have:

sz (M) € D;erf(Han,oo,A@Han,oo(FKI)(G>)ﬂ
for A=Q,.

Proof. We have the corresponding coadmissibility from the previous proposition, then we
work in the category of all the coadmissible modules over the ring Il o 7 4(I'x,). Then by
applying the corresponding result [Zabl, Theorem 3.10] we can show that the complex is
quasi-isomorphic to a corresponding complex being finite projective at each degree in the

following. Set:
(444) Han,oo,A@Han,oo(FKI)(G) = 1'&nI—Iaun,oo,14(/251'[;“1,00(I‘KI)(G)k‘
k

By base change to some Il A@?)Hanoo(FK,)(G)k for some k we have that any such com-

plex over IL A@vHan,oo(FKI)(G)k is quasi-isomorphic to a complex being finitely generated



at each degree. Therefore the corresponding original complex is quasi-isomorphic to a
corresponding complex being coadmissible at each degree. Then in fact at each degree
this latter complex is also projective (in the category of all the coadmissible modules over
hm, TL, o, A®Han,oo(FK,)(G)k)> since this will be further equivalent to that each section over
T&nk Han,oo,A@Han,oo(FKI)(G)k is projective for some k, which is the case in our situation. Then
we are done by |Zab1, Theorem 3.10| which implies that coadmissible and projective modules

are finitely generated.
O

We then give a direct proof on the finiteness of the cohomology of (pr, I'7)-modules:

Proposition 4.13. With the notations above, we have that

o, (M) € Dy i(Man o, a(G)), O, p, (M) € D¢ (Tan 00,4(G)).-

Here again we assume that the corresponding ring A is Q,.

Proof. We choose to prove the corresponding result for (¢;, ';)-modules. As above we only
have to consider the corresponding situation where K; are all @, by induction in our current
context. Write I, 00 4(G) as the limit:

Han,oo,A(G) - 1£1 Han,oo,A(G)k-
k

Working over the ring I, 0 4(G)r we have the corresponding finiteness by the result from
proposition 4.9, which will show that Cj . (M) are all coadmissible modules over @k Hon co.a(G)k-
By base change to some Il,, o 4(G)r for some k& we have that any such complex over
Ian 00.4(G) is quasi-isomorphic to a complex being finitely generated at each degree. There-
fore the corresponding original complex is quasi-isomorphic to a corresponding complex being
coadmissible at each degree. Then in fact at each degree this latter complex is also projective
(in the category of all the coadmissible modules over Mk Ian 00,4(G)k), since this will be
further equivalent to that each section over ILmk an 0.4 (G)k is projective for some k, which
is the case in our situation. Then we are done by [Zabl, Theorem 3.10] which implies that

coadmissible and projective modules are finitely generated.
O

4.2. Application to Triangulation over Rigid Analytic Spaces. We are now going
to establish some application of the finiteness of the corresponding complexes with respect
to the action (¢7,I';). We will generalize the interesting globalization of the triangulation

established in [KPX14] to our generalized setting. This has its own interests since it will



be very natural to ask about the behavior of some triangulation in our context over the

corresponding interesting rigid families of the generalized Hodge structures.

Since we only proved the corresponding finiteness in the situation where the set I con-
sists of two elements, therefore in this section we are going to make the same assumption.
Then we consider the corresponding finite free rank one (¢, I'r)-modules coming from the
corresponding algebraic characters from the product of I'k,, and moreover from the prod-
uct of the groups K. Actually in the one dimensional situation this consideration finishes
the corresponding construction of all the finite free rank one (¢, I'7)-modules in a reason-
ably well-defined way. We follow largely the corresponding notations in the one dimensional
situation. We will assume that over some strong (since we do not have a well-established
classifications as mentioned above) pointwisely we have the corresponding strong triangula-
tion (meaning that we have the triangulations by using the parameters strictly coming from
the corresponding continuous characters of the group FIX(I), then we would like to study the
corresponding behavior of the corresponding global triangulations. This means that in order
to have some coherent triangulations and spreading effect, one only needs to check things

pointwisely.

Setting 4.14. In this section we are going to work over a general rigid analytic space X
defined over suitable finite extension of L, where we assume that L is large enough with

respect to the fields K generalizing the corresponding situation in [KPX14, Chapter 6].
We start from the following geometric setting:

Definition 4.15. (After KPX |[KPX14, Definition 6.2.1]) First we are going to consider
the corresponding sheaves Ilap con 7, x (Tk, ) With respect to the analytic space X over L, which
is defined to be glueing the rings of analytic functions over each affinoid MaxA for the space
X, namely glueing the rings having the form of I,y con 7,4(7k,) With respect to this affinoid.
Also as in [KPX14, Definition 6.2.1] one can define the corresponding sheaf with respect
to some specific radii which is to say the sheaves taking the form of Il,,,, 7 x(7k,). Then
we define the corresponding (o, I'7)-modules over these two kinds of sheaves by considering
the corresponding families of finite locally free sheaves of modules over Il con 1 x(7k,) Or

an . 1.x (7K, ) in the well-defined and compatible sense as in the one-dimensional situation
in [KPX14, Definition 6.2.1].



Setting 4.16. We choose to now consider the following situation where all the fields K are
assumed to be Q,. Therefore now the p-adic Lie groups we are considering take the following

form namely the product of Q.

Under this assumption namely where all the fields K; are QQ, one could directly consider
the corresponding construction as generalized below from the one dimensional situation
considered in [KPX14, Notation 6.2.2]:

Definition 4.17. (After KPX [KPX14, Notation 6.2.2]) Consider the product of the p-
adic Lie group Q) which is to say [[,c; Q. We are going to define the corresponding free
rank one (o7, I'r)-modules of the character types attached to any character taking the form of
0r : [aer Q) — T(X,Ox)*, to be the free of rank one module Iy con, 7, x (Tx; )€ such that we
have for each « € I, the Frobenius ¢, acts via d;(p,) while the group I',, acts via §;(xa(7Va))-
Note that when we have that the set I is a singleton the corresponding definition recovers
the one defined in [KPX14, Notation 6.2.2]. We will use the notation ap con s x (7x,)(07) to

denote such free rank one object in the general setting.

On the other hand actually we have no direct classification literally as in the one dimen-
sional situation on the free rank one objects at least up to this definition. Therefore we have
to at this moment to fix our objects considered, which is to say that we will focus on all the
free rank one objects of character types as defined above, then to study the corresponding
geometrization and the variation of the corresponding triangulation. We start from the fol-
lowing basic definition which is a direct generalization of the corresponding one in the one

dimensional situation.

Definition 4.18. (After KPX [KPX14, Definition 6.3.1]) We define the triangulated (¢;,I'r)-
modules over the higher dimensional Robba rings over a rigid analytic space X taking the
form of Iancon,r,x(7k,). Such a module M is defined to be a usual (¢, I'r)-module over
an con1,x (7K, ) carrying a triangulation with n-parameters 4y, ..., d, which are n characters
(we will assume that these are continuous ones) of the group [[; Q," with the values in the
corresponding group I'(X, Ox)*, which means that we have the following filtration on M by

the corresponding sub (¢r, I'y)-modules over the sheaf I,y con 1, x (7k, ):
O=MyCcM,C..CM,=M

where n is assumed in our situation to be the rank of M, moreover we have that the corre-

sponding each graded piece M;/M;_, for i = 1,...,n is a rank one (¢, I';)-module with the



corresponding parameter §; defined above with some twisted line bundle L;,7 = 1, ..., n:
Mi/qu_l ;> Han,con,],X<7TK1>(6i) & Lz,l = 1, o, n.

Definition 4.19. (After KPX [KPX14, Definition 6.3.1]) As in [KPX14, Definition 6.3.1]
we generalize the corresponding strictly triangulated modules to the higher dimensional
situation by defining them to be over X = Max(L) the triangulated modules as above in a
manner of building from each i-th filtration to the i+ 1-th uniquely through the corresponding

parameters.

We are going to consider the corresponding integrated behavior of a dense subset of point-
wise triangulations. First recall that a subspace U is Zariski dense if for each member in
an admissible covering of the space X the space U is dense inside (see [KPX14, Chapter
6.3]). Then we can now consider the corresponding densely pointwise strictly triangulated

families:

Definition 4.20. (After KPX [KPX14, Definition 6.3.2]) We are going to call a (¢, I'y)-
module over the sheaf I, con s x(7k,) a densely pointwise strictly triangulated family if
there exists a Zariski-dense subspace Xy, inside X such that the corresponding the restriction

to Xgp of the sheaf M is pointwise strictly triangulated in the sense defined above.

Lemma 4.21. (After KPX |KPX14, 6.3.3]) In our situation, we have the cohomology
groups H3 1 (M) are coherent sheaves over the rigid analytic space X for M any (¢r,Tr)-
modules over the Frobenius sheaves Ilu, con1.x(7Tr,) with the corresponding non-vanishing

throughout the degrees in [0, 21].

Proof. The proof of this result is parallel to the corresponding result in the one dimensional
situation, see [KPX14, 6.3.3]. Essentially one has this result as a direct consequence of the

results in the local setting in section 4.1. 0

We then consider our main results in this section, which is a direct generalization of the
results of [KPX14| (chapter 6) to the situation where we have higher dimensional Hodge-

Frobenius structure.

Proposition 4.22. (After KPX [KPX14, Theorem 6.3.9]) Suppose that we have a (pr,I'y)-
module M over the ring I, con.1.x (7K, ), where we assume that this module is of rank k. Sup-
pose that we have a continuous character from the group []; Q, into the group I'X,0x)*.
Suppose that there exists a subset X, C X over which we have that the cohomology group
HY), (MY (0;)) is of dimension one (which is to say for each x € Xpq), with the further

T



assumption that the image of the corresponding ring an conr x(Tk,) is saturated under this
assumption (namely under the corresponding consideration of the basis). Assume this subset
1s Zariski-dense. Assume now the space X is reduced, then one could be able to find a mor-
phism from another blow-up b :'Y — X which is birational and proper and a corresponding
map f: b*M — Ianconsx (7K, )(0) ®oy L (with some well-defined line bundle L as in the
situation of [KPX14, Theorem 6.3.9] ).

Proof. Indeed, we can adapt the corresponding strategy of [KPX14, Theorem 6.3.9] to prove
this. First by taking the well-established (see [KPX14, Theorem 6.3.9] the geometry actually)
normalization we are reduced to assume that the space X is normal and connected, and
consequently the ranks of the corresponding coherent sheaves preserve. Then we consider
the corresponding local coherence of the corresponding cohomology complex C? . (M) (for
all a € I), and the corresponding local base change results (namely the direct analog of the
theorem 4.4.3 of [KPX14]), together with the 6.3.6 of [KPX14] we have the corresponding
groups H? r (M) are flat for @ = 0 and having Tor dimension less than or equal to 1 above,
after we replace M by some M, which is the pullback of MY(§) along some fy : Yy — X
which is birational and proper. We then glue along the corresponding local construction
above as in [KPX14, Theorem 6.3.9]. The first task for us then will be the corresponding
construction of the morphism over this Yy which will be later be promoted to be the desired Y
by taking the corresponding blow-up. The construction goes as in the following way which is
modeled on [KPX14, Theorem 6.3.9]. One first considers the corresponding subset Y{* C Y}
that consists of all the points at which the corresponding forth term in the following exact

sequence (by considering the corresponding base change spectral sequence)

0 —— thl—\[ (M(]) & Ry —> HOI7F1<MO’:‘/> —_— TOI'l(Hll’FI (M()), Kly) — 0.

® ®

vanishes in our situation. Note that this is dense and open in the Zariski topology. Over the

subset Y/ the resulting exact sequence degenerates just to be:

0 — HY, 1, (M) ® k, — H

or,T'r (MO,y> —_— TOI'l (Hl

w1

(M0>7 "fy) — 0,

where the forth term does not vanish. Then we note that over the subset Y/® we have that
the corresponding resulting cohomology group H, 2171“[ (M) is then of dimensional one, which
implies that by the topological property of the subspace it is coherent of rank one throughout
the whole space Y. We then have the chance to extract the desired morphism in our situation
as below: the corresponding line bundle L is chosen to be the corresponding dual line bundle.

Then we have the result morphism I, con s x(7k,) ® LY — My and consequently we have



the corresponding desired morphism which is to say fiM — Han conr,x(7Tk,)(0) @ L.

Then up to this point, one can then consider 6.3.6 of [KPX14] to extract the desired blow-
up Y — Y, and define the desired data through the pullback along blow-up, which is to say
the corresponding L, f (see [KPX14, Theorem 6.3.9]).

O

Remark 4.23. The corresponding morphism established by the previous proposition is ac-
tually expected to satisfy the corresponding properties parallel to the corresponding situation
in [KPX14, Theorem 6.3.9, Corollary 6.3.10]. Namely in the context mentioned in the proof
of the previous proposition we are now at the position to (thanks to the previous proposition)
conjecture:

A. We have the corresponding subset Y* C Y of all the points y where the corresponding
map fy : My = Ilan con,1,0, (T, ) (0y) @0 Ly is surjective (as the original context of [KPX14]
we need to assume that the corresponding element generates the zero-th cohomology of
M;/ (0,) as well), is open and dense in the Zariski topology; B. The corresponding kernel
Kerf is of rank just k£ — 1.



5. NONCOMMUTATIVE COEFFICIENTS

5.1. Frobenius Modules over Noncommutative Rings. We now consider the coefficient
where A is a noetherian noncommutative Banach affinoid algebra over @, namely quotient
of noncommutative Tate algebra with free variables. The finiteness even in the univariate
situation with noncommutative coefficients is actually not known in [Zahl| which is key
ingredient in the noncommutative local p-adic Tamagawa number conjecture in [Zahl]. We

make the corresponding discussion in our situation.

Example 5.1. A nontrivial example of such noetherian noncommutative Banach affinoid
algebra could be the corresponding noncommutative analog of the commutative Tate algebra
Ts considered in [Sol, Section 3|. To be more precise one considers first the corresponding
twisted polynomial ring Q,[X7, Xs]" such that X;X; = aX,X; for some nonzero element
a € Q, then takes the corresponding completion with respect to the Gauss norm ||.|| which
is defined by:

I Z ail,iinlX;QH = SUP{|ai1,i2|p}'
i12 11,52
Note that as in [Sol, Proposition 3.1] the corresponding categories of finite left A-modules

and the correspnding Banach ones are actually equivalent, under the forgetful functor.

We then consider the families of the corresponding Frobenius modules with coefficients in

noncommutative affinoid algebra A considered as above.

Setting 5.2. For the Robba rings with respect to some closed interval [s7, ;] C (0, 00]! we
defined above namely Il (s, r1.1,0,, We take the completed tensor product with the corre-
sponding ring A in this section to define the corresponding noncommutative version of the
Robba rings. We keep all the notations compatible with the ones in the commutative setting

in the previous discussion in the previous sections.

Definition 5.3. (After KPX [KPX14, Definition 2.2.2]) We keep all the notations (except
the coefficient A which is now noncommutative) compatible with the ones in the commutative
setting in the previous discussion in the previous sections. For each o € I, we choose suitable
uniformizer 7, in our consideration. Then we are going to use the notation Iay, con 1.4 (7K, )
to denote the corresponding period ring constructed from Il con 1,4 just by directly replac-
ing the variables by the corresponding uniformizers as above. And similarly for other pe-
riod rings we use the corresponding notations taking the same form namely L, con7,.4(7x;, ),
Hanry 00,47k, )5 Hanfs;rp),1,4(Tx; ). As in the one dimensional situation we consider the situ-

ation where the radii are all sufficiently small. Then one could define the multiple Frobenius



actions from the multi Frobenius ¢; over each the ring mentioned above. For suitable radii
r; we define a ¢;-module to be a finite projective left Ilay ., 1.4(7k, )-module with the re-
quirement that for each o € I we have ¢’ M,, = M. ;./p,.. (after suitable base changes).

Then we define M := I,y conr,.4(Tk,) ®n M,., to define a ¢;-module over the full

an,rp,1,A(TEK])
relative Robba ring in our situation. Furthérmorel we have the notion of ¢;-bundles in our
situation which consists of a family of ¢;-modules {M,, 1} where each module M, ,, is
defined to be finite projective over I,y (s, ,,1,7,4(7k, ) satisfying the action formula taking the
form of o} My, ;1 5 M (so/pra/pl.... (after suitable base changes). Furthermore for each a we
have the corresponding operator ¢, : M5, ;] — M. (s, /p.ro/p),... and we have the correspond-
have the corresponding operator ), over the global secti;)n M,,. Note that here we require
that the Hodge-Frobenius structures are commutative in the sense that all the Frobenius are

commuting with each other, and they are semilinear.

Definition 5.4. (After KPX [KPX14, Definition 2.2.2]) We keep all the notations (ex-
cept the coefficient A which is now noncommutative) compatible with the ones in the com-
mutative setting in the previous discussion in the previous sections. For each a € I, we
choose suitable uniformizer 7, in our consideration. Then we are going to use the no-
tation Ilan conr,a(Tk,) to denote the corresponding period ring constructed from Il conr.4
just by directly replacing the variables by the corresponding uniformizers as above. And
similarly for other period rings we use the corresponding notations taking the same form
namely Ilay con,7,4(Tx; ), Manyrs 01,47k, ), an,fsyrp),1,4(7k, ). As in the one dimensional situa-
tion we consider the situation where the radii are all sufficiently small. Then one could define
the multiple Frobenius actions from the multi Frobenius ¢; over each the ring mentioned
above. For suitable radii r; we define a coherent p;-module to be a finitely presented left
anr,.1.4(7k, )-module with the requirement that for each o € I we have ¢} M,, 5 M. ;./p,..
) M, to de-

fine a coherent ¢;-module over the full relative Robba ring in our situation. Furthermore we

(after suitable base changes). Then we define M := Il con,1,4(Tx,) @, 1 4tk
have the notion of coherent ¢ -bundles in our situation which consists of a family of coher-
ent pr-modules {Mj;, 1} where each module My, ,j is defined to be finitely presented over
Han,[sz,m],l,A(WKz) satisfying the action formula taking the form of ¢} M, . s M (s /pira /v,
(after suitable base changes). Furthermore for each a we have the corresponding operator
ot Mg, r1) = M. (50 /pra/p),... and we have the corresponding operator v, which is defined to

AN

over the global section M,,. Note that here we require that the Hodge-Frobenius structures



are commutative in the sense that all the Frobenius are commuting with each other, and

they are semilinear.

Definition 5.5. (After KPX [KPX14, Definition 2.2.12]) Then we add the correspond-
ing more Lie group action in our setting, namely the multi semiliear I'k,-action. Again
in this situation we require that all the actions of the I'y, are commuting with each other
and with all the semilinear Frobenius actions defined above. We define the corresponding
(¢r,'r)-modules over Il ., 1,4(7k,) to be finite projective module with mutually commut-
ing semilinear actions of ¢; and I'k,. For the latter action we require that to be continuous.

We can also define the corresponding actions for coherent Frobenius modules.

Definition 5.6. (After KPX [KPX14, 2.3]) For any (¢, I'r)-module M over oy conr.a(Tk,)
we define the complex C (M) of M to be the total complex of the following complex through

the induction:
I'r

[Cf,\{,}(M) - EI\{I}(M)]~
Then we define the corresponding double complex C3 Cp (M) again by taking the corre-

sponding totalization of the following complex through induction:

(Cs, . Cr (M) == co Cp (M),

PIN{I} PIN{I}

Then we define the complex C® . (M) to be the totalization of the double complex defined

T
above, which is called the con;p[l)le;{ of a (¢r,'1)-module M. Similarly we define the corre-
sponding complex Cz.ﬂI,F1<M ) to be the totalization of the double complex define d in the
same way as above by replacing (; by then the operators ;. For later comparison we also
need the corresponding v);-cohomology, which is to say the complex CJI(M ) which could be

defined by the totalization of the following complex through induction:

Y1

M) — (M)].

[CJ’I\{I}( 121\{1}

In order to proceed we now make the following assumption:

Assumption 5.7. We assume that the ring A in our situation satisfies the following as-
sumption. For any closed interval [s;,r;] we assume that the Robba ring Il [5, 17,4 is left
and right noetherian, namely noetherian in the noncommutative situation. In the following

we will discuss some samples.

Example 5.8. First note we point out that the corresponding Tate algebra with several free

variables is actually not noetherian, even the corresponding polynomial rings with several



free variables are not noetherian at all. For instance in the situation where we have two
variables, as in [K1, Introduction| and |[GW1, Exercise 1E| we know that the ring k[z, y|"°
noncommutative polynomial ring contains specific corresponding ideal generated by xy* for
each nonnegative integer power £ > 0. Even in the commutative setting, suppose we have a
commutative noetherian Banach algebra B, it is also definitely not trivial that the affinoid
algebra:
B{Ti/ay,...;Ton/am, b1 /T, ..bm /T }

is noetherian or not. Actually there does exist some counterexample which makes this not

true in general as one might not expect, as in [FGK, 8.3|.

Example 5.9. One can actually produce another examplification of the assumption 5.7,
namely we consider the following situation. We look at the corresponding (generalized version
of ) twisted polynomial rings in the sense of example 5.1 (see [Sol, Section 3]). For instance

we take a such ring with three variables:

(5.1) Qp[ X1, X2, X3)'
with:
(52) XZXJ = a,-JXin, Z,j S {1, 2, 3}

such that az1 = ay3 = ]_, azo = a23 = 1 and 21 = A12 7& 1. Then after taklng the
corresponding completion under the Gauss norm we will have the corresponding noncommu-
tative affinoid which is noetherian and satisfies the corresponding assumption 5.7 by suitable

rational localization.

Now consider the corresponding rings in the style considered in [Zabl, Proposition 4.1]:

D[S:T]<ZP7 @p>7 D[Pl,m](Gv K)

with G a pro-p group as in [Zabl, Chapter 4] (which is to say we will also assume G
to be uniform). The corresponding ring Dy, ,,(G, K) could be defined through suitable
microlocalization with respect to some noncommutative polyannulus with respect to the radii
p1, p2 which is direct noncommutative generalization of the usual Robba ring we considered
in this paper including obviously the corresponding multivariate ones. With the notation in
[Zab1, Proposition 4.1] namely for sufficiently large s, 7, p1, p2 € p% and s,7,p1, ps < 1 we

have:

Theorem 5.10. (Zabradi [Zabl, Proposition 4.1]) The noncommutative Robba rings Dy, ,,1(G, K)

18 noetherian.



We now take the corresponding completed tensor product we have then:

Dy 11(Zp, Q) &0, Dipy o) (G, K)

which corresponds directly to our interested situation, namely the noncommutative defor-

mation of the usual Robba ring in one variable.

Proposition 5.11. For suitable radii s,r, p1, ps € p@ such that s,r, p1, ps < 1 and:

D[S,T] (Zp7 @p)v D[m,pz] (Ga K)

are noetherian as in |Zabl, Proposition 4.1|. Then we have that the corresponding completed

tensor product
Dis.r)(Zp, Qp) @0, Dipy 1) (G K)

18 also noetherian.

Remark 5.12. Before the proof, let us mention that this actually provides a very typical

example for situation required in assumption 5.7.

Proof. One can follow the proof of |[Zabl, Proposition 4.1| to do so by applying the criterion
in [LVO, Proposition 1.7.1.2|, namely we look at the the graded ring of

91 1o (Disr)(Zp, Qp)Bg, Dipy ) (G, K))

defined by using the bounds of the norm ||.||, and if this is noetherian then we will have by
[LVO, Proposition 1.7.1.2] that the ring Dy, (Zp,Qp)@)D[ (G, K) is also noetherian. It
suffices to look at the corresponding graded ring of the dense subring of tensor product (see
[ST03, Lemma 4.3|)

p1,02]

grﬁ,”® (D[s,r] (Zy, Qyp) ®Q, D[Php?](G? K)) .
We do not have the corresponding isomorphism in mind to split the corresponding compo-
nents to get a product of two single graded rings but we have the corresponding surjective
map (see [LVO, 1.6.13]):
g?“. (D[Sﬂ“] (ZIM Qp)) ®9T'Qp gr.(D[m,pz] (Ga K)) — grﬁ.H@ (D[Sﬂ"] (va Qp) ®Qp D[P17p2] (Ga K)) — 0.
This is defined by:
or(@) ® o(y) = oz ®@Y),

where the principal symbol o4(z) is defined to be = + F* D ,1(Z,,Q,) if we we have
v € F*Di,(Zy,Q,)\F** Dy ,(Z,,Q,), in the corresponding algebraic microlocalization.



The construction for o;(y) and ox(x ® y) is the same. Therefore we look at then the

corresponding product:

gr® (D[S,r] (Zp, Qp)) ® gr® (D[pLPQ](G’ K))
The corresponding elements of gr® (D[ph 0] (G, K )) are those Laurent polynomials over gr* K =
k[mo, w5 '] with variables:
thy oty
where ¢; = o(b;)/mh. The corresponding elements of gr® (Djs,)(Zy, Q,)) are those Laurent
polynomials over gr*Q, = F,[m;,7; '] with variable:

t = o(b)/n".

We followed the notations in [Zabl, Proposition 4.1|, where b is the corresponding local
coordinate for D, (Z,,Q,) while o represents the corresponding principal symbol in the
corresponding nonarchimedean microlocalization, while we have that by, ..., by are local coor-
dinates for Dy, ,,1(G, K). The idea is that this ring is actually noetherian then we have the
ring

g?“' (D[S,T] (Zp7 QP) ® D[plypz](Gv K))

is also noetherian. Then one can endow
Disr)(Zy, Qp)®D[p1,pz} (G, K)
with the corresponding filtration which will imply that the ring
D1 (Zp, Qp)@’D[m ) (G, K)

is noetherian as well by [LVO, Proposition 1.7.1.2]. Indeed as in |Zabl, Proposition 4.1]
what we could do is to consider the corresponding projection to the corresponding Laurent

polynomial ring over k in the variables my,¢,11,...,t4 as in the proof of [Zabl, Proposition
4.1]:

Fplm, w6t ®p ey oty Ko, my b, bty g ottt ]

which is noetherian, then the corresponding ring

97* (Dis)(Zp, Qp)) Rgregy, 97 (Dipy 00 (G, K))

is noetherian since one can then lift the generators for the corresponding projection of any

ideal through this construction as in the same way of [Zabl, Proposition 4.1]. O



Setting 5.13. Now under the corresponding noetherian assumption in assumption 5.7, we
actually have that the corresponding multivariate Robba ring Il.,,, o 7,4 is Fréchet-Stein in
the sense of [ST03, Chapter 3|.

Definition 5.14. (After KPX |[KPX14, Definition 2.1.3]) We define coherent sheaves of
left modules and the global sections over the ring Han,rlo, 1.4 in the following way. First a
coherent sheaf M over the relative multidimensional Robba ring Hamlov 1,4 is defined to be a
family (Ms;.r11)(s7,rrc(0,r1,010f left modules of finite type over each relative ITj,, )7, satisfying

the following two conditions as in the more classical situation:
Wisy i @y o 14 Misyr) = Misiyry)
for any multi radii satisfying 0 < s} < s7 <r] <1} <rpp, with furthermore

Wiy @y g o Wisy o ra @ oy Misy ) = Wiy ras

for any multi radii satisfying the following condition:
0<s;<s]<s/<r]<r]<ri<rp.

Then we define the corresponding global section of the coherent sheaf M, which is usually

denoted by M which is defined to be the following inverse limit:

M := 1&11 M[Sm“f,o]‘
81%0;—
We are going to follow [KPX14, Definition 2.1.3] to call any module defined over Wan,ryy 1,4

coadmissible it comes from a global section of a coherent sheaf M in the sense defined above.

Remark 5.15. Since we are in the framework of [ST03, Chapter 3|, so now by [ST03,
Chapter 3, Theorem| for r; finite (namely for all & € I the radius 7, is finite) we have
that the corresponding global section in the previous definition is dense in each member
participating in the coherent sheaf over some multi interval. We also have the same result for
the situation where 77y = ool!l after inverting the corresponding variables in the multivariate
Robba rings as in the commutative situation we considered in proposition 2.9. Also we have
the higher vanishing of the corresponding derived inverse limit on coherent sheaves in the

sense defined above.

Definition 5.16. (After KPX [KPX14, Definition 2.1.9]) We first generalize the notion of
admissible covering in our setting, which is higher dimensional generalization of the situation

established in [KPX14, Definition 2.1.9|. For any covering {[s;, 7]} of (0,7;0], we are going



to specify those admissible coverings if the given covering admits refinement finite locally
(and each corresponding member in the covering has the corresponding interior part which
is assumed to be not empty with respect to each o € I). Then it is very natural in our
setting that we have the corresponding notations of (m,n)-finitely presentedness and n-
finitely generatedness for any m,n positive integers. Then based on these definitions we
have the following generalization of the corresponding uniform finiteness. First we are going
to call a coherent sheaf {M, ;. }is, ) over Iay,, .14 uniformly (m,n)-finitely presented if
there exists an admissible covering {[sy, 7]} and a pair of positive integers (m,n) such that
each module M, ,, defined over Il s, r,],1,4 is (m,n)-finitely presented. Also we have the
notion of uniformly n-finitely generated for any positive integer n by defining that to mean
under the existence of an admissible covering we have that each member M, ., in the family

defined over 1L, (s, ,r,),7,4 18 n-finitely generated.

Lemma 5.17. (After KPX [KPX14, Lemma 2.1.11]|) Suppose that for a coherent sheaf
{Mg, v, }sr vy defined above and for an admissible covering {[sr,r;|} defined above in our

noncommutative setting we have that any module My, .. is finitely generated uniformly by

1,71
finite many elements of global section. Then the global section will be also finitely generated

by these set of elements as well.

Proof. As in [KPX14, Lemma 2.1.11], we use the set of elements to present a map from
the free module generated by them to the global section, then after base change to each
Wan,[s;,r7),1,4 We do have that the map is corresponding presentation over Ilay (s, 7,4, then
this will give rise to the corresponding presentation for the global section since we have the

vanishing of the derived inverse limit functor. O

Lemma 5.18. (After KPX |[KPX14, Lemma 2.1.12|) Let H be a noncommutative Banach
ring, and consider some finite module M over H generated by { f1,..., fn} and any another
set {f1,..., f1} of elements such that f; — f! could be made sufficiently small uniformly for

eachi =1,....,n. Then we have that the set {fi, ..., f.} could also finitely generate the module
M.

Proof. As in [KPX14, Lemma 2.1.12], one looks at the corresponding matrix G; ; defined by
fi— f! =>4, Girfe. Then by using the open mapping theorem, one can control the norm of
each entry G;; to make them small enough below a uniform small bound, which makes the

corresponding matrix 1 + G invertible. U

Proposition 5.19. (After KPX [KPX14, Proposition 2.1.13]) Assume now I consists of

ezactly one index, consider any arbitrary coherent sheaf { M, 1} over ay,, 1.4 with the



global section M. Then we have the following corresponding statements:

I. The coherent sheaf { M, .1} is uniformly finitely generated iff the global section M is
finitely generated;

II. The coherent sheaf { M, .} is uniformly finitely presented iff the global section M s
finitely presented.

Proof. One could derive the the second statement by using the analog of lemma 2.15 (see
[L, Lemma 4.54|) and the first statement. Therefore it suffices for us to prove the first
statement. Indeed one could see that one direction in the statement is straightforward,
therefore it suffices now to consider the other direction. So now we assume that the coherent
sheaf { Mg, .1} is uniformly finitely generated for some n for instance. Then we are going to
show that one could find corresponding generators for the global section M from the given
uniform finitely generatedness.

Now by definition we consider an admissible covering taking the form of {[s;,r/|}. In
[KPX14, Proposition 2.1.13] the corresponding argument goes by using special decomposition
of the covering in some refined way, mainly by reorganizing the initial admissible covering
into two single ones, where each of them will be made into the one consisting of those well-
established intervals with no overlap. We can also use instead the corresponding upgraded
nice decomposition of the given admissible covering in our setting, which is extensively
discussed in |[KL16, 2.6.14-2.6.17]. Namely as in [KL16, 2.6.14-2.6.17| there is a chance
for us to extract 2!/ families {{[s;s., T1.6:) im0, {420 (N, (N = 2111y of intervals, where
there is a chance to have the situation where for each such family the corresponding intervals
in it could be made to be disjoint in pairs.

Then for a chosen family {[s;s,,7r.,]}iz01,.., we now for each ¢ involved we consider the
corresponding generating set es, 1, ...,€s,, where i = 0,1,... and n € {1,2,...,n}. Note that
these should be generated over the integral rings, which is not the case when we work with
the infinite radii. In the latter situation one should first invert 77 then consider some large
powers which could eliminate the different denominators. Then by the previous results we
know that one could actually arrange these generators to be global sections by the density
of the global sections in the sections over any chosen interval. Now we consider the following

step where we for each j = 1,...,n form the following sum with coefficients to be chosen:

o0
AL,
€; -:E as, ;17 " es, 5.
=0

Note that in our situation actually [ is a singleton, so we can actually regard ¢; as 2i.



To check the suitable convergence in this situation we consider the following estimate with

bounds given as below to be chosen from the conditions:

(5.3) vi' <6 =1, [las T ooes |y, L S0

(54) \V/Z, < Z., (l(;i’jTAI“Sivjelgi’j/(a(gi“jTAI’éi/ ’j) S 551,,73‘
[51,61., 7"'1,51-/]

(55) \V/Z, < i, agi, 7j,T)\I’(Si’’jegi,7]‘/(61,51.7]‘7—')‘1’5"&’j) S 651.7]‘.
[s1,6,:71,5;]

As in the commutative situation in [KPX14, Proposition 2.1.13] in order to get the desired
quantity expressed in the estimate above we seek the following situation from what we

presented above:

<p™

‘[sl,i“vrl,i”] -

(56) Vi < 0; — 1, ||CL5i’jT)\I‘5i’je(§i’j

(5.7) Vil <, | ag, ;T

TS .
a(si,]T o e5z‘ )

< €s,.,j

[o1.6,071.6] (57,6, 71,5,]

(5.8) Vil < i,

IS i
< &5, ||as, ;T4
[s1,6,:71,5;]

A1,6.,,5
a’5i/ ,]T if Jeéi/,j

|[SI,6i77"I,6i] ’

Then what we can achieve up to now is to consider sufficiently large powers on the both
sides in order to make the inequalities hold, which is possible due to our initial choice on the
intervals, where the first statement could also be proved in the similar way (also see [KPX14,
Proposition 2.1.13]). To be more precise, one chooses the corresponding coefficients and the
powers of the monomials by induction, where the initial coefficient for i = 0 is set to be 1 with
order 0. Then one enlarges the corresponding difference between the power of the monomials
on the both sides of the inequalities above while evaluating the first and second inequalities
at the left most radii and evaluating the last one at right most radii. Then actually this will
prove the statement since up to some powers the difference between ey, ; and e; will have
sufficiently small norm, which could give rise to suitable finitely generatedness through the
lemma 5.18. Finally one could then finish the whole proof in the odd situation in the same

fashion.
O

Proposition 5.20. (After KPX |[KPX14, Proposition 2.2.7|) In the situation where I con-
sists of exactly one element. We have that natural functor from coherent pr-modules (in the
sense of the previous definition 5.4) over Haml,o,]’A(wK,) to the corresponding coherent ¢;-

bundles (in the sense of the previous definition 5.4) is an equivalence.

Proof. See proposition 3.6, by using the previous proposition. U



Definition 5.21. (After KPX [KPX14, Notation 4.1.2]) Now we consider the following
derived categories. All modules will be assumed to be left. The first one is the sub-
derived category consisting of all the objects in Dy (A) which are quasi-isomorphic to
those bounded above complexes of finite projective modules over the ring A. We de-
note this category (which is defined in the same way as in [KPX14, Notation 4.1.2]) by

]D);erf,left
Dt (Ian,00,7,4(T'k;)) consisting of all those objects in Dijegt(Ilan c0.r,4(I'k,)) which are quasi-

(A). Over the larger ring L, oo 7.4(I'x,) we also have the sub-derived category of

isomorphic to those bounded above complexes of finite projective modules now over the ring
anco,1,4(T'k; ). We denote this by D ¢ 1o (Hanco,r,4(I'x; ). Similar we define the bounded

derived categories D7 ¢ 15 (A), D2 ¢ 1q (Manco,r,4(T'k; ). We then use the notation as fol-

IOWiIlg Dperf,left(A)a Dperf,left(Han,oo,I,A(FKI))7 D;erf,left(A% D;erfJeft(Han,oo,I,A(FKI))a as well
as D} ¢ 16t (A)s D2t 1ot (Mansoo.1,4(Tk,)) to denote the (oo, 1)-enhancement of these derived

categories.

Then we will investigate the complexes attached to any finite projective or coherent
(o1, I'r)-module M over Iy, conr,.4(Tk, ):

C. F](M)’ C’lzJ[,F] (M)7 C’LZI(M)’

PrI,

which are living inside the corresponding derived categories:

Dt (A), Diege (A), Diege (Man 0o 1,4 (i, ).

Conjecture 5.22. With the notation and setting up as above we have h*(Cy,(M)) are

coadmissible over I, oo 1.4(T'k;,)-
Conjecture 5.23. With the notations above, we have that
C;I,FI (M> € D;erf,left(A)7 O@?}[,FI(M) € D;erf,left(A)'

Conjecture 5.24. Let A,.(H) be the Fréchet-Stein algebra attached to any compact p-adic

Lie group H which could be written as inverse limit of noncommutative noetherian Banach

affinoid algebras over Q,. Suppose F is a family of finite projective left modules over the

Robba ring Han7con7[7Aoo(H)(7TKI>, where we use the same notation to denote the global sec-

tion and we assume that the global section is finite projective, carrying mutually commuting

actions of (¢1,T'k,;). Then we have that C (F) lives in D) of(Man oo, 1,4, (1) (C;)) and
*.r,(F) lives in D? (Ao (H)).

perf,left



Remark 5.25. We conjecture that the corresponding Cartan-Serre approach holds in the
noncommutative setting as in [KL, Lemmal.10], which may possibly provide proof of the

conjectures above.
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