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Abstract

In this paper, we continue our study on the topologization and functional analytification in co-
categorical and homotopical analytic geometry. As in our previous articles on the co-categorical
extensions of certain analytic and topological contexts, we discuss the corresponding prismatic
cohomological constructions after Bhatt-Lurie, Bhatt-Scholze and Drinfeld, and the corresponding
Robba stacks and sheaves after Kedlaya-Liu.
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Chapter 1

Introduction

1.1 Considerations

In [T1] and [T2] we have established a project on the corresponding functional analytic construc-
tions and topological constructions for motivic contexts in some very general (oo, n)-sense. What is
really happening is that we not only discuss (oo, n)-spaces and their cohomologies but also discuss
very general representation (oo, n)-spaces in some very general analytic geometric and representa-
tion theoretic point of view.

Our current consideration would be the continuation of the discussion we made in [T1] and
[T2], namely what we are going to consider will be essentially the co-categorical and homotopical
constructions for the corresponding derived stacks after [BK], [BBK], [BBBK], [BBM], [KKM],
[CS1], [CS2], [CS3]. We revisit many constructions from [T2] after [BS] and [BL1] closely on
the corresponding prismatic complexes and the corresponding prismatic stacks. In some parallel
fashion we discuss some extension to the corresponding context as in [KL1] and [KL2].

In the first chapter we discuss some notations as in [T2] after [BK], [BBK], [BBBK], [BBM],
[KKM]. These categories are actually very crucial in our development as in [M], [CS1], [CS2] and
[CS3]. In the chapter 4 we discuss the corresponding derived prismatic cohomology for commu-
tative algebras and derived preperfectoidizations and derived perfectoidizations after [BS], [Sch]
and [BL1]. In the chapter 5 we discuss the corresponding derived prismatic cohomology for non-
commutative algebras and derived preperfectoidizations and derived perfectoidizations after [BS],
[Sch] and [BL1]. In the chapter 6 we discuss the corresponding derived prismatic cohomology
for (oo, n)-ringed toposes after [BS], [Sch] and [BL1]. In the chapter 7 we discuss the correspond-
ing derived prismatic cohomology for (oo, n)-ringed toposes but restricting to inductive systems of
toposes after [BS], [Sch] and [BL1]. In the chapter 8 we discuss the derived ¢-modules, derived
B-pairs and derived vector bundles over FF-curves closely after [KL1] and [KL2] in the context of
commutative algebras. In the chapter 9 we discuss the derived ¢-modules, derived B-pairs and de-
rived vector bundles over FF-curves closely after [KL1] and [KL2] in the context of (oo, n)-ringed
toposes. In the chapter 10 we discuss the derived ¢-modules, derived B-pairs and derived vector
bundles over FF-curves closely after [KL1] and [KL2] restricting to inductive systems of toposes.
We then after these chapters make further generalizations. To summarize, we have:
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Proposition 1. For any ring R in the following co-categories:

sCommS impliciallndSeminormed?rmalSerieSCOlimitcomp , (1.1)
sCommSimplicialInd’"Seminormedﬁ?rmalseriesconmitcomp , (1.2)
sCommS implicialIndNormedﬁ?rmalseriescohmitcomp, (1.3)
sCommSimpliciallnd™ Normedl;?rmalSeriesconmitcomp, (1.4)
sCommSimpliciallndB anachf?rmalSeriesconmmomp, (1.5)

formalseriescolimitcomp ( 1 6)

sCommSimpliciallnd”Banach ,

we have the desired derived functional analytic prismatic complex and the desired derived func-
tional analytic prismatic stack in the functorial way:

Prism_;p M analytification (R), (1.7)
CW_/p(R). (1.8)

And we have the following functors:

C_/r(): Be—jr(-1 B p() Bar—/r(-), FF_jr(), V() (1.9)

of certain period rings in p-adic Hodge theory and ¢-modules, B-pairs and the vector bundles over
Fargues-Fontaine stacks. And the construction could be promoted to certain co-ringed co-toposes.
We have the comparison for p-modules, B-pairs and the vector bundles over Fargues-Fontaine
stacks over the rings in the above mentioned co-categories of Ee-commutative algebras, which
could also be promoted to certain co-ringed co-toposes.

Proposition 2. For any ring R in the following co-categories:

sNoncommSimpliciallndS eminormedﬁ?rmalseriesconmiwomp, (1.10)
sNoncommSimpliciallnd”™ Seminormedﬁ?rma]SerieSCOHmimomp, (1.11)
sNonc ommSimplicialIndNormedﬁ?rmalseriesConmimomp, (1.12)
sNoncommSimpliciallnd” Normed?rmalseriesconmﬂcomp, (1.13)
sNoncommSimpliciallndB anachl;?rmalseriesconmmomp, (1.14)
sNoncommSimpliciallnd”B anachﬁ?rmalSerieseonmiteomp, (1.15)

we have the desired derived functional analytic topological Hochschild complex, topological pe-
riod complex and topological cyclic complex in the functorial way:

THH_ p BBM.analytification(R), (1.16)
TP_, p BBM,analytification (R), (1.17)
TC_,pBBM,analytification (R)- (1.18)

(1.19)



Proposition 3. The corresponding oo-categories of p-module functors, B-pair functors and vector
bundles functors over FF functors are equivalent over:

e . formalseriescolimit

sCommSimpliciallndSeminormed 1? FIAISEHescOTMIlcomp. (1.20)
T . formalseriescolimit

sCommSimpliciallnd” Seminormed 1? HNAISEHESCOTMILcomp. (1.21)
e formalseriescolimit

sCommSimpliciallndNormed 1(3) ratseriescolimiicomp (1.22)
e formalseriescolimit

sCommSimpliciallnd” Normed 1? rAISeriescotimiicomp. (1.23)
e formalseriescolimit

sCommSimpliciallndBanach 1? FAISEHESCOTMILcomp. (1.24)
e formalseriescolimit

sCommSimpliciallnd”Banach 1? HIHAISEHESCOTMILcomp. (1.25)

or:
An alyti cRin g S(};S,formalcohmltclosure. (1 26)

Remark 1. This generalizes [KL1] [KL2] for instance to the situation over (oo, 1)-categorical
derived rigid analytic affinoids, with comparison possibly in certain (oo, 1)-categories as well.



1.2 Notations

1.2.1 Commutative Algebras

We recall our notations in [T2] as in the following from [BK], [BBK], [BBBK], [BBM], [KKM].

Notation 1. (Rings) Recall we have the following six categories on the commutative algebras in
the derived sense (let R be a Banach ring or Fy):

sCommSimpliciallndSeminormedg, (1.27)
sCommSimpliciallnd” Seminormedg, (1.28)
sCommSimpliciallIndNormedg, (1.29)
sCommSimpliciallnd”Normedg, (1.30)
sCommSimpliciallndBanachg, (1.31)
sCommSimpliciallnd”Banachg. (1.32)

Notation 2. (Prestacks in co-groupoid) Recall we have the following six categories on the prestacks
in co-groupoid in the derived sense endowed with homotopy epimorphism Grothendieck topology
(let R be a Banach ring or Fy):

PreStasCommSimpliciallndSeminormed R-homotopyepi> (1.33)
PrestasCommSimplicialInd’" Seminormedg,homotopyepi» ( L. 34)
PreStasCommSimpliciallndNormed Rr,homotopyepi> (1.35)
PI-estasCommSimpliciallnd'" Normedg,homotopyepi» (1.3 6)
PI'estasCommSimplicialIndB anachg,homotopyepi» ( 1.3 7)
l)reStasCOmmSimplicialInd’" Banachg,homotopyepi - (1.38)

Notation 3. (Stacks in co-groupoid) Recall we have the following six categories on the functors
in co-groupoid in the derived sense endowed with homotopy epimorphism Grothendieck topology
(let R be a Banach ring or Fy) satisfying the corresponding descent requirement for this given

topology:

StasCommSimplicia]IndSeminormedR,homotopyepia ( 1 39)
StasCommSimplicia]Ind’" Seminormedg,homotopyepi» (1.40)
StasCommSimplicialIndNormed Rr,homotopyepi» ( 1.41 )
StasCommSimpliciallnd’" Normedg,homotopyepi» (1.42)
StasCommSimplicialIndB anachg,homotopyepi» ( 1 43)
StasCommSimplicialInd’"Banach r.homotopyepi- ( 1 44)

Notation 4. (co-Ringed Toposes in co-groupoid)
Recall we have the following six categories on the co-ringed functors in co-groupoid in the derived
sense endowed with homotopy epimorphism Grothendieck topology (let R be a Banach ring or F)
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satisfying the corresponding descent requirement for this given topology:

derivedringed,}

StasCommSimplicialIndSeminormed R.homotopyepi’ ( 1.45 )
derivedringed,

StasCommSimplicialInd’"Semin()rmedR,homotopyepi’ ( 1 46)
derivedringed,

StasCommSimplicialIndNormed R,homotopyepi’ ( 1 '47)

S taderivedrin ged,f (1.48)

sCommSimpliciallnd” Normed g,homotopyepi’

S taderivedringed,li (1.49)

sCommSimpliciallndBanachg,homotopyepi’

S taderivedringed,ﬁ (1.50)

sCommSimpliciallnd”Banachg,homotopyepi *

Here § represents any category in the following:

sCommSimpliciallndSeminormedg, (1.51)
sCommSimpliciallnd” Seminormedg, (1.52)
sCommSimpliciallndNormedg, (1.53)
sCommSimpliciallnd” Normedg, (1.54)
sCommSimpliciallndBanachg, (1.55)
sCommSimpliciallnd”Banachg. (1.56)

Notation 5. (Quasicoherent Presheaves over co-Ringed Toposes in co-groupoid)

Recall we have the following six categories on the co-ringed functors in co-groupoid in the derived
sense endowed with homotopy epimorphism Grothendieck topology (let R be a Banach ring or F;)
satisfying the corresponding descent requirement for this given topology:

Stagéroi::irsi?r%gli}(ﬁ:ialIndSeminormed R.homotopyepi’ ( 1.5 7)
Stagél:;r(rjlrsi?riﬁ;ﬂciallnd’" Seminormedg,homotopyepi’ ( L5 8)
Stagg(i:::lrsi?rij)cli;ﬁcia]IndNormed Rr,homotopyepi’ ( 1.5 9)
Stagg::ne:rilrsi?ri;?’iﬁciallndm Normedg,homotopyepi’ ( 1 60)
Stasgoi:rfr(rllrshilriﬁ’igiallndB anachg,homotopyepi’ ( 1.61 )
S taderivedringed,ﬁ (1.62)

sCommSimpliciallnd”Banachg,homotopyepi

Here § represents any category in the following:

sCommSimpliciallndSeminormedg, (1.63)
sCommSimpliciallnd” Seminormedg, (1.64)
sCommSimpliciallndNormedg, (1.65)
sCommSimpliciallnd” Normedg, (1.66)
sCommSimpliciallndBanachg, (1.67)
sCommSimpliciallnd”Banachg. (1.68)



We then have the corresponding co-categories of the corresponding quasicoherent presheaves of
O-modules:

Quasicoherentpresheave 5 Sta(:ér(ir\:r(rilrshilr%lz}iiialIndSeminormed Rr.homotopyepi’ ( 1 69)
Quasicoherentpresheaves, Stagér;:;r(rigriflep(}iﬁiallnd’” Seminormedg,homotopyepi’ (1.70)
Qll asicoherentp re sheaves, Stagér(ivmerflrsiri]ri;c}iﬁiallndN ormedg,homotopyepi’ ( L71 )
Qll as iCOherentp resheaves, Sta:éﬁ::r?lrsi?ri;iiialInd’"Normed Rr,homotopyepi’ (1 '72)
Quasicoherentpre sheaves, Stagér(i:rfrirsi?ri;(:’iiiallndB anachg,homotopyepi’ ( 1.7 3)
Quasicoherentpresheaves, Stae"! vedringed 4 (1.74)

sCommSimpliciallnd”*Banachg,homotopyepi

Here #§ represents any category in the following:

sCommSimpliciallndSeminormedg, (1.75)
sCommSimpliciallnd” Seminormedg, (1.76)
sCommSimpliciallndNormedg, (1.77)
sCommSimpliciallnd” Normedg, (1.78)
sCommSimpliciallndBanachg, (1.79)
sCommSimpliciallnd”Banachg. (1.80)

Notation 6. (Quasicoherent Sheaves over co-Ringed Toposes in co-groupoid) Recall we have the
following six categories on the co-ringed functors in oo-groupoid in the derived sense endowed
with homotopy epimorphism Grothendieck topology (let R be a Banach ring or Fy) satisfying the
corresponding descent requirement for this given topology:

Stasg)i:neirsi?rﬁ)i(ﬂ:ialIndSeminormed R.homotopyepi’ ( 1.81 )
Stajér(i:::lr_;?rijj’iﬁciallnd’" Seminormedg,homotopyepi’ ( 1. 82)
Stagér(i:nelclilr;?r%l;?’iﬁcialIndNormed Rr.homotopyepi’ ( 1.8 3)
Staggroi:rfr(rllrsi?ri;(t(ﬁ:iallnd’" Normedg,homotopyepi’ ( L. 84)
St derivedringed, (1.85)

sCommSimpliciallndBanachg,homotopyepi’

S taderivedringed,ﬁ (1.86)

sCommSimpliciallnd” Banachg,homotopyepi

Here § represents any category in the following:

sCommSimpliciallndSeminormedg, (1.87)
sCommSimpliciallnd” Seminormedg, (1.88)
sCommSimpliciallndNormedg, (1.89)
sCommSimpliciallnd” Normedg, (1.90)
sCommSimpliciallndBanachg, (1.91)
sCommSimpliciallnd”Banachg. (1.92)
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We then have the corresponding oo-categories of the corresponding quasicoherent sheaves of O-

modules:

derivedringed,

Qua31coherentpresheaves, StasCommSimplicialIndSeminormedR,homotopyepi’

derivedringed,

Qua51coherentpresheaves, StasCommSimplicialIndmSeminormedR,homotopyepi’

derivedringed,

Quasmoherentp resheaves, StasCommSimplicialIndNormedR,homotopyepi’

derivedringed,

Quastherentp resheaves, StasCommSimplicialInd’"NormedR,homotopyepi’

derivedringed,f

Quaswoherentpresheaves, StasCommSimplicialIndBanachR,homotopyepi’

derivedringed,f

Quasmoherentpresheaves, StasCommSimplicialInd’”BanachR,homotopyepi'

Here §§ represents any category in the following:

sCommSimpliciallndSeminormedg,
sCommSimpliciallnd” Seminormedg,
sCommSimpliciallndNormedg,
sCommSimpliciallnd”Normedg,
sCommSimpliciallndBanachg,

sCommSimpliciallnd”Banachg.
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(1.93)
(1.94)
(1.95)
(1.96)
(1.97)
(1.98)

(1.99)
(1.100)
(1.101)
(1.102)
(1.103)
(1.104)



1.2.2 Noncommutative Algebras

We recall our notations in [T2] as in the following from [BK], [BBK], [BBBK], [BBM], [KKM].

Notation 7. (Rings) Recall we have the following six categories on the noncommutative algebras
in the derived sense (let R be a Banach ring or Fy):

sNoncommSimpliciallndSeminormedg, (1.105)
sNoncommSimpliciallnd” Seminormedg, (1.106)
sNoncommSimpliciallndNormedg, (1.107)
sNoncommSimpliciallnd” Normedg, (1.108)
sNoncommSimpliciallndBanachg, (1.109)
sNoncommSimpliciallnd”Banachg. (1.110)

Notation 8. (Prestacks in co-groupoid) Recall we have the following six categories on the prestacks
in oco-groupoid in the derived sense endowed with homotopy epimorphism Grothendieck topology
(let R be a Banach ring or Fy):

PrestasNoncommSimplicialIndSeminormedR,homotopyepi’ ( 1.111 )
PreStasNoncommSimpliciallnd"’ Seminormedg,homotopyepi» ( 1.11 2)
PreStasNoncommSimplicialIndNormed Rr.homotopyepi» ( 1.11 3)
PI'estasNoncommSimpliciallnd’” Normedg,homotopyepi» (1.114)
PreStasNoncommSimpliciallndBanach r-homotopyepis (L.115)
PrestasNoncommSimplicialInd’”BanachR,homotopyepi . ( 1.11 6)

Notation 9. (Stacks in co-groupoid) Recall we have the following six categories on the functors
in co-groupoid in the derived sense endowed with homotopy epimorphism Grothendieck topology
(let R be a Banach ring or Fy) satisfying the corresponding descent requirement for this given

topology:

StasNoncommSimplicialIndSeminormedR,homotopyepi, ( 1.11 7)
StasNoncommSimplicialInd’”SeminormedR,homotopyepia (1 11 8)
StasNoncommSimpliciallIndNormedR,homotopyepi, ( 1.1 19)
StasNoncommSimpliciatlInd’" Normedg,homotopyepi» (1.120)
StasNoncommSimplicialIndBanach R,homotopyepi» ( 1.121 )
StalsNoncommSimpliciallnd’”Banach r-homotopyepi - ( 1. 122)

Notation 10. (co-Ringed Toposes in co-groupoid)
Recall we have the following six categories on the co-ringed functors in co-groupoid in the derived
sense endowed with homotopy epimorphism Grothendieck topology (let R be a Banach ring or F)
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satisfying the corresponding descent requirement for this given topology:

derivedringed,

StalsNoncommSimplicialIndSeminormed R.homotopyepi’ ( 1.1 23)
derivedringed,f

StasNoncommSimplicialInd’" Seminormedg,homotopyepi’ (1.124)
derivedringed,

StasNoncommSimplicialIndNormed Rr,homotopyepi’ (1.125)

S taderivedringed,ﬁ (1.126)

sNoncommSimpliciallnd”* Normed g,homotopyepi’

S taderivedringed,li (1.127)

sNoncommSimpliciallndBanachg,homotopyepi’

S taderivedringed,ﬁ (1.128)

sNoncommSimpliciallnd”Banachg,homotopyepi "

Here § represents any category in the following:

sNoncommSimpliciallndSeminormedg, (1.129)
sNoncommSimpliciallnd” Seminormedg, (1.130)
sNoncommSimpliciallndNormedg, (1.131)
sNoncommSimpliciallnd”Normedg, (1.132)
sNoncommSimpliciallndBanachg, (1.133)
sNoncommSimpliciallnd”Banachg. (1.134)

Notation 11. (Quasicoherent Presheaves over co-Ringed Toposes in co-groupoid)

Recall we have the following six categories on the co-ringed functors in co-groupoid in the derived
sense endowed with homotopy epimorphism Grothendieck topology (let R be a Banach ring or F;)
satisfying the corresponding descent requirement for this given topology:

Stagﬁlzrligﬁllflg?’rﬂplicialIndSeminormed R.homotopyepi’ (1.1 35 )
Staglfllzzz(;:::ﬁ;igpliciallnd’" Seminormedg,homotopyepi’ ( 113 6)
Stagl‘ilr(izigi:rllgl;?’rgplicialIndNormed Rr,homotopyepi’ ( 113 7)
Stagle\:lr(:iif)zlrflestij’rﬁplicialInd’" Normedg,homotopyepi’ (1.138)
Sta?ﬁiﬁiﬁiﬁ;?’rgplicialIndB anachg,homotopyepi’ ( 113 9)
S taderivedringed,ﬁ (1.140)

sNoncommSimpliciallnd”Banachg,homotopyepi *

Here § represents any category in the following:

sNoncommSimpliciallndSeminormedg, (1.141)
sNoncommSimpliciallnd” Seminormedg, (1.142)
sNoncommSimpliciallndNormedg, (1.143)
sNoncommSimpliciallnd”Normedg, (1.144)
sNoncommSimpliciallndBanachg, (1.145)
sNoncommSimpliciallnd” Banachg. (1.146)
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We then have the corresponding co-categories of the corresponding quasicoherent presheaves of
O-modules:

QuaSiCOherentp resheaves, Staglslr(ijlzgilrﬁg?’rﬂplicialIndSeminormed Rr-homotopyepi’ ( L1 47)
Quasicoherentpresheaves, Stas&ﬁﬁiﬂﬁlﬁzﬁﬁplicialInd’" Seminormedg,homotopyepi’ (1.148)
Quasicoherentp resheaves, Stagﬁlzzigﬁlrflg?’rﬂplicialIndNormed Rr.homotopyepi’ ( L1 49)
QuaSiCOherentp resheaves, Staglfllzzzgir:ﬁes?;gpliciallnd’"Normed Rr.homotopyepi’ ( 1.1 50)
Quasicoherentpresheaves, Staglflr(izig:;rﬁg?’rﬁplicia]IndBanach Rr.homotopyepi’ ( 1151 )
Quasicoherentpresheaves, StaderiVedringed’ﬁ (1.152)

sNoncommSimpliciallnd”Banachg,homotopyepi *

Here #§ represents any category in the following:

sNoncommSimpliciallndSeminormedg, (1.153)
sNoncommSimpliciallnd” Seminormedg, (1.154)
sNoncommSimpliciallndNormedg, (1.155)
sNoncommSimpliciallnd” Normedg, (1.156)
sNoncommSimpliciallndBanachg, (1.157)
sNoncommSimpliciallnd” Banachg. (1.158)

Notation 12. (Quasicoherent Sheaves over co-Ringed Toposes in co-groupoid) Recall we have the
following six categories on the co-ringed functors in oo-groupoid in the derived sense endowed
with homotopy epimorphism Grothendieck topology (let R be a Banach ring or Fy) satisfying the
corresponding descent requirement for this given topology:

Stas&ﬁ:ﬁiﬁflgﬁplicialIndSeminormed R.homotopyepi’ ( L15 9)
Stajﬁlﬁﬁiﬁ:ﬁ;?’rgplicialInd’" Seminormedg,homotopyepi’ ( L1 60)
Staglflr(i:liiﬁlr;glg?’tﬁplicialIndNormed Rr.homotopyepi’ ( 1.161 )
Staflf\:lr(i:liii:;g]escii’rﬁplicialInd’" Normedg,homotopyepi’ (1.162)
S taderivedringed,ﬁ (1.163)

sNoncommSimpliciallndBanachg,homotopyepi’

S taderivedringed,ﬁ (1.164)

sNoncommSimpliciallnd”Banachg,homotopyepi *

Here § represents any category in the following:

sNoncommSimpliciallndSeminormedg, (1.165)
sNoncommSimpliciallnd” Seminormedg, (1.166)
sNoncommSimpliciallndNormedg, (1.167)
sNoncommSimpliciallnd”Normedg, (1.168)
sNoncommSimpliciallndBanachg, (1.169)
sNoncommSimpliciallnd” Banachg. (1.170)
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We then have the corresponding oo-categories of the corresponding quasicoherent sheaves of O-
modules:

QuaSiCOherentp resheaves, Staglzgzzgi;r;glg?’rﬁpliciallndseminormedR,homotopyepi’ ( L1171 )
Quasicoherentpresheaves, Sta(sj;r(i:liiﬁlrﬁgijflplicialInd’” Seminormedg,homotopyepi’ (1.172)
Quasicoherentp resheaves, Stagﬁlzzigﬁlrflg?’rﬂplicialIndNormed Rr.homotopyepi’ (1.17 3)
QuaSiCOherentp resheaves, Staglfllgzz(;ﬁlr:ﬁes(ii;gpliciallnd’"Normed Rr.homotopyepi’ (1.1 74)
Quasicoherentpresheaves, Stagﬁngig:;rﬁg?rﬁplicialIndB anachg,homotopyepi’ ( L1 75)
Quasicoherentpresheaves, StaderiVedringed’ﬁ (1.176)

sNoncommSimpliciallnd”Banachg,homotopyepi *

Here §§ represents any category in the following:

sNoncommSimpliciallndSeminormedg, (1.177)
sNoncommSimpliciallnd” Seminormedg, (1.178)
sNoncommSimpliciallndNormedg, (1.179)
sNoncommSimpliciallnd”Normedg, (1.180)
sNoncommSimpliciallndBanachg, (1.181)
sNoncommSimpliciallnd” Banachg. (1.182)

Remark 2. The corresponding noncommutative co-ringed structure over noncommutative co-toposes
could be defined to be corresponding noncommutative oco-ringed structure over commutative oo-
toposes. Certainly this will have its own interest if one would like to study the corresponding
noncommutative deformation of the structure sheaves.
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Chapter 2

(oo, 1)-Categorical Functional
Analytification
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2.1 (oo, 1)-Categoricalization

Let R be a Banach ring. We assume in our situation that R itself is commutative. We will later on
build up the corresponding foundations as in [BBBK], we consider the following categories:

SemiNormedg, Normedg, Banachy 2.1

which are the corresponding semi-normed module over R, normed module over R, and finally
the corresponding Banach module over R. One would like to construct the corresponding model
categories with well-established model categorical structures. As in [BBBK], we consider the
following construction:

Definition 1. (/BBBK, Definition 3.1]) Let R be a Banach commutative algebra. Consider the
following categories:

SemiNormedg, Normedg, Banachg,. (2.2)

For each C of these three categories we consider the inductive categories and monomorphic in-
ductive categories associated to C, which will be denoted by:

IndC, Indmonomorphicc- (2.3)

Proposition 4. (/BBBK, Theorem 3.14]) Let R be a Banach commutative algebra. Consider the
following categories:

SemiNormedy, Normedg, Banachg. 2.4)

For each C of these three categories we consider the inductive categories and monomorphic in-
ductive categories associated to C, which will be denoted by:

Il’ldC, Indmonomorphic C. (2 . 5)

Then all these categories can present certain (oo, 1)-categories. We then use the following notations
to denote them:

D(IndSemiNormedg), D(IndNormedg), D(IndBanachg), (2.6)
D (IndmonomorphicSeInﬂ\IOr rnedR ), D (Indmonomorphic Nor medR )’ D (Indmonomorph icB al'IaChR ) . (2 7)

Proof. See [BBBK]. The admissible model structures are sufficient to provide such structures. O
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2.2 (oo, 1)-Sheafiness

The adic spaces in the sense of Huber as in [Hu] essentially provide a framework for defining a
specture in the anlytic situation associated to a Banach commutative ring R, but the sheafiness
condition has to be required since the corresponding exact sequence in defining the sheafiness of
the obvious structure ring structure might not be always holds for general R. But the work of
[BBBK] provides certain derived structure ring structure which solves the issue. The construction
is made in [BK].

Assumption 1. Let R be a general commutative Banach ring over a certain base k as in [BK].
For instance if R|/Q), is defined over p-adic number field Q, then the discussion in the following
will satisfy this requirement. The generality on the ring R can be further generalized by applying
the foundation in [Kedl ].

The work of [BK] defines a site associated to R, carrying the topology by taking the corresponding
derived analytic rational localization, i.e. the corresponding Koszul complexes in the pure algebraic
sense:

Koszul;4(R) := R/% Mg/ f} (2.8)
with certain induction to define the following:
Koszulfg, . ¢.(R). (2.9)
Then we have the corresponding stack (SpecR, Ospecr) over the site

CommutativeAlgebra (2.10)
D(IndBanachy)

carrying Grothendieck topology by using the rational localization in the derived sense.

Proposition 5. (Bambozzi-Kremnizer [BK, Definition 4.30, Proposition 4.33, Proposition 4.4]) At-
tached to R, we have a general (oo, 1)-fiber category/(co, 1)-stack over the site

CommutativeAlgebra. (2.11)
D(IndBanachy)

The followings are (oo, 1)-Banach rings:

Koszul;4(R) := R/% g/ f} (2.12)

Koszulf,, o (R). (2.13)
The obvious structure (oo, 1)-presheaf of (oo, 1)-ring Ospecr is actually an (oo, 1)-sheaf.

Corollary 1. (Bambozzi-Kremnizer [BK]) Let Modp be the (oo, 1)-category of all the quasicoher-
ent (oo, 1)-presheaves of O-modules. Then the finite projective objects with m finite projective over
o0 in Modp are indeed (oo, 1)-sheaves.

Proof. By applying the previous proposition. O
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2.3 (oo, 1)-Analytic Stacks

The framework in [BBBK] actually defined sufficiently general analytic stacks on the level of
(oo, 1)-categories. Let R be a general commutative Banach ring. From [BBBK] we have the fol-
lowing result:

Proposition 6. (Bambozzi-Ben-Bassat-Kremnizer)
(IBBBK, Definition 3.1, Theorem 3.14, Corollary 3.15, Remark 3.16]) Let R be a Banach com-
mutative algebra. Consider the following categories:

SemiNormedg, Normedg, Banachg. (2.14)

For each C of these three categories we consider the inductive categories and monomorphic in-
ductive categories associated to C, which will be denoted by:

IndC, Indmonom()rphic C. (2.15)

Then all these categories can present certain (oo, 1)-categories. We then use the following notations
to denote them:

D(IndSemiNormedg), D(IndNormedy), D(IndBanachy), (2.16)
D(Ind,nonomorphicSemiNormedg), D(Ind,nonomorphicNormedg), D(Ind,nonomorphicBanachg).  (2.17)

Furthermore we have the following categories of simplicial commmutative rings:

CommutativeAlgebra, (2.18)
D(IndSemiNormedg)

CommutativeAlgebra, (2.19)
D(IndNormedg)

CommutativeAlgebra, (2.20)
D(IndBanachg)

CommutativeAlgebra , (2.21)

D(Indnmnomorphic SemiNormedg)

CommutativeAlgebra, (2.22)

D(IndmonomorphicNormedR)

CommutativeAlgebra, (2.23)

D (IndmonomorphicBanaChR )
carrying the homotopical epimorphic Grothendieck (oo, 1)-topology.

Over these sites we have from [BBBK, Definition 5.12] the definition of (oo, 1)-stacks, which
are defined to be the (oo, 1)-fibered categories fibred in co-groupoids or certain sheaves valued in
the corresponding in co-groupoids. We use the general notation X to denote such stack.
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Chapter 3

(oo, 1)-Categorical Topologization
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3.1 (oo, 1)-Sheafiness

[CS1], [CS2], [CS3] defined the notation of the so-called analytic solid condensed rings. We
use the notation AnalyticSolidRings to denote the (oo, 1)-category of all such rings. Also as in
[CS2] these are analytification of certain condensed solid rings in the co-categories of animation
of condensed abelian groups condensedpelian. We use the notation

CommutativeRings"alytification (3.1

animation,condensedapejian
to denote this (oo, 1)-category. This (oo, 1)-category is stable under limits and colimits, carrying the
corresponding solid tensor product ®".

We make the following parallel discussion in the condensed mathematics. The adic spaces
in the sense of Huber as in [Hu] essentially provide a framework for defining a specture in the
anlytic situation associated to a Banach commutative ring R, but the sheafiness condition has to be
required since the corresponding exact sequence in defining the sheafiness of the obvious structure
ring structure might not be always holds for general R. But the work of [CS2] provides certain
derived structure ring structure which solves the issue.

Assumption 2. Let R be a general commutative Banach ring over a certain base k as in [BK].
For instance if R/Q,, is defined over p-adic number field Q, then the discussion in the following
will satisfy this requirement. The generality on the ring R can be further generalized by applying
the foundation in [Kedl ].

The work of [CS2] defines a site associated to R, carrying the topology by taking the corresponding
derived analytic rational localization, i.e. the corresponding Koszul complexes in the pure algebraic
sense:

Koszul;4(R) := R/%*™4{g/ f} (3.2)
with certain induction to define the following:
Koszulyfg,  o.(R). (3.3)

Then we have the corresponding stack (SpecR, Ospecr) Over the site

CommutativeRings"alytification (3.4)

animation,condensedapefian
carrying Grothendieck topology by using the rational localization in the derived sense.

Proposition 7. (Clausen-Scholze [CS2, Proposition 12.18, Proposition 14.2, Proposition 14.7])
Attached to R, we have a general (oo, 1)-fiber category/(co, 1)-stack over the site

CommutativeRings®"aytification (3.5)

animation,condensed,pefian
The obvious structure (oo, 1)-presheaf of (co, 1)-ring Ospecr is actually an (oo, 1)-sheaf.

Corollary 2. (Clausen-Scholze [CS2, Remark 14.10]) Let Modp be the (oo, 1)-category of all the
quasicoherent (oo, 1)-presheaves of O-modules. Then the finite projective objects with ny finite
projective over moQO in Modg are indeed (oo, 1)-sheaves.

Proof. By applying the previous proposition. O
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Chapter 4

Derived Prismatic Cohomology for
Commutative Algebras and Derived
Preperfectoidization

We now follow [Grotl], [Grot2], [Grot3], [Grot4], [BK], [BBK], [BBBK], [BBM], [KKM], [T2],
[Sch2], [BS], [BL1], [Dr1]" to revisit and discuss the corresponding derived prismatic cohomology
for rings in the following:

Notation 13. (Rings) Recall we have the following six categories on the commutative algebras in
the derived sense (let R be P/I):

sCommSimpliciallndSeminormedg, 4.1
sCommSimpliciallnd” Seminormedpg, 4.2)
sCommSimpliciallndNormedg, 4.3)
sCommSimpliciallnd”Normedg, 4.4)
sCommSimpliciallndBanachg, 4.5)
sCommSimpliciallnd”Banachg. (4.6)

Definition 2. We now consider the rings:

P/I{X1, ... X,),n=0,12, .. (4.7)

Then we take the corresponding homotopy colimit completion of these in the stable co-categories

'One can consider the corresponding absolute prismatic complexes [BS], [BL2], [BL1], [Drl] as well, though
our presentation fix a corresponding base prism (P, I) where P/I is assumed to be Banach giving rise to the p-adic
topology. And we assume the boundedness.

23



above:

sCommSimpliciallndSeminormedg, 4.8)
sCommSimpliciallnd” Seminormedg, 4.9)
sCommSimpliciallndNormedg, (4.10)
sCommSimpliciallnd”Normedg, 4.11)
sCommSimpliciallndBanachg, (4.12)
sCommSimpliciallnd”Banachg. (4.13)

The resulting co-categories will be denoted by:

sCommSimpliciallndSeminormedﬁ?rmalSeriescolimitcomp , 4.14)
sCommSimpliciallnd™ SeminormedﬁgrmmerieSCOlimitcomlD , (4.15)
sCommSimpliciallndNormedl;?rmalSeriesconmitcomp, (4.16)
sCommSimpliciallnd™ Normedﬁ?rmalserieSCOHmitcomp, 4.17)
sCommSimpliciallndB anachﬁ?rmalSeriesconmmomp , (4.18)
sCommSimpliciallnd”B anachﬁ?rmalseriesconmncomp . (4.19)

We then follow [BS], [BL1], [Dr1] to give the following definitions on the prismatic complexes
A_,p and the corresponding prismatic stacks as in [BL1], which we will denote that by CW_p.

Definition 3. Following [BS, Construction 7.6], [BLI, Definition 3.1, Variant 5.1] we give the
following definition. For any ring

R = homotopycolimitR,, (4.20)
n
in the co-categories:
sCommSimplicialIndSeminormedf?rmalSeriesconmimomp, 4.21)
sCommSimplicialInd’"Seminormedﬁ?rmalSeriescmmtcomp , (4.22)
sCommSimplicialIndNormedg’rmalseriesconmitcomp, (4.23)
sCommSimpliciallnd’"Normedl;?rmalSeriesconmitcomp, (4.24)
sCommSimplicialIndBanachl;grmalserieSCOlimitcomp, (4.25)
sCommSimplic:iallnd’"Banachﬁ?rmalSeriesconnﬁteomp , (4.26)
we define the corresponding prismatic cohomology:
Prism_;p BM,analytification (R) 4.27)
as:
Prism—/P,BBManalytiﬁcation(R) (428)
= [(homotopycolimit Prism_ / P,,BBM,formalanalytiﬁcation(Rn)),/;\, 1]BBM,formalanalytiﬁcation (4-29)

n

24



where the notation means we take the corresponding derived (p, I)-completion, then we take the
corresponding formal series analytification from [BBM, 4.2].
For any ring

R = homotopycolimitR,, (4.30)
n
in the co-categories:
sCommSimplicialIndSeminormedggrmalseriesconmitcomp , (4.31)
sCommSimpliciallnd’"Seminormedl;?rmalSeriesconmitcomp, (4.32)
sCommSimpliciallndNormedﬁgrmalSerieSCOHmitcomp, (4.33)
sCommSimpliciallnd’"Normedﬁ?rmalSeriesconmitcomp, (4.34)
sCommSimpliciallndBanachggrmalSeriescolimitcornp , (4.35)
sCommSimpliciallnd’"Banachi?rmalSerieseonmitcomp, (4.36)
we define the corresponding prismatic stack:
CW_»(R) (4.37)
as:
CW_/p(R) (4.38)
:= [(homotopycolimit CW_,p(R,,). (4.39)
n

This as in [BL1, Definition 3.1, Variant 5.1] carries the corresponding ringed topos structure

(CW_/p(R), Ocw_,p(R))- (4.40)

By [BLI, Proposition 8.15] (also see [Drl]) we have that certain quasicoherent sheaves over this
site will reflect completely the corresponding prismatic cohomological information. Therefore the
resulting functor here (CW_;p, Ocw_,,)(—) will reflect the corresponding desired information for
the functor Prism_,p(—) as above.

Now we consider preperfectoidization constuctions:

Definition 4. Following [BS], we give the following definition. For any ring

R = homotopycolimitR,, (4.41)
n
in the oco-categories:
sCommSimpliciallndSeminormedfgrmalSeriesconmjtcomp, (4.42)
sCommSimplicialInd’"Seminormedﬁ?rrnalSerieSCOlimitcomp , (4.43)
sCommSimplicialIndNormed;’rmalseriesconmimmp, (4.44)
sCommSimpliciallnd’"Normedl;?rmalSeriesconmitcomp, (4.45)

sCommSimpliciallndB anachﬁgrmalSeriesconmimomp, (4.46)

. formalseriescolimit
sCommSimpliciallnd”Banach 1? HIAISEHESCONMILcomp. (4.47)
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we define the corresponding prismatic cohomology:

Prism_ p ggM analytification (R) (4.43)

as.
PriSm—/P,BBM,analytiﬁcation(R) (449)
= [(homOtOPyCOHmit Prism_ / P,,BBM,formalanalytiﬁcation(Rn))l/)\, ]]BBM,formalanalytiﬁcation (450)

n

where the notation means we take the corresponding derived (p, I)-completion, then we take the
corresponding formal series analytification from [BBM, 4.2]. Then as in [BS, Definition 8.2] we
put the following preperfecdtoidization of any object R to be:

Rpreperfectoidization = ( 4.5 1)

homOtOI:;yCOHmit(Prism—/P,BBM,analytiﬁcation(R) — Fro,Prism_; p M analytification(R) ~ (4.52)

— Fro.Fro,Prism_,p M analytification(R) — -..) (4.53)
Then the perfectoidization of R is just defined to be:

Rpreperfectoidization o p /y. (4.54)

For any ring

R = homotopycolimitR,, (4.55)

in the oco-categories:

sCommSimpliciallndSeminormedl;?rma]Seriesconmimomp, (4.56)
sCommSimplicialInd’"Seminormedﬁ?rm}Seriesconmitemlp , 4.57)
sCommSimplicialIndNormed;?rmalseriesconmitcomp, (4.58)
sCommSimpliciallnd’"Normed%rmalseriesconmiwomp, (4.59)
sCommSimplicialIndBanachl;grma]Seriesconmiteomp, (4.60)
sCommSimpliciallnd’"Banachﬁ?rmalSeriesconmitcomp, 4.61)

we define the corresponding prismatic stack:
CW_/p(R) (4.62)

as:
CW_/p(R) (4.63)
:= [(homotopycolimit CW_,p(R,). (4.64)
n
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Then as in [BS, Definition 8.2] we put the following stacky preperfecdtoidization of any object R
to be:

Rstackypreperfectoidization . _ (4.65)
homotopycolimit(CW_ /P(R)) — Fro.CW_,p(R) (4.66)
— Fro*lFro*CW_/p(R) - ...) (4.67)
Then the perfectoidization of R is just defined to be:
Retackypreperfectoidization o p /y. (4.68)
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Chapter 5

Derived Topological Hochschild Homology

We now follow [Grotl], [Grot2], [Grot3], [Grot4], [BK], [BBK], [BBBK], [BBM], [KKM], [T2],
[Sch2], [BS], [BL1], [Drl], [NS], [BMS], [B], [BHM]' to revisit and discuss the corresponding
derived topological Hochschild homology, topological period homology and topological cyclic
homology for rings in the following:

Notation 14. (Rings) Recall we have the following six categories on the noncommutative algebras
in the derived sense (let R be P/1):

sNoncommSimpliciallndSeminormedg, (5.1
sNoncommSimpliciallnd” Seminormedg, (5.2)
sNoncommSimpliciallndNormedg, (5.3)
sNoncommSimpliciallnd” Normedg, 5.4)
sNoncommSimpliciallndBanachg, (5.5
sNoncommSimpliciallnd” Banachg. (5.6)

Definition 5. We now consider the rings*:
Pl/I{Z,...2,),n=0,1,2,... (5.7)

Then we take the corresponding homotopy colimit completion of these in the stable co-categories
above:

NoncommSimpliciallndSeminormedg, (5.8)
NoncommSimpliciallnd” Seminormedg, (5.9
NoncommSimpliciallndNormedg, (5.10)
NoncommSimpliciallnd” Normedg, (5.11)
NoncommSimpliciallndBanachg, (5.12)
NoncommSimpliciallnd”Banachg. (5.13)

!Our presentation fixes a corresponding base prism (P, I) where P/I is assumed to be Banach giving rise to the
p-adic topology. And we assume the boundedness.
271, oo Zpy are just assumed to be free variables.
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The resulting co-categories will be denoted by:

formalseriescolimitcomp
p : (5.14)
formalseriescolimitcomp

. : (5.15)

. formalseriescolimit
sNoncommSimpliciallndNormed, oo omP (5.16)

. formalseriescolimit
sNoncommSimpliciallnd” Normed 1? FINAISCHESCONMILcomp. (5.17)

sNoncommSimpliciallndSeminormed

sNoncommSimpliciallnd” Seminormed

formalseriescolimitcomp ( 51 8)

sNoncommSimplicialindBanach , ,

. formalseriescolimit
sNoncommSimpliciallnd”Banach Ig FMAISCriescolimitcomp. (5.19)

We then follow [BMS, Section 2.3], [NS, Chapter 3] to give the following definitions on the
topological Hochschild complexes, topological period complexes and topological cyclic complexes

THH_ /P,BBM,analytification» (5 -20)
TP—/P,BBM,analytiﬁcation, (5 2 1)
TC_ /P,BBM,analytification (5 22)

All the constructions are directly applications of functors in [BMS, Section 2.3], [NS, Chapter 3].

Definition 6. Following [BMS, Section 2.3] and [NS, Chapter 3] we give the following definition.
For any ring

R = homotopycolimitR,, (5.23)
n
in the oo-categories:
sNoncommSimplicialIndSeminormedl;?rmalSeriem“mitcomp, (5.24)

formalseriescolimitcomp
. : (5.25)
formalseriescolimitcomp

. : (5.26)

o formalseriescolimit
sNoncommSimpliciallnd” Normed 1(3) FINAISCHesCONMItcomp. (5.27)

sNoncommSimpliciallnd” Seminormed
sNoncommSimpliciallndNormed
sNoncommSimplicialIndBanachﬁ?rmalSeriescoumitcomp, (5.28)

e formalseriescolimit
sNoncommSimpliciallnd”Banach 1? FINAISEHESCOTMILcomp. (5.29)

we define the corresponding topological Hochschild complexes, topological period complexes and
topological cyclic complexes THH_ p, TP_;p, TC_/p:

THH_, p gBM,analytification (R), (5.30)
TP_ / P,BBM,analytiﬁcation(R)’ (5 3 1)
TC_ / P,BBM,analytiﬁcation(R)- (5.32)
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as:

THH_ / P,BBM,analytiﬁcation(R) (533)

= [(homOtOPyCOHmit THH_ /P,BBM,analytification (Rn ));7\ ] BBM, formalanalytification (5 . 34)
n

TP_, p BBM,analytification (R) (5.35)

:= [(homotopycolimit TP_, P,BBM,analytification (R ))I/y\ IBBM formalanalytification (5.36)
n

TC_ / P,BBM,analytiﬁcation(R) (537)

= [(homotopycolimit TC /P,BBM,analytification (Rn ));/7\ ]BBM,formalanalytiﬁcation (5 3 8)
n

(5.39)

where the notation means we take the corresponding algebraic topological p-completion, then we
take the corresponding formal series analytification from [BBM, 4.2 ] in the corresponding analogy
of the commutative situation.

Now we consider preperfectoidization constuctions:

Definition 7. Following [BS], we give the following definition. For any ring

R = homotopycolimitR,, (5.40)
n
in the co-categories:
sNoncommSimplicialIndSeminormed?rmalseriescolimitcomp , (5.41)

formalseriescolimitcomp
. : (5.42)

o formalseriescolimit
sNoncommSimpliciallndNormed 1? rmaiseriescolimitcomp. (5.43)

e formalseriescolimit
sNoncommSimpliciallnd” Normed 1? FIAISEHeSCOTMILcomp. (5.44)

sNoncommSimpliciallnd” Seminormed

formalseriescolimitcomp

. : (5.45)
formalseriescolimitcomp

R ) (5.46)

sNoncommSimpliciallndBanach

sNoncommSimpliciallnd”Banach

we define the corresponding topological Hochschild complexes, topological period complexes and
topological cyclic complexes THH_ p, TP_;p, TC_/p:

THH_, p gBM,analytification (R), (5.47)
TP_ / P,BBM,analytiﬁcation(R)’ (5 48)
TC- / P,BBM,analytiﬁcation(R)- (5.49)
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as:

THH_ p BBM,analytification(R) (5.50)

= [(homOtOPyCOIimit THH_ /P,BBM,analytification (ﬂn ))1/;\ ]BBM,formalanalytiﬁcation (5 Sl )
n

TP_ /P,BBM,analytification (R) (552)

= [(homotopycolimit TP_ /P,BBM,analytification (Rn ));)\ ] BBM, formalanalytification (5 S 3)
n

TC_,p BBM,analytification(R) (5.54)

= [(homOtopyCOhmit TC_ /P,BBM,analytification (Rn ))I/’\ ] BBM, formalanalytification (5 S 5)
n

(5.56)

where the notation means we take the corresponding algebraic topological p-completion, then we
take the corresponding formal series analytification from [BBM, 4.2 ] in the corresponding analogy
of the commutative situation. Then as in [BS, Definition 8.2 ] we put the following preperfectoidiza-
tions of any object R to be:

[Rpreperfectoidization, THH . _ (5.57)

homotopycolimit(THH_ /P,BBM,analytification (R) — Fro, THH_ /P,BBM,analytification (R) (5.58)

1

- FI'O*FTO*THH—/P,BBM,analytiﬁcation(R) - ) (5.59)
Rpreperfectoidization,TP = (560)
homotopycolimit(TP_ / P,BBM,analytiﬁcation(ﬂ) — Fro.TP_ / P,BBM,analytiﬁcation(R) (5 61)

i

- FI‘O*FI‘O*TP_/P,BBM,analytiﬁcation(R) - ) (5-62)
Rpreperfectoidization,TC = (563)
homOtOPyCOHmit(TC— /P,BBM,analytification (R) — Fro. TC_ / P,BBM,analytiﬁcation(R) (5 -64)

i
- FI‘O*FI'O*TC—/P,BBM,analytiﬁcation(R) - ) (565)
(5.66)

Then the perfectoidizations of R are just defined to be:
Rpreperfectoidization,ﬁ x P / I. (5.67)

Here #§ represents one of THH, TP, TC.
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Chapter 6

Derived Prismatic Cohomology for Ringed
Toposes

We now follow [Grotl], [Grot2], [Grot3], [Grot4], [BK], [BBK], [BBBK], [BBM], [KKM], [T2],
[Sch2], [BS], [BL1], [Dr1]" to revisit and discuss the corresponding derived prismatic cohomology
for rings in the following. We first consider the following generating ringed spaces from [BK]:

BK
(Spa P/I <X1, “eey Xn>’ﬂSpaBKP/I(Xl,...,Xn))’n = O, 1, 2, ces (6.1)
Definition 8. We now consider the homotopy limit completion of
BK
(Spa P/I <X1’""Xn>’RSpaBKP/I(Xl,...,X,,>)’n = O, 1, 2, e (6.2)
in the following co-categories:
derivedringed,
StasCommSimplicialIndSeminormedR,homotopyepi’ (63)
derivedringed,}
StasCommSimplicialInd’"SeminormedR,homotopyepi’ (64)
derivedringed,
StasCommSimplicialIndNormedR,homotopyepi’ (65)
S taderlvedrlnged,li (6.6)

sCommSimpliciallnd”" Normed g,homotopyepi’

S taderivedringed,ﬁ (6.7)

sCommSimpliciallndBanachg,homotopyepi’

S taderivedrin ged i ( 6. 8)

sCommSimpliciallnd” Banachg,homotopyepi *

Here §§ represents any category in the following:

sCommSimpliciallndSeminormedg, (6.9)
sCommSimpliciallnd” Seminormedg, (6.10)
sCommSimpliciallndNormedg, (6.11)
sCommSimpliciallnd”Normedg, (6.12)
sCommSimpliciallndBanachg, (6.13)
sCommSimpliciallnd”Banachg. (6.14)

'0One can consider the corresponding absolute prismatic complexes [BS], [BL2], [BL1], [Drl] as well, though
our presentation fix a corresponding base prism (P, I) where P/I is assumed to be Banach giving rise to the p-adic
topology. And we assume the boundedness.
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Here R = P/I. The resulting sub oo-categories are denoted by:

PI‘Oj formalspectrum Sta‘sizroi:]rfrcrilrsirilri;cll’iiiallndSeminormed R-homotopyepi’ (6.15)
P I'Oj formalspectrum Stagér(:r\:r(rilrsi[ilfgli’iiiallndm Seminormedg,homotopyepi’ (6 1 6)
Pr Oj formalspectrum Stagér(jr\;ier?lrsi?rii)%giallndNormed Rr,homotopyepi’ (6.17)
Pr Oj formalspectrum Stagéroi:]ri::lrsi]ifg}iiiallndm Normedg,homotopyepi’ (6.18)
Proj formalspectrum Stagér(::rfrirsi?ri;?’iiiallndB anachg,homotopyepi’ (6.19)
Pr OjformalspectrumStaderiVedringed,ﬁ (6.20)

sCommSimpliciallnd” Banachg,homotopyepi

Here § represents any category in the following:

sCommSimpliciallndSeminormedg, (6.21)
sCommSimpliciallnd” Seminormedg, (6.22)
sCommSimpliciallndNormedg, (6.23)
sCommSimpliciallnd” Normedg, (6.24)
sCommSimpliciallndBanachg, (6.25)
sCommSimpliciallnd”Banachg. (6.26)

This means that any space (X, R) in the full co-categories could be written as the following:

(X, R) = homotopylimit(X,, R,) (6.27)

where we have then:

R = homotopycolimitR,, (6.28)
n

as coherent sheaves over each X,,.

We then follow [BS], [BL1], [Drl1] to give the following definitions on the prismatic coho-
mology presheaf A_;p and the corresponding prismatic stack presheaf as in [BL1], which we will
denote that by CW_p.

Definition 9. Following [BS, Construction 7.6], [BLI, Definition 3.1, Variant 5.1] we give the
following definition. For any space

(X, R) = homotopylimit(X,, R,) (6.29)
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in the co-categories:

Pr Oj formalspectrum Stagg(j:r?irsirilr%l;?’igialIndSeminormed Rr.homotopyepi’ (6 3 0)
PI‘Oj formalspectrum Stagér(::rfrirsirilriﬁ’iﬁciallndm Seminormedg,homotopyepi’ (6 31 )
PI‘Oj formalspectrum Staggcir\:irsirilf]ﬁ’iﬁcialIndNormed R,homotopyepi’ (6 -3 2)
Proj formalspectrum Staﬁéﬁ:ﬁirsi?i:iﬁciallndm Normedg,homotopyepi’ (6.33)
PI‘Oj formalspectrum Stagér(j:r?irsi[ili;(}iﬁciallndB anachg,homotopyepi’ (6.34)
Proj formalspectrum g ¢ ader ivedringed,} (6.35)

sCommSimpliciallnd” Banachg,homotopyepi’

we define the corresponding prismatic cohomology presheaf:

Prism_;p ggMm.analytification(R) (6.36)
as!
Prism—/P,BBM,analytiﬁcation(R) (637)
. .. . A
= [(homOtOPyCOhmlt Prism_ /P,,BBM,formalanalytification (Rn )) p.I ] BBM, formalanalytification (6 3 8)
n

where the notation means we take the corresponding derived (p, I)-completion, then we take the
corresponding formal series analytification from [BBM, 4.2].
For any space

(X, R) = homotopylimit(X,, R,) (6.39)

n

in the co-categories:

.formalspectrum g, , derivedringed,
PI‘O_] StasCommSimplicialIndSeminormedR,homotopyepi’ (640)

.formalspectrum g, derivedringed,
PI‘O] StasCommSimplicialIndm Seminormedg,homotopyepi’ (6 41 )

.formalspectrum g, derivedringed,}
PI‘Q] StasCommSimpliciallndNormedR,homotopyepi’ (642)

.formalspectrum g, derivedringed,}
PI'O] StasCommSimplicialIndmNormedR,homotopyepi’ (6'43)

-formalspectrum g, . derivedringed.f
PI’Q] StasCommSimpliciallndBanachR,homotopyepi’ (6.44)

. ) derivedri

PI.OJformalspectrumSta erivedringed,} (645)

sCommSimpliciallnd” Banachg,homotopyepi’

we define the corresponding prismatic stack presheaf (with stack values):

CW_,p(R) (6.46)

as:
CW_/p(R) (6.47)
:= [(homotopycolimit CW_,p(R,). (6.48)
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This as in [BL1, Definition 3.1, Variant 5.1] carries the corresponding ringed topos structure

(CW_/p(R), Ocw_,p(®))- (6.49)

By [BLI, Proposition 8.15] (also see [Drl]) we have that certain quasicoherent sheaves over this
site will reflect completely the corresponding prismatic cohomological information. Therefore the
resulting functor here (CW_;p, Ocw_,,)(—) will reflect the corresponding desired information for
the functor Prism_,p(—) as above.
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Chapter 7

Derived Prismatic Cohomology for
Inductive Systems

We now follow [Grotl], [Grot2], [Grot3], [Grot4], [BK], [BBK], [BBBK], [BBM], [KKM], [T2],
[Sch2], [BS], [BL1], [Dr1]" to revisit and discuss the corresponding derived prismatic cohomology
for rings in the following. We first consider the following generating ringed spaces from [BK]:

BK —
(Spa P/I <X1, “eey Xn>’ﬂSpaBKP/I(Xl,...,Xn))’n - O, 1, 2, ces (7.1)
Definition 10. We now consider the homotopy colimit completion of
BK
(Spa P/I <X]’“"Xn>’RSPaBKP/I<X],...,X,,>)’n = O, 1, 2, e (7.2)
in the following co-categories:
derivedringed,
StasCommSimplicialIndSeminormedR,homotopyepi’ (73)
derivedringed,}
StasCommSimplicialInd’"SeminormedR,homotopyepi’ (74)
derivedringed,
StasCommSimplicialIndNormedR,homotopyepi’ (75)
derivedringed,
StasCommSimplicialInd’”NormedR,homotopyepi’ (7’6)
derivedringed,
StasCommSimp]icia]IndBanachR,homotopyepi’ (7'7)
S taderivedrin ged,f (7.8)

sCommSimpliciallnd” Banachg,homotopyepi *

Here §§ represents any category in the following:

sCommSimpliciallndSeminormedg, (7.9)
sCommSimpliciallnd” Seminormedg, (7.10)
sCommSimpliciallndNormedg, (7.11)
sCommSimpliciallnd”Normedg, (7.12)
sCommSimpliciallndBanachg, (7.13)
sCommSimpliciallnd”Banachg. (7.14)

'0One can consider the corresponding absolute prismatic complexes [BS], [BL2], [BL1], [Drl] as well, though
our presentation fix a corresponding base prism (P, I) where P/I is assumed to be Banach giving rise to the p-adic
topology. And we assume the boundedness.
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Here R = P/I. The resulting sub oo-categories are denoted by:

formalspectrum g, derivedringed,f

Ind StasCommSimpliciallndSeminormed r-homotopyepi’ (7.1 5)
formalspectrum g, derivedringed,f

Ind StasCommSimp]icialInd’" Seminormedg,homotopyepi’ (7.1 6)
formalspectrum g, derivedringed.}

Ind StasCommSimplicialIndNormed Rr,homotopyepi’ (7.17)
formalspectrum g, derivedringed.}

Ind StasCommSimplicialInd’" Normedg,homotopyepi’ (7.1 8)
formalspectrum g, derivedringed,}

Ind StasCommSimplicialIndBanach R.homotopyepi’ (7.19)

derivedri
In dformalspectrum Sta erivedringed, (7 . 20)

sCommSimpliciallnd”'Banachg,homotopyepi

Here § represents any category in the following:

sCommSimpliciallndSeminormedg, (7.21)
sCommSimpliciallnd” Seminormedg, (7.22)
sCommSimpliciallndNormedg, (7.23)
sCommSimpliciallnd” Normedg, (7.24)
sCommSimpliciallndBanachg, (7.25)
sCommSimpliciallnd”Banachg. (7.26)

This means that any space (X, R) in the full co-categories could be written as the following:

(X, R) = homotopycolimit(X,, R,) (7.27)

where we have then:

R = homotopylimitR,, (7.28)
n

as coherent sheaves over each X,,.

We then follow [BS], [BL1], [Drl1] to give the following definitions on the prismatic coho-
mology presheaf A_;p and the corresponding prismatic stack presheaf as in [BL1], which we will
denote that by CW_p.

Definition 11. Following [BS, Construction 7.6], [BLI, Definition 3.1, Variant 5.1] we give the
following definition. For any space

(X, R) = homotopycolimit(X,, R,) (7.29)
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in the co-categories:

Indformalspectrum g ad<°,rivedringed,1i
sCommSimpliciallndSeminormedg,homotopyepi’

In dformalspectrum St ader ivedringed,}
sCommSimpliciallnd” Seminormedg,homotopyepi’

dformalspectrum S taderivedringed,ﬁ

In sCommSimpliciallndNormedg,homotopyepi’

dformalspectrum S taderivedringed,ﬁ

In sCommSimpliciallnd” Normed g,homotopyepi’

formalspectrum g, derivedringed,f
Ind StasCommSimplicialIndBanachR,homotopyepi’

formalspectrum g, derivedringed,f
Ind StasCommSimplicialInd’"Banach r,homotopyepi’

we define the corresponding prismatic cohomology presheaf:

Prism_; p gBM.analytification(R)

as.

Prism_ /P,BBM,analytification (R)

. . . . A
= [(homOtOPyhmlt Prism_ /P,,BBM,formalanalytification (ﬂn )) p.1 ] BBM, formalanalytification
n

(7.30)
(7.31)
(7.32)
(7.33)
(7.34)
(7.35)

(7.36)

(7.37)
(7.38)

where the notation means we take the corresponding derived (p, I)-completion, then we take the

corresponding formal series analytification from [BBM, 4.2].
For any space

(X, R) = homotopycolimit(X,, R,)

in the co-categories:

gformalspectrum g ader ivedringed,§

In sCommSimpliciallndSeminormedg,homotopyepi’

[ndformalspectrum g aderivedringed,ﬁ
sCommSimpliciallnd” Seminormed g,homotopyepi’

formalspectrum g, derivedringed,
Ind StasCommSimplicialIndNormedR,homotopyepi’

[ndformalspectrum g adel' ivedriflged,. # ' . )
sCommSimpliciallnd” Normedg,homotopyepi

dforrnalspectrurn S taderivedringed,ﬁ

In sCommSimpliciallndBanachg,homotopyepi’

dformalspectrum S ta‘derivedrin ged

In sCommSimpliciallnd” Banachg,homotopyepi’

we define the corresponding prismatic stack presheaf:
CW_,p(R)
as:

CW_,p(R)
:= [(homotopylimit CW_,p(R,).
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(7.39)

(7.40)
(7.41)
(7.42)
(7.43)
(7.44)
(7.45)

(7.46)

(7.47)
(7.48)



This as in [BL1, Definition 3.1, Variant 5.1] carries the corresponding ringed topos structure

(CW_/p(R), Ocw_,p(®))- (7.49)

By [BLI, Proposition 8.15] (also see [Drl]) we have that certain quasicoherent sheaves over this
site will reflect completely the corresponding prismatic cohomological information. Therefore the
resulting functor here (CW_;p, Ocw_,,)(—) will reflect the corresponding desired information for
the functor Prism_,p(—) as above.

40



Chapter 8

Robba Stacks in the Commutative Algebra
Situations

Reference 1. [KLI1], [KL2], [Schl], [Sch], [Fon], [FF], [F1], [Ta].

Now we consider the construction from [KL1] and [KL2], and apply the functors in [KL1,
Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2] to the rings and
spaces in our current co-categorical context. Now let R be any analytic field K. Recall from
[KL1, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] we have the following
functors:

5—/R(')’ Be—/R(-)’ BS{R—/R(')’ BdR—/R('), FF—/R() (81)
on the following rings:
R{X1,...Xy),n=0,1,2,... (8.2)

We then have the situation to promote the functors of rings and stacks to the co-categorical con-
text as above. Here recall that from [KL1, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11,
Definition 9.3.9] and [KL2]:

Definition 12. For any R (Xi, ..., X;,), we have by taking the global section:

C_/r()(R (X1, .. Xu)) := Cspar(x,....x,) /Rproci(SPAR (X1, ..., Xu) | R, proét) (8.3)

Be /()R (X1, .o Xu)) := Bespar(x,,... X,/ Rproe(SPAR (X1, ..., Xp) | R, proét), (8.4)
B k(R (Xt oo X)) 5= Bl o roxsxoo/komoerSPAR (X1, s Xa) /R, proéé), 8.5)
Bar-/r( (R (X1, .. Xu)) := Barspar(xi,...X,.)/Rproet(SPaR (X1, ..., Xu) | R, proét), (8.6)
FF_jr()(R(X1, ..., Xp)) 1= FFspar(x,,...x,) /Rproer(SPaR (X1, ..., X,) / R, proét). 8.7)

And from [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2]

we have the notation of ¢-modules, B-pairs and the vector bundles over the FF curves as above. We

now use the notation M to denote them. We then put V(.)(R (X1, ..., X»)) := M(SpaR (X1, ..., X») / R, proét).
For the stack FF, this V will be a corresponding vector bundle at the end over FFx,  x yyp/r-
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Definition 13. Following [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition
9.3.9], [KL2] we give the following definition. For any ring

R = homotopycolimitR,, (8.8)
n
in the co-categories:

sComm81mphclallndSemmormedformalSeneSCOhmltcomp, (8.9)
sCommSnnphmalInd’"SemmormedformalSerleSCOhmltcomp, (8.10)
sCommS1mphc1alIndNormedformalSeneSCOhmltcomp, (8.11)
sCommS1mphclallnd’"NormedformalSeneSCOhmltcomp, (8.12)
sCommSimpliciallndB anachformalSerleSCOhmltcomp, (8.13)

sCommSnnphcmlInd’"Banachforrm‘lSmescommtcomp (8.14)

we define the corresponding oo-functors:

C_/r(). Be_ /(). By _ /R Bar—/r(), FF_jr(), V() (8.15)
as:

C_/x()(R) := homotopycolimit C_z(R,), (8.16)

Be_r()(R) := homot(:lpycolimit Be_r()(Ry), (8.17)

Bi_/x(-)(R) = homotopycolimit By _;()(Rn) (8.18)

Bar—/z(.)(R) := homotopycolimit Bag_(.)(Ry), (8.19)

FF_r()(R) := homotopnylimit FF_r()(Ry). (8.20)

VOR) := homoto;zlycorllimit V(R (8.21)

Here the homotopy colimits are taken in the corresponding colimit completions of the categories
where the rings and spaces are living. Here the homotopy limits are taken in the corresponding
limit completions of the categories where the rings and spaces are living.

Now motivated also by [M] after [CS1], [CS2] and [CS3] we consider the condensed mathe-
matical version of the construction above. Namely we look at the corresponding Clausen-Scholze’s
animated enhancement of the corresponding analytic condensed solid commutative algebras:

AnalyticRings$>. (8.22)

And we consider the corresponding colimit closure of the formal series. We denote the correspond-
ing co-category as:

An alyt icRin g SCS formalcohmltclosure (8 . 23)
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Definition 14. Following [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition
9.3.9], [KL2] we give the following definition. For any ring

R = homotopycolimitR,, (8.24)
n
in the co-category:
CS,formalcolimitclosure (8 25)

AnalyticRings ,

we define the corresponding oo-functors:

Cyr() Be_ () Bl () Bar_sr(-h FF_r(). V() (8.26)
as:

C_/x()(R) := homotopycolimit C_,g(R,), (8.27)

Bo_r()(R) := homot(:lpycolimit Be_r()(Ry), (8.28)

Bii_/x(-)(R) = homotopycolimit By _;()(Rn) (8.29)

Bar—/z(.)(R) := homotopycolimit Bag_/(.)(Ry), (8.30)

FF_g()(R) := homotopnylimit FF_r()(Ry). (8.31)

VOR) := homotogyconlimit VR (8.32)

Here the homotopy colimits are taken in the corresponding colimit completions of the categories
where the rings and spaces are living. Here the homotopy limits are taken in the corresponding
limit completions of the categories where the rings and spaces are living.

Proposition 8. The corresponding oo-categories of p-module functors, B-pair functors and vector
bundles functors over FF functors are equivalent over:

sCommS1mphclallndSemmormedforma]Serlesco"mmomp, (8.33)
sComm81mp11c1alInd’"SemmormedfommSenescommtcmlp , (8.34)
sCommSimpliciallndNormed g™ seriescoimitcomp. (8.35)
sCommS1mp11c1allnd’"Normedformalseriesconmiwomp, (8.36)
sCommSnnphmalIndBanachforma]SerleSCOhmmomp, (8.37)
sCommS1mp11c1allnd’"BanachformalSerleSCOhmltcomp, (8.38)

or:
AnalytlcngsCS formalcollmltclosure (839)
Proof. This is the direct consequence of [KL1, Theorem 9.3.12]. O
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Chapter 9

Robba Stacks in the Ringed Topos
Situations

Reference 2. [KLI1], [KL2], [Schl], [Sch], [Fon], [FF], [F1], [Ta].

Now we consider the construction from [KL1, Definition 9.3.3, Definition 9.3.5, Definition
9.3.11, Definition 9.3.9] and [KL2], and apply the functors in [KL1, Definition 9.3.3, Definition
9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2] to the rings and spaces in our current co-
categorical context. Now let R be any analytic field K. Recall from [KLI1, Definition 9.3.3,
Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] we have the following functors:

C-/r(1 Be/r(). Big_p(): Bar—jr(). FF_ () ©.1)
on the following ringed spaces from [BK]:
(Spa” R (X1, ..., Xn), Ok gy xy)h = 0, 1,2, . (9.2)

We then have the situation to promote the functors of rings and stacks to the co-categorical con-
text as above. Here recall that from [KL1, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11,
Definition 9.3.9] and [KL2]:

Definition 15. For any Spa®XR (X, ..., X,,), we have by taking the global section:

C_ /() Ospypk g, x,)(SPAPER (X1, ..., X)) 1= (9.3)
CSpar(Xiv...X,n) Rproét(SPAR (X1, ... X} /R, proét) 9:4)

Be— /() Ogpak pex,... x,))(SPA R (X1, ...y X)) o= 9.5)
Bespar(x,,...X,) /Rproci(SPAR (X1, ..., Xin) | R, proét), (9.6)

Bir_/p(-)(Ogpqnx k(X1 x,))(SPARR (X1, .y X)) o= 9.7)
B:{RspaR(Xl““’meR’pmét(SpaR (X1, ... Xin) | R, proét), (9.8)
Bar—/R()(Ogpapk pex,... x,) )(SPAT R (X1, ...y X)) o= (9.9)
Barspar(Xy,...X,n) /R proét(SPAR (X1, ..., Xim) [ R, proét), 9.10)
FF_jr()(Ogp5k gix,.... 5, SPAP R (X1, ..., X)) 1= 9.11)
FFEspar(x,,... %)/ Rproét(SPaR (X1, ..., Xin) | R, proét). 9.12)
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And from [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2 ] we
have the notation of ¢-modules, B-pairs and the vector bundles over the FF curves as above. We
now use the notation M to denote them. We then put V(’)(OspaBKR(XI,...,Xn>)(SpaBKR (X1y ooy X)) :=
M(SpaR (X1, ..., Xin) | R, proét). For the stack FF, this V will be a corresponding vector bundle at
the end over FFp(x,  x,)p/R-

Definition 16. Following [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition
9.3.9], [KL2] we give the following definition. For any space

(X, R) = homotopylimit(X,, R,) (9.13)

n

in the co-categories:

.formalspectrum g, derivedringed,}
PI‘OJ StasCommSimpliciallndSeminormed Rr,homotopyepi’ (9 1 4)

.formalspectrum g, derivedringed,}
PI'Q] StasCommSimplicialInd’" Seminormedg,homotopyepi’ (9 1 5)

.formalspectrum g, derivedringed.f
PI‘Q] StasCommSimplicia]lndNormed Rr.homotopyepi’ (9 1 6)

.formalspectrum g, . derivedringed.f
Proj Sta'sCommSimplicialInd’” Normedg,homotopyepi’ ©.17)

.formalspectrum g, , derivedringed,
PI‘O_] StasCommSimpliociallndBanach Rr.homotopyepi’ (9 1 8)

. derivedri

ProjformalspectrumSta erivedringed, 9.19)

sCommSimpliciallnd” Banachg,homotopyepi’

we define the corresponding oo-functors:

C_ /(-1 Be_/r(): Big_p(): Bar—/r(). FF_jr(), V() (9.20)
C_z(.)(R) := homotopycolimit C_/z(R,), (9.21)
Be_/r()(R) := homot(;lpycolimit Be_/r()(Rn), (9.22)
Bir_x()(R) = homotgpycolimit Bir_g()(Ra), (9.23)
Bar—_/g(.)(R) := homoto[’)lycolimit Bar—/g(-)(Rn), (9.24)
FF_jg()(R) := homotopnynmit FF_jr()(Ry), (9.25)
V()(R) := homoto;r)lyco’;imit V()(R,). (9.26)

Here the homotopy colimits are taken in the corresponding colimit completions of the categories
where the rings and spaces are living. Here the homotopy limits are taken in the corresponding
limit completions of the categories where the rings and spaces are living.
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Chapter 10

Robba Stacks in the Inductive System
Situations

Reference 3. [KLI], [KL2], [Schl], [Sch], [Fon], [FF], [F1], [Ta].

Now we consider the construction from [KL1, Definition 9.3.3, Definition 9.3.5, Definition
9.3.11, Definition 9.3.9] and [KL2], and apply the functors in [KL1, Definition 9.3.3, Definition
9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2] to the rings and spaces in our current co-
categorical context. Now let R be any analytic field K. Recall from [KLI1, Definition 9.3.3,
Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] we have the following functors:

C-/r(1 Be/r(). Big_p(): Bar—jr(). FF_ () (10.1)
on the following ringed spaces from [BK]:
(Spa” R (X1, ..., Xn), Ok gy xy)h = 0, 1,2, . (10.2)

We then have the situation to promote the functors of rings and stacks to the co-categorical con-
text as above. Here recall that from [KL1, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11,
Definition 9.3.9] and [KL2]:

Definition 17. For any Spa®XR (X, ..., X)), we have by taking the global section.:

C_ /() Ogpaxr(x,... .x,)(SPAPKR (X1, ... X)) 1= (10.3)
CSpar(Xy....X,n)  Rproét(SPAR (X1, ..., Xn) /R, proét) (10.4)

Be— /() Ogpapk pex,... x,) ) (SPAT SR (X1, ..., X)) i= (10.5)
Bespar(x,,...X,) /Rproet(SPAR (X1, ..., Xin) | R, proét), (10.6)

Bir— g () Ospurix,.  x,y)(SPAP R (X1, ooy X)) := (10.7)
BjRSpaR(Xl,...,Xm)/R,proéz(SpaR (X1, ... Xin) | R, proét), (10.8)

Byr /R(.)(ospaBKMXI,MXH)(spaBKR (X1, oo X)) 1= (10.9)
BarSpar(Xi,...X,)/Rproéi(SPAR (X1, ..., Xin) | R, proét), (10.10)
FF_jr()(Ogp8% gix,.... 3, (SPAP R (X1, ..y X)) 1= (10.11)
FFspar(xy,...Xn)/Rproét(SPAR (X1, ..., Xp) | R, proét). (10.12)
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And from [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2 ] we
have the notation of ¢-modules, B-pairs and the vector bundles over the FF curves as above. We
now use the notation M to denote them. We then put V(’)(OspaBKR(XI,...,Xn>)(SpaBKR (X1y ooy X)) :=
M(SpaR (X1, ..., Xin) | R, proét). For the stack FF, this V will be a corresponding vector bundle at
the end over FFp(x,  x,)p/R-

Definition 18. Following [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition
9.3.9], [KL2] we give the following definition. For any space

(X, R) = homotopycolimit(X,, R,) (10.13)
n
in the co-categories:
formalspectrum g, derivedringed,f
Ind StasCommSimpliciallndSeminormed r-homotopyepi’ (10.14)
formalspectrum g, derivedringed,f
Ind StasCommSimplicialInd’" Seminormedg,homotopyepi’ (10.15)
formalspectrum g, derivedringed.}
Ind StasCommSimplicialIndNormed R.homotopyepi’ (1 0.1 6)
formalspectrum g, derivedringed,f
Ind S‘[asCornmSimplicialInd’" Normedg,homotopyepi’ ( 10.1 7)
formalspectrum g, derivedringed,}
Ind StasCommSimplicialIndBanach Rr.homotopyepi’ ( 10.1 8)
derivedri
In dformalspectrum Ggderive ringed, (10.19)

sCommSimpliciallnd” Banachg,homotopyepi’

we define the corresponding oo-functors:

C_/r(-1Be_/r(): Big_p(): Bar—/r(). FF_jr(), V() (10.20)
as:
C_/r()(R) := homotopylimit C_/z(Ry), (10.21)
Be_/r()(R) := homo:opynmn Be_/r()(Ry), (10.22)
Bl g()(R) = homortl(:lpylimit B r( )R, (10.23)
Bar_/z(-)(R) := homotopylimit Bar _/z(.)(Ry), (10.24)
FF_jg()(R) := homotor;)ycolimit FF_jr()(Ry), (10.25)
V()(R) := homot(:lpylimrilt V()(R,). (10.26)

Remark 3. Here the homotopy colimits are taken in the corresponding colimit completions of the
categories where the rings and spaces are living. Here the homotopy limits are taken in the corre-
sponding limit completions of the categories where the rings and spaces are living. For instance,

the Robba functor C_g(.) takes value in ind-Fréchet rings IndFréchetg, we then consider the

X L. ———————homotopylimit . X
corresponding homotopy limit closure IndFréchety . For instance, the Fargues-Fontaine

stack functors FF_ g(.)(—) take value in the preadic spaces PreAdicg, then we consider the corre-

. .. ——homotopycolimit
sponding homotopy colimit closure PreAdicg .
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Chapter 11

Generalizations

The generalizations here are closely following the following work:

Reference 4. [BHS], [BS], [BL3], [BL4], [Fon2].!

' And we assume that p > 2. We use the notation k to represent the element 27V—1 in the p-adic complex analysis,

of course over Baqr = C,[[k]][1/k] not the obvious C,, = QPA, which is the crucial difference when we do p-adic
analysis, see Fontaine’s 1982 breakthrough [Fon].
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11.1 Derived Generalized Prismatic Cohomology

We now follow [Grotl], [Grot2], [Grot3], [Grot4], [BK], [BBK], [BBBK], [BBM], [KKM], [T2],
[Sch2], [BS], [BL1], [Dr1]? to revisit and discuss the corresponding derived prismatic cohomology
for rings in the following:

Notation 15. (Rings) Recall we have the following six categories on the commutative algebras in
the derived sense (let R be P/I):

sCommSimpliciallndSeminormedg, (11.1)
sCommSimpliciallnd” Seminormedg, (11.2)
sCommSimpliciallndNormedg, (11.3)
sCommSimpliciallnd”Normedg, (11.4)
sCommSimpliciallndBanachg, (11.5)
sCommSimpliciallnd”Banachg. (11.6)

Definition 19. We now consider the rings:
P/I{X1,...X,),n=0,1,2,... (11.7)

Then we take the corresponding homotopy colimit completion of these in the stable co-categories
above:

sCommSimpliciallndSeminormedg, (11.8)
sCommSimpliciallnd” Seminormedg, (11.9)
sCommSimpliciallndNormedg, (11.10)
sCommSimpliciallnd” Normedg, (11.11)
sCommSimpliciallndBanachg, (11.12)
sCommSimpliciallnd”Banachg. (11.13)

The resulting co-categories will be denoted by:

. . . . i Iseriescolimit
sCommSimpliciallndSeminormed 1? rialsetiescollmitcomp (11.14)

ﬁ?rmalseriescolimitcomp’ (1 1.1 5)
%rmalseriescolimitcomp’ (1 1.1 6)

sCommSimpliciallnd” Seminormed

sCommSimpliciallndNormed

;)rmalseriescolimitcomp, (11.17)
?rmalseriescolimitcomp, (1 1.1 8)

sCommSimpliciallnd”Normed

sCommSimpliciallndBanach
sCommSimpliciallnd’"Banachﬁ?rmalSeriesconmitcomp . (11.19)

We then follow [BS], [BL1], [Drl] to give the following definitions on the prismatic complexes
A_/p.

20ne can consider the corresponding absolute prismatic complexes [BS], [BL2], [BL1], [Drl] as well, though
our presentation fix a corresponding base prism (P, I) where P/I is assumed to be Banach giving rise to the p-adic
topology. And we assume the boundedness.
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Definition 20. Following [BS, Construction 7.6] we give the following definition. For any ring

R = homotopycolimitR,, (11.20)
n

in the oco-categories:

. . . . fi Iseriescolimit
sCommSimpliciallndSeminormed 1? rAISeriescolmitcomp. (11.21)

ﬁgrmalseriescolimitcomp’ (1 1 22)
%rmalseriescolimitcomp’ (1 1 .23)

sCommSimpliciallnd” Seminormed

sCommSimpliciallndNormed

ﬁ(;rmalseriescolimitcomp, (11.24)

i Iseriescolimit

lé)rma seriescolimi comp, (1 1_25)
?rmalseriescolimitcomp’ (11.26)

sCommSimpliciallnd”Normed
sCommSimpliciallndBanach

sCommSimpliciallnd”Banach

we define the corresponding generalized prismatic cohomology:

o VI
PI'lSl’l’l_ /P,BBM,analytification (ﬂ) (1 1 '27)

as:

Y/
Prism /P,BBM,analytiﬁcation(R) (11.28)

A

= homotopycolimit (Prism— /P,BBM.formalanalytification (Rn)[ﬁ])/\

BBM, formalanalytification

(11.29)

where the notation means we take the corresponding derived (p, I)-completion and derived (p, VI)-
completion, then we take the corresponding formal series analytification from [BBM, 4.2].

Now we consider preperfectoidization constuctions:

Definition 21. Following [BS], we give the following definition. For any ring

R = homotopycolimitR,, (11.30)
n
in the co-categories:
sCommS impliciallndSeminormedf?rmalserieSCOlimitcomp, (11.31)
sCommSimplicialInd’"Seminormedﬁ?rrnalSerieSCOlimitcomp , (11.32)
sCommSimplicialIndNormed;’rmalseriesconmimmp, (11.33)
sCommSimpliciallnd’"Normedl;?rmalSeriesconmitcomp, (11.34)

sCommSimpliciallndB anachﬁgrmalSeriesconmimomp, (11.35)

sCommSimpliciallnd’"B21n21ch§?rmlSeriesconmtoomp , (11.36)
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we define the corresponding generalized prismatic cohomology:

o VI
PI'lSIn_ / P,BBM,analytiﬁcation(R) (1 1 '37)

as.

o VI
PrlSm—/P,BBM,analytiﬁcation(R) (1 1 38)

A
= [(homOtopyCOHmit (Prism— / P,BBM,formalanalytiﬁcation(?n)[\/i] )1/7\ \/7) ]
n pNI BBM, formalanalytification
(11.39)

where the notation means we take the corresponding derived (p, I)-completion and derived (p, VI)-
completion, then we take the corresponding formal series analytification from [BBM, 4.2]. Then
as in [BS, Definition 8.2] we put the following generalized preperfecdtoidization of any object R
to be:

Rpreperfectoidization,\/j — (11 40)

homotoeycohmlt(Pnsm_ P,BBM,analytiﬁcation(R) - 1:ro*PnSrn—/P,BBM,analytiﬁcaltion(R) (11.41)
VT

— Fro,Fro,Prism" / P’BBM,analyﬁﬁcaﬁon(R) - ...) (11.42)

Then the generalized perfectoidization of R is just defined to be:

[RPreperfectoidization . p /1. (11.43)
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11.2 Derived Generalized Topological Hochschild Homology

We now follow [Grotl], [Grot2], [Grot3], [Grot4], [BK], [BBK], [BBBK], [BBM], [KKM], [T2],
[Sch2], [BS], [BL1], [Drl], [NS], [BMS], [B], [BHM]? to revisit and discuss the corresponding
derived topological Hochschild homology, topological period homology and topological cyclic
homology for rings in the following:

Notation 16. (Rings) Recall we have the following six categories on the noncommutative algebras
in the derived sense (let R be P/I):

sNoncommSimpliciallndSeminormedg, (11.44)
sNoncommSimpliciallnd” Seminormedg, (11.45)
sNoncommSimpliciallndNormedg, (11.46)
sNoncommSimpliciallnd”Normedg, (11.47)
sNoncommSimpliciallndBanachg, (11.48)
sNoncommSimpliciallnd” Banachg. (11.49)

Definition 22. We now consider the rings®:
P/1{Z,...Z,),n=0,1,2,... (11.50)

Then we take the corresponding homotopy colimit completion of these in the stable co-categories
above:

NoncommSimpliciallndSeminormedg, (11.51)
NoncommSimpliciallnd” Seminormedg, (11.52)
NoncommSimpliciallndNormedg, (11.53)
NoncommSimpliciallnd” Normedg, (11.54)
NoncommSimpliciallndBanachg, (11.55)
NoncommSimpliciallnd”Banachg. (11.56)

The resulting co-categories will be denoted by:

sNoncommSimplicialIndSeminormedgsrmalSeriesconmitcomp , (11.57)
sNoncommSimplicialInd’"Seminormedﬁ?rmalSerieseonmitcomp, (11.58)
sNoncommSimplicialIndNormedigrma] Seriesco}imitcomp, (11.59)
sNoncommSimpliciallnd” Normed?rmalseriesconmitcomp, (11.60)
sNoncommSimpliciallndBanachjy ™ !seiescotimitconp, (11.61)

sNoncommSimplicialInd’"Banachl;?rmalSerieseonmitcomp. (11.62)

30ur presentation fixes a corresponding base prism (P, I) where P/I is assumed to be Banach giving rise to the
p-adic topology. And we assume the boundedness.
71, .. Zy are just assumed to be free variables.
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We then follow [BMS, Section 2.3], [NS, Chapter 3] to give the following definitions on the
topological Hochschild complexes, topological period complexes and topological cyclic complexes

THH—/P,BBM,analytiﬁcations (11.63)
TP—/P,BBM,analytiﬁcationa (11.64)
TC—/P,BBM,analytiﬁcation- (11.65)

All the constructions are directly applications of functors in [BMS, Section 2.3], [NS, Chapter 3].

Definition 23. Following [BMS, Section 2.3] and [NS, Chapter 3] we give the following definition.
For any ring

R = homotopycolimitR,, (11.66)

in the co-categories:

formal limit
sNoncommSimpliciallndSeminormed, seriescolimitcomp (11.67)

formal limit
sNoncommSimpliciallnd” Seminormedy seriescolimitcomp (11.68)

formalseriescolimitcomp

sNoncommS1mp1101alIndNormed , (11.69)

formalseriescolimitcomp

sNoncommS1mp11c1alInd’"Normed , (11.70)

formalseriescolimitcomp

sNoncommSimpliciallndBanach, , (11.71)

formalseriescolimitcomp

sNoncommS1mp1101alInd’"Banach , (11.72)

we define the corresponding generalized topological Hochschild complexes, generalized topologi-

VTRt ey
cal period complexes and generalized topological cyclic complexes THH o TP P TC"

THH] (R) (11.73)

—/P,BBM,analytification ’ :

Vi
TP—/P BBM,analytiﬁcation(R)’ (1 1 74)
VI
TC—/P BBM. analytlﬁcatlon( ) (1 1 75)
as.
Vi
THH —/P,BBM,analytification (R) (11.76)
— . . /\ . .

= /P, an ’ .

[(homotopycohmlt THH /P,BBM,analytification (Rn))p [ﬁ]]BBM formalanalytification (1 1 77)
VI
TP —/P,BBM, analytlﬁcatlon( ) (1 1.78)
= [(homotopycolimit TP_, P,BBM,analytiﬁcation(Rn))1/7\ [\/7]]BBM,formalanalytiﬁcation (11.79)
n
VI

TC—/P BBM analytlﬁcatlon( ) (11.80)
= [(homOtopyCOhmlt TC_ /P,BBM,analytification (Rn));/)\ [\/7]]BBM,formalanalytiﬁcation ( 11.8 1)

(11.82)
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where the notation means we take the corresponding algebraic topological p-completion, then we
take the corresponding formal series analytification from [BBM, 4.2] in the corresponding analogy
of the commutative situation.

Now we consider preperfectoidization constuctions:

Definition 24. Following [BS], we give the following definition. For any ring

R = homotopycolimitR,, (11.83)

in the co-categories:

sNoncommSimpliciallndS eminormedl;?rmalSeriesconmitcomp, (11.84)
sNoncommSimpliciallnd”™ Seminormedf?rmalserieSCOlimitcomp, (11.85)
sNoncommSimpliciallndNormedjg ™ seriescetimitcom?, (11.86)
sNoncommSimplicialInd’"Normedﬁ?rmalseriescohmimomp, (11.87)
sNoncommSimpliciallndB anachﬁgrmalSeriesconmimomp, (11.88)
sNoncommSimplicialInd’"BanachﬁgrmalSeriesconmimomp, (11.89)

we define the corresponding generalized topological Hochschild complexes, generalized topologi-

cal period complexes and generalized topological cyclic complexes THHY , TPV TCYI .

_/P’ _/P) _/P-
Vi
THH— / P,BBM,analytiﬁcation(R)’ (11.90)
Vi
TP— /P,BBM,analytification (R )’ (11.91)
Vi
TC—/P,BBM,analytiﬁcation(R)' (11.92)
as:
Vi
THH— /P,BBM,analytification (R) (11 93)
:= [(homotopycolimit THH_, P,BBM,analytiﬁcatiOn(Rn));,\ [\/7]]BBM,forma]analytiﬁcaﬁon (11.94)
n
VI
TP— / P,BBM,analytiﬁcation(ﬂ) (1 1 95)
:= [(homotopycolimit TP_;p gBM analytification(Rn))), [VI 11BBM.formalanalytification (11.96)
n
Vi
TC—/P,BBM,analytiﬁcation(R) (11.97)
= [(homOtOPYCOlimit TC—/P,BBM,analytiﬁcation(Rn))l/,\ [\/7]]BBMformalanalytiﬁcation (1 1 98)
n
(11.99)

where the notation means we take the corresponding algebraic topological p-completion, then we
take the corresponding formal series analytification from [BBM, 4.2] in the corresponding analogy
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of the commutative situation. Then as in [BS, Definition 8.2] we put the following generalized

preperfectoidizations of any object R to be:

Rpreperfectoidization,THH, VI. —

- Vi VI
hOIIlOtOI?YCOllmlt(THH_ / P,BBM,analytiﬁcation(R) - FI‘O*THH_ /P,BBM,analytification (R)
Vi
— Fro.Fro,.THHY , g\t nanveification(R) = <)
Rpreperfectoidization,TP,\/f —
homOtol:;yCOhmlt(TP—/P,BBM,analytiﬁcation(R) - Fro*TP—/P,BBM,amalytiﬁcation(R)
VI
- Fro*Fro*TP—/P,BBM,analytiﬁcation(R) - )
Rpreperfectoidization,TC,\/i —
I Vi Vi
homOtOI:;y(:Ohmlt(TC—/P,BBM,analytiﬁcation(R) - FI-()"‘TC—/P,BBI\/Lanalytiﬁcation(R)
Vi
- FrO*FrO*TC—/P,BBM,analytiﬁcation(ﬂ) — ..

Then the generalized perfectoidizations of R are just defined to be:

Rpreperfectoidization,ﬁ x P/I.

Here #§ represents one of THH, TP, TC.
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11.3 Derived Generalized Prismatic Cohomology for Ringed
Toposes

We now follow [Grotl], [Grot2], [Grot3], [Grot4], [BK], [BBK], [BBBK], [BBM], [KKM], [T2],
[Sch2], [BS], [BL1], [Dr1] to revisit and discuss the corresponding derived prismatic cohomology
for rings in the following. We first consider the following generating ringed spaces from [BK]:

BK
(SPa®*P/1 (X1, ..o Xy R p rix,. 1 = 01,2, . (11.111)
Definition 25. We now consider the homotopy limit completion of
BK
(SPa®P/I (X1, ..o Xy R p 1, )11 = 01,2, (11.112)
in the following co-categories:
derivedringed,
StasCommSimpliciallndSeminormedR,homotopyepi’ (11.113)
derivedringed,
StasCommSimplicialInd’" Seminormedg,homotopyepi’ (11.114)
derivedringed,f
StasCommSimplicialIndNormedR,homotopyepi’ (1 L1 15)
derivedringed,f
StasCommSimplicia]Ind’"NormedR,homotopyepi’ (11.1 16)
S taderivedringed,ﬁ (1 1.1 17)

sCommSimpliciallndBanachg,homotopyepi’

S taderivedringed,li (11.118)

sCommSimpliciallnd” Banachg,homotopyepi

Here § represents any category in the following:

sCommSimpliciallndSeminormedg, (11.119)
sCommSimpliciallnd” Seminormedg, (11.120)
sCommSimpliciallndNormedg, (11.121)
sCommSimpliciallnd” Normedg, (11.122)
sCommSimpliciallndBanachg, (11.123)
sCommSimpliciallnd”Banachg. (11.124)
Here R = P/I. The resulting sub co-categories are denoted by:
.formalspectrum g, derivedringed,f
PI‘OJ StasCommSimplicialIndSeminormedR,homotopyepi’ (11.125)
.formalspectrum g, derivedringed.f
PI‘Q] StasCommSimplicialInd’"SeminormedR,homotopyepi’ (11.126)
.formalspectrum g, , derivedringed,
PI‘OJ StasCommSimpliciallndNormed R,homotopyepi’ ( 1.1 27)
.formalspectrum g, , derivedringed,
PI‘O_] StasCommSimplicialInd’" Normedg,homotopyepi’ (11.128)
.formalspectrum g, derivedringed.f
PI‘O] StasCommSimplicialIndBanach Rr.homotopyepi’ (1.1 29)
Proj formalspectrum g ¢ aderivedringed,ﬁ (11.130)

sCommSimpliciallnd” Banachg,homotopyepi *

50One can consider the corresponding absolute prismatic complexes [BS], [BL2], [BL1], [Drl] as well, though
our presentation fix a corresponding base prism (P, I) where P/I is assumed to be Banach giving rise to the p-adic
topology. And we assume the boundedness.
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Here #§ represents any category in the following:

sCommSimpliciallndSeminormedg, (11.131)
sCommSimpliciallnd” Seminormedg, (11.132)
sCommSimpliciallndNormedg, (11.133)
sCommSimpliciallnd” Normedg, (11.134)
sCommSimpliciallndBanachg, (11.135)
sCommSimpliciallnd”Banachg. (11.136)

This means that any space (X, R) in the full co-categories could be written as the following:

(X, R) = homotopylimit(X,, R,) (11.137)

where we have then:

R = homotopycolimitR,, (11.138)

as coherent sheaves over each X,,.

We then follow [BS], [BL1], [Drl] to give the following definitions on the prismatic cohomol-
ogy presheaf A_p.

Definition 26. Following [BS, Construction 7.6] we give the following definition. For any space

(X, R) = homotopylimit(X,, R,) (11.139)

n

in the co-categories:

.formalspectrum g, , derivedringed,
PI‘O_] StasCommSimplicialIndSeminormedR,homotopyepi’ (11.140)

.formalspectrum g, , derivedringed,
PI‘O] StasCommSimplicialInd’" Seminormedg,homotopyepi’ ( 11.141 )

.formalspectrum g, derivedringed,}
PI'Q] StasCommSimpliciallndNormedR,homotopyepi’ (11. 142)

.formalspectrum g derivedringed,}
PI'O] StasCommSimplicialInd"1 Normedg,homotopyepi’ (11.143)

-formalspectrum g, . derivedringed.f
PI‘Q] StasCommSimplicialIndB anachg,homotopyepi’ (11.144)

. ) derivedri

PrOJformalspectrum Ggderive ringed, (11.145)

sCommSimpliciallnd” Banachg,homotopyepi’

we define the corresponding generalized prismatic cohomology presheaf:

- VI
Prism_ , s pM analytification (R) (11.146)

as.

o VI
Prlsm—/P,BBM,analytiﬁcation (R) ( 111 47)

= [ (homOtopyCOHmit (Prism— /P,BBM, formalanalytification (Rn ) [ \/7] )1/7\ NI

A
n 1 ) N
p, BBM, formalanalytification
(11.148)
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where the notation means we take the corresponding derived (p, VI)-completion, then we take the
corresponding formal series analytification from [BBM, 4.2].
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11.4 Almost Mixed-Parity Robba Stacks in the Commutative
Algebra Situations

Reference 5. [KL1], [KL2], [Schl], [Sch], [Fon], [FF], [F1], [Ta].

Now we consider the construction from [KL1] and [KL2], and apply the functors in [KL1,
Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2] to the rings and
spaces in our current co-categorical context. Now let R be any analytic field K over Qp6. Recall
from [KL1, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] we have the
following functors:

C-/r(1 Besr(). Big_p(). Bar—/r(), FF_ /() (11.149)
on the following rings:
R{Xy,...X,),n=0,12,... (11.150)

We then have the situation to promote the functors of rings and stacks to the co-categorical con-
text as above. Here recall that from [KL1, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11,
Definition 9.3.9] and [KL2]:

Definition 27. For any R (X1, ..., X,\), we have by taking the global section’ :

000C_/r()(R (X1, - X0)) 1= Cspar(x.. %, /Rproct(SPAR (X1, ..., Xu) /R, proét)[k'1?] (log(k))
(11.151)

DDDBe—/R(-)(R <X]’ ) Xn>) = Be‘SpaR(Xl,...,X,,)/R,proe’t(SpaR <X|, ) Xn> /R,pr‘oét)[k_l/z] <10g(k)> >
(11.152)

O00Bg _ g (R (X, o X)) 1= Blrsoarcx,....x.y/RprocSPAR (X1, - Xo) /R, proén[k'/?] (log(k)),
(11.153)

000OB4R—/r()(R (X1, ... Xu)) := Barspar(x,,...X,)/Rproe(SPAR (X1, ..., Xp,) /R, proét)[k'1?] (log(k)),
(11.154)

Do0OFF_jr()(R (X1, ..., Xp)) := O0OF Fspar(x,,...X,) /Rproét(SPaR (X1, ..., Xu) / R, proét).
(11.155)

And from [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2]
we have the notation of ¢-modules, OOOB-pairs and the vector bundles over the DOOF F curves
as above. We now use the notation M to denote them. We then put V(.)(R{(X1,..., Xn)) =
M(SpaR (X1, ..., X,,) | R, proét). For the stack OOOFF, this V will be a corresponding vector bun-
dle at the end over DOOF Fp(x,  x vy /&

6 After essential deformation and descend back we have the p-adic 27V—1-element in the p-adic world, which is
denoted in our scenario k.

"Here the corresponding notation (log(k)) means the corresponding formal completion with respect to the variable
log(k). oooFF is then defined by using for instance the stacks in [BK] and [BBBK] when we consider the corre-
sponding foundation [BK] and [BBBK], or [CS2] when we consider the corresponding foundation in [CS2] by using
the analytic rings therein, or [CS3] when we consider the corresponding foundation in [CS3] by using the light analytic
rings therein.
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Definition 28. Following [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition

9.3.9], [KL2] we give the following definition. For any ring

R = homotopycolimitR,,

in the co-categories:

. . . . formalseriescolimitcom
sCommSimplicialindSeminormed, P
formalseriescolimitcomp
R bl
formalseriescolimitcomp

R 2
formalseriescolimitcomp

R b
formalseriescolimitcomp

R b
formalseriescolimitcomp

R .

sCommSimpliciallnd” Seminormed
sCommSimpliciallndNormed
sCommSimpliciallnd” Normed
sCommSimpliciallndBanach

sCommSimpliciallnd”Banach
we define the corresponding co-functors:
|:||:1|:|5_/R(.), oooB._/z(.), EIEIEIBER_/R(.), 000Bgr-,z(.), OOOF F_g(.),000V(.)
as:
|:||:|I:|C~‘_/R(.)(ﬂ) := homotopycolimit C~‘_/R(Rn)[k1/2] (log(k)),
n
000B._,z(.)(R) := homotopycolimit Be_/R(.)(R,,)[k_l/z] (log(k)),
n
DDDB:;R_/R(.)(R) = homoto;r)lycolimit B:{R_/R(.)(Rn)[kl/z] (log(k)),
OooBgr_/z(-)(R) := homotopycolimit Bar _/z(-)(R,)[k'/*] (log(k))
O00FF_/g()(R) := homotopnylimit 000FF_/r()(Rn),
n

oooV(.)(R) := homotopycolimit OOV (.)(R,).

(11.156)

(11.157)
(11.158)
(11.159)
(11.160)
(11.161)
(11.162)

(11.163)

(11.164)
(11.165)
(11.166)
(11.167)
(11.168)
(11.169)

Here the homotopy colimits are taken in the corresponding colimit completions of the categories
where the rings and spaces are living. Here the homotopy limits are taken in the corresponding

limit completions of the categories where the rings and spaces are living.

Now motivated also by [M] after [CS1], [CS2] and [CS3] we consider the condensed mathe-
matical version of the construction above. Namely we look at the corresponding Clausen-Scholze’s
animated enhancement of the corresponding analytic condensed solid commutative algebras:

AnalyticRingsgS .

(11.170)

And we consider the corresponding colimit closure of the formal series. We denote the correspond-

ing co-category as:

CS,formalcolimitclosure

AnalyticRings
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Definition 29. Following [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition

9.3.9], [KL2] we give the following definition. For any ring
R = homotopycolimitR,,

in the co-category:

CS,formalcolimitclosure

AnalyticRings ,

we define the corresponding oo-functors:
Dmué_/R(.), oooB._/z(.), IZIEIEI]B;;R_/R(.), 000Bgr-,z(.), OOOFF_g(.),000V(.)
as.
Dl:IDé_/R(.)(R) := homotopycolimit 5_/R(7€n)[k1/2] (log(k)),
n
DooB,_&(-)(R) := homotopycolimit B,_z(.)(R,)[k™"/] (log(k)),
000B j_x(M(R) = homotolzlycolimit Bin_ /R(.)(Rn)[k'/z] (log(k)),
O0OBar_&(-)(R) := homotopycolimit Bar _/z(.)(Ra)[k'/?] (log(k)),
O00FF_/g()(R) := homotopnylimit 000FF_/r()(Rn),
n

oooV(.)(R) := homotopycolimit OOV (.)(R,).

(11.172)

(11.173)

(11.174)

(11.175)
(11.176)
(11.177)
(11.178)
(11.179)

(11.180)

Here the homotopy colimits are taken in the corresponding colimit completions of the categories
where the rings and spaces are living. Here the homotopy limits are taken in the corresponding

limit completions of the categories where the rings and spaces are living.

Then the following is a direct conjectural consequence of [KL1, Theorem 9.3.12].

Conjecture 1. The corresponding oo-categories of ¢-module functors, OOOB-pair functors and

vector bundles functors over OOOF F functors are equivalent over:

formalseriescolimitcomp
R 9
formalseriescolimitcomp
R ]
formalseriescolimitcomp

R 2
formalseriescolimitcomp

R b
formalseriescolimitcomp

R b
formalseriescolimitcomp

R b

sCommSimpliciallndSeminormed
sCommSimpliciallnd” Seminormed
sCommSimpliciallndNormed
sCommSimpliciallnd”Normed
sCommSimpliciallndBanach

sCommSimpliciallnd”Banach

or.

CS,formalcolimitclosure

AnalyticRings
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(11.181)
(11.182)
(11.183)
(11.184)
(11.185)
(11.186)

(11.187)



11.5 Almost Mixed-Parity Robba Stacks in the Ringed Topos
Situations

Reference 6. [KL1], [KL2], [Schl], [Sch], [Fon], [FF], [F1], [Ta].

Now we consider the construction from [KL1, Definition 9.3.3, Definition 9.3.5, Definition
9.3.11, Definition 9.3.9] and [KL2], and apply the functors in [KL1, Definition 9.3.3, Definition
9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2] to the rings and spaces in our current co-
categorical context. Now let R be any analytic field K over Q,. Recall from [KL1, Definition
9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] we have the following functors:

Dmué_/R(.), oooB._/z(.), DI:IEIB(;R_/R(.), 000Bgr-/z(.), OOOF F_jg(.) (11.188)
on the following ringed spaces from [BK]:
(Spa” R (X1, ..., X), Ogpukpix,. x )b = 0, 1,2, . (11.189)

We then have the situation to promote the functors of rings and stacks to the co-categorical con-
text as above. Here recall that from [KL1, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11,
Definition 9.3.9] and [KL2]:

Definition 30. For any Spa®%R (X, ..., X,,), we have by taking the global section:

000C_/R()(Ogpgsk gx,... x,)(SPAS R (X1, ..o X)) 1= (11.190)
é'SpaR(Xl,...,Xm)/R,proét(SpaR <X1, oo Xm> /R, prOét)[kl/z] <10g(k)>

(11.191)

000B,—/r(-)(Ogpek gix, ... x,)(SPA R (X1, -y X)) 1= (11.192)

BespaR(Xr,... X/ Rproc(SPAR (X1, ... Xin) /R, proét)[k~"/?] (log(k)),

(11.193)

0O0B g _ g (-)(Ospypx R x,))(SPAPRR (X1, .0, X)) o= (11.194)

B(-;RSpaR(Xl,...,Xm)/R,pme’t(SpaR (X1 o0 Xi) /R,proét)[k1/2] (log(k)),

(11.195)

0O00Bgr /R(.)(ospaBKmlMX”>)(spaBKR (X1, o0 X)) = (11.196)

BdRSpaR(Xl,...,Xm)/R,proét(SpaR <X1’ oo Xm> /R’prOét)[kl/z] <10g(k)> 5

(11.197)

O00F F_jr()(Og b gix,....x,0)(SPAT R (X1, ..., Xin)) 1= (11.198)

O00F FSpaR(Xy....Xp)/Rproct(SPAR (X1, ..., Xin) | R, proét).
(11.199)

And from [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2]
we have the notation of ¢-modules, OO B-pairs and the vector bundles over the DOOOF F curves as

above. We now use the notation M to denote them. We then put V(.)(OspaBK R(Xi..... X}J)(SpaBKR Xy, ..

M(SpaR (X1, ..., Xm) | R, proét). For the stack OOOF'F, this V will be a corresponding vector bun-
dle at the end over OOOF Fg(x,  x vy /&
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Definition 31. Following [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition

9.3.9], [KL2] we give the following definition. For any space

(X, R) = homotopylimit(X,, R,)

in the oco-categories:

formalspectrum g ¢ aderivedringed,ﬁ
sCommSimpliciallndSeminormedg,homotopyepi’

Proj
formalspectrum S taderivedringed,],‘;
sCommSimpliciallnd”* Seminormed g,homotopyepi’

formalspectrum g ¢ ader ivedringed,f
sCommSimpliciallndNormed g,homotopyepi’

Proj

Proj
formalspectrum Stader ivedringed,f
sCommSimpliciallnd”Normed g,homotopyepi’

.formalspectrum g, . derivedringed.f
PI‘Q] StasCommSimplicialIndB anachg,homotopyepi’

formalspectrum St aderivedringed,ﬁ
sCommSimpliciallnd” Banachg,homotopyepi’

Proj

Proj

we define the corresponding co-functors:
|:1|:|5_/R(.), ooB._g(.), DDB:;R_/R(.), OOBar—/g(.), OOFF_jg(.), V(.)

as:

ooC_ /r(.)(R) := homotopycolimit ooC. /R(Rn),

0OBe_/r()(R) := homot(:lpycolimit 0aOBe—/gr()(Rn),

DDB&LR_/R(.)(R) = homot(r)lrr)lycolimit DDB:{R_/R(.)(R,,),

O0O0Bar-/z(.)(R) := homotopycolimit OOBgr— /z(.)(Ry),

ooFF_jr()(R) = homotopnylimit ooo0aF F_jr()(Ry),

ooV (.)(R) := homotopycolimit OOV (.)(R,).

(11.200)

(11.201)
(11.202)
(11.203)
(11.204)
(11.205)
(11.206)

(11.207)

(11.208)
(11.209)
(11.210)
(11.211)
(11.212)

(11.213)

Here the homotopy colimits are taken in the corresponding colimit completions of the categories
where the rings and spaces are living. Here the homotopy limits are taken in the corresponding

limit completions of the categories where the rings and spaces are living.
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11.6 Almost Mixed-Parity Robba Stacks in the Inductive Sys-
tem Situations

Reference 7. [KL1], [KL2], [Schl], [Sch], [Fon], [FF], [F1], [Ta].

Now we consider the construction from [KL1, Definition 9.3.3, Definition 9.3.5, Definition
9.3.11, Definition 9.3.9] and [KL2], and apply the functors in [KL1, Definition 9.3.3, Definition
9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2] to the rings and spaces in our current co-
categorical context. Now let R be any analytic field K over Q,. Recall from [KL1, Definition
9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] we have the following functors:

Dmué_/R(.), oooB._/z(.), DI:IEIB(;R_/R(.), 000Bgr-/z(.), OOOF F_jg(.) (11.214)
on the following ringed spaces from [BK]:
(Spa” R (X1, ..., X), Ogpukpix,. x )b = 0, 1,2, . (11.215)

We then have the situation to promote the functors of rings and stacks to the co-categorical con-
text as above. Here recall that from [KL1, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11,
Definition 9.3.9] and [KL2]:

Definition 32. For any Spa®%R (X, ..., X,,), we have by taking the global section:

000C_/R()(Ogpgsk gx,... x,)(SPAS R (X1, ..o X)) 1= (11.216)
é'SpaR(Xl,...,Xm)/R,proét(SpaR <X1, oo Xm> /R, prOét)[kl/z] <10g(k)>

(11.217)

000B,—/r(-)(Ogpek gix, ... x,)(SPA R (X1, -y X)) 1= (11.218)

BespaR(Xr,... X/ Rproc(SPAR (X1, ... Xin) /R, proét)[k~"/?] (log(k)),

(11.219)

0O0B g _ g (-)(Ospypx R x,))(SPAPRR (X1, .0, X)) o= (11.220)

B(-;RSpaR(Xl,...,Xm)/R,pme’t(SpaR (X1 o0 Xi) /R,proét)[k1/2] (log(k)),

(11.221)

0O00Bgr /R(.)(ospaBKmlMX”>)(spaBKR (X1, o0 X)) = (11.222)

BdRSpaR(Xl,...,Xm)/R,proét(SpaR <X1’ oo Xm> /R’prOét)[kl/z] <10g(k)> 5

(11.223)

O00F F_jr()(Og b gix,....x,0)(SPAT R (X1, ..., Xin)) 1= (11.224)

O00F Fspar(Xy,... X,/ Rproét(SPAR (X1, ..., Xn) | R, proét).
(11.225)

And from [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2]
we have the notation of ¢-modules, OO B-pairs and the vector bundles over the DOOOF F curves as

above. We now use the notation M to denote them. We then put V(.)(OspaBK R(Xi..... X}J)(SpaBKR Xy, ..

M(SpaR (X1, ..., Xm) | R, proét). For the stack OOOF'F, this V will be a corresponding vector bun-
dle at the end over OOOF Fg(x,  x vy /&
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Definition 33. Following [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition
9.3.9], [KL2] we give the following definition. For any space

(X, R) = homotopycolimit(X,, R,)

in the oco-categories:

as:

(formalspectrum Staderivedringed,ﬁ

In sCommSimpliciallndSeminormedg,homotopyepi’

In dformalspectrum S taderivedrin ged,f
sCommSimpliciallnd”* Seminormedg,homotopyepi’

formalspectrum g, derivedringed,f
Ind StasCommSimplicialIndNormedR,homotopyepi’

formalspectrum g ader ivedringed,f

In sCommSimpliciallnd”Normedg,homotopyepi’

formalspectrum g, derivedringed.}
Ind StasCommSimplicialIndBanachR,homotopyepi’

formalspectrum g, derivedringed,
Ind S‘[asCornmSimplicialInd’"Banach Rr.homotopyepi’

we define the corresponding oo-functors:

Dmma_/R(.), ooaB._/&(.), DDDB;'R_/R(.), 000Bgr—/z(.), 0OOFF_jg(.), V(.)

0ooC_&(-)(R) := homotopylimit 0o0C_/z(R,),
oooB._/r()(R) := homofopylimit 00oB._,r()(Rn),
DDDBQR_/R(.)(R) = homortl(l)qpylimit DDDBQR_/R(.)(Q,,),
000Bgr-/z(.)(R) := homotopylimit OOOBgr /(. )(Ry),
O0o00FF_/g()(R) := homotor;:)ycolimit 000F F_/r(.)(Rn),

oooV(.)(R) := homotopylimit ooV (.)(R,).

(11.226)

(11.227)
(11.228)
(11.229)
(11.230)
(11.231)
(11.232)

(11.233)

(11.234)
(11.235)
(11.236)
(11.237)
(11.238)

(11.239)

Remark 4. Here the homotopy colimits are taken in the corresponding colimit completions of the
categories where the rings and spaces are living. Here the homotopy limits are taken in the corre-
sponding limit completions of the categories where the rings and spaces are living. For instance,
the Robba functor 00OOC_ /g(.) takes value in ind-Fréchet rings IndFréchetg, we then consider the

corresponding homotopy limit closure IndFréchet ,

homotopylimit

. For instance, the Fargues-Fontaine

stack functors OOOFF_g(.)(—) take value in the preadic spaces PreAdicg, then we consider the

corresponding homotopy colimit closure PreAdicg

homotopycolimit
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11.7 Mixed-Parity Robba Stacks in the Commutative Algebra
Situations

Reference 8. [KL1], [KL2], [Schl], [Sch], [Fon], [FF], [F1], [Ta].

Now we consider the construction from [KL1] and [KL2], and apply the functors in [KL1,
Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2] to the rings and
spaces in our current co-categorical context. Now let R be any analytic field K over ng. Recall
from [KL1, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] we have the
following functors:

C-/r(1 Be/r(). Big_p(). Bar—/r(), FF_ /() (11.240)
on the following rings:
R{X1,... Xy),n=0,1,2,... (11.241)

We then have the situation to promote the functors of rings and stacks to the co-categorical con-
text as above. Here recall that from [KL1, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11,
Definition 9.3.9] and [KL2]:

Definition 34. For any R (Xi, ..., X;,), we have by taking the global section:

00C_ /()R (X1, . Xu)) := Cspar(xy....X,)/Rproct(SPAR (X1, ..., Xu) | R, proén)[k'/?]
(11.242)

00OB,_/r( (R (X1, .. Xu)) := Bespar(x,,...x,)/Rproe(SPAR (X1, ..., Xp) /R, proén)[ k™12,
(11.243)

O0B g/ g (DR (X1, s Xn)) 1= Birgparxy... X,/ R proc SPAR (X1, ... Xu) /R, proéd)[k'/?),
(11.244)

OOBar /g ()R (X1, s Xu)) = Barspar(x,....x,)/Rproct(SPAR (X1, ... X} /R, proén)[k'/?],
(11.245)

DDFF—/R(-)(R (Xl’ e Xn>) = I:”:|FFSpaR(X1,...,Xn)/R,proét(SpaR (Xl, ey Xn> /R,pl"Oél‘).
(11.246)

And from [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2]
we have the notation of p-modules, OOB-pairs and the vector bundles over the OOFF curves
as above. We now use the notation M to denote them. We then put V(.)(R(X\,...,X,)) =
M(SpaR (X1, ..., Xp) /R, proét). For the stack FF, this V will be a corresponding vector bundle
at the end over FFp(x,  x yp/r-

Definition 35. Following [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition
9.3.9], [KL2] we give the following definition. For any ring

R = homotopycolimitR,, (11.247)

8 After essential deformation and descend back we have the p-adic 27V—1-element in the p-adic world, which is
denoted in our scenario k.
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in the co-categories:

. . . . fi Iseriescolimit
sCommSimpliciallndSeminormed 1? TIASErescOtimiicomp. (11.248)

?rmalseriescolimitcomp’ (1 1.2 49)
%rmalseriescolimitcomp’ ( 11.25 0)

sCommSimpliciallnd” Seminormed

sCommSimpliciallndNormed

?rmalseriescolimitcomp, ( 11.251 )
f Iseriescolimiti
Igrma seriescolimi comp’ (11.252)

sCommSimpliciallnd”Normed
sCommSimpliciallndBanach

sCommS impliciallnd’"Banachﬁ?rmmerieSCOlimitcomp . (11.253)

we define the corresponding oo-functors:

00C_/k(.), 00B,_ (), OOB, /x(» DOBar /g (.), DOFF_ (), 00V(.) (11.254)
as:
|:|I:|C~‘_/R(.)(72) := homotopycolimit C~‘_/R(72n)[k1/2], (11.255)
0oB,_/g()(R) = homot(’:pycolimit Be_r(-) Rk, (11.256)
OOBj _ x()(R) := homot(r)lfr)lycolimit Bin_ /R(.)(R,,)[kl/z], (11.257)
00Bgr—-/r(.)(R) := homotopycolimit BdR_/R(.)(Rn)[kl/z], (11.258)
OoFF_jr()(R) = homotopnylimit 00FF_jr()(Rn), (11.259)
oaV(.)(R) := homotopyco’;imit oaV(.)(R,). (11.260)

Here the homotopy colimits are taken in the corresponding colimit completions of the categories
where the rings and spaces are living. Here the homotopy limits are taken in the corresponding
limit completions of the categories where the rings and spaces are living.

Now motivated also by [M] after [CS1], [CS2] and [CS3] we consider the condensed mathe-
matical version of the construction above. Namely we look at the corresponding Clausen-Scholze’s
animated enhancement of the corresponding analytic condensed solid commutative algebras:

AnalyticRings$>. (11.261)

And we consider the corresponding colimit closure of the formal series. We denote the correspond-
ing co-category as:
An alyti cRin g SgS,formalcolimitclosure ) (1 1 .262)

Definition 36. Following [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition
9.3.9], [KL2] we give the following definition. For any ring

R = homotopycolimitR,, (11.263)
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in the co-category:

CS,formalcolimitclosure (1 1.26 4)

AnalyticRings ,

we define the corresponding co-functors:

DDE_/R(.), 00Be—/g(.), DDBER_/R(.), O0OBar-/g(.), OOFF_(.),00V(.) (11.265)
as.
oaC_/z(.)(R) := homotopycolimit C_;g(R,)[k"/?], (11.266)
0oB,_/z()(R) := homotopycolimit B,/ z(.)(R,)[k~'/], (11.267)
DDBJR_/R(.)(R) = homoto;;ycolimit B:;R_/R(.)(Rn)[kl/z], (11.268)
DOBgr_/z(-)(R) := homotopycolimit Bar _/z(.)(R,)[k'/?], (11.269)
OoFF_jgr()(R) = homotopnylimit Oo0FF_/gr()(Rn), (11.270)
ooV()(R) := homotopycoiiimit oaV(.)(R,). (11.271)
n

Here the homotopy colimits are taken in the corresponding colimit completions of the categories
where the rings and spaces are living. Here the homotopy limits are taken in the corresponding
limit completions of the categories where the rings and spaces are living.

Then the following is a direct consequence of [KL1, Theorem 9.3.12].

Proposition 9. The corresponding oo-categories of ¢-module functors, OOB-pair functors and
vector bundles functors over OOF F functors are equivalent over:

?rmalseriescolimitcomp’ ( 11.27 2)
?rmalseriescolimitcomp’ ( 11.27 3)
%rmalseriescolimitcomp, (1 1 274)
g)rmalseriescolimitcomp’ ( 11.27 5)
g)rmalseriescolimitcomp’ (11.276)

sCommSimpliciallndSeminormed
sCommSimpliciallnd” Seminormed
sCommSimpliciallndNormed
sCommSimpliciallnd”Normed

sCommSimpliciallndBanach

sCommSimplicialInd’"Banachl;grmalSeriescomitcomp, (11.277)
or:
AnalytiCRingSgS,formalcolimitclosure ) (11.278)
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11.8 Mixed-Parity Robba Stacks in the Ringed Topos Situa-
tions

Reference 9. [KL1], [KL2], [Schl], [Sch], [Fon], [FF], [F1], [Ta].

Now we consider the construction from [KL1, Definition 9.3.3, Definition 9.3.5, Definition
9.3.11, Definition 9.3.9] and [KL2], and apply the functors in [KL1, Definition 9.3.3, Definition
9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL?2] to the rings and spaces in our current co-
categorical context. Now let R be any analytic field K over Q,. Recall from [KLI, Definition
9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] we have the following functors:

ooC_&(.), OOB,_ (), O0B (), OOBar /() DOF F_ () (11.279)
on the following ringed spaces from [BK]:
(Spa®KR (X1, ..., Xn),OSpaBKmX]MX"}),n =0,1,2,... (11.280)

We then have the situation to promote the functors of rings and stacks to the co-categorical con-
text as above. Here recall that from [KL1, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11,
Definition 9.3.9] and [KL2]:

Definition 37. For any Spa®XR (X, ..., X,,), we have by taking the global section:

00C_ /() Ospaik p(x,....x,)(SPAN R (X1, ...y X)) := (11.281)

5SpaR(X1,...,X,,,)/R,proét(spaR <X1’ cees Xm> /R,proét)[kl/z] (1 1282)

00B,—/r(.)(Ogpe8k r(x,....x,))(SPA R(X1, ...p X)) 1= (11.283)
BeSpaR(Xl,...,X,,,)/R,proét(S];)aR <X]9 ) Xm> /R,proét)[k_l/z],

(11.284)

0OBg (N Ospaikrex,. x,))(SPA° RA(X1, oy X)) 1= (11.285)
BiRspar(X,.... X,/ Rproct SPAR (X1, s X} /R, proé)[k'/?),

(11.286)

DOBar /g (-)(Og i R<X1’.V_,X">)(SpaBKR (X1, o0 X)) 1= (11.287)
BdRSpaR(Xl,...,Xm}/R,proét(spaR <X1a ) Xm> /Ra prOét)[k1/2]’

(11.288)

ooFF_ /R(.)(ospaBKRm..,X,J)(spaBKR X1y oo X)) 1= (11.289)

OOF Fspar(X,....X,n)/Rproét(SPaR (X1, ..., Xin) /R, proér).  (11.290)

And from [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2 ] we
have the notation of ¢-modules, OO B-pairs and the vector bundles over the OOF F curves as above.

We now use the notation M to denote them. We then put V(.)(OspaBK R(Xi..... Xn>)(SpaBKR (X1, .0 X)) -

M(SpaR (Xi, ..., Xm) | R, proét). For the stack OOFF, this V will be a corresponding vector bundle
at the end over OOF Fipx, . x.yy/R-
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Definition 38. Following [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition

9.3.9], [KL2] we give the following definition. For any space

(X, R) = homotopylimit(X,, R,)

in the oco-categories:

formalspectrum g ¢ aderivedringed,ﬁ
sCommSimpliciallndSeminormedg,homotopyepi’

Proj
formalspectrum S taderivedringed,],‘;
sCommSimpliciallnd”* Seminormed g,homotopyepi’

formalspectrum g ¢ ader ivedringed,f
sCommSimpliciallndNormed g,homotopyepi’

Proj

Proj
formalspectrum Stader ivedringed,f
sCommSimpliciallnd”Normed g,homotopyepi’

.formalspectrum g, . derivedringed.f
PI‘Q] StasCommSimplicialIndB anachg,homotopyepi’

formalspectrum St aderivedringed,ﬁ
sCommSimpliciallnd” Banachg,homotopyepi’

Proj

Proj

we define the corresponding co-functors:
|:1|:|5_/R(.), ooB._g(.), DDB:;R_/R(.), OOBar—/g(.), OOFF_jg(.), V(.)

as:

ooC_ /r(.)(R) := homotopycolimit ooC. /R(Rn),

0OBe_/r()(R) := homot(:lpycolimit 0aOBe—/gr()(Rn),

DDB&LR_/R(.)(R) = homot(r)lrr)lycolimit DDB:{R_/R(.)(R,,),

O0O0Bar-/z(.)(R) := homotopycolimit OOBgr— /z(.)(Ry),

ooFF_jr()(R) = homotopnylimit ooo0aF F_jr()(Ry),

ooV (.)(R) := homotopycolimit OOV (.)(R,).

(11.291)

(11.292)
(11.293)
(11.294)
(11.295)
(11.296)
(11.297)

(11.298)

(11.299)
(11.300)
(11.301)
(11.302)
(11.303)
(11.304)

Here the homotopy colimits are taken in the corresponding colimit completions of the categories
where the rings and spaces are living. Here the homotopy limits are taken in the corresponding

limit completions of the categories where the rings and spaces are living.
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11.9 Mixed-Parity Robba Stacks in the Inductive System Situ-
ations

Reference 10. /[KL1], [KL2], [Schl], [Sch], [Fon], [FF], [F1], [Ta].

Now we consider the construction from [KL1, Definition 9.3.3, Definition 9.3.5, Definition
9.3.11, Definition 9.3.9] and [KL2], and apply the functors in [KL1, Definition 9.3.3, Definition
9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL?2] to the rings and spaces in our current co-
categorical context. Now let R be any analytic field K over Q,. Recall from [KLI, Definition
9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] we have the following functors:

00C_/(.), 00B,_ (), OOB _ (), OOBar_/&(.), DOF F_g(.) (11.305)
on the following ringed spaces from [BK]:
(Spa” R (X1, ..., Xn), Ogp bk px, xyh 7 = 0, 1,2, . (11.306)

We then have the situation to promote the functors of rings and stacks to the co-categorical con-
text as above. Here recall that from [KL1, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11,
Definition 9.3.9] and [KL2]:

Definition 39. For any Spa®XR (X, ..., X,,), we have by taking the global section:

00C_ /() Ospaik p(x,....x,)(SPAN R (X1, ...y X)) := (11.307)

5SpaR(X1,...,X,,,)/R,proét(spaR <X1’ cees Xm> /R,proét)[kl/z] (1 1308)

00B,—/r(.)(Ogpe8k r(x,....x,))(SPA R(X1, ...p X)) 1= (11.309)
BeSpaR(Xl,...,X,,,)/R,proét(S];)aR <X]9 ) Xm> /R,proét)[k_l/z],

(11.310)

0OBg (N Ospaikrex,. x,))(SPA° RA(X1, oy X)) 1= (11.311)
BiRspar(X,.... X,/ Rproct SPAR (X1, s X} /R, proé)[k'/?),

(11.312)

OOBar—/R()(Ospebk (x,.... x,) (SPA R (X1, ...p X)) i= (11.313)
BdRSpaR(Xl,...,Xm}/R,proét(spaR <X1a ) Xm> /Ra prOét)[k1/2]’

(11.314)

OOFF_r()(Ogpubk gix,.... 5,0 (SPA R (X1, 0y X)) = (11.315)

OOF Fspar(X,....X,n)/Rproét(SPaR (X1, ..., Xn) /R, proér).  (11.316)

And from [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition 9.3.9] and [KL2 ] we
have the notation of ¢-modules, OO B-pairs and the vector bundles over the OOF F curves as above.

We now use the notation M to denote them. We then put V(.)(OspaBK R(Xi..... Xn>)(SpaBKR (X1, .0 X)) -

M(SpaR (Xi, ..., Xm) | R, proét). For the stack OOFF, this V will be a corresponding vector bundle
at the end over OOF Fipx, . x.yy/R-
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Definition 40. Following [KLI, Definition 9.3.3, Definition 9.3.5, Definition 9.3.11, Definition
9.3.9], [KL2] we give the following definition. For any space

in the oco-categories:

(X, R) = homotopycolimit(X,, R,)

(formalspectrum Staderivedringed,ﬁ

In sCommSimpliciallndSeminormedg,homotopyepi’

In dformalspectrum S taderivedrin ged,f
sCommSimpliciallnd”* Seminormedg,homotopyepi’

formalspectrum g, derivedringed,f
Ind StasCommSimplicialIndNormedR,homotopyepi’

formalspectrum g ader ivedringed,f

In sCommSimpliciallnd”Normedg,homotopyepi’

formalspectrum g, derivedringed.}
Ind StasCommSimplicialIndBanachR,homotopyepi’

formalspectrum g, derivedringed,
Ind S‘[asCornmSimplicialInd’"Banach Rr.homotopyepi’

we define the corresponding oo-functors:

DD&—/R(')’ DDB@—/R(')’ DDBER_/R(')’ DDBdR—/R(')’ DDFF—/R(')7 V()

as:

0oC_/(.)(R) := homotopylimit a0OC_/z(R,),
00B._/g()(R) := homofopylimit 00Be_/r()(Rn),
DDBXR_/R(.)(R) = homortl(l)qpylimit DDBER_/R(.)(Q,,),
O0Bgr-/g(.)(R) := homotopylimit OOB4Rr - /g(.)(Rn),
O0FF_jr()(R) = homotor;:)ycolimit o0o0F F_jr(.)(Ry),

oaV(.)(R) := homotopylimit OOV (.)(R;).

(11.317)

(11.318)
(11.319)
(11.320)
(11.321)
(11.322)
(11.323)

(11.324)

(11.325)
(11.326)
(11.327)
(11.328)
(11.329)

(11.330)

Remark 5. Here the homotopy colimits are taken in the corresponding colimit completions of the
categories where the rings and spaces are living. Here the homotopy limits are taken in the corre-
sponding limit completions of the categories where the rings and spaces are living. For instance,
the Robba functor 0OC_ g(.) takes value in ind-Fréchet rings IndFréchetg, we then consider the

corresponding homotopy limit closure IndFréchet ,

homotopylimit

. For instance, the Fargues-Fontaine

stack functors OOFF_g(.)(=) take value in the preadic spaces PreAdicg, then we consider the

corresponding homotopy colimit closure PreAdicg

homotopycolimit
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