ANALYTIC GEOMETRY AND HODGE-FROBENIUS STRUCTURE
CONTINUED

XIN TONG

ABSTRACT. This is our sequel to our previous work on the corresponding generalized Frobe-
nius modules over some big multivariate Robba rings. We will go beyond our previous discus-
sion where we focused on the corresponding analytic functions on polydiscs and polyannuli in
the strictly affinoid situation, and general Hodge-Frobenius structures which are admissible

in the corresponding context in our previous work.
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1. INTRODUCTION

1.1. Introduction and Summary. Generally speaking analytic geometry studies very gen-
eral manifolds or varieties which are locally related to analytic functions of several variables.
In complex analytic geometry, the special domains (like those classical domains) form a very
important subject in the corresponding understanding of higher dimensional analytic geom-
etry and their application to other subjects such as number theory. One definitely would
like to understand the corresponding story in nonarchimedean geometry, namely what are
the corresponding significant special domains. Another issue is that if we could have the
chance to find the links with other geometries, such as formal ones and pure algebraic ge-
ometry. In the study of analytic geometry, certainly not only the analytic methods will be
definitely applied, but also we have algebraic ones. Algebraic ones certainly work well in
some very significant cases, for instance those in the Stein cases in classical complex geom-
etry, quasi-Stein cases within the generality of Kedlaya-Liu [KL2| and Fréchet-Stein cases
after Schneider-Teitelbaum [ST].

While the corresponding nonarchimedean analytic geometry has its own very significant
geometric rights, many useful applications also exist extensively as well. For instance in [T1]
we followed [CKZ] and [PZ] to have investigated some relative cohomologies corresponding
to very specific multi Frobenius structures. The picture in [T1] was a very practical first

step towards more general pictures and more interesting pictures.

The tools in [T1] extend to our current paper since in more general framework of geome-
try as in [KL1| and [KL2| the methods and ideas could be applied directly to our situation
with possible suitable more detailization. For instance in our situation we could consider
nonnoetherian base rings. Note that this does not mean they are necessarily preperfectoid
or perfect, since in our situation we can consider some very interesting mixed-type Robba
rings in very general sense. For instance if we have two variables, we could have one living in
some preperfectoid part while the other one living in the some rigid analytic affinoid compo-
nent. Note that we do not have to maintain in the corresponding strictly analytic situation,

especially if one would like to work with Kedlaya’s reified adic spaces [Ked1].

We will also consider the corresponding generalized B-pairs after Berger and Nakamura.
However for some deep study we could introduce some mixed-type Hodge structures. Namely

we could introduce (¢, I')-B-objects. For instance in the situation where we have two factors



we can defined the corresponding period rings:

—~ n ~
BdR,Qp ®Qp Han,con,A y BdR,Qp ®Qp 1_[an,con,A

with finite projective objects defined over them, carrying one partial action from the Galois

groups and carrying one partial action from the corresponding (¢, I') operators.
To make summary, we have:

A. Over really general Banach rings, we have defined many useful mixed type Robba rings
by perfection along some partial variables. In fact we also have defined some oco-period rings
following the recent work from Bambozzi-Kremnizer [BK|. The corresponding issue we en-
countered is certainly some common issue around sheafiness in adic geometry in some very
general classical sense. These directly will be expected to give the chance for one to compare
Hodge structures over multivariate imperfect Robba rings with the corresponding Hodge
structures over multivariate perfect Robba rings as those with accents ” and 7 in [KL2|, see

sections from 2-3.

B. Over really general Banach rings, we defined many useful (¢, I'7)-modules over the mixed
type Robba rings by perfection along some partial variables. This directly gives the chance
for one to compare multivariate (¢, '7)-modules over partially imperfect Robba rings with
the corresponding multivariate (¢, I';)-modules over partially perfect Robba rings as those

with accents ” and 7 in [KL2]|, see section 4.

C. Over really general Banach rings over Q,, we defined many useful mixed type big period
rings by taking product with Fontaine’s de Rham period ring along some partial variables.
First of all, we then immediately have the definition for some Bj-(¢y, I'y)-modules. Therefore
relying on these rings (although they are very interesting in their rights) proved the equiva-
lence between multivariate Bj-pairs and multivariate (¢;, I'y)-modules generalizing Berger’s

work and [KP], see section 5.

D. In sections 6-8, we defined the corresponding Bj-(¢r, 'r)-cohomologies for Bj-(¢r, I'y)-
modules, and we promote the equivalence to some quasi-isomorphisms within the derived

category D’(A), where A is the base Banach relative ring.



1.2. Comments on the Notation. Our notations on the corresponding multivariate mixed
type big Hodge structures are inspired by essentially some Langlands programs in ¢-adic sit-
uation such as in [VL|, namely the Drinfeld’s Lemma. However the work [PZ] ad [CKZ] use
A which is inspired by essentially some Langlands programs in p-adic situation such as that
rooted in the work of Zabradi and is related to reductive datum. We remind the readers that
these are actually not the corresponding intervals for the Robba rings in order to eliminate

the corresponding possible confusion.

1.3. Future Study. The current geometric discussion covered in this paper is basically
around the commutative analytic geometry. We have not made it to add the corresponding
discussion on the noncommutative setting, but this will be pushed to our further study.
Certainly the corresponding noncommutative deformation will require some further well-
established understanding on the foundational issues, such as the corresponding noncommu-
tative descent as in the commutative situation from [KL1| and [KL2|. Definitely any good
understanding on the noncommutative settings of these sorts will be essential to the corre-
sponding good understanding on noncommutative analytic geometry and noncommutative
Tamagawa number conjectures after [FK1]|, [BF1] and |[BF2].

Since our dreams will be really those where we can handle very general analytic spaces.
Certainly adic spaces need extensively restrictive requirement on the sheafiness of the Ba-
nach rings. However this might be resolved completely by considering [BK] (or possibly
equivalently the work of Clausen-Scholze [CS]). We have already defined many interesting
oo-analytic stacks and the co-Robba rings. We will study Kedlaya-Liu glueing on this level
after [KL1| and [KL2| in future work.

We have discussed the corresponding higher dimensional B-pairs by introducing the cor-
responding higher dimensional de Rham period rings. We certainly hope to amplify the
corresponding discussion in more p-adic Hodge theoretic sense. However one could definitely
maintain in the world of (@7, ';)-modules in some very flexible way, literally after Berger
[Ber2]. We believe that we have more rigidity in the current context. In fact, we should
mention that this higher dimensionalization of [Ber2] is literally motivated by the work [KL1]
and [KL2|, as well as the work [CKZ] and [PZ].



2. BiG ROBBA RINGS OVER RIGID ANALYTIC AFFINOIDS AND FRECHET OBJECTS IN
MIXED-CHARACTERISTIC CASE

2.1. Big Robba Rings over Rigid Analytic Affinoids. We follow [T1] to give the thor-
ough definition and discussion of those very big period rings we will need in the further
discussions in the following body of the paper, where we consider as in [T1] a finite set
I with some subset J. Our Robba rings in this paper will be depending on the I and J

simultaneously.

Definition 2.1. Let A be any affinoid algebra over Q, in rigid analytic geometry. We
consider the corresponding multi intervals [w?, w*!]. Recall we have the corresponding Robba
rings defined in |T1, Definition 2.4|:

H[S[,T[],I,A

which is defined to be the corresponding affinoid:
A@QPQP{WTI /Tl, ceey (,()TI/T[, Tl/wsl, cees T[/wsf}.
Then we have the corresponding rings:

Han,rl,I,A = @1 H[SI,TI},LA'
s1

with

Han,con,I,A = U l&n H[SI,TI]J,A'
ry SI
However we will in this paper to consider some more complicated version of the rings. We
will use some partial Frobenius to perfectize partially the rings defined above. Therefore we

will in some more uniform way to denote the rings in the following different way:

(2.1) Wi rrr.0,4 2= sy 0,4
(22) Han,m,[,],@,A = HanmI,LA
(2.3) Han,con,,1,0,4 1= an con,1,0,A-

Now we follow the idea in [Ked2, Definition 5.2.1] to define some extended version of the

rings. We will have the following rings to be:
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and

and

H[S[,T}],I,j,I\J,Aa
H[SIWI],IJ,I\J,Av
[s,rr] 0, JINJ, A
[sr,rr],0,J,INJ,A”
[sg,rr],d,J,INJ,A
[s1,r1),1,J,I\J,A?

[srori] 1,0, INT,A?

o e R e R e [ e R

[s1,r1), 0,0, INT,A"

an,ry,I,J,I\J,A>
an7TI7I7j7[\J,A7

an,rI,I,J,Iij,A7

o e [ e B |

an,ry,1,J,I\J,A’

=

a‘n7TI717j7[<J,A7

=

a'n7TI7I7‘]7K(/]7A’

an,rhl,jj’\\:]’A?

= =

an,?’j,],j’K},A'



an,con,[,j,I\J,A7
an,con,[,j,I\J,A’

an,con,I,J,I<J,A’

= =2 =3 49

an,con,[,j,[\vJ,A’

=

an,con,[,j,I<J,A’

=

an,con,I,J,f\\:],A’

an,con,l,j,m,A’

= A

an,con,[,j,f\TI,A'

Definition 2.2. (After Kedlaya-Liu, [KL2, Definition 5.2.1]) We first define the corre-
sponding first group of the rings. The corresponding rings in groups as mentioned above
are defined by using the corresponding partial Frobenius ¢y, ...,¢; and the corresponding

Fréchet completion. For the ring g, i d.nga0 this is defined by:
(228> H[S],T]],[,j,I\J,A = hﬂ H QOZDLH[SI,TILLJ’I\J,A-
na>0,a€J ocJ

Note that for the corresponding rings getting involved in the corresponding definition above

we consider the corresponding various Fréchet norms for each ¢; > 0:

n
|| : || [ocs ey vy 1,00\ 0,45t1

Then we define the corresponding ring I, o0.0.50,40 this is defined by the following Fréchet

completion process:

A
(2:29) T, 11500 :=< lim H‘PZQH[SI,TI],LJJ\JA)

na>0,0€J o J
||~HH&€J (Pg&H[SI,'I'I],I,J,I\J,A’tI7t16[817r1]

Then in the corresponding symmetric way we have the following definition:

Definition 2.3. (After Kedlaya-Liu, [KL2, Definition 5.2.1]) For the ring I i a
this is defined by:

(230) H[SI,T[],I,J,IKJ,A . hﬂ' H QOZQH[SDTI]VLJJ\JvA.
na>0,a€1\J CXEI\J



Note that for the corresponding rings getting involved in the corresponding definition above

we consider the corresponding various Fréchet norms for each t; > 0:

n
|| : HHQE,\J 0a®Uisp rp),1,0,1\0,45t1

Then we define the corresponding ring IT this is defined by the following Fréchet

[sr,r1], 1, J,INT,A?
completion process:

(2.31)

H[SIJ“ILLJ,IA\TLA = hgl H SO 51,7“1 1.1,J,I\J,A
na>0,a€I\J ael\J
M ae s ooty ) o saer TS

Then we do the following one:

Definition 2.4. (After Kedlaya-Liu, [KL2, Definition 5.2.1]) For the ring IT
this is defined by:

[sr,ri),I,J,INJ,A

(2.32) W, ogndrisa = mo ] mrsnsa:

na>0,a€l ocJ
Note that for the corresponding rings getting involved in the corresponding definition above

we consider the corresponding various Fréchet norms for each t; > 0:

n
H . ” [aerea®is; vy 0,0,0\0,45t

Then we define the corresponding ring I1 this is defined by the following Fréchet

[sr,ri), 1, T,INT,A?
completion process:

N
(2.33) T 0 5= ( [T e, IJI\JA>

N >0, aGI acl
H'”Haef ‘Pgan[sl,rl],I,J,I\J,A‘rtI’tIe[SI’TI]

Then we consider the following definition building on the definitions above:

Definition 2.5. (After Kedlaya-Liu, [KL2, Definition 5.2.1|) For the ring II
this is defined by:

[sr,ri),1,J,I\NJ,A

(2.34) M prgroa= o T b, 7

na>0,0€I\J qel\J

For the ring II this is defined by:

[SI’TILI7J1K‘/]7A7

H[SIWI]J,jJA\jf,A = 1& H (’0 [81,7’1 1,1 JI\JA

na>0,0€J e J

(2.35)

Then we have the following definitions:



Definition 2.6. (After Kedlaya-Liu, [KL2, Definition 5.2.1])

(2.36) Han,m,[,j,]\J,A = 1S£1 H[s;,rﬂ,],j,[\J,A’
!
(2.37) Han,r,,],f,I\J,A = 1&“ H[g,,r,],[,i,[\J,A?
sI
(2.38) Han,r,,I,J,IKJ,A = ILH H[sl,r,],IJ,I\“J,A7
s1
(2.39) Han,r,J,J,.r(J,A = l.&nn[s,,n},LJ,I\EA’
s1
(2.40) L A 1S£1 W, rn g, a0
!
(2.41) L v 1%“ W 17,40
(2.42) LR S AT 1%“ W, r 0,0, 70,40
(2.43) Han,r,,f,],f\VJ,A = %ﬂ H[s,,r,},fj,f\vj,A'
and
(2.44) Han,con,[,j,I\J,A = hﬂ 1&1 H[s;,m],l,j,l\J,A’
ri g
(2.45) Han,con,Lj,I\LA = hﬂl I&H H[shm]J,iI\J,A?
ri g
(2.46) Han,con,LJ,IuA = hﬂ 1&“ H[sbm],l,JJiJ,A’
ri g
(2.47) Han,oon,[,j,I{J,A = hrﬂ 18&]& H[s,,r,],f,j,lij,m
[s1
(2.48) Han,con,],],fiJ,A = hﬂ 1&“ H[s,,m,z,]J(J,Av
ri sp
(2.49) Han,con,z,J,f\TJ,A = h% l%n H[s,,r,],I,J,f\TI,m
(2.50) Han,con,],j,f\VJ,A = h% l%n H[s,,rl],l,j,ITJ,A’
(2.51) W conr. 7004 = h% 1%“ W1, 7.80,4

(2.52)



Setting 2.7. The corresponding construction we established above is also motivated from

the corresponding construction of multivariate Robba rings in [Ked2].

2.2. Fréchet Objects. Now we perform some of the corresponding construction parallel to
the corresponding Fréchet-Stein construction used originally in [KPX], which is essentially
developed in [KL2, Section 2.6|. In effect, the corresponding construction was already used
in [T1], although the paper behaves as if we are not fully after [KL2|. The reason of such
impression left for the readers is essentially due to the fact that we are in the noetherian
situation. Now we are not definitely in the noetherian situation, but [KL2, Section 2.6| has

already tackled this issue.

Setting 2.8. (After Kedlaya-Liu, [KL2, Definition 2.6.2]) Following [KL2, Definition 2.6.2]
we call a Banach uniform adic ring (R, R™) quasi-Stein if it could be written as the following
inverse limit with the corresponding transition map of dense image for some inverse system
{a} of indexes:

(R,R") :=lim(R,, RY).

g

And we call the ring ind-Fréchet-Stein if it is further could be written the following injective-

projective limit:

(R R*) = tim (R R ).

QTé

After this axiomization we could now study the corresponding sheaves over these rings. In

what follow, we consider the corresponding radii living in the set of all the rational numbers.

Definition 2.9. (After KPX, [KPX, Definition 2.1.3]) Over IL,, . ; ;4 we define the
corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent
modules (M(s, ,]) over each Il ;5 ;4 satisfying the corresponding compatibility con-
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[s;,7/]}.

Definition 2.10. (After KPX, [KPX, Definition 2.1.3]) Over II

corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

anrro LTI\ J,A W€ define the
modules (Mj, ) over each L., 007004 satisfying the corresponding compatibility con-
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[s;,7/]}.



Definition 2.11. (After KPX, [KPX, Definition 2.1.3]) Over s o105,

corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

4 we define the

modules (Mj, 1) over each II LI A satisfying the corresponding compatibility con-

[s1,
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[s7, r/]}.

Definition 2.12. (After KPX, [KPX, Definition 2.1.3]) Over II_ 5, , we define the
corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

modules (Mj, 1) over each II 4 satisfying the corresponding compatibility con-

[8177‘]},I,j71\v(],
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[s7, r/]}.

Definition 2.13. (After KPX, [KPX, Definition 2.1.3]) Over II_ 7 1774 we define the
corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

modules (Mj, 1) over each II satisfying the corresponding compatibility con-

[s1,r1),0,d,I\J,A
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[s;,7/]}.

Definition 2.14. (After KPX, [KPX, Definition 2.1.3]) Over I 7.4 We define the
corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

modules (M, ,,) over each II satisfying the corresponding compatibility con-

(s, i), JINT,A
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[sr, r/]}.

Definition 2.15. (After KPX, [KPX, Definition 2.1.3]) Over Han,r,,o,l,j,f\TJ,A we define the

corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

modules (Mj, ,,1) over each II satisfying the corresponding compatibility con-

[sI,rﬂ,I,j,f\T],A
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[s7, r/]}.

Definition 2.16. (After KPX, [KPX, Definition 2.1.3]) Over Wy oor, 7,4 WO define the

corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

modules (Mj, 1) over each II satisfying the corresponding compatibility con-

[SI’TILIWF]V’ETJPA
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[s;,7/]}.



Remark 2.17. There is some overlap and repeating on some objects within the eight cat-
egories. Therefore in the following we are going to then work with only 1st, 2nd, 4th, 5th,

8th categories.

Proposition 2.18. (After Kedlaya-Liu, [KL2, Corollary 2.6.8]) The corresponding pseu-

docoherent finitely projective bundles over

—

an,rr.0,1,J,1\J,A>

=

an,rr0,0,J,1\J, A’

an,rr.0,1,J,1\J, A’

|

an,m}o,l,j,liJ,A7

~~ ~~ —~  —~
Do
t
t

~—  ~— ~— ~— ~—

—

an,m’o,],jjr],A

defined as above have global sections which are finite projective if and only if the global

sections are finitely generated.
Proof. Just apply [KL2, Corollary 2.6.8]. O

Proposition 2.19. (After Kedlaya-Liu, [KL2, Proposition 2.6.17|) The corresponding pseu-

docoherent sheaves over

—

an,rro0,0,J,1\J,A’

=

an,rr0,0,J,1\J, A’

an,rr.0,1,J,1\J, A’

=

an,rI’O,I,],IiJ,A’

/N /N /N /N
Do
>
S
N N N~ N~
— —

an7rl,0717j7m7A

defined as above have global sections which are finitely generated as long as we have the
uniform bound on the rank of the bundles over quasi-compacts with respect to closed multi-

intervals taking the general form of sy, ry].

Proof. This is actually a direct consequence of |[KL2, Proposition 2.6.17|, where the space

(0,77,0) admits 2//l-uniform covering. O



Proposition 2.20. (After Kedlaya-Liu, [KL2, Corollary 2.6.8, Proposition 2.6.17|) The

corresponding pseudocoherent sheaves over

(2.63) Han,r,,o,f,j,I\J,Av
(2.64) W oon, 70\ A>
(2.65) Han,r,,o,f,j,l\“J,A’
(2.66) Han,r,,o,zj,IiJ,Aa
(2.67) W 0,700,

defined as above have global sections which are finite projective as long as we have the uniform
bound on the rank of the bundle over each quasi-compact with respect to each closed multi-
interval [sr,rr], and we have that the sheaves admits section actually finite projective over

each quasi-compact with respect to each closed multi-interval [sy,r1].

Proof. This is actually a direct corollary of the previous two propositions. 0



3. Bic RoBBA RINGS OVER GENERAL BANACH AFFINOIDS AND FRECHET OBJECTS IN
MIXED-CHARACTERISTIC CASE

3.1. Big Robba Rings over General Banach Affinoids. Since we have already consid-
ered the corresponding foundation from [KL2| on the quasi-Stein nonnoetherian adic Banach
uniform algebra over QQ,, we hope then now study more general p-adic analysis of several
variables. Certainly as mentioned in [KPX]| one could carry some strongly noetherian coeffi-
cients, where everything is sheafy, but one might be very curious about the situation where
we do not have so strong condition on the noetherianness. Actually we could then apply the

derived analytic geometry in |[BK].

Definition 3.1. Let A be any commutative Banach algebra over Q,. We consider the
corresponding multi intervals [w™, w®]. We have the corresponding Robba rings defined as
in [T1, Definition 2.4]:

H[s;,r;],I,A

which is defined to be the corresponding affinoid:
A@Qpr{w”/Tl, ey W T Ty w0 T Jw® )
Then we have the corresponding rings:

Han,rI,I,A = @1 H[SI,TI},I,A'
s1

with
Han,con,I,A = U ]ﬂl H[SI7TI]7I:A'
rr SI
However we will in this paper to consider some more complicated version of the rings. We
will use some partial Frobenius to perfectize partially the rings defined above. Therefore we

will in some more uniform way to denote the rings in the following different way:

(3.1) Wisr e rr0,4 = W] 1,4
(32) Han,r[,],l,(b,A = Han,rI,I,A
(33) Han,con,[,[,@,A = Han,con,[,@,A-

Now we follow the idea in [Ked2, Definition 5.2.1] to define some extended version of the

rings. We will have the following rings to be:



(3.4) Wi, pprzzrns ? = J, 0, 0,7 = I\J, I\J, I\J,

(3.6) Manry g20a,? = J,J, 0,7 = I\J, I\J, I\J,

(3.8) Mancon 1224, = J, 0, J, 7 = INJ, I\J, I\J.

Definition 3.2. (After Kedlaya-Liu, [KL2, Definition 5.2.1]) We first define the corre-
sponding first group of the rings. The corresponding rings in groups as mentioned above
are defined by using the corresponding partial Frobenius ¢y, ...,¢; and the corresponding
Fréchet completion. For the ring W, i dnga this is defined by:
(3.10) H[s,,m],l,j,l\J,A = hﬂ H o Ui r),1,00\0,4-

na>0,06J g
Note that for the corresponding rings getting involved in the corresponding definition above

we consider the corresponding various Fréchet norms for each t; > 0:

n
H : H]_[aeJ 0aUjs rp1,1,0,1\ 0,45t

Then we define the corresponding ring H[SMIL [TI\JAS this is defined by the following Fréchet

completion process:

A
(311) H[SI,T[},LJJ\J,A = ( hﬂ H SOZQH[SLTI]’LJ’I\‘LA)

na>0,0€J ocJ ‘
Mo e ety o rnsaer 1B

Then in the corresponding symmetric way we have the following definition:

Definition 3.3. (After Kedlaya-Liu, [KL2, Definition 5.2.1]) For the ring I ; ;17 4
this is defined by:

(312) H[SI’TIL[’J,[(J’A = hﬂ H QOZQH[SI,TI]JJJ\*LA‘
naZO@CEI\J CXEI\J



Note that for the corresponding rings getting involved in the corresponding definition above

we consider the corresponding various Fréchet norms for each t; > 0:

n
|| : HHQE,\J 0a®Uisp rp),1,0,1\0,45t1

Then we define the corresponding ring IT this is defined by the following Fréchet

[sr,r1], 1, J,INT,A?
completion process:

(3.13)

W ramga = lim H Ca i, 1170504

na>0,0€I\J ael\J
”'Hﬂaez wgan[ﬁm[]’[’“\‘],mtl77516[5177“1]

Then we do the following one:

Definition 3.4. (After Kedlaya-Liu, [KL2, Definition 5.2.1]) For the ring IT
this is defined by:

[sr,ri),I,J,INJ,A

(3.14) Wy pririsa = 1 JTeb T mronoa.

na>0,a€l ocJ
Note that for the corresponding rings getting involved in the corresponding definition above

we consider the corresponding various Fréchet norms for each t; > 0:

n
H . ” [aerea®is; vy 0,0,0\0,45t

Then we define the corresponding ring I1 this is defined by the following Fréchet

[sr,ri), 1, T,INT,A?
completion process:

A
(3.15) H[s,,rl],l,j,m,A 3:< h%In H@ZQH[SI,TI]711J7[<J1A>

na>0,0€l ocJ
H'”HaeI ‘PgaH[sl,rl],I,J,I\J,A’tI’tIG[SI’TI]

Then we consider the following definition building on the definitions above:

Definition 3.5. (After Kedlaya-Liu, [KL2, Definition 5.2.1]) For the ring II
this is defined by:

[sr,ri),1,J,I\NJ,A

(3.16) M prgroa= o T b, 7
na>0,0€I\J qel\J

For the ring II this is defined by:

[SI’TILI7J1K‘/]7A7

(317) H[SIJI]ijvm,A = hﬂ H @ZQH[SI,TI},I,J,R?],A'

na>0,0€J qeJ

Then we have the following definitions:



Definition 3.6. (After Kedlaya-Liu, [KL2, Definition 5.2.1|)

(3.18) Man 224 2= W s, oy r 2000, 7 = 00,2 = INJINT TN,
sy
(3.19)
and
(320) Han,con,[,?,?’,A = hgl@ H[SI,TI],I,?,?’,Aa 7= J7 :]Va j7 = I\J7 R—:L I<J
rr SI
(3.21)

3.2. co-Robba Rings over General Banach Affinoids. We now apply the construction
of [BK] to the rings defined in the previous section. Recall from |BK], for any Banach adic
algebra R over Q, we have the derived spectrum Spa’(R) := Spag,,(R).

Definition 3.7. Consider the following rings we defined in the previous section:

H[517T11,17j7I\J,A7
H[SIWI]JJ,I\J,A»
[sr,r1), L, JINJ, A
[s1,r1], 1,0, I\J,A”
[s;,r;],[,j,]\uj7,47
[s1,r1),1,J,I\J,A?

[sr,ri] 1,0, INT, A

H =9 =72 =9 9 49

[311TI]717‘71;\\‘/]7A.



We then take the corresponding derived spectrum from Bambozzi-Kremnizer to defined the

following oo-analytic stacks:

(3.30) SpahH[SI,rI],I,j,I\J,A’
(3.31) SpahH[SI,rl],I,j,I\J,A’
(3.32) Spahn[s,,rl],l,J,I(J,A’
(3.33) SpahH[s,,r,],z,j,ziJ,A’
(3.34) Spahﬂ[s,,r,],f,f,I(J,A’
(3.35) Spa L, )i
(3.36) Spa'll, 1157
(3.37) SpahH[sI,r,],I,f,f\TJ,A'

Taking the global section we have the following ring spectra:

(3-38) flsbrl],l,j,I\J,A’
(3.39) fanri 1 T4
(3.40) fls,,rl],f,J,NJ,A’
(3.41) Hf;,,m],l,j,I{J,A’
(3.42) fls,,r,],lj,liJ,A’
(3.43) bt LLFTA
(3.44) flsl,m],l,j,m,A’
(3.45) "

[SI7TI]717<F]V7;\\‘/]7A.

Then we have the following definitions:



Definition 3.8. (After Kedlaya-Liu, [KL2, Definition 5.2.1])

(3.46) HZn,r,,I,J,I\J,A = l%n Hﬁf,m,I,J,I\J,A’
(3.47) HZH,T,,IJ,I\J,A = {LIH Hﬁl,rl},l,j,I\J,A’
(3.48) HZMI,J,JJ(J,A = %nnflsl,m},l,J,I\uJ,A’
(3.49) HZH,T,J,j,[\“J,A = l%n Hﬁl,r,},l,ijA’
(3.50) Hzn,r,,I,J,IKJ,A = 1%11 Hﬁz,n},LfJ(LA’
(3.51) H:n,r,,I,J,f\TJ,A = %lnﬁzmz],wf\jﬁ’
(3.52) L i %n W 17 77,
(3.53) L rmra =0,
and
(3.54) HZn,con,I,j,I\J,A = h% 1%1 Hﬁ,,m],l,j,l\J,A’
(3.55) I conr. T = h%n 1&}” W 17000
(3.56) H:n,con,I,JJ(J,A = h% l%n H?shm],l,JJ(J,A’
(3.57) Hgn,con,f,j,liJ,A = h% l%n Hﬁz,n]J,jJU,A’
(3.58) HZH,COH,IJJQJ,A = h% l%n Hfls,,m],lj,l\“J,A’
(3.59) HZn,con,I,J,f\T],A = h%q l%n H?smz]J,JJ’\VJ:A’
(3.60) Hgn,con,J,J,f\TJ,A = h% 1%1 H[hsz,m]J,jJA\TLA’
(3.61) I conrdia = hﬂl 1&}“ M e 7 54°
(3.62)

3.3. Fréchet Objects in the Sheafy Situation.



Assumption 3.9. Assume the followings are sheafy adic Banach uniform algebra over Q,:

(3.63) Wiy aptzznns ? = J, 0, 0,2 = INJ, INJ, I\J.

In what follow, we consider the corresponding radii living in the set of all the rational

numbers.

Definition 3.10. (After KPX, [KPX, Definition 2.1.3]) Over II

corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

anyrr o,1,J,1\J,4 W€ define the

modules (M, ) over each H[s;m], 1J.1\JA satisfying the corresponding compatibility con-
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[sr,r/]}.

Definition 3.11. (After KPX, [KPX, Definition 2.1.3]) Over II

corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

anyrr 01,0, 1\ J,A WE define the

modules (Mj, ) over each L, 107004 satisfying the corresponding compatibility con-
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[s;,7/]}.

Definition 3.12. (After KPX, [KPX, Definition 2.1.3]) Over II

corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

anrr 0,1 0,174 We define the

modules (Mj, 1) over each II LI A satisfying the corresponding compatibility con-

[s1,
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[s7, r/]}.

Definition 3.13. (After KPX, [KPX, Definition 2.1.3[) Over II_

corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

17154 We define the

modules (Mj, ,,1) over each II 1IN A satisfying the corresponding compatibility con-

[8177‘1}
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[s;,7/]}.

Definition 3.14. (After KPX, [KPX, Definition 2.1.3]) OverII | 7, , we define the
corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

modules (M, ,,1) over each II 1IN A satisfying the corresponding compatibility con-

[s1,r1]
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[s;,7/]}.

Definition 3.15. (After KPX, [KPX, Definition 2.1.3]) Over Wy o1, 017.4 WE define the

corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent



modules (Mj, ) over each II satisfying the corresponding compatibility con-

[sl,rj],I,J,I’\\:],A

dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[sr, r/]}.

Definition 3.16. (After KPX, [KPX, Definition 2.1.3|) Over II 1 777 4 We define the
an,ry o,1,J,I\J,A

corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

modules (M, ,,1) over each II satisfying the corresponding compatibility con-

[sl,rj},l,j,m,A

dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[s7, r/]}.

Definition 3.17. (After KPX, [KPX, Definition 2.1.3|) Over II 1 777 4 We define the
an,ry o,1,J,I\J,A

corresponding stably pseudocoherent sheaves to mean a collection of stably pseudocoherent

modules (M, ,,1) over each II satisfying the corresponding compatibility con-

[s1,r1),1,T,1\J, A
dition and the obvious cocycle condition with respect to the family of the corresponding

multi-intervals {[s7, r/]}.

Remark 3.18. There is some overlap and repeating on some objects within the eight cat-
egories. Therefore in the following we are going to then work with only 1st, 2nd, 4th, 5th,

8th categories.

Proposition 3.19. (After Kedlaya-Liu, [KL2, Corollary 2.6.8]) The corresponding pseu-

docoherent finitely projective bundles over

=

an,rr0,0,J,1\J,A’

|

an,rr0,0,J,1\J, A’

an,rr.0,1,J,1\J, A’

|

an,rI’g,I,],IiJ,A’

~~
w0
D
D

— ~— ~— ~— ~—
=

—

an7rl,07laj7m7A

defined as above have global sections which are finite projective if and only if the global

sections are finitely generated.

Proof. Just apply [KL2, Corollary 2.6.8]. O



Proposition 3.20. (After Kedlaya-Liu, |[KL2, Proposition 2.6.17|) The corresponding pseu-

docoherent sheaves over

an,rl’o,l,j,I\J,A7

o Ry o

an,rr0,0,J,1\J, A’
an,rI’O,I,J,IiJ,A’

an,rl,g,l,j,I\VJ,A’

~~ o~ o~~~
b
EN
—_

—_— ~— ~— ~— ~—
= A

an,rl’o,l,j,m,A
defined as above have global sections which are finitely generated as long as we have the
uniform bound on the rank of the bundles over quasi-compacts with respect to closed multi-

intervals taking the general form of sy, rq].

Proof. This is actually a direct consequence of |[KL2, Proposition 2.6.17], where the space

(0,77,0) admits 2//l-uniform covering. O

Proposition 3.21. (After Kedlaya-Liu, [KL2, Corollary 2.6.8, Proposition 2.6.17|) The

corresponding pseudocoherent sheaves over

(3.74) Han,rjyo,l,j,I\J,A7
(3-75) Han,r,,O,I,J,I\J,Av
(3.76) Han,rjyo,l,j,liJ,A7
(3.77) Han,r,,o,fj,I(LA’
(3.78) W00, 7150.4

defined as above have global sections which are finite projective as long as we have the uniform
bound on the rank of the bundle over each quasi-compact with respect to each closed multi-
interval [sy,r7], and we have that the sheaves admits section actually finite projective over

each quasi-compact with respect to each closed multi-interval [sy,rr].

Proof. This is actually a direct corollary of the previous two propositions. U



4. CYCLOTOMIC MULTIVARIATE (¢, '1)-MODULES OVER RIGID ANALYTIC AFFINOIDS
IN MIXED-CHARACTERISTIC CASE

4.1. Fundamental Definitions. In the situation where A is a rigid analytic affinoid over
@Qp. Recall from [T1], suppose we have |I| finite extensions of Q,, where we denote them
as Ki, ..., K;. Then we have the corresponding uniformizers 7y, , ..., Tx,, the corresponding
Frobenius operators ¢, ..., ¢; and the corresponding groups 'k, ..., ['k,. Recall from [T1],

by adding the corresponding variables from 7k, ..., 7x, and ', ..., I'k, we have the following

rings:

(4'1) H[SI,?"I]J,L@,A(WKI) = H[Sly"'l],LA(WKI)
(42) Han,m,],[,@,A<7TKI) = Han,rI,I,A(’/TKI)
(4.3) Man,con, 1,1,0,4(Tx; ) = Han con,1,0,4(7Tk;)
and

(44) H[SI,TI],I,I,@,A(FKI) = H[SI,TI},I,A(FKI)
(45) Han,m,],[,@,A(FKI) = Han,TI,I,A(FKI)
(46) Han,con,[,[,@,A(FKI) = Han,con,[,@,A(FKI)-

Definition 4.1. By taking the direct base change we have the following rings in mixed-

characteristic situation:

H[SI)TI]7]7J7I\J1A

[sr,r1),0,J,I\J,A

NeolENe
—_ = —

[SI )TILI’J:I(J’A

—_
S

[sr,ri)1,J,I\NJ,A

[sz,ri), 1,1\, A

—_ =
w N
—_— Y Y— ~— —

[SI,T'I]J»j,RT],A

e o N
:
R == -

—_
S

(7x;)
(7x,)
(7x;)
(7x,)
sttt 7oA (TE ),
(7x,)
(k)
(7x,)

[SI,TI]7[7‘75;\\=/]7A



By taking the direct base change we have the following rings in mixed-characteristic situation:

(4.15) Wi, r,0,0040 ),
(4.16) W, 07004 k),
(4.17) I, oo als),
(4.18) 0, onrdrsaTe),
(4.19) I, s aTw),
(4.20) H[s, i) 1IN, ATky),
(4.21) L AW LY L
(4.22) W onnrmsaUk)-

Definition 4.2. (After Kedlaya-Liu, [KL2, Definition 5.2.1])

(423) Han,rl,l,j,I\J,A(ﬂ-KI) = lﬁl H[sl,rﬂ,f,iI\J,A(ﬂ-KI)’
St

(4.24) WMoy 1,7,00.4(TK;) = Jim Wiy, o n.7.00.4(TK1)s
ST

(4.25) Wy 1,04 (i) = Jim W, r 00,47 )
s1

(4.26) Han,r,,f,i,fiJ,A(”KJ = 1&“ H[sl,r,},l,j,l\"J,A(”Kz)v
st

(427> Han,r;,[,j,l\vJ,A(ﬂ-KI) = @1 H[SI,TI},I,j,IiJ,A(ﬂKI)’
St

(4.28) Han,r,,I,J,f\TJ,A(WKJ = @H[sl,r,},l,J,f\TJ,A<7TKI)7
S1

<429> Han,r;,],j,m,A(WKl) = l&n H[SI,TI},I,j,m,A<WKI)’
s1

(430) Han,r;,[,j,m,A(ﬂ—KI) = 1&11 H[517r1}7]7j7m7A<WK1)'
St

and



(4.31)
(4.32)
(4.33)
(4.34)
(4.35)
(4.36)
(4.37)
(4.38)

(4.39)

Han,conJ,j,[\J,A(ﬂ-KI) = hﬂ l&n H[s;,rl],l,j,I\J,A(WKz)v

rr SI

Han,con,],j,I\J,A<7TKI> = h& lél_n H[SI,TI],I,j,I\J,A (T{-KI)7

rr  SI

Han,con,I,J,I\“J,A(WKI) = lim lim H[s,,m],l,J,J(J,A(WKr)v

rr  SI

Han,con,[,j,]\uJ,A(ﬂ_KI) = hgll l&n H[s;,m],[,j,]\uJ,A(T(KI)’

rr SI

Han,con,],j,[\vJ,A(ﬂ-KI) = hﬂ @l H[s;,r[],l,j,lij,A(TrKI%

rr SI

Han,con,[,],m,A<7TKI) = hﬂ lél_ﬂ H[SI,TI],I,J,I/\VJ,A (WKI)7

rr ST

Han,con,],j,m,A<7TK1) = héfl 1&1 H[sl,r]],l,j,ﬁ/],A(ﬂKI)7

rr  SI

Han,con,[,j,m,A(ﬂ_KI) = hg 1&1 H[s;,rl],l,j,m,A (TFKI)‘

T SI

Definition 4.3. (After Kedlaya-Liu, [KL2, Definition 5.2.1])

(4.40)
(4.41)
(4.42)
(4.43)
(4.44)
(4.45)
(4.46)

(4.47)

and

Han,r,,I,J,I\J,A(FKI) = 1&“ H[s;,r;},],j,I\J,A<FK1)7
Sr

Wonrgnsa(Ury) =0l oy 504Uk,
SI

Han,n,f,JJiJ,A(FKI) = 1&@ H[sf,rﬂ,f,JJ(J,AWKI)?
SI

Han,m,l,J,liJ,A@Kf) = lim H[sz,m,l,J,IiJ,A<FKI)’
SI

Han,rz,l,f,I\VJ,A(FKJ = @H[sl,m,l,iJ{J,A(FKz)v
SI

Han,r,,I,J,f\TJ,A(FKI) = @H[SI,”LLJJ\TLA(FKIL
Sr

Han7TI717j7m7A(FKI) = I%I'n H[sffrf}»lvj’va(FKI )7
I

Han,rl,l,j,m,A(FKf) = @ H[s;,r;},[,j,m,A<FK1)'
ST



(448) Han,con,],j,I\J,A<FK1) = hﬂ I&H H[S[,T]],I,j,I\J,A(FKI )7

rrsp

(4.49) Han,con,I,J,I\J,A(FKz) = hﬂ ILH H[sl,rl],l,j,I\J,A(PKI)?
ri’ st

(4.50) W conr,a,g,a(Trep) = m Bm IL o0y 4 (T,
ri st

(4.51) Han,con,l,j,liJ,A(PKz) = 123 1£1 H[s,,m],l,jJ(J,A(FKI)7
ri sp

(4.52) Han,con,[,i,fij,AwKz) = hﬂ I&H H[sl,r,],l,],I(J,A(FK1>’
ri’ st

(4.53) W con g igary) =l I (T ),
ri’ st

(4.5 g 7,0 = gl T, (y),
rr s

(4.55) W con 77,4 ry) =l m I 57 (Ui )
ri sp

Now we consider the corresponding definition of the (¢, I'f)-modules over the correspond-

ing period rings defined above.

Setting 4.4. For the corresponding ¢;-modules over the rings:

(456> Han,r;,],j,I\J,A(ﬂ-KI) = 1&1’1 H[SI,TI},I,j,I\J,A<7TKI)7
S1

(4.57) WMoy 1,5,00.4(FE) = @H[s;,r;},],j,I\J,A<7TKI)7
s1

(4.58) W vy 1005047 ) o= Jim Wy, s a(me),
St

(4.59) Han,r,,l,j,l\“J,A(Wm) = 1&“ H[s;,r;],[,f,](],AOTKI)’
s1

(4.60) Han,r,,]j,I{J,A(WKI) = @ H[sl,r,},I,J,IKJ,A@TKI)v
S1

(461> Han,r;,I,J,m,A(WKI) = m H[SI,TI},I7J,K/]7A<WKI)’
st

(4‘62) Han,rl,l,j,m,A(ﬂ-KI) = @1 H[SIJ“ILLjJT\VJvA(WKI)’
St

<463> Han,r;,[,j,m,A(TrKI) = lgl H[sl,rl],l,j,IA\T],A (T{-K1>
SI

we assume we have the sufficiently small radius as in [KPX, Definition 2.2.6]. We will keep

this assumption in all similar situation involving the corresponding ¢;-modules.



Definition 4.5. (After KPX |[KPX, Definition 2.2.6]) We define in the following way the

corresponding ¢-modules over the following period rings:

(464) Han,con,],j,I\J,A<7TK1) = hﬂ I&H H[s;,r;],[,j,I\J,A (T[—KI)7
Ty SI

<465> Han,con,],j,I\J,A(TrKI) = hﬂ @ H[sl,rj],l,j,I\J,A (ﬂ-KI)’
rr St

(4.66) W con, . r0,4(TK) = lim Jim W, raig,a (e,
rr 81

(4.67) W con 1,715, (TEK) 7= lin im Wy .4 (T ),
ry Sr

<468> Han,con,],j,[(J,AOTKI) = hﬂ I&H H[sl,rl],l,j,liJ,A(WKIL
rr ST

<469> Han,con,I,J,m,A(FKf) = hgl l&n H[SI,TI],I,J,T\L/],A (WKI)’
rr 81

(470) Han,con,],j,ﬁ],A(ﬂKI) = hﬂ l&n H[s;,m],],j,m,A(,/TKf)’
ry Sr

<471) Han,con,],j,m,A(ﬂ-KI) = 1‘113 QI—H H[SI,TI],I,j,m,A(WKI)'
rr o Sr

These are the corresponding base change of the corresponding ¢;-modules coming from the

the ones over the following rings:

(4.72) Han,r,,l,j,I\J,A(”Kz) = @H[s;,r;},],j,I\J,A<7rKI)7
St

(4.73) W ry1,5,00,4(TK;) = Jim Wiy, o.n.004 (k)
St

(4.74) Wy 1,04 (i) = Jim H[s;,r,},],J,I(J,AOTKI)’
S1

(4.75) Han,r,,],j,I(J,A(WKz) = @ H[sl,r,],f,j,liJ,A@TKf)’
s1

(4.76) Han,r,,I,J,IKJ,A(WKJ = lim H[s;,r;},[,j,I\VJ,A(WKI)’
St

(4.77) W raiga(mrg) = 0mIL g a ()
s1

<478> Han,m,[,j,jv],A(ﬂ-Kf) = 1&1/1 H[s;,rﬂ,],j,m,A<7TKf)’
S1

<479> Han,r;,],j,m,A(WKl) = m H[SI,TI},I,j,m,A<WKI)'
st

For this latter group of period rings, we define a corresponding pseudocoherent or finite

projective ¢;-module to be a corresponding pseudocoherent or finite projective module M



over this latter group of period rings carrying the corresponding semilinear partial Frobenius

action coming from each Frobenius operator ¢,,a € I such that for each o we have

(480) @0M®H1n{ ra/p,.“},I,*,*,A(ﬂFKI)Han’{"'1Ta/p7'“}?17*’*7*’4<7TK1)
(481) L) M ®Han,{ ra,,.,},l,*,*,A(”rKI) Ham{..,,r‘a/p7...}71,*7*,A(WKI)-

ceey

And we assume that altogether the partial Frobenius operators are commuting with each
other. We assume all the modules involved are complete for the natural topology (mainly in

the pseudocoherent situation) whose base changes to the following rings:

(4.82) Wiy, ryordinga(me),
(4.83) Wi, v dnaa(me),
(4.84) H[s,,r, LA,
(4.85) I onrdrisa(m),
(4.86) H[s, i) LTI, A(Tr,),
(4.87) I ram0, AT ),
(4.88) W s, AT ),
(4.89) W, 700,475

give rise to the corresponding ¢p;-modules defined over these rings which defined in the
following way. We define a corresponding pseudocoherent or finite projective ¢;-module

over:

H[sm, 11,0, 1\J,A\T K1)
(sr.r1),0, T, I\J,A\T K1)
7TKI

[sr,rrl,d JI\JA ’

= =9 =

=

(sr.rr) L, T, INJ, A\ KT )

(s7,r1) 1IN, AT KL )

(7;)
(7x;)
(T;)
[s1,m1),0,0, 1\, A(Tr,),
(7 )
(7x;)
(7x;)

= =

(srrr) L, NT, AT E L)

|

[517T1]71,j,m,A(WKI)

to be a corresponding stably-pseudocoherent or finite projective module M over this latter

group of period rings carrying the corresponding semilinear partial Frobenius action coming



from each Frobenius operator ¢,,a € I such that for each o we have

(4.98)

,,,,,

(499) ;> M ®Han ,,,,, [sa,'r'a],..-,l,*,*,A(WK]) Hanv"'v[80477’&/1)}7"'7[7*7*7‘4(ﬂ-KI)'

And we assume that altogether the partial Frobenius operators are commuting with each
other. We assume all the modules involved are complete for the natural topology (mainly in
the pseudocoherent situation).

Finally we define the pseudocoherent or finite projective ¢;-modules over the corresponding

period rings:

(4 100) Han,con,[,j,I\J,A (WKI) = h& lél_n H[SI,TI],I,j,I\J,A (WKI )7
TroSI

<4101) Han,con,[,j,I\J,A<7TK1) = hﬂ 1&1 H[s;,r;],[,j,I\J,A (ﬂ-KI)’
rr sy

(4.102) W con 1,004 (Tr; ) i= i b LD e (),
rr Sy

(4.103) W con 1,710, (TK) 7= lim Lim Wy .4 (T ),
Ty Sy

<4104) Han,con,[,j,[\uJ,AOTKI) = hﬂ léI_Tl H[SI,TI],],:]V,IKJ,A(WKI)’
ry  Sp

<4105) Han,con,[,J,f\j,A <7TK1) = ﬂl l&n H[s;,r;],[,J,f\j,A (WKI)’
rr Sy

(4106) Han,con,],j,m,A(ﬂ-KI) = hﬂ l&n H[s;,r;],],j,m,A(ﬂ-KI)’
rr Sy

(4107) Han,con,],j,m,A (WKI) = 11_1'1)”1 l&n H[SI,TI]J:‘ZK:]:A(?TKI)
Tr S1



to be the corresponding base changes of some p-modules over the rings:

(4.108) WMoy 1,5.0004(Tk) = @H[s;,r;},],j,I\J,A<7rKI)7
St

(4.109) oy 1,5,00,4(TK;) = Jim Wiy, o.n.700a4 (k)
St

(4.110) Wy 1,04 (i) = @H[sl,rl},I,J,Iij,AOTKI)’
S1

(4.111) W 1,0, 000,4(TK) = @H[s;,rﬂ,],j,[(],A@TKI)’
s1

(4.112) W 1704 (TR ) = @H[s;,r;},[,j,I\VJ,A(WKI)’
St

(4.113) Han,r,,I,J,f\VJ,A(WKI) = @H[sl,rl},I,J,m,A(ﬂKl)’
s1

<4114) Han,r;,[,j,jv],A(ﬂKf) = 1&1/1 H[s;,rﬂ,],j,m,A<7TKI)’
s1

<4115) Han,r;,],j,m,A(WKl) = m H[SI,TI},I,j,m,A<7TKI)’
st

with the corresponding requirement that they are basically complete with respect to the

natural topology and the partial Frobenius operators are commuting with each other.

Definition 4.6. (After KPX |[KPX, Definition 2.2.6]) Then we define a corresponding

pseudocoherent or finite projective ¢;-sheaf F' over one of the following period rings:

(4116) Han,rl’o,l,j,I\J,A (WKI) = 1£1 H[s;,rl],l,j,I\J,A(WKl)ﬂ
s1

(4.117) Han,rw,l,f,f\J,A(WKI) = @H[s;,m],[,f,]\J,A(TKI)’
SI

(4.118) Han,rw,l,J,I\“J,A(WKI) = @H[s;,m],[,J,I(J,A(WKI)’
SI

(4119) Han,rLo,I,j,liJ,A(WKI) = @ H[SI,TI]vlvjvl\vJvA(ﬂ—KI)’
SI

(4.120) Han,rl,o,l,],liJ,A(WKf) = ILmH[s,,rl],I,JJ(J,A(WKI)v
S1

<4121) Han,rj’U,I,J,I’\\:],A(WKI) = l.&n1_[[51,7'1],.T,J,I’\\:],A(ﬂ-KI)’
SI

(4122) Han,rLo,I,j,m,A(?TKI) = @H[SI,TI],IJ,K],A(WKI%
SI

(4.123) Moy o da(Te) = W0 5 ()
ST



to be the corresponding compatible family of the ¢;-modules over any one I, 1,144 (7K, )

of the following rings:

W, 10,0004 ),
[SI)TI]ylaj’I\JaA WKI )

[sr.rr), L, JINT, A\ KT )

= =2 4
3

o

(s1,r1], 1T, 1N, A\ K1)

71—I(I )

[sr,rr] 0,01\, A

(T, )
(T )
(T )
[s,,rf],I,J,l\“J,A( K1)
(T )
(T )
(T )

o R

[s1,m2), 1T, INT, AT KT )

=

syl 7074 TKL)

satisfying the corresponding restriction requirement and the corresponding cocycle condition
as in [KPX, Definition 2.2.6], such that [s;,r7] C (0,77].

Definition 4.7. (After KPX [KPX, Definition 2.2.12]) As in [KPX, Definition 2.2.12] we
impose the corresponding I';-structure by adding the corresponding semilinear continuous
action of I'; on the modules induced from that on the period rings, which are assumed to be

commuting with the action from ;.

4.2. The Comparison Theorems. Now we establish some results on the comparison on

the corresponding ¢;-modules we defined above.

Theorem 4.8. (After KPX |[KPX, Proposition 2.2.7|) Consider the following categories:
1. The category of all the finite projective pr-modules over the ring Han,m’o,[’?’?,A(wKI);
2. The category of all the finite projective pr-sheaves over the ring Han,m’o,]j,?’A(?TKI).

Then we have that the two categories are equivalent.

Proof. The base change gives rise to the corresponding fully faithful functor from the first
category to the second one, while to show the corresponding essential surjectivity, consider
the corresponding multi-interval [r1o/p,r10] X ... X [r10/p,710] and use the corresponding

Frobenius to reach all the corresponding intervals taking the general form of:

(4.132) [rio/p™, m10/P" 7Y X o X [rro/P rr0 /P ke = 1,2, ., Va € 1.



This forms a 2/l-uniform covering of the whole space. And the corresponding uniform

finiteness of the modules over each
(4.133) [r10/P", r10/P" Y X oo X [r10/0" r10/P" Y, ke = 1,2, .., Ya € 1.

could be achieved by using the corresponding partial Frobenius actions. Then we are done

by applying proposition 2.20. Il

Theorem 4.9. (After KPX [KPX, Proposition 2.2.7|) Consider the following categories:
1. The category of all the pseudocoherent wr-modules over the ring Han7r1’07177,?,A(7rK1),'
2. The category of all the pseudocoherent py-sheaves over the ring Han,rz,o,l,?,?,A(WKz)-

Then we have that the two categories are equivalent.

Proof. The base change gives rise to the corresponding fully faithful functor from the first
category to the second one, while to show the corresponding essential surjectivity, consider
the corresponding multi-interval [r1o/p,r10] X ... X [r10/p,710] and use the corresponding

Frobenius to reach all the corresponding intervals taking the general form of:
(4.134) [rlvo/pkl,rlyo/pkl_l] X ... X [r170/pk’,7“170/pk’_1],ka =1,2,...Va e I.

This forms a 2/l-uniform covering of the whole space. And the corresponding uniform

finiteness of the modules over each
(4135) [Tlvo/pkl,TLg/pkl_l] X ... X [T’Lo/pkl, T‘Lo/pkl_l], ka = 1, 2, ...,VOé el.

could be achieved by using the corresponding partial Frobenius actions. Then we are done
by applying proposition 2.19. Then one choose finite free covering to promote the finiteness
to pseudocoherence as in [KL2, Theorem 4.6.1, Lemma 5.4.11]. O

We now consider the corresponding vertical comparison for I = {1, 2}:

Theorem 4.10. (After Kedlaya-Liu [KL2, Theorem 5.7.5]) Consider the following cate-
gories:

1. The category of all the finite projective (¢r,I'r)-modules over the ring s, 1 1,.5.05,4(Tk,);
2. The category of all the finite projective (@1, T'1)-modules over the ring H[SIJ'I]J,JJ\V«],A(T‘-KI);
3. The category of all the finite projective (pr,I'r)-modules over the ring H[smz],I,J,I'\TI,A(WKI)'
Then we have that these categories are equivalent. Here 0 < s, < 1, < 00 for any o € I.

This is the consequence of the following theorem:



Theorem 4.11. (After Kedlaya-Liu [KL2, Theorem 5.7.5]) Consider the following cate-
gories:

1. The category of all the finite projective (@2, I's)-modules over the ring s, , 1 11,15,4(Tk,);
2. The category of all the finite projective (va, I'y)-modules over the ring H[sI,r,],I,l,I\”J,A<7TK1);
3. The category of all the finite projective (o, I's)-modules over the ring H[s,,rl],l,l,m,A(ﬂKI)'
Then we have that these categories are equivalent. Here 0 < s, < 1o < 00 for any o € 1.

Proof. In this situation this is just the corresponding relative comparison for finite projective
(p, ') modules, which is [KP, Theorem 4.4]. O

We now consider the corresponding vertical comparison in the following context for I =

{1,2}:

Theorem 4.12. (After Kedlaya-Liu |[KL2, Theorem 5.7.5]) Consider the following cate-
gories:

1. The category of all the pseudocoherent (o5, T'1)-modules over the ring iy, ,1.1.5.07,4(Tk,);
2. The category of all the pseudocoherent (py, '1)-modules over the ring H[SI,TI],I7J,I§J7A(7TKI)"
3. The category of all the pseudocoherent (o, I'r)-modules over the ring H[SIWI],LJ,KLA(TFKI)'
Then we have that these categories are equivalent. Here 0 < s, < 1, < 00 for any o € 1.

This is the consequence of the following theorem:

Theorem 4.13. (After Kedlaya-Liu [KL2, Theorem 5.7.5]) Consider the following cate-
gories:

1. The category of all the pseudocoherent (2, 1's)-modules over the ring s, 1. r1.n5,4(Tk,);
2. The category of all the pseudocoherent (pq, I'y)-modules over the ring H[sf,rz],I,I,IU,A(ﬂKI)"
3. The category of all the pseudocoherent (y2,I's)-modules over the ring H[s,,rl],l,l,f\TJ,A<7TK1)'
Then we have that these categories are equivalent. Here 0 < s, < 1, < 00 for any o € I.

Proof. In this situation this is just the corresponding relative comparison for finite projective
(p,T') modules, which is [T2, Proposition 5.44, Proposition 5.51]. d

Corollary 4.14. Assume I = {1,2}. Consider the following categories:

1. The category of all the pseudocoherent (g, I'r)-modules over the ring s, 1 1,.0.05,4(TK,);
2. The category of all the pseudocoherent (o, I'r)-modules over the ring H[s,,r;],I,J,I\“J,A<7TK1)7'
3. The category of all the pseudocoherent (o, I'1)-modules over the ring H[817r1],I7J,f\TI7A(7TKI)'
Then we have that these categories are equivalent. Here 0 < so < 14 /p < 00 for any o € I.

Consider the following categories:



1. The category of all the finite projective (¢, I'r)-modules over the ring s, 1 1,.5.n5,4(Tk,);
2. The category of all the finite projective (@1, I'1)-modules over the ring LI I JIVA(WKI);
3. The category of all the finite projective (¢, I'r)-modules over the ring H[s; il JI’\VJA(WK,).

Then we have that these categories are equivalent. Here 0 < s, < 14 /p < 00 for any o € I.



5. B;-PAIRS AND INTERMEDIATE OBJECTS IN RIGID FAMILY

5.1. Mixed-type Hodge Structures. Now we work with the corresponding B-pairs and
some mixed-type objects as in [Berl| and [Nakl].

Definition 5.1. Define By ; := C,[[t1, ..., t/]], and define Bar 1 := C,[[t1, ottt Y,
and similarly we have the obvious higher dimensional analog B, ; of the corresponding period

ring B, which could be defined as:

(51) h& hgt;klt;kl m ( ILIH B$ax,1/pn®Zp---@ZpBriax,I/pnyPiipki‘

k1 k[ i:L-naU‘ n—oo

Then after Bloch-Kato [BK1| we have the following fundamental sequence:

Proposition 5.2. We have the higher dimensional generalization of the corresponding Bloch-

Kato fundamental sequence:
0 —> Q, — Ber @ Big; — Bars — 0
induced by the corresponding short exact sequence:

0 — Q, —= B @®C,[[t1, ..., t1]] —= Cpl[ts, .., tA)l[t1 ", -, ;'] —= 0.

Setting 5.3. In what follows, we assume that the corresponding A to be a rigid affinoid in

rigid analytic geometry over Q,,.

Definition 5.4. We now consider the following rings:

(5.2) B;RJI®H[31,r1],I,J,I\J,A7
(5'3) B(;LR,I’®H[51,r1},1,j,I\J,A7
(5.4) BJLR,II@A?H[shr,},f,j,l\J,Av
(5.5) BIR,I/@’H[sl,r,},I,J,I(J,Av
(5.6) BJLR,I'@’H[SLU},LJ,IU,A’
(5.7) BCTR,I/@’H[s,,r,},J,J,I(J,Av
(5.8) BIR,I'(@H[S,,T,LLJJTJW
(5.9) B:er,I’@H[sI,rI},I,j,I’\TI,A’
(5.10) BSFR,P@H[S,M]JJ,T\TLA

with



with

with

+ 5 -
Big r®Ujs; vy 100047 -

+ N .
Big,r®Uy, g ingalt

+ 3 -
BdR,I’®H[51,T1],I,J,I\J,A t

+ 5 5
B p®, 011504

+ 35 ~ .
BdR,I’®H[51,T1]J,JJ\J»A

B

B(TR,I’@H
B;_R,I’@H

+ 3 .
dR,I’®H[sI,r1],I,J,I\J,A

[SI,T'[],I,j,K],A

[
[
[
[
BchrRJ’®H[s,,n],1,j,1§J,A[t1_1>
[
[
[
[

[51771]717(77;\\3,14

Be,1/®H[sI,r1],I,J,I\J,A7
B67[,®H[SI,T[],I,j,I\J,A’
BEJ’®H[51,r1],l,j,I\J,A’
B, p®I11

B

[sr,ri),L,JI\J,A
ey1’®H[s,,rl],I,],I(J,A’
BBJ’(@H[SI,TI],I,II(J,Av
B, @I

B

[sz,rr), I, JINT,A?
e,I’®H[s,,r,],1,j,f\'J,A7

B67[I®H[S],T[],I,j,f\\(/],z4



(529) Y&lBC—{_RJ/@H[SI,TI]J,J,I\J,A7

s1
(5-30) 1£1 B;R,I’®H[31,r1],1,j,I\J,A’
s1
(5.31) l&n BIR,I’&)H[SI,TI]JJ,I\J,A’
s1
(5.32) 1&“ BSLR,I/®H[s,,r,]71,J71§J,A7
s1
(5.33) 1£1 B:{R,I’®H[SI,TI},I,j,I<J,A7
s1
(5.34) ILH B:ﬁ:{,f’®H[s,,r1},1,i,1\“J,A’
s1
(5.35) l&n Bc—l’—R,I’@H[sI,rI],I,Jj\\T],A’
s1
(5.36) I&H BJR,I@H[SI,r,},I,jJ\TJ,A?
s1
(5.37) 1£1 BJR,I@H[SI,T,],I,JI\TI,A
s1

with



(5'38) lér,n B(-il_R,I’®H[SI,TI]7LJJ\J7A[t1_17 P tl_/l]7

ST

(5.39) Jim Bip p Oy, o gnaaltis 0],
Sr

(5.40) lim BSFR,I'QA?H[S,,T,],IJ,I\J,A[tfla ot
Sr

(5.41) lim B:{R,p®H[s,,r,],1,J,1§J,A[t1_17 o tp'],
SI

(5.42) lﬁl BchrR,I/®H[51,rl],1,j,1§J,A[tl_lv Bas) t;l]v
s1

(5.43) lim B;RJ@H[SWLL Frtsalts e tnt],
ST

(5.44) lm Bl p &1, o igalt o tn']
Sr

(5.45) lim B p &I, g mgalti s o',
SI

(5.46) lim BIR,I’(gH[SI,r,],I,J,fCI,A[tfla oty
S1

with



(5.47) Jim Be,[’®H[sI,r1],I,J,I\J,A7
ST

(5-48) @ Be,l’®H[s,,r,],I,J,I\J,Av
ST
(549) l.&nBevll®n[sl,rl]7l7j7I\J7A’
ST
(5.50) lim BeJ’@H[sm]J,JﬂJ,A’
ST
(5-51) 1£1 Be,I@H[s,,rI],I,j,I(J,A7
ST
(552) lgl Bevll®H[Sl,T[],I,j’,[\JJ,A’
ST
(5.53) lim B p®IL, g
ST
(554‘) 1£1 Be71/®]'—‘[[51,7‘1],1,j,m,14’
ST
(5.55) lm B p®IL, 5574
ST

with



(556) @1.&1B(—IRJ/®H[81J’1]7I7J7[\J7A7

rrsg
(5.57) hﬂ an B;R,I’®H[31,r1],1,j,I\J,A’
rrosg
(5.58) hﬂ l&n B;R,I’&)H[sl,rl]J,jJ\J,A’
rrosg
(5.59) hﬂ I&H B:R,I’®H[sl,r1],I,J7[§J,A7
rrosg
(5.60) hﬂ 1£1 BCTR,I'@)H[sl,r,},LJ,KJ,A7
ri sg
(5.61) ﬂl ILH B;RJ'®H[s,,m,1,i1\“J,A’
v sg
(5.62) hﬂ @ BchrR,I’@H[sI,rI],I,J,f\TJ,A’
rrosg
(5.63) hﬂ I&H BJR,I@H[SI,TI},I,jJ\TJ,A?
rr st
(5.64) hﬂ lﬁl BJR,I@H[S,,T,],I,J,T\TI,A
rr sg

with



(5.65)
(5.66)
(5.67)
(5.68)
(5.69)
(5.70)
(5.71)
(5.72)

(5.73)

with

lim lim B(_jl—Ry[/®H[51,r1],I,J,I\J,A[t1_17
hﬂlﬁl B;R,I’(/gn[sl,rl],l,j,I\J,A[tl_l7
lin Jim BcTR,I’ééH[sl,rI],I,f,I\J,A [t ...
li_n; I&H BchrR,If®H[s,,r,],1,J,1§J,A[t1_17
@ lﬁl BchrR,I’®H[s,,rl],1,j,1§J,A [ty
lim lim B;RJ@H[SWLL Frogaltits
limlim Bl (@ ol -
lim lim B @I, 5 At

e Tm BE S -1
hﬂ1£1BdR,I’®H[Sl,r1]7[,j,f\T],A[t1 y oo

],

L,
0,

0,

ot

),
0,
],

0,



(5.74) ling Jim Be 1@, 100745

ri’ s

(5.75) lim lim B p @1, 7 5 04
ri’ s

(5.76) h&“ lﬁl BGJ'®H[sl,r1],1,j,I\J,A7
ri’ s

(5.77) hﬂ lﬁl Be,I’®H[s,,m],1,J,1(J,A7
ri s

(5.78) hﬂ @1 Be,f’®H[s,,r,]71,J,1\“J,A7
ri’ s

(5.79) hﬂ 1&“ BeJ’@)H[s,,m],l,J,I(J,A»
ri’ s

(5.80) lim lim B p &I, 55 4
ri’ s

(5.81) hﬂ 1&“ Be,f@n[s,,r,],f,j,f\?,m
ri s

(5.82) limlim Be p @I 5755 4
ri’ s

Now we combine the construction in the following coherent way following [Berl, Section
2], [Nak1, Definition 2.2] and [KPX, Definition 2.2.6].

Definition 5.5. We define a Bp-(¢;, I'1)-module over
(B;_RJ/®H[31,r1],I,J,I\J,A, B;RJ/@H[SI,TI],I,*,*,A[t1_17 ey t/[_l]> Be,[’®H[sl,r1},I,*,*,A)

to be a triplet of finite projective modules:
(5.83) (Me, Mar, M)

over
+ 5 + 5 -1 /—1 P~
(BdRJ/@H[sI,TI},I,*,*,Aa BdR7I/®H[SI,T]],I,*,*,A [tl JRREY t[ ]7 Be,I’®H[sI,r1],I,*,*,A>

such that we have glueing datum along :
<5'84> B;R,I’®H[817TILI7*’*7A - B(;FR,I/@H[SI?TILIv*:*vA[t1_17 t t/I_l] «— B67[I®H[8177‘1]717*7*7A'
And this carry the corresponding relative Galois action of:

(585) GalQP,l X ... X GalQle



on the multi de Rham period rings which is semilinear. And we have that the three modules

involved are relative (¢, I'7)-modules relative to
(586) Bc—li_R,I” BdRJ’, Be,[’-

Definition 5.6. We define a pseudocoherent By-(¢r, I'y)-module over
(BQLR,I/(gH[s,,r,],I,J,I\J,A, BIRJIQA?H[SI,?»,],I,*,*,A[tfl, U, Be,1/®H[s,,r1],1,*,*,A)

to be a triplet of stably-pseudocoherent modules:

(5.87) (M., Myg, MCTR)

over

PN PN 1 —1 ~
(BdR,I/®H[Sm“1LL*,*7A7 BdR,I’®H[SI7T1]J * A[tl s U ]7 B6,1’®H[5177‘1]71,*7*,A>

»Ty Ty

such that this is glueing datum along :

(5'88> B;R,I/®H[SI’TILI *,4,A - B;R,I’®H[SI)TILI’*7*7A[tl_l’ e t/I_l] — B67[I®H[SI7TI]717*’*7A‘

Ty

And this carry the corresponding relative Galois action of:
(589) G&l@pl X ... X GalQpJ/

on the multi de Rham period rings which is semilinear. And we have that the three modules

involved are relative pseudocoherent (o, I'r)-modules relative to
(5.90) Big 1> Bar,rr; Be,rr-

Definition 5.7. We define a Bp-(¢;, I'1)-module over
(BCTRJ/(/g\)Han,rI,I,J,I\J,Aa BIRJ@H[S,,U},I,*,*,A[tl_l, s T, Bep @Man ;1 n. )
to be a triplet of finite projective modules:
(5.91) (M, Mar, M)
over

PN PN 1 —1 ~
(BdR,I’®HaH7TI,I7*7*7A’ BdR,I’®HaH7TIJ,*7*,A[t1 yees by ]7 Be,1’®Han7rz,I * % A)

1Ty

such that this is glueing datum along :

~ + -~ —1 /—1 P~
(5.92)  Bipy@Hanrrrena = Big p®Mangy rusealty’s 17 4 Ber®Tan gy 1sa-

)Ty 1Ty

And this carry the corresponding relative Galois action of:

(593) Galle X oo X GalQle



on the multi de Rham period rings which is semilinear. And we have that the three modules

involved are relative (¢, '7)-modules relative to
(594) B(—i‘_R,I” BdR,I’, Be,]’-

Definition 5.8. We define a pseudocoherent Bj-(¢r, I'y)-module over

L A L o 1 -1 ~
(BdRJ/®Han,rl,I,J,I\J,A7 BdR,]/®H[51,r1],I,*,*,A[tl PRERS) t[ ]7 Be,[’®Han,r1,I,*,*,A)

to be a triplet of stably pseudocoherent modules:
(5.95) (Me, Mar, M)
over

PN PN _1 —1 ~
(BdR,I’®Han,T1J,*,*,A7 BdR,I’®Hﬂn,T1J,*7*,A[t1 N ]7 BBJ’®Han7TIJ7*,*7A)

such that this is glueing datum along :

PN RPN _1 —1 ~
(5-96) BdR,I’®HaHJ’IJ *0,A T BdR,I’®HaH7T1J7*,*7A[t1 s by ] — Be,l’®Han7r1,l,*,*7A-

And this carry the corresponding relative Galois action of:
(597) Galel X oo X GalQpJ/

on the multi de Rham period rings which is semilinear. And we have that the three modules

involved are relative pseudocoherent (p, I'7)-modules relative to

(5.98) Big 1> Bar,rr; Be,rr-

5.2. Fundamental Comparison on the Mixed-Type Objects.

Proposition 5.9. (After Berger |[Berl, Théoréeme A|) Let I' be a set consisting of two

elements and I is empty, then we have that the category of all the By -(¢r,I'1) modules over

(B(;FR,I/®H[31,TI]:I7J:I\J7A7 B(TR,I/®H[3177‘I}7Ia=]71\‘]ﬂ4 [t;17 t t/171]7 Be,I/®H[81,r1],I,J,I\J,A>

is equivalent to the category of all the (@, T'1)-modules in the finite projective setting.

Proof. One has the result after the following two propositions. O

We first consider the following comparison:

Proposition 5.10. Let I' = {1,2} be a set consisting of two elements and I is empty, then
we have that the category of all the By -(wr,I'1) modules over



(Bin.r ®Wjs, 1, 1,0.00,4: Bl @iy a0 alty ' o 7], Bep @igy p).1,0100,4)

is equivalent to the category of all the By-(pqay, I'12y) modules.

Proof. This will be the corresponding consequence of the following. Let I’ = {1,2} be a
set consisting of two elements and [ is empty, then we have that the category of all the

Bp-(¢r, ') modules over

(BcTR,I'@H[s,m]J,IF\'J,Av B:R,I@H[s,,r,},f,],f\?,fx[tl_l’ ot Bevf’@’n[s,,m,fjj\?,A)
is equivalent to the category of all the B{3-(¢q23,23) modules over the corresponding
perfected rings with = accent. However this could be proved as in [KP, Theorem 2.18] as
long as one works with mod t*, k € Z coefficients (also see the corresponding proof of T3,
Proposition 3.8]). To be more precise first we consider the corresponding base change of any

Bp-(¢r,T'7) module over

+ P~ L + S o -1 —1 p~ o
<BdR,I’®H[s,,r,],1,],1\J,A7BdR,I’®H[sl,m],1,J,1\J,A[tl s by ]’Bevl/®H[51,r1},I,J,I\J,A)

to Bggr,{1}, which then by the strategy above could be associated a By1}-(¢y23, ['2y) module
over the corresponding perfected rings with = accent (see [KP, Theorem 2.18|, [T3, Proposi-
tion 3.8|). As in [KP, Theorem 2.18] we will have the situation where the category of all the

Bp-(¢r,T'7) modules over

+ S . + 3 o -1 /-1 I~ o
<BdR,I’®H[s,,r,],1,],1\J,A7BdR,I’®H[sl,m],1,J,1\J,A[tl s by ]’Bevl/®H[51,r1},I,J,I\J,A)

is equivalent to the category of all the Bi}-(¢q2y,'f23) modules over the corresponding
perfected rings with = accent. However by the proof of [KP, Theorem 4.4| we further have

the situation where the category of all the Bp-(¢r, ;) modules over

+ ~ . + ~ o —1 /—1 o~ —
(BdRJ’®H[sl,r1],1,j,I\J,A’ BdRJ/®H[31,r1},1,f,I\J,A[tl st ] BeJ’®H[s,,r1},I,J,I\J,A)

is equivalent to the category of all the B{3-(¢q23,'f23) modules over the corresponding

perfected rings with no accent. 0

Proposition 5.11. Let I = {1,2} be a set consisting of two elements and I' is empty, then
we have that the category of all the By -(wr,I'1) modules over
(Bc—l‘rR,]/®H[51,7"1],I,J,I\J,A7 B;—RJ/®H[SI,T‘[},I,J,I\J,A[t1_17 R t/I_l]7 Be,f’®H[51,r1],I,J,I\J,A)

is equivalent to the category of all the By-(pqay, I'12y) modules.

Proof. This will be the corresponding consequence of the following. Let I = {1,2} be a
set consisting of two elements and [’ is empty, then we have that the category of all the

Bp-(¢r, ') modules over



+ 5 _ + 3 o -1 /—1 N o
(BdRJ’®H[sl,r1],1,j,I\J,A’ BdRJ’®H[51,r1},I,J,I\J,A[tl L tl ]’ Bevp®H[51,r1},I,J,I\J,A)

is equivalent to the category of all the Bi}-(¢q2y,'f2y) modules over the corresponding
perfected rings with = accent. However this is proved in [KP, Theorem 2.18| as in the proof
of the previous proposition.

O

Now we combine the construction in the following coherent way following [Berl, Section
2|, [Nakl, Definition 2.2] and [KPX, Definition 2.2.6].
Definition 5.12. We define a By-(p;, I'1)-bundle over

+ ~ + ~ -1 —1 ~
(BdRJ/®Han,r1,I,J,I\J,A, BdRJ’®H[31,T1],I,*,*,A[tl y ey t[ ]7 Be,1/®Han,r1,I *, % A)

to be a compatible family (with respect to the Robba rings) of triplets of finite projective

modules:
(5.99) (Me, Mar, M)

over

+ = + 5 1 -1 ~
(BdR7[/®Han,TI,I,*,*,A7 BdR7]/®Han,r1,I,*,*,A[t1 JRERY t[ ]7 Be,I’®Han,r1,I *, % A)

1Ty

such that this is glueing datum along :

PN PN 1 —1 ~
(5-100) BdR,I’®HaH,TIJ A 7 BdR,1'®Han,r1,I,*,*,A[t1 s by ] — Be,I’®Han,r1J ok, A

1Ty PR IOR]

And this carry the corresponding relative Galois action of:
(5101) GalQP,l X ... X Gal(@p,[’

on the multi de Rham period rings which is semilinear. And we have that the three modules

involved are relative (¢r, I'7)-bundles relative to
(5.102) BIRJ/, Bar,1, Be,1.

Definition 5.13. We define a pseudocoherent By-(¢r, I'1)-bundle over

L A L s 1 -1 ~
(BdRJ/®Han,r1,I,J,I\J,A, BdRJ’®H[51,m],I,*,*,A[tl y ey t[ ]7 Be,[’®Han,r1,I *,% A)

1Ty

to be a compatible family of triplets of stably pseudocoherent modules:
(5.103) (Me, Mar, M)

over

+ ~ + ~ _1 —1 ~
(BdR,I/ ®Ha‘n77‘1717*7*7‘47 BdR,I’®Han7T17[7*7*7A [tl P t[ ]7 Beyll ®Han77’17]7*7*ﬂ4)



such that this is glueing datum along :

L s L = 1 -1 ~
(5104) BdR7I’®Han,7"IJ xx A —7 BdR,I’®Han7TI7I’*:*7A[tl 7...,t1 ] < Be,1/®Han,r1,I ®,%k, A

Iy Ty 39Ty

And this carry the corresponding relative Galois action of:
(5105) GalQp,l X ... X Gal@p,p

on the multi de Rham period rings which is semilinear. And we have that the three modules

involved are relative pseudocoherent (p, I'r)-bundles relative to
(5.106) B:{R,p, Bar,r7, Be,1.

Proposition 5.14. (After KPX [KPX, Proposition 2.2.7|) The category of all the finite
projective B -(pr, I')-bundle over

PN PN _1 —1 ~
(BdR,I’®HanJ’I,L*,*7A’ BdR,J'®Han,r17I,*7*,A[t1 sty ], Be,I’®Han,rz,I % A)

1Ty

is equivalent to the category of all the finite projective By -(¢r, I'r)-modules over

+ ~ + ~ _1 —1 ~
(BdR’[/®Han,r1,I,*,*,A7 BdR,I,®Ha‘n7T17[7*7*7AI:t1 ? t[ :I’ Be71l®Han7T17] *,k A)'

»Ty Ty

Proof. Without considering the corresponding Galois actions for the Bp-pair components
we could prove this as in the relative situation carrying just A-coefficient. To be more
precise, the base change gives rise to the corresponding fully faithful functor from the first
category to the second one, while to show the corresponding essential surjectivity, consider
the corresponding multi-interval [ryo/p, r10] X ... X [rr0/p,r10] and use the corresponding

Frobenius to reach all the corresponding intervals taking the general form of:
(5.107) [rio/p", m10/P" 7Y X o X [rro/P" rr0 /P ke = 1,2, . Va € 1

This forms a 2/l-uniform covering of the whole space. And the corresponding uniform

finiteness of the modules over each
(5108) [leo/pkl,rl,o/pklil] X ... X [7“[70/ka, T'[’O/pklil], ka = 1, 2, ...,VOC el.

could be achieved by using the corresponding partial Frobenius actions. Then we are done

by applying proposition 2.20. O
Proposition 5.15. (After KPX |[KPX, Proposition 2.2.7|) The category of all the pseu-
docoherent By -(¢r,T')-bundle over

(B;R7[/®Han,7‘],l,*,*,z47 Bd+R7I/®Han,T'1,I,*,*,A[t;17 ey tljil]y Be,]’®Han,r1,I,*,*,A>
is equivalent to the category of all the pseudocoherent Bp-(ypr,I'r)-modules over

n ~ + ~ 1 —1 ~
(BdRJ/@Han,m,I,*,*,Aa BdR7[/®Han,r1,I,*,*,A[t1 IR} t[ ]7 B6,1’®Han,r1,1 *,%k A)-

3Ty



Proof. Without considering the corresponding Galois actions for the Bp-pair components
we could prove this as in the relative situation carrying just A-coefficient. To be more
precise, the base change gives rise to the corresponding fully faithful functor from the first
category to the second one, while to show the corresponding essential surjectivity, consider
the corresponding multi-interval [ryo/p,r10] X ... X [r10/p,710] and use the corresponding

Frobenius to reach all the corresponding intervals taking the general form of:
(5.109) [rio/p™, m10/P" 7Y X oo X [rro/P" rr0/P Y ke = 1,2, .,V € 1.

This forms a 2/l-uniform covering of the whole space. And the corresponding uniform

finiteness of the modules over each
(5.110) [rio/P", rio/P" Y] X oo X [r1o/P, r10/PM Y, ke = 1,2, ..., Ya € 1.

could be achieved by using the corresponding partial Frobenius actions. Then we are done

by applying proposition 2.19. O



6. COHOMOLOGIES OF CYCLOTOMIC MULTIVARIATE (@7, [';)-MODULES OVER RIGID
ANALYTIC AFFINOIDS IN MIXED-CHARACTERISTIC CASE

Now we define the corresponding cohomologies of the multivariate (¢r, I'f)-modules over the

following groups of rings:

(6.1) HanmI,I,j,I\J,A(WKI) = I'LnH[shrl],LjJ\LA(”Kz)v
sr

(6.2) Wory1,5.0004(TKy ) = @H[sl,rl],l,f,I\J,A(ﬂKI)’
St

(6.3) Wy 1,4 (i) = IS&H Wy 1. 000,4(TK)
1

(6.4) Han,r,,I,J,IiJ,A<7TKI) = I&H H[sl,n],l,j,l\”J,A<7TK1)>
S1

(6.5) Han,r,,]j,I(J,A(”KI) = @H[s,,n],f,i,l\“J,A<7er)v
st

(6.6) W 1,070,478 2= 1%1H[sm«,],I,Jj\VJ,A(7TK1)7

(6.7) Han,r;,],j,m,A(ﬂ-KI) = @H[sl,r,},z,j,f\?,A(W&%
S1

(6.8) Han,rl,l,j,m,A<WK1) = @H[s,,n],lj,f\ff,AwKI)'
S1

and

Nej
~—

H[sl,rj],l,j,I\J,A

—_
=)

H[s;,r;],],j,I\J,A

—_
—_

[s,r7],0,J,INJ,A

—_
[N}

[sr,ri),I,J,INJ,A

—
S

[sr,ri] 0, I\, A

—_
(@

[SI7TI]7I7j7jszA

H =9 =7 =9 9 49

—_
D

(Tk,)
(Tk,)
(Tk,)
(Tk,)
s UK;
(Tk,)
(Tk,)
(Tk,)

o T T T e T T
AR S o R L R
—_
w
~— ~— ~— ~— v ~— ~—

[8177‘1]7[7‘7’1’\\‘/]714



Definition 6.1. (After KPX, [KPX, Definition 2.3.3]) We define by induction the corre-

sponding ¢;-complex C¢  of a corresponding (¢r,T'7)-module M over

(6.17) Han,r;,[,j,I\J,A(ﬂ—KI) = @H[s;,rl},l,j,I\J,A(ﬂKI%
St

(6.18) WMoy 1,5.0004(TK;) = r&lH[sI,rI},I,j,I\J,A(ﬂ-KI)7
s1

(6.19) Wy 1,004 (M) = I'LnH[sf,r,},I,J,IU,A<7TKI)=
S1

(6.20) W gg,a (o) s= W Il 05 4 (T ),
st

(6.21) W r g, a (e ) = m A5 ()
st

<622) Han,rl,I,J,m,A(ﬂKl) = I&n H[sl,rl},I,J,m,A<ﬂK1)’
sI

<623> Han,m,],j,m,A(ﬂK-’) = @ H[s;,m},],j,m,A<7TK1)’
S1

<624> Han7r1,1,j,m7A(WK1) = I&H H[s;,m],[,j,f\jf,A (WKI)
Sr

to be the corresponding totalization of the following complex:

er—1

00— C3 (M~~ﬂ"|1|> — (3 (M---J”UJ/P) —0

PI\|I| PI\|I]|

as long as C;I\m(M ) is constructed. We define by induction the corresponding ¢ ;-complex

Cs, (M) of a corresponding (¢r, I'r)-module M over

Wi, rgr.7n0a(TK;),
(sr,r1),0,d,I\J,A\T K1 )5

[s1,r1),0,J,I\J, A TK;)

= = HA

(srr1), 1, T, INT, A\ K1)

[sr,m0), 1,0, INT, A\ KT )

(7x;)
(7x;,)
(7x;)
s, g1, (K,
(7x,)
(7x;,)
(7x;)

= 4

[s1,r0), 1,0, 1NT, A\ KT )

P T s T e T T
(@)
[\)
N

~— O~ S N~ S ~—  ~—

[SIaTI],T,j,f\V.],A(ﬂKI)



to be the corresponding totalization of the following complex:

eir—1

0—C} (M---7[5|1|,T|1|]) - C;I\m(M~~~,[5uw“m/1’]) —0

PINT|

as long as 3 (M) is constructed. Here we assume 0 < s, < r,/p for each o € I.

Definition 6.2. (After KPX, [KPX, Definition 2.3.3]) We define by induction the corre-

sponding ¢;-complex Cy, of a corresponding (i, I'7)-module M over

(633> Han,m,[,j,]\J,A(ﬂ-K1> = I&H H[SI,TI},I,j,I\J,A<7TKI)7
S1

(6.34) WMoy 1,7,00,4(TE) = @H[s;,r;},17j,I\J7A<7TKI)’
s1

(6.35) Han,r,,I,JJ(J,A(WKI) = 1&1H[sl,rl},I,J,I\“J,AOTKz)v
St

(6.36) Han,r,,f,j,liJ,A(WKJ = 1&“ H[sl,r,},z,j,IKJ,AOTKz)v
s1

(6.37) Han,r,,[,fJ{J,A(WKI) = ILH H[sI,r,],I,],IU,A<7TK1)7
S1

<638> Han,r;,I,J,m,A<7TK1> = ILH H[SI,TILI,J,I’\\:],AOTKI)’
s1

(639) Han,r;,[,j,m,A(WKI) = I&D H[SIWILijv]vA(WKI)’
St

(640) Han,m,[,j,m,A(WKI) = I&H H[sl,rl],l,j,m,A (WKI)
sr

to be the corresponding totalization of the following complex:

P —1

0 —— O (M) — O (M) — 0

Y1



as long as C7, M) is constructed. We define by induction the corresponding 1;-complex

(
I\|1]
CIZI (M) of a corresponding (90], FI)—module M over
H[SI,m],I,i,I\J,A TK; )
[sr.r1),0, T, I\J,A\T K1)

[sr.r1), L, JINT, A\ KT )

= 9 A

=

(sr.rr) L, T, INT, A\ K1)

[SIJ'I]:Iﬂ]:f\\*/]wA ﬂ—KI ’

(Tk;)
(T, )
(Tk;)
tsrrilr gt a(TKL)s
(Tk;)
(T, )
(Tk;)

o R

[5177"1],—’7j71’\\il4 ﬂ-KI ’

|

[SI7T1],I,f,f\T],A<7TK1)
to be the corresponding totalization of the following complex:

Yir—1

0 O Mo foysri) ’ C;I\m (M___psys.ri1]

Y1

) —>0

as long as €y, (M) is constructed. Here we assume 0 < s, < r,/p for each a € I.

I\

Definition 6.3. (After KPX, [KPX, Definition 2.3.3]) We define by induction the corre-

sponding I';-complex Cp. of a corresponding (¢7, I'1)-module M over

(649) Han,rl,l,j,I\J,A(ﬂ-KI) = I&H H[s;,r;},[,j,I\J,A<7TKI>7
s1

(6.50) WMoy 1,7,00,4(7E) = y&lH[s;,r;},[,j,I\J,A<7TKI)7
st

(6.51) Han,r,,I,J,I(J,A(”KI) = @H[s;,rf},I,J,I\uJ,AOrKI)’
St

(6.52) Han,r,,l,j,l\“J,A(WKI) = PLH H[sl,r,},l,j,fiJ,A(ﬂKz)v
St

(6.53) Han,r,,[,],liJ,A(WKz) . le H[s,,r,},I,J,IKJ,A@TKz)v
s1

<654> Han,r;,I,J,m,A<WK1) = I&H H[SI,TI},I,J,K/],A<7TKI)’
s1

(655) Han,r;,[,j,f{j],A(ﬂ—KI) = I&H H[SIJ’ILLij]vA(WKI)’
St

(656) Han,'r‘j,f,j,m,A(WKI) = léI_n H[s[,rl],l,j,f\\j],A(WKI)
SI



to be the corresponding totalization of the following complex:

— Oty (M) — Cr, (M) —= 0

as long as C (M) is constructed. We define by induction the corresponding I';-complex

1]
Cp, (M) of a corresponding (¢, I'r)-module M over

H[sI ri),0,J, \JA\T K )
[sr,r1), LT I\J,A\T K1)

TKyr)s

[s1,71] IJI\JA

= =9 H

=

(srr1),0,J,1\J, A\ K1)

(s7,r1) 1IN, AT E )

= =

(Tk;)
(T, )
(T, )
srrilr gt a(TKL)s
(7, )
(T, )
(Tk;)

(srrr) 0,0, NT, AT KL )

|

[517T1]71,j,m,A(WKI)

to be the corresponding totalization of the following complex:

V=1

— Cr, (M) —Cp, (M) —0

as long as CP (M) is constructed. Here we assume 0 < s, < r,/p for each o € I.

1\\1\(



Definition 6.4. (After KPX, [KPX, Definition 2.3.3|) For any (¢;, I'y)-module M over

(6.65) W gna(mee) = Jm Il ooy 50 g a (i),
St

(6.66) Moy 1,5,00,4(TK;) = Jim Wiy, o n.dn0.a(Tx1),
st

(6.67) Wy 1,04 (i) = Jim W, 1,050, (TK)
S1

(6.68) Han,r,,l,j,I(J,A(WKI) = @ H[sl,r,],l,j,l\“J,A<7TK1)v
S1

(6.69) Han,r,,l,f,I(J,A(WKI) = 1&“ H[sl,r,},I,J,IiJ,A(WKI)v
st

<67O) Han,rj,I,J,K],A(ﬂ—KI) = l&n H[s;,rj},I,J,KI,AOTKI)’
s

<671> Han,rl,l,j,m,A(ﬂKf) = @ H[SI,TI},I,j,K],A<WKI)’
s1

(672> Hanm;,Lj,I’\\:LA(TrKI) = I&H H[sbr[]J,iI’\Tf,A (T(KI)
St

we define the corresponding complex C¢ . (M) to be the corresponding totalization of
Cs,Cr,(M). For any (¢r, I'r)-module M over

H[SI,TI],I,J“,I\J,A TK;)s
)

[s1,r1),0,d,1\J,A\T K[

[s1,r1),01,J,I\J, A TK; )

o e R e

[s1,r1),0,d,I\J,A TKr)s

[S[,’I‘[],I,J,KLA T{-KI )

= —

(7x,)
(7x;,)
(7x;)
s, 01, TK )
(7x,)
(7x,)
(7x;)

[S],TI],I,j,r\:],A TKr)s

P e e N ,_ A
(@)
.
\ N
~ o — D — T

=

[SI,TI],I,j,I/\VJ,A(WKI)

we define the corresponding complex C® (M) to be the corresponding totalization of

er,l'r
Ce,Cr, (M). Here we assume 0 < s, < 7,/p for each a € I.



Definition 6.5. (After KPX, [KPX, Definition 2.3.3]) For any (¢;,';)-module M over

(6.81) Han,r,,l,j,I\J,A(”Kz) = @H[517r1},17j71\J7A<7rK1)7
S1

(6.82) WMoy 1,5.0004(TK, ) = r&lH[sl,rl},l,j,I\J,A(ﬂKI)v
St

(6.83) o 1,0,05,4(T0;) = lim H[sl,r,],I,J,I(J,A<7TK1>7
st

(6.84) Han,r,,[,j,liJ,A(WKz) = @ H[sl,rl],I,J,IiJ,A@TKI)v
s1

(6.85) Han,r,,f,f,fiJ,A(”KJ = @H[s;,r;},[,f,[\vJ,AOrKI)’
St

(6.86) W rama(m) = 55 (T
St

<687> Han,r,,l,j,KI,A(ﬂ-KI) = I&H H[s;,rﬂ,],j,m,A<7TK1)’
s1

<688> Han,r;,[,j,m,A(WKf) = l&n H[s;,m],[,j,f\j,A (T‘-KI)
St

we define the corresponding complex Cy . (M) to be the corresponding totalization of
Cy,Cr,(M). For any (¢r, I'r)-module M over

H[s,,r,],l,j,[\J,A TK;)
(sr,r1),0,d,1\J,A\T K1 )5

[srr1), 1,00\ T, A\TTK 1)

(srr1), LT, INT, A\TK 1)

[517TI]7[7J7K/]7A ﬂ-KI ’

(7x,)
(7k;)
(7x,)
11,01, A (K,
(7x,)
(7K;)
(7x,)

= =2 =2 3 92 49

[SI 7TI]7I?j7m’A 7TKI ’

[817T1],I,f,IA\T],A(7TK1)
we define the corresponding complex C,;,III(M ) to be the corresponding totalization of

Cy,Cr,(M). Here we assume 0 < s, < r,/p for each a € I.



7. COHOMOLOGIES OF Bj-PAIRS AND MIXED-TYPE OBJECTS OVER RIGID ANALYTIC
AFFINOIDS IN MIXED-CHARACTERISTIC CASE

7.1. Partial (¢7,I'7)-Cohomology and Partial (¢;,';)-Cohomology. Now we define
the corresponding cohomologies of the multivariate (¢, I';)-modules over the following two

groups of rings:

(7.1) lim By @Mpsy 12002 = .00, = NN IV
Sy
(7.2)
with
(7.3) lim B Oy p2alty s o t5'.7 = 0,07 = INJLINJ, IV,
Sy
(7.4)
with
(7.5) lim Be p &M, g p20a.7 = 4T, 1,7 = INJINT, I\J
sy
(7.6)
and
(7.7) B @My przma,? = J, 1, .7 = INJINT, I\J
with
(7.8) Bl p @y prpzz alty’s s tp'], 2 = 1, 0,7 = INJ,INT, I\J
with

(7.9) Be @iy pyaama,? =0, J, 0,7 = INJ, I\J, I\J.



Definition 7.1. (After KPX, |[KPX, Definition 2.3.3]) We define by induction the cor-
responding ¢-complex C¢ of a corresponding Bp-(pr,I'r)-module M over the first three

groups of rings to be the corresponding totalization of the following complex:

er—1

0 —C¢ (M---,T|1|) — (Mm,nu/p) —0

PI\|1)| PI\|I|

as long as C;IWI(M ) is constructed. We define by induction the corresponding ¢;-complex
Cs, (M) of a corresponding By-(¢r, ['r)-module M over the second three groups of rings to

be the corresponding totalization of the following complex:

L] w‘ll_l [
O - C (M‘-~a[5|1|:7“|1|]> I C (M“':[S\I\’T\I\/p]) — O

PI\|T| PI\|T|

as long as 3 (M) is constructed. Here we assume 0 < s, < r,/p for each o € I.

Definition 7.2. (After KPX, |[KPX, Definition 2.3.3]) We define by induction the cor-
responding ¢;-complex C7 ~of a corresponding Br-(¢1,I'r)-module M over the first three

groups of rings to be the corresponding totalization of the following complex:

° ¢|U_1 L]
0 Cw1\|1|(M~--m) C¢1\|1|(M""p7"lll> 0

as long as C7, (M) is constructed. We define by induction the corresponding v;-complex

I\|1]

Cy, (M) of a corresponding By-(¢r, I'1)-module M over the second three groups of rings to

be the corresponding totalization of the following complex:

[ ] d}lIJ_l (]
0 ij\m(M--~7[Smﬂ"|1|]) O¢I\|I|(M'“’[I’SIII”’\I\]) 0

as long as Cy, (M) is constructed. Here we assume 0 < s, < 7,/p for each a € I.

I\

Definition 7.3. (After KPX, [KPX, Definition 2.3.3]) We define by induction the cor-
responding I'7-complex Cp. of a corresponding Br-(pr,T'r)-module M over the first three

groups of rings to be the corresponding totalization of the following complex:

V=1

0 —= Oy (M) —= Oy ) (M) —> 0

as long as Cp M) is constructed. We define by induction the corresponding I';-complex

(
|
Cr, (M) of a corresponding Bp-(¢r, I'r)-module M over the second three groups of rings to

be the corresponding totalization of the following complex:

. ’Y|[\—1 .
0 —=Cr,\ (M) —= CFI\M(M) —0



as long as CP (M) is constructed. Here we assume 0 < s, < r,/p for each o € I.

1\\1\(

Definition 7.4. (After KPX, |[KPX, Definition 2.3.3]) For any Bp-(¢r,I'r)-module M
over the first three groups of rings we define the corresponding complex C? . (M) to be
the corresponding totalization of C3 Cp (M). For any (¢r,'r)-module M over the second

three groups of rings we define the corresponding complex C® . (M) to be the corresponding

er,l'r
totalization of C3 Cp (M). Here we assume 0 < s, < 1,/p for each a € I.

Definition 7.5. (After KPX, [KPX, Definition 2.3.3]) For any Bp-(¢r,I')-module M
over the first three groups of rings we define the corresponding complex Cy . (M) to be the
corresponding totalization of Cj, Cp (M). For any Bp-(pr,I'r)-module M over the second
three groups of rings we define the corresponding complex C7, 1, (M) to be the corresponding

totalization of Cj, Cp (M). Here we assume 0 < s, < 74/p for each a € I.

7.2. Partial By-Cohomology. We now define the corresponding partial Bj-cohomology

in the situation

Definition 7.6. (After Nakamura, |[Nakl, Appendix 5|) For any Bp-(pr, I'j)-module M

over

(710) @B(—ii_R,I/@H[SI,TILI,?,?/,A7 ? = J7 j/, j7 ?/ = ]\J, K], [{J,
ST
(7.11)
with
(712) M Bc—l‘rR,I’@H[SI,T]],I,?,?/,A[tl_l, ceey t;l]’ 7?7 = J, j, j’ ? = [\J, f\\—j, [\JJ,
SI
(7.13)
with
(714) 1'&1Be,p@H[Sh”]J,?’?/,A, 7 - J, j, j, ?/ == [\J, f\\:], [ij,
ST
(7.15)

and



with

with

B(]LRJ/®H[31,rl],1,J,1\J,A .
B;_R,I’®H[81,r1],1,j,I\J,A t
BchrR,I’@)H[s,,m],I,II\J,A t1_1>
BcTR,I/®H[SL”]J7J’I§J7A tl_l,
By Bl1
B(TR,I’(/X\)H
By 811
BchrR,I/@H

B

Lo
ar @ T RIA

B;RJ/ ®H[31,r1],I,J,I\J,A7
B;R,I/®H[sl,rl],1,j,1\J,A7
B;RJ'@’H[s],m]JJJ\J,A’
B;R,I/®H[s,,m],1,J,1(J,A7
B;R,I'én[sl,m,f,j,fw,m
B:R,I’®H[sl,r1},l,j,I(J,A7

B, ., ® —
dRJ/®H[81,r1],I,J,I\J7A’

Bt, .® L —
dR71l®H[517TILLJ7[\J7A7

Bt & o
ar @ RA

1

[S[,T[],I,j,[{J,A
[sr,r1),1,J,1\J,A

[
[
[
[
[Sl,rf],I,J,I(J,A[
[
[
[81,r1],1,j,f\T],A[

[

1 PIERR]



(7.34) Be,p®ﬂ[s,,n],1,J,I\J,A,
(7.35) Ber @y, ) 171040
(7.36) Be r®Ijy, 1 1.7.100,4
(7.37) Be,l’@’H[SI,rI],I,JJiJ,A’
(7.38) Be,I@H[S,,r,],I,j,I(J,A’
(7.39) Be71’®ﬂ[s,7rf],f,f7I§J,A’
(7.40) Ber®M,, 11 i
(7.41) Bep®IL, 1 5 i
(7.42) Ber®Il, 11 55,4

we define the corresponding By-complex Cg (M) to be

77
0 —— % X %9 —> %3 —> 0,

where

(743) X1 1= C"(Gal(@p,l X ... X G&l@p}p, Md+R)7
(744) *g 1= C"(Gal@ml X ..o X Gal@p7[/,Me),
(745) kg 1= C'(Gal(@p,l X ... X GalQle, MdR)-

Definition 7.7. Now we consider any By-(¢;, I'1)-module M over

(7.46) lim By O a2, 7 =0, T, 12 = INJ NI I\J
ST
(7.47)
with
(748) M B;RJ/Q%H[SI,TI],I,?,?’,A[tl_lv X3 t;l]v 7= J7 jv ja Y= I\‘L NL [<Ja
sr
(7.49)

with



(7.50) lim Be p &M, a2, 7 = 4, T, 1,7 = INJINT, I\J
SI

(7.51)
and

(7.52) B @iy pazza? = J,J, 0,7 = INJINJ, I\J
with

(7.53) B @My rpprzzaltss s 65,7 = 0, 0,7 = INTINT, INT
with

(7.54) Bop @My, pyazmn? =0, J, 0,7 = INJ, INJ, I\J

Then we can define the corresponding Cgll’%r[—cohomology complex by taking the corre-

sponding totalization of the corresponding double complex C’gﬂ C’;III(M ).



8. THE RESULTS ON THE COHOMOLOGIES

8.1. Comparisons for C¢ . ,C7 1 ,Cy . We now consider the following categories for A

a rigid affinoid over Q,:

A. The corresponding category of all the (¢, I'1)-modules over the corresponding rings car-

rying the corresponding cohomologies C’(' o) Clonrny Cy, (for sufficiently small 77 ):

(8.1) Han,r,,o,l,j,I\J,A(WKz) = ILH H[s,,rl,o],I,J,I\J,A(WKI)’
St

(8.2) o s o.0.7.000.4(Tr7) = Jim Wiy olr. 70004 (7KL )
st

(8.3) Han,r,,o,I,J,IiJ,A(WKz) = @ H[sl,r,,o],I,JJ(J,A(WKI)’
sy

(8.4) Han,m,o,l,j,ziJ,A<7TKz) = 1&“ H[sl,r,,o],l,j,I(J,A(ﬂKI)’
Sr

(8.5) Han,m,o,l,j,I{J,A(ﬂKI) = I'&HH[sl,n,o],l,f,l\“J,A(WKI)?
St

(8.6) Han,r,,o,I,J,f\fJ,A(WKI) = @H[sl,rl,o],I,J,Ir\VJ,A(WKI)’
st

(8.7) Han,m,o,l,J,f\T],A(WKI) = l%n H[sl,r,,o],l,j,f\fl,A(7TK1)7

(8.8) W o5 000,4(TK) 1= 1& Wy, o7 00.4 (7K )-

B. The corresponding category of all the (¢r, I'f)-modules over the corresponding rings car-
rying the corresponding cohomologies C'? Cluirn Co (where 0 < so < 74/p < 14y for

(pr.l'1)?
each a € I):



Ne)
—

H[SI,TI],I,j,I\J,A TK;)s

—
=)

[S[,’I’[]J,j,I\J,A 7TI<I ?

—_
—_

[S[,T[],I,J,I(J,A

—_
N\

[sr,ri), 1,0, INJ, A

—_
W~

[sz,rr), 1, T\, A

—
Ot

[317r1]7[7j7m’A

(7x;)
(7x;)
(7x,)
(7x;)
st oA (7K,
(7x;)
(k)
(7x;)

~~ o~ o~~~ o~~~ o~~~
S T S S < R
—_
w
—~ — ~— ~— ~— ~— ~—
= 9 38 =2 39 37 49

—_
D

[5177‘1]7[7‘77[r§‘/]7‘4

77777

in the corresponding category A and let M, ) be the corrresponding (under the horizontal
equivalence of the categories for the rings of the same type) object over Ilis, ;1. 144,4(TK,) in

the category B. Then we have the following quasi-isomorphisms:

(8.17) Corr, (M) = C3 (Mg, ),
(8.18) Chr, (M) = CF py (M),
(8.19)
(8.20)

01711 (M) - CJJ[ (M[SI,TI})a

in the bounded derived category of A-modules D°(A).



Proof. The proof relies on the following intermediate (¢, I'f)-modules. Let I = {1,2}, we

now defined the following rings:

(8.21) Moy o sarol,rdnga (e ) = Pl o o rdnaa (T, ),
S1

(8.22) Wy 52,1, 7.0\, (T, ) 5= I‘S&HH[sl,n,o}x[sz,rg],z,i,I\J,A<7TKz)a
!

(8.23) Han,rl,o,[SQ,TQ],I,J,NJ,A(WKI) = 1&1H[sl,rl,o]x[SQ,rQ],I,J,I\”J,A<7TK1)7
s1

(8.24) Han,rl,o,[SQ,TQ],I,j,IKJ,A(WKI) = @H[sl,n,o]x[SQ,TQ],I,j,I\“J,AOer)v
S1

(8.25) Han,rl,o7[52,r2]71,f71§J,A(WKI) = MH[sl,rl,o]x[SQ,TQ},I7J,I\“J7A(7TKz)v
S1

(8.26) Han,rl,o,[SQ,rg],I,J,l?\?,A(WKI) = l%nH[sl,m,o]x[SQ,TQ],I,J,f\TJ,A<7TKI)7

(8.27) Han,rl’o,[SQ,rg],I,j,f\i/],A(WKI) = 1.%1H[sl,rl’o]X[SQ,TQ},I,j,m,A<WK1)7

(8.28) Han,rl,o,[SQ,rg],z,J,f\Ti,A(WKI) = l'&nH[Sl,n,o]x[SQ,TQ}JJ,f\TJ,A(”KI)'

S1
This category serves as a corresponding intermediate category which factors through the
corresponding original equivalence on the categories involved. From A to this category we
have the equivalence on the cohomology groups by considering the (9, I's)-module structure,
then by regarding the corresponding (9, I'y)-cohomology groups as Yoneda extension groups
we have the isomorphism on (g3, I'y)-cohomology groups which further shows the equivalence
on the full cohomology groups. Similarly one compares this category with the category B to

finish.
O
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