p-adic Local Langlands Correspondence

Xin Tong

Abstract

We discuss symmetrical monoidal co-categoricalizations in relevant p-adic functional analy-
sis and p-adic analytic geometry. Our motivation has three sources relevant in p-adic local
Langlands correspondence: one is the corresponding foundation from Bambozzi-Ben-Bassat-
Kremnizer on derived functional analysis and Clausen-Scholze on derived topologicalization,
and the second one is representations of derived Ej-rings which is relevant in integral de-
formed version of the p-adic local Langlands correspondence with eventually Banach coeffi-
cients, and the third one is the corresponding comparison of the solid quasicoherent sheaves
over two kinds of generalized prismatization stackifications over small arc stacks and small
v-stacks: one from the de Rham Robba stackification, and the other one from the de Rham
prismatization stackification. Small arc stacks imperfectize the prismatization stackification,
which will then perfectize the prismatization stackification when we regard them as small v-
stacks. After Scholze’s philosophy, one can in fact imperfectize those significant v-stacks in
Fargues-Scholze to still have the geometrization at least by using Berkovich motives. Both
small arc-stacks and small v-stacks can be studied using local totally disconnectedness which
is the key observation for condensed mathematics, theory of diamonds and perfectoid rings.
Following Scholze, Richarz-Scholbach and Ayoub we then study the p-adic local Langlands
correspondence by using p-adic motivic cohomology theories. We study in some uniform way
many significant p-adic motivic cohomology theories in families, after the general framework
and formalism in the recent work of Ayoub. We extend in some sense Ayoub’s formalism
after Scholze’s recent theory of Berkovich motives, Scholze’s theory of small v-stacks and
Clausen-Scholze’s analytic stacks. We then make detailed discussion on those significant mo-
tivic cohomology theories, around perspectives for instance on: Kiinneth theorem, 6-functor
formalism and so on.
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1 Introduction

Emerton-Gee-Hellmann’s p-adic categoricalization, Fargues-Scholze’s geometrization as in [ 1FS],
[EGH1], and Scholze’s motivicalization as in [1S5], [1S6] by using symmetrical monoidal co-
categoricalization, motivate us to consider the generalization we will present in this paper on
Langlands program after [L1], [D], [C]. We will consider essential de Rham prismatization as
in our previous work [1T]. In both settings (one p = ¢ and considering p-adic Banach space rep-
resentations, the other one p is allowed to be away from ¢) even if we do not consider Banach
representations, we consider however extensively p-adic coefficients. Therefore we call them all
p-adic Local Langlands program. But our ultimate goal is to parametrize all the corresponding
possible condensed representations of all the possible motivic Galois groups as in [2A] by using
motivic Hopf algebras over schemes, formal schemes, rigid analytic spaces, adic spaces, Berkovich
spaces, small v-stacks, small arc stacks, derived small arc stacks, condensed analytic stacks and so
on:

A p-adic constructible condensed sheaves with the attached motivic Galois groups SpecHopf ,_, i u

with the motivic 6-functor formalism (Fy,F»,(F3,F4,*-adjoint pairs),(Fs,Fg,!-adjoint pairs));

B {-adic constructible condensed sheaves with the attached motivic Galois groups SpecHopf,_, ;. o
with the motivic 6-functor formalism (Fy,F»,(F3,F4,*-adjoint pairs),(Fs,Fg,!-adjoint pairs));

C p-adic +-de Rham lattice deformed quasi-coherent sheaves with the attached motivic Galois
groups SpeCHopde,+,prismatizati0n’ SpeCHopde,Robba,+,stackiﬁcati0n with the motivic 6-functor
formalism (F1,F3,(F3,Fy,*-adjoint pairs),(Fs,Fg,!-adjoint pairs));

[C1] Through de Rham prismatization;
[C11] Over small arc-stacks, under arc topology;
[C12] Over small v-stacks, under v-topology;
[C2] Through de Rham Robba stackification from pre-Fargues-Fontaine curves;
D Solid quasicoherent sheaves over Robba rings without Frobenius and the attached motivic

Galois groups SpecHopfjig quasicoherent Robba,m With the motivic 6-functor formalism (Fy,F2,(F3,Fy,*-
adjoint pairs),(Fs,Fg,!-adjoint pairs));

[D1] Over small arc-stacks, under arc topology;

[D2] Over small v-stacks, under v-topology;

E ... and more motivic cohomology theories satisfying the formalism in [2A] with the motivic
6-functor formalism (Fi,F,,(F3,Fy,*-adjoint pairs),(Fs,Fg,!-adjoint pairs))...

Also we believe that ultimately there will be some very well-defined generalizations of Colmez’s
Montréal foncteur in [C] by using the methods we are considering. We use the techniques of
prismatization and its various de Rham stackified versions. Symmetrical monoidal co-categories
in p-adic analytic geometry and p-adic functional analysis are very significant, though from a
higher categorical perspective especially when we have the stability. Many problems emerge in
p-adic analytic geometry and p-adic functional analysis if one sticks to the usual derived cate-
gories, such as the lack of enough projective objects and many tricky points of view in the modular
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representation theory even over Z,/p", let alone taking the inverse limit over the index n € Z.
In this paper we discuss some specific aspects in the p-adic Hodge theory and the related p-adic
functional analysis by using some well-defined co-categories which carry the corresponding sym-
metrical monoidal co-categorical structures. In [T] the author in the derived category studied some
generalization of the results in [KPX] by using p-adic functional analysis method dated back to
[K1]. The resulting derived categorical consideration was of course following [KPX]. How-
ever there should be many co-categorical considerations now which can be better illustrate the
issues following [BBBK], [BBKK], [CS1], [CS2], [CS3] by using certain symmetrical monoidal
oco-categories where more robust properties can hold. With the notations in definition 5 and defini-
tion 6 we have rings of analytic functions over those rigid affinoids as in [T] after [KPX], [CKZ],
[PZ], [1Z]. Then over these rings we have the following well-defined categories, many of which
are stable symmetrical monoidal co-categories.

Definition 1. Over *=

X X X X X . X
L[al,bI],KI (7‘(1([ ), LbIsKI (ﬂKI) - L(O,bI],KI (ﬂK’ ), L[Osbl],KI (HKI ), LKI (ﬂK’) T U ﬂ L[al:bl]sKI (7TK1 ),
br>0a;>0
(D

we have the notion of I'-Frobenius modules and bundles. Then we consider the derived oo-
categories

IndBanaChModulesg, IndmonoBanachModulestt 2)

oY

which are stable. And we have the condensed version:

mD,, .D*,bounded’ .D*,perfect- (3)

Therefore we have the corresponding Banach perfect complexes and condensed perfect complexes
of the corresponding objects in our setting, namely we consider the perfect complexes of the I'-
Frobenius-Hodge modules in our setting, which again form certain stable co-categories with sym-
metrical monoidal structures. In the Banach setting we use the notations:

# #

IndB anaChModulesw’perfect’r’ P Ind;onoBanachModules . perfoct.ILF” @
# #

IndBanachModulesW’perfecnboun ded [ F” IndmonoBanachModules%per foctbounded.[LF* 5
# f

IndBanachModulesL’perfect’_’r’ o Ind,onoBanachModules perfect .’ (6)

to denote these complexes. And in the corresponding condensed setting we use:

mD I F> mD *,bounded, I, F» mD xperfect,bounded, I, F» mD = perfect,I,F» mD «perfect,— [, F + (7)

Then those derived co-sheaves in the categories above can have those certain derived coho-
mologies by using the F and I'-structure, by taking those iterated Yoneda groups, which are the
corresponding derived F, I'-cohomologies as in the following definition:



Definition 2. If / is singleton, then we have the notion of (F,I')-complex of any I'-Frobenius-
Hodge module F: Cr(F), where we have also the Cr.(F) and C, r(F) complexes as well. Using
them by induction we have the corresponding notion of (F, I')-complex of any I'-Frobenius-Hodge
module F: Crr(F) when I is not just a singleton. In our setting for each i € I we also have the
corresponding W; = cpi_l—operator. In such a way one can form the complex Cy (F) directly.

Following ideas in [T], [KPX] we consider the symmetrical monoidal co-categories above in-
stead to study the targeted categories where the cohomology groups are living, due to the fact that
they are stable and usually having Grothendieck homotopy triangulated categories, many problems
after [T] and [KPX] are solved, even over quite hard quasi-Stein spaces. Of course we are taking
about condensed quasi-Stein spaces not the usual ones.

Theorem 1. Cr(F) is in bounded (oo, 1)-derived category of complexes over X, restricting to
perfect complexes:

Dperfect,bounded (MOdX ) (®)
Crr(F)isin
# #
IndBanachModules X perfect bounded® Ind;onoBanachModules X perfectbounded’ 9
Cw(F)isin
# #
IndBanachModules LY. ¢ (T hperfect— IndmonoBanachModulesL X ) (T hperfect— (10)

where X is just Q.

Theorem 2. Crr(F) is in bounded (oo, 1)-derived category of complexes over X, restricting to
perfect complexes:

Dperfect,bounded (Mody). (1T)
C F,F(F ) is in
.QX ,perfect,bounded " (12)
Cw(F)isin
.QL‘){I’KI (T'k; ).perfect,— (13)
where X is just Q.
Corollary 1. Cy(.) induces a derived functor from the stable co-category
# #
IndBanachModuleszperfect’boun ded [ F” IndmonoBanachModules*’per foctbounded [LF* (14)
and in the corresponding condensed setting:
mD *,perfect,bounded,I’, F» (15)



to the stable co-category

mD, x
_LDOI,KI

(FKI),perfect,—’ (16)
where X is just Q,. Here * = L1)<(, (mk,). This also induces the morphism on the K-group spectra
of E-rings after applying [BGT] to the corresponding stable (oo, 1)-categories, after [G2], [A2],
[BGT].

Here X is some rigid affinoid algebra, which is actually making the context closely related to
[Z1], [ST]. However we find the integral model is also significant by taking the integral model
of X, namely X™ which is some first of all some p-adic Z,-algebra, then taking the reduction we
have some Z,/p"-algebra and finally we have some FF,-algebra. Then the construction in such
relative setting is closely related to [Scl], [Sol], [SS1], [SS2], [HM] as well, where we consider
some other significant related symmetrical monoidal co-categores as well as in [Sc1], [Sol], [SS1],
[SS2], [HM] with general coefficients in X*. In general over G a reductive p-adic Lie group we
have the smooth representations in the coefficient in X*, such as the group Ik, in the above rigid
analytic geometric consideration. The corresponding derived oo-categories in coefficients X* are
Grothendieck symmetrical monoidal co-categories as in [SS1], [SS2], [HM]. In [Sc1] Schneider
defined Ej-version of the usual Hecke algebra with respect to some compact open. The point is
that the derived categories over E; Hecke algebras are actually related to the representations of
the group G in some direct manner. As in [Sol] we consider one step further, i.e. we try to find
minimal Ej-model for the homology of the E|-Hecke algebra. However we need to use derived
E-rings in [Sa] to do this, which looks to go into some different direction from [Sol] due to the
fact that we have E;-rings over a general commutative ring X*. After [Sc1], [Sol], [SS1], [SS2],
[HM] we have the following:

Conjecture 1. (After Sorensen, [Sol, Theorem 1.1]) Let G be compact as in [Sol]!. Let X* be
a p-adic Z,-formal algebra. X" can be written as a formal projective limit over Z,/p"-algebras.
Let H be the dg Hecke algebra over X* defined as in [Sc1]. Promoting H to a derived E-ring H
as in [Sa], we have the derived co-category of the minimal derived E;-ring as in [Sa, Theorem 1.2]

homomorphism (17)
totalized, H,H

admits a functor from and a functor into the derived co-category
DR]isse,X*,G- (18)

The latter is the derived co-category of all the G-X*-smooth modules. We conjecture all the func-
tors here are equivalences of symmetrical monoidal co-categories.

We then consider the deformation functors from these well-defined functors. Then we work
in the context of [1S5], [1S6] where we consider the corresponding two different types of stack-
ifications in the sense of prismatization, after in one situation [1Tol], [1To2], [1To3], [1To4],
[1S4], [TALBRCS], [1BS], [1D], [1BL], and after in other situation [1KL], [1KL1], [1S1], [1S2],
[1S3], [1F1], [1F2], [1T1], [ICSA], [1CSB], [1CS], [1BS1], [1BL1], [1BL2]. Again the derived
co-categories we consider in this topic are stable symmetrical monoidal ones.

ISince [So1] mentioned that one can generalize this to more general setting by using general dg Hecke algebras,
this theorem can also be generalized to more general setting.
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Remark 1. The p-adic aspects of the local Langlands program we presented here (though not very
sure if this is the ultimate correct approach to generalize Colmez’s work) are deeply inspired by
the work of Emerton-Gee-Hellmann [EGH1] where a categoricalization is conjectured. Emerton-
Gee-Hellmann kept one side of the correspondence almost the same as in [1FS], i.e. the smooth
representations with coefficient in at least Z,-coefficients, then one can consider locally analytic
representations and ultimately consider Banach representations. However the other side of the
fully-faithful functor conjecture in [EGH1] used stacks related to [KPX], i.e. the arithmetic stacks
of (¢, I')-modules over Robba rings. We consider the motivic Tannakina categorical consideration
then from de Rham prismatization.

Theorem 3. Assume we are in our general setting by adding the element b'/%. The de Rham-Robba
stackification and the de Rham-prismatization stackification in our generalized setting by adding
b'2 are equivalent, in both p-adic and z-adic settings, i.e. in the p-adic setting we consider the
small v-stacks over SpdQ), and in the z-adic setting we consider the small v-stacks over SpdF,((1)),
in the v-topology. This applies immediately to rigid analytic varieties.

Definition 3. Assume we are in our general setting by adding the element »'/?. Let S be a small
v-stack, which can be either over SpdQ,, or SpdFF,((«)). We use the notation:

deRhamRobbag (19)

to denote the corresponding de Rham-Robba stackification from the FF stacks, in our generalized
setting. And we use the notation

deRhamPrismatizationg (20)

to denote the corresponding de Rham Prismatization stackification, in our generalized setting. And
for ? = deRhamRobbag, deRhamPrismatizationg we use the notation:

SolidQuasiCoh, 21

to denote the corresponding condensed oco-categories of the corresponding solid quasicoherent
sheaves over ?. Then we have a functor:

SOlidQuaSiCOhdeRhamPrismatizations - SOlidQuaSiCOhdeRhamRobbaS (22)

by taking the induced functor from identification of the de Rham functors on the perfectoids.

Theorem 4. Assume we are in our general setting by adding the element b'/%. The functor defined
above:

S OlidQuaSiCOhdeRhamPrismatization s - SOlidQuaSiCOhdeRhamRobbag (23)

is well-defined, and an equivalence of symmetrical monoidal co-categories which are stable.

Definition 4. Assume we are in our general setting by adding the element »'/?. Let S be a small
arc-stack in [1S5] over Q,, or F((«)). We use the notation:

deRhamRobbag (24)



to denote the corresponding de Rham-Robba stackification from the FF stacks, in our generalized
setting. And we use the notation

deRhamPrismatizationg (25)

to denote the corresponding de Rham Prismatization stackification, in our generalized setting. And
for 7 = deRhamRobbag, deRhamPrismatizationg we use the notation:

SolidQuasiCoh, (26)

to denote the corresponding condensed oco-categories of the corresponding solid quasicoherent
sheaves over 7. When we consider the de-Rham Robba stackification we consider the correspond-
ing v-stack associated to S, which is denoted by Stack, (S) after [1S5]. Then we have a functor:

SOlidQuasiCOhdeRhamPrismatizations - SOthuaSiCOhdeRhamRobbaSkav(S) (27)

by taking the induced functor from identification of the de Rham functors on the perfectoids, i.e.
we set the Banach ring local chart to be perfectoid to reach the objects in the second co-category.

Theorem 5. Assume we are in our general setting by adding the element b'/2. The functor defined
above:

S OlidQu a-SiCOhdeRhamPrismaltization s > S OlidQu aSiCOhdeRhamRobbaslackv ) (28)

is well-defined, as a symmetrical monoidal co-tensor functor.

Theorem 6. Assume we are in our general setting by adding the element b'/?. The functor defined
above:

SOlidQuaSiCOhdeRhamPrismatization s ? SOlidQuaSiCOhdeRhamRobbaSkav ) (29)

is fully faithful functor of symmetrical monoidal co-categories which are stable.

We then apply these consideration of de Rham lattice deformations of the @p-local systems
to the local Langlands program after [L1], [1FS], [1VL], [1GL], [D], [1LL], [D2]. Then we
promote the discussion to the motivic level after [1S5], [1S6], [2LH], [2A], [1RS] and construct
very general 7-adic local Langlands correspondence in family after [2LH] by using the motivic
Galois groups fibered over N, Then as more thorough discussion on motivic cohomology theories,
we study in some uniform way many significant p-adic motivic theories in families after [3G],
[3A], [31A], [3V], after the general framework and formalism of Ayoub [3A]. We extend in some
sense Ayoub’s formalism after Scholze’s theory of Berkovich motives [3S], [3S2]. The p-adic
motivic cohomology theories we are considering are: prismatizations (filtration, syntomification)
and stackifications induced from them (de Rham, de Rham-Hodge-Tate, Laurent) in families after
[3BS], [3BL], [3D].

Remark 2. We choose to work in families after [3LH] due to some reason to extend certain mixed-
characteristic constructions to function field, and vice versa extend certain funtion field construc-
tions to mixed-characteristic situations.



Remark 3. We work in some combined and vast generalized manner after [3A] and [3S] in the
following way. First [3A] considered up to rigid analytic varieties, and found correspondence
from this to the classical motivic theory for schemes. Second [3S] obviously generalized [3A],
but we try to uniformize certain consideration after Scholze in the fashion of [3A] to use certain
general Weil cohomology theories over Banach rings, in order to apply to the considerations we
are considering.

Setting 1. We consider the setting as in [3LH]. Let f be some finite field, then we consider a
bunch of local fields in mixed-characteristics away from Ny, — N = {co}:

L1, L2, .. (30)

such that we have a profinite version of local rings, where L,, n € N are all local fields over f with
characteristic 0. We assume the growth on the ramification index. Then L, is a function field over
f- We call the product L throughout the union of N with the infinity and we call the ring of integer
A. zis a general uniformizer which will then turn to be z, for each n € N,.

Motives in families in our current consideration will be the most generalized sense after [3S],
[3A], i.e. the generalized motives with coefficients. We start from a category of stacks over some
fixed stack X in families over A. We consider analytic condensed stacks in families (i.e. with
certain structure morphism to N,) in analytic Grothendieck toplogy, we consider small arc stacks
in families in arc Grothendieck topology, we consider small v-stacks in families in v Grothendieck
topology, which form the corresponding big Grothendieck sites over X. Over these Grothendieck
sites we consider construction of motives in the sense of [3S], [3A] namely those co-presheaves
of modules over A-algebras. Usually we have 5 steps in constructing co-category (symmetrical
monoidal) of motivic sheaves with coefficients (in families as well over A) following [3G], [3V],
[3A], [3S]:

1 Fix an oo-category of (oo, 1)-stacks over X with a fixed Grothendieck topology 7, which
forms a Grothendieck site, Siteg 1 x;

2 Start from the (oo, 1)-sheaf of ring Sh4 over A over Siteg 7 x, and consider the co-category of
all the co-sheaves over Shy, Caty;

3 Take the corresponding localization of Cat; to get Cat, which is usually the category of
effective motives with coefficient in Shy;

4 Take the inverse of the Tate object, then make sure it is added to the category, which is the
final category of motives Cats;

5 Take the corresponding homotopy suspension of Sh, for the Tate object, then take the corre-
sponding Cech conerve of this resulting suspension Cechconerve(Suspen,Shy), which gives
rise to the Hopf algebra sheaf over X after we take the loop space functor:

Loop®Cechconerve(Suspen,Shy). (31)

Take Spec we have the motivic Galois sheaf.

For instance:
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M1 Voevodsky’s Al motives in [3V], one can use arc topology actually for the schemes over
some base scheme X;

M2 Ayoub’s B1 motives with Q-coefficient [31A], one considers smooth rigid spaces with étale
topology for instance;

M3 Scholze’s Berkovich motives in [3S] with Z-coefficient, one considers all the small arc stacks
and arc topology;

M4 Generalized motives with general coefficients as in [3A], one considers smooth rigid analytic
spaces in €tale topology, then takes localization for co-category of sheaves in such étale site
in any coefficient in well-defined Weil cohomology theories.

Following all these and the philosophy from Grothendieck [3G], we consider de Rham prisma-
tization motives in families, de Rham filtration prismatization motives in families, and de Rham
syntomization prismatization motives in families.

Situation 1. (Motivic cohomology theories in families I) We consider all the small arc-stacks/small
v-stacks over A fibered over N,. This means we fix some small arc-stack or small v-stack X and
consider the corresponding oco-categories of the arc site or v-site over X using all the small arc
stacks or small v-stacks:

Cate,./ X, Cate, / X. (32)

A z-adic motivic cohomology theory over any small arc-stack/small v-stack X consists of the
datum as in the following after [3A]:

Al An oco-sheaf of anima Shy, of A-algebra over the arc stack X in the arc site of small arc stacks
over X or over v-stack X in the v-site of small v-stacks over X, in familes over N,;

A2 A version of Kiinneth theorem in the derived sense holds for Sh,, in familes over N;

m Usually this will mean taking the derived tensor products in the derived co-categories
1s such theorem exists;

A3 A derived oo-category of Weil sheaves DWeil(X) over again the arc site or v-site of X satis-
fying the arc-descent or v-descent, in families over N;

A4 A motivic six-functor formalism fa, f3, fc, fp, f£, fr, in familes over Ny, ;

A5 A formalism of Hopf algebraic motivic fundamental groups as in [3A, 4.7], in families over
Neo.

m This is more general than just motivic Galois groups of a point for L or A in families
over N,. To be more precise for each Shy, one takes the corresponding co-level suspension
(with respect to the Tate elemgt in [3A], [3S]) of this ring to get the sheaf Sh,, then takes the
Cech conerve CechConerve(Shy) as in [3A, 4.9], then takes the co-loop space with respect
to the Tate object as in [3A], [3S]: Loop®™Cechconerve(Shy), this is then the desired Hopf
sheaf of algebra over the arc site or v-site of X. One then takes the spectrum of this sheaf to
get the motivic fundamental group sheaf SpecL.oop™Cechconerve(Shy). One can also take

11



the global section over X to reach the algebra and group theoretic objects. This process is
compatible with the definition of the Berkovich motives in families: i.e. one considers all
the small arc stacks or v-stacks over X in arc topology or v-topology:

Cate(Stack. x), (33)

where = is arc or v, then takes the localization using the loop space functor at co-level from
the Tate object (over pointed space for the projective space of dimension 1) to define the
effective motives in families:

EffeCate(Stack. x), (34)

then one inverts the Tate object to finish the definition of the desired symmetrical monoidal
oco-category of arc or v-motives in families:

Cate(Stack. x)finalx- (35)

(1) We allow Shy to be a derived E;-object by considering bigraded resolution as in [3SI]. We
allow the six-functor formalism to be completely abstract in the sense of derived co-category (i.e.
without really touching the spaces) by requiring the projection formula, smooth base change, and
proper base change and so on in pure co-categorical sense as in [3CS1]. Moreover there is a derived
version of this situation for small (oo, 1)-arc stacks in families by replacing arc stacks in families
by (oo, 1)-arc stacks in families (which are fiber categories in families over the arc site of simplicial
Banach rings in families).

Situation 2. (Motivic cohomology theories in families II) We consider all the analytic stacks as
in [3CS1] over A fibered over N,. A z-adic motivic cohomology theory over any analytic stack X
consists of the datum as in the following after [3A]:

Al

A2

A3

A4

AS

An co-sheaf of anima Sh,, of A-algebra over a fixed analytic stack X over A (again one
consider all the analytic stacks over X in analytic topology to form the analytic site) in
analytic topology, in familes over N;

A version of Kiinneth theorem in the derived sense holds for Shy, in familes over N ;

A derived oco-category of Weil sheaves DWeil(X) over the analytic site of X satisfying the
descent under the !-functor formalism as in [3CS1], in families over N;

A motivic six-functor formalism f3, f5, fc, fp, f£, fr, in familes over N;

A formalism of Hopf algebraic motivic fundamental groups as in [3A, 4.7], in families over
Neo.

m This is more general than just motivic Galois groups of a point for L or A in families
over Ng,. To be more precise for each Shy, one takes the corresponding co-level suspension
(with respect to the Tate element in [3A], [3S]) of this ring to get the sheaf Shy, then takes the
Cech conerve Cechconerve(Shy) as in [3A, 4.9], then takes the co-loop space with respect
to the Tate object as in [3A], [3S]: Loop®™Cechconerve(Shy,), this is then the desired Hopf
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sheaf of algebra over the arc site or v-site of X. One then takes the spectrum of this sheaf
to get the motivic fundamental group sheaf SpecLoop™Cechconerve(Shy). One can also
take the global section over X to reach the algebra and group theoretic objects. This process
is compatible with the definition of the analytic motives in families: i.e. one considers all
the analytic condensed stacks over X in analytic topology, then takes the localization using
the loop space functor at co-level from the Tate object (over pointed space for the projective
space of dimension 1) to define the effective motives in families, then one inverts the Tate
object to finish the definition.

(!) We allow Shy to be a derived Ej-object by considering bigraded resolution, as in [3SI]. We
allow the six-functor formalism to be completely abstract in the sense of derived co-category (i.e.
without really touching the spaces) by requiring the projection formula, smooth base change, and
proper base change and so on in pure co-categorical sense as in [3CS1].

Remark 4. We consider schemes (so then z-adic A-formal schemes as well by taking the projective
limit over schemes) over A with fibration over N, in these theories as well, as in [3S] by taking
the discrete norms. But we only regard schemes as small arc-stacks in arc topology. This meams
we will regard derived formal stacks as derived arc stacks, and we will regard derived algebraic
stacks as derived arc stacks as well.

Remark 5. Our consideration is of course a more generalized version of the corresponding consid-
eration in [3A] by using the foundation from [3S]. [3A] considered the motives for rigid analytic
varieties.

Remark 6. (Arithmetic D-modules in families from co) [3A1] can be integrated into a motivic
theory in the sense above by considering the corresponding algebraic stack setting. For this choose
some identification from co and some finite integer, and translate the theory of arithmetic D-module
from A /ze t0 A;/z; for some i € N, then take the corresponding inverse limit we can reach some
analytic version of the arithmetic D-module theory in families over N, where one can enlarge the
consideration in [3A] to the corresponding schemes over A and then to small arc-stacks over L for
instance. One can see that the theory satisfies all the 5 conditions in the above considerations. We
have no ideas about this construction on how it may be linked to other p-adic motivic cohomology
theories, however over A(N) the theory of F-isocrystals is not that far away from this. In such
a way the existence of 6-functor formalism holds largely due to a tight correspondence between
the co € N and any finite number on the ring level, which leads to the corresponding 6-functor
formalism of arithmetic D-modules in the category of rigid analytic spaces, again of course in
families. However this process on the other hand provides the corresponding 6-functor formalism
for arithmetic D-modules over rigid analytic spaces in some nontrivial way, in families.

Remark 7. Here are the motivic cohomology theories in families relevant in the current consider-
ation on motivic cohomology theories:

1 Robba sheaves, and solid quasicoherent sheaves over them, the consideration is for v-stacks
or arc-stacks over A in families over N ;

2 Prismatization over A in families N;

[2I] Prismatization over A in families N;
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[2I1] Filtration prismatization over A in families N;

[2I1I] Syntomization prismatization over A in families N;

de Rham prismatization over A in families No;
[3I] de Rham prismatization over A in families Ny
[311] de Rham filtration prismatization over A in families N;

[3III] de Rham syntomization prismatization over A in families N

de Rham-Hodge-Tate prismatization over A in families N;
[41] de Rham-Hodge-Tate prismatization over A in families N;
[411] de Rham-Hodge-Tate filtration prismatization over A in families Nq;

[411I] de Rham-Hodge-Tate syntomization prismatization over A in families N;

Laurent prismatization over A in families N;
[SI] Laurent prismatization over A in families No;
[SII] Laurent filtration prismatization over A in families Ny

[SII] Laurent syntomization prismatization over A in families No;

Analytic prismatization over A in families No;
[61] Analytic prismatization over A in families N;
[611] Analytic filtration prismatization over A in families N;

[61II] Analytic syntomization prismatization over A in families Ny;

Analytic de Rham prismatization over A in families N;
[71] Analytic de Rham prismatization over A in families N;
[71I] Analytic de Rham filtration prismatization over A in families N;

[711] Analytic de Rham syntomization prismatization over A in families No;

Analytic de Rham-Hodge-Tate prismatization over A in families N;
[8I] Analytic de Rham-Hodge-Tate prismatization over A in families N;
[81I] Analytic de Rham-Hodge-Tate filtration prismatization over A in families N;
[8III] Analytic de Rham-Hodge-Tate syntomization prismatization over A in families
Neos
Analytic Laurent prismatization over A in families N;
[91] Analytic Laurent prismatization over A in families N;
[911] Analytic Laurent filtration prismatization over A in families N

[OIII] Analytic Laurent syntomization prismatization over A in families N;
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10 B, grn. «-cohomology theory in families over N
[m] This can be derived from the de Rham prismatizations in families over N, after
[3Ta], [3F], [3S3];
11 By 4R NygaardN..,x-cohomology theory in families over No,;
[m] This can be derived from the de Rham filtration prismatizations in families over N,
after [3Ta], [3F], [3S3];
12 By 4R syntomization,N..,»~-cOhomology theory in families over N
[m] This can be derived from the de Rham syntomization prismatizations in families over

N after [3Ta], [3F], [3S3];

13 and more motivic cohomology theories.
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2 Stable co-Categories in Fi-Analytic Geometry

2.1 Grothendieck Categoricalizations

[BBBK], [CS1], [CS2], [CS3] enlarge the categories of the rings in order to study the analytic
geometry over F;. For instance in [BBBK] we have the following construction. Several construc-
tions on symmetrical monoidal categories are constructed with certain default tensor product. For
instance in [BBBK], over F; it just considers all the Banach sets which forms the corresponding
category BanachSets_. This category is not the ideal one since it is not easy to construct some sta-
ble co-categories directly from it to do desired analytic geometry, i.e. to form well-defined ringed-
spaces and ringed-stacks. The point of view is to take the corresponding inductive limits over the
category to form the IndBanachSets . Another closely related construction is to look at the cor-
responding monomorphic morphisms when one forms the inductive limits: IndyenoBanachSets .
The latter two are actually symmetrical monoidal tensor categories when can then form the cor-
responding stable co-categories from them, we use the notations as in the following to denote the
corresponding stable co-categories:

IndBanachSetsﬁ, IndmonoBanachSetsﬁ (36)

0y

Remark 8. One can enlarge the categories by considering the corresponding seminormed and
normed sets over x*:

IndNSets?, IndmonoNSets”, (37)
IndSNSets’, IndponoSNSets? . (38)

2.2 Modules

For the A.-rings or E;-rings or E.-rings in the previous discussion the modules over them are
actually quite complicated as in [BBK]. On the other hand they are very significant in the qua-
sicoherent sheaf theoretic consideration in [BBK]. We replace the base by some Banach ring =
and we consider not just sets but instead the modules over * carrying the topologizations as in
the above. For instance in [BBBK], over * it just considers all the Banach modules which forms
the corresponding category BanachModules . This category is not the ideal one since it is not
easy to construct some stable co-categories directly from it to do desired analytic geometry, i.e. to
form well-defined ringed-spaces and ringed-stacks. The point of view is to take the corresponding
inductive limits over the category to form the IndBanachModules . Another closely related con-
struction is to look at the corresponding monomorphic morphisms (i.e., borné) when one forms
the inductive limits: IndpyenoBanachModules . The latter two are actually symmetrical monoidal
tensor categories when can then form the corresponding stable co-categories from them, we use
the notations as in the following to denote the corresponding stable co-categories:

IndB anachModules#, IndmonoBanachModulesfi . (39)

Remark 9. One can enlarge the categories by considering the corresponding seminormed and
normed sets over x*:

IndNModulesE, IndmonoNModulesg, (40)
IndSNModulesﬁ, Indm(moSNModulesit . 41)
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3 Symmetrical Monoidal co-Categories of p-adic Hodge Mod-
ules

3.1 Generalized Hodge modules

For instance in [BBKK] and [CS3], we have the well-defined structure sheaf RX(.) over X any
p-adic analytic space. The structure sheaf provides the definition of quasicoherent sheaves. In [T]
we used the p-adic functional analytic method from [K1] and [KL] to have studied some spaces
emerges after [CKZ] and [PZ]. Though spaces we looked at are those regular higher dimensional
rigid analytic spaces, i.e. just multi-discs, the essential consideration and application in mind are
quite new. Approximately we have the ring of analytic funcions over a multi-disc with parameter
[ar, by] with I some finite set. This ring is the higher dimensional version of the rings studied in
[KPX]. We use the notation L, ,] to denote these rings. Recall the multi-rigid intervals take the
form of:

p PP < |xllg, < pmP/P7V Vi€ 1. (42)

Then taking inverse limit on a; we have the version of rings with just multi-radii Lp,. These rings
will give the full version of the ring we are considering if we take union on b; we then use the
notation L to denote this. So we have:

Definition 5. We have defined as above the key rings in consideration:

Liayo)> Loy = Loy Lioy ) L = U ﬂ Liasby)- (43)

br>0a;>0
Here b; can be +oo towards all directions.

We then enlarge the coeffcients to I different finite extensions of Q,: Kj,...,K|;. Where we
have the corresponding

Lia; b1k Lopk; i= Lobkp Liob k> Lr; 2= U ﬂ Lia;.b)k; - (44)

b1>0 a;>0

One also has the version of these rings where we have the corresponding variable substitu-
tions by using the uniformizer ng, for different directions, as well as the group I'k, for different
directions (by using the generator for each component in this product I'g, X ... X Ik, ):

Liayor1.k; (k) Loy i, (k) = Lowy 1.k, (k) Liow, 1k, (k) Ly (k) <= U m Liay by) k(T ),
br>0a;>0

(45)

Lia vk, Tk, ) Loy, (Tk,) := Lok, Tk, )s Liop, 1.6, Tk ) Lk, (Tk,) := U m Lia, o1k, (Tky)-

br>0a;>0

(46)
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Definition 6. Recall from [T] we have the multi Frobenius actions and the multi I'x, actions over
these rings. The corresponding actions through different directions are mutually commutative
and actions along different directions will be identity map. Therefore we have the corresponding
Frobenius-Hodge modules over these rings (in further relativization by tensoring with some rigid
affinoid X/Q),):

X X X X X . X
L[al,bIJJ(I (ﬂKI ), LbIsKI (HKI) T L(O,bI]J(I (ﬂKI ), L[O,bl],KI (ﬂKI ), LKI (HKI) T U ﬂ L[“IJ’I]JQ (T[KI)'
b] >0ay >0

47)

A Frobenius-Hodge module over L,’gl (7, ) is defined to be a Frobenius-Hodge module over some
Ll);(, X, (7, ) through the base change when we take the union over b;, while the latter is defined in

the following way. It is defined to be a finite projective module over Lg‘l e (7k,) carrying semilinear
Frobenius action along each direction i € I such as:

©'F > F (48)

holds true after base change to L;fl K (mk,). We have the notion of a Frobenius-Hodge module

X

X
r L
ove [a1.b1],

(a1 brlK (7, ), which is defined to be a finite projective module over L

X, (7, ) such as:

¢'F > F (49)

holds true after base change to L[}fl b1 LK) (mk,). Here we assume over each direction i € [ we
have that [a;, b;] N [a;/p, bi/p] = [ai, bi/p] # 0. This also leads to the notion of Frobenius-Hodge
bundles over all such multi-intervals with the requirement: over each direction i € I we have that
[ai, bi] N [ai/p, bi/p] = [ai, bi/p] # 0. It is defined to be a collection of Frobenius-Hodge modules
over all {[ay, b;1|Vi € I, [a;, bj] N [ai/p, bi/p] = |a;, bi/p] # 0} in a compatible way such as over
each [ay, by/p] the sections are assumed to be isomorphic. As in [T] we have the I'x,-actions over
these rings which form the objects which are called I'-Frobenius modules and bundles.

Definition 7. Over *=

X X X X X . X
Lig, b1, Tk Ly, i, (k) = Lo i, ks L 1, (T ), L, (k) 2= U ﬂ Lia, by, K1)
br>0a;>0

(50)

we have the notion of I'-Frobenius modules and bundles as above. Then we consider the derived
co-categories

IndBanachModules¥, Ind,onoBanachModules?. 51)

which are stable. And we have the condensed version:

mD.,mD *,bounded> mD *perfect . (52)
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Therefore we have the corresponding Banach perfect complexes and condensed perfect complexes
of the corresponding objects in our setting, namely we consider the perfect complexes of the I'-
Frobenius-Hodge modules in our setting, which again form certain stable co-categories with sym-
metrical monoidal structures. In the Banach setting we use the notations:

IndB anaChModulesﬁ’perfect’r’ P IndmonoBanachModulesﬁ,per fect [P (53)
IndBanaChModules1{perfect’b0un ded.LLF” IndmonoBanachModulesft’per fectbounded [, (54)
IndB anachModulesiiperfec TP Ind;onoB anachModulesE,per fect [P’ (55)

to denote these complexes. And in the corresponding condensed setting we use:
BD.r Fr, D, voundedI.F> .D*,perfect,bounded,F,F’ .D*,perfect,l",F’ .D*,perfecn—,l",F . (56)

3.2 Derived co-Categories

Definition 8. If / is singleton, then we have the notion of (F,I')-complex of any I'-Frobenius-
Hodge module F: Cr(F), where we have also the Cr.(F) and C, r(F) complexes as well. Using
them by induction we have the corresponding notion of (F, I')-complex of any I'-Frobenius-Hodge
module F: Crr(F) when I is not just a singleton. In our setting for each i € I we also have the
corresponding W; = (pi_l—operator. In such a way one can form the complex Cy (F) directly.

Theorem 7. Crr(F) is in bounded (oo, 1)-derived category of complexes over X, restricting to
perfect complexes:

Dperfect,bounded(MOdX )- (57)
Crr(F)isin
f #
IndBanachModules X perfect bounded’ Ind,,onoBanachModules X perfectbounded” (58)
Cw(F)isin
# #
IndBanachModules’ X (T ppertect IndmonoBanachModules; X (T pperfect (59)

where X is just Q.

Proof. The statements for Crr(F) are [T]. For Cy(F), over Lo)g K (T'k,) the same argument in [T]
works here where one just takes the corresponding projective resolutions in our stable co-categories
in the current setting. O

Remark 10. Here one can in fact work with the usual derived categories after Grothendieck cate-
goricalization, which also produces stable co-categories. To be more precise we consider

cor, Ky
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which is then Grothendieck. Then we have the following stable derived oco-category of all the
complexes formed from the objects in the above category:

Dbounded (IndMOd Lo)gl, K, (FKI ))’ Dbounded (IndMOd Lo)g LK T K} ))~ (6 1 )

Then one can further restrict to those complexes with cohomology groups in Modngl,KI (Tx,) ©

achive the desired co-categories.
We have the following parallel result by using the foundation in [CS1], [CS2], [CS3]:

Theorem 8. Crr(F) is in bounded (oo, 1)-derived category of complexes over X, restricting to
perfect complexes:

Dperfect,bounded (MOdX ) (62)
C F,F(F ) s in
-QX ,perfect,bounded " (63)
Cw(F)isin
.QngIsKI (FKI ),perfect,—> (64)

where X is just Q.

Proof. The statements for Crr(F) are [T]. For Cy/(F), over LX e (Tk,) again see [T] the argument
remains unchange as long as one works in the categories of condensed complexes in the current
setting. O

Corollary 2. Cy(.) induces a derived functor from the stable co-category

f# #
IndBanachModuleswperfect’boun ded [ F” IndmonoBanachModules*’]Per foctbounded [LF* (65)

and in the corresponding condensed setting:

mD *perfect,bounded,I, F» (66)
to the stable co-category
.QL"{LKI (FKI ),perfect,— (67)

where X is just Q,. Here * = L[)él (7k,). This also induces the morphism on the K-group spectra
of Ew-rings after applying [BGT] to the corresponding stable (oo, 1)-categories, after [G2], [A2],
[BGT].

Proof. Now we consider the hyper cohomological functor formed from Cy(.) and the complexes
F! in the categories, which produces the corresponding spectral sequence E,’{’[ = E[Cw()|F]
which realizes the derived functor as desired. O
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Conjecture 2. Cy/(.) induces a derived functor from the stable co-category

IndmonoBanachModulesﬂ

#
IndBanachModules . perfectbounded.I.F

+,perfect,bounded, I, F?

9

and in the corresponding condensed setting:

uD *,perfect,bounded, I, F's
to the stable co-category

.QLX

opK} (Tk; ).perfect,bounded’

(68)

(69)

(70)

where X is just Q,. Here * = Ll)g, (7k,). This also induces the morphism on the K-group spectra
of E-rings after applying [BGT] to the corresponding stable (oo, 1)-categories, after [G2], [A2],

[BGT].
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4 Symmetrical Monoidal co-Categories in p-adic Functional Anal-
ysis

4.1 Representation of p-adic Lie groups

The algebra Lo)g , KI(FKI) is some abelian version of the more general algebras as in [ST] and [Z1].
Their integral version will be the algebra taking the following form:

X 1G] (71)

where G is some Lie group over Z, and X* is some local integral model of X, i.e. commutative
p-adic Z,-algebras which can be commutative F,-algebra. We start from X* to be commutative
F,-algebra, then this includes those Z,/p"-algebras. Then by taking the inverse limits along n we
have the p-adic Z,-situation and then by taking p~! we can discuss the Qp-algebra coefficients. It,
the ring X*[[G]], obviously can be highly noncommutative. In the field coefficient situation the
category:

Rlisse,X+,G (72)

is studied in [SS1], [SS2] where monoidal structure has been established. More general setting
is also established in [HM], where the category is promoted to certain complete category in the
condensed mathematics. This is defined to be smooth representation of G over the coefficient in
X*-modules. What is related is the corresponding work in [Sol] where Schneider’s E;-algebra®
style Hecke algebras defined in [Scl] are studied in some well-established context. Again [HM]
generalized the definition of dg Hecke algebras to the relative setting with general coefficients.
One also has the following algebra:

DEZ NN (73)
which is the derived extension of X* with itself as the representation in some trivial manner. This
algebra is actually E|-algebra as in [Sol] when X* is a finite field. Since now the E;-algebraic
consideration is over X* we expect this to be more complicated. What is happening is that this
algebra taking this form might be complicatedly hard to be related to the de Hecke algebra (defined
in the obvious generalized way after [Scl], in [HM]) when the base is not a field, instead the base
is a commutative ring as in [Sol]. Though similar, the relationship might be possibly taking a more
generalized form as we discussed in the following.

4.2 Derived Categories over X
After [SS1], [SS2], [HM] we now consider the derived co-category of:

Rlisse,X+,G- (74)

As in [SS1], [SS2], [HM] we have the generalized monoidal structure by using the tensor prod-
uct over Xt (note here G can be noncommutative but we assume that X* to be commutative).
Therefore we then have the derived co-category associated to this category which we denote it as:

DR]isse,X*,G- (75)

2Also called A,-algebras.
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Theorem 9. (Schneider-Sorensen [SS1] [SS2], Heyer-Mann [HM]) The co-category
DRlisse,X+,G- (76)

is symmetrical monoidal with respect to the tensor products X defined in the same fashion as in
[SS1] and [SS2] over tensor products over X+ of two complexes.

When we have that X is defined over Z,, such that:

s
X+ = @sz/pn, (77)
n

we can then put:

lim DR
H

n

(78)

. STl .
IISSG,XZP /1,11,G

g Xl

e x+ over X +

4.3 Derived Categories over E;-ring D

Here we consider the derived co-category of the ring:

DELN, (79)
As in [Sol] this is actually E;-ring over X', which can also be regarded as come derived Ei-
algebra in the sense of [Sa]. Here we follow [Sol] to assume the compactness of the group G with
further assumptions as in [Sol]. X™ is again a F,-ring which is commutative. This means that we
are assuming that the dg Hecke algebras in [Sc1] and more generally in [HM] are just identical to
the ones from X™* directly since we are just taking the induction from G to G itself. When we have
that X* is defined over Z,, such that:

. =+
X+ = anXZp/pn, (80)
n
we can then put:
Xz onllG
lim pE_ "N (81)
— XZI;/p"’XZp/p"

n

We are going to consider X to be now taking such limit form which is p-adic Z,-algebra. We
then use the notation H to denote the corresponding dg Hecke algera which is defined in [Sc1] and
[HM]. First we take the resolution of X* as the trivial representation, then we just take the derived
homomorphism algebra from X* now with itself. So far the discussion is based on the situation
where the generalization is directly through the corresponding generalization in [Sol], i.e. the ring:
X*[[G]]

DEy, %" (82)
is just a relative version of the ring in [Sol]. [Sol] then makes the contact with the homology E|-
ring for the dg Hecke algebra from [Sc1] in some transparent way. Then the homology E/-ring can
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be directly related to the dg Hecke algebra in [Sc1] and [HM]. However in our general setting this
is not possible since at least [Sa] points out the issue where we need to take the derived homology
instead to reach such similar relationship. Therefore we now change the point of view from the
ring:

X*[[G]]
DE XX - (83)
to the corresponding model in [Sa]:
homomorphism (84)

totalized, X *,X*

which is for instance the derived homology in [Sa]. Here the point of view is that in order to
reach certain homology in some derived sense which preserves the corresponding derived Ej-
categories one has to work with the so-called derived E;-algebras in [Sa]. In such a way [Sol] can
be generalized to the relative setting. First we recall that H is defined by using projective resolution
of X™ (in our case this is the same as the induction from G to G):

projresolution(X+) (85)

which is then defined as the derived homomorphism of this resolution with itself. From [Scl],
[HM] we have functors linking the two co-categories:

DRiisse,x+,G> (80)
and the derived co-category of all the H-E;-modules:
Dy. 87)
We use the following notations to denote the functors:
FpRygex+.c> FDr- (88)

Conjecture 3. (After Sorensen, [Sol, Theorem 1.1]) Promoting H to a derived E;-ring H, we
have the derived co-category of the minimal derived E;-ring

homomorphism (89)
totalized, H,H

admits a functor from or a functor into the derived co-category
DR]isse,X*,G» (90)
through the functors:

FDRlisse,X+,G’ Fpy. (C2Y)

We conjecture all functors here are equivalences of symmetrical monoidal co-categories.
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Remark 11. We combine [Sa, Theorem 1.2] with the direct generalization of [Scl] from [HM].
See construction of [Scl, Theorem 9]. Then we do have the functors involved. However we don’t
know whether all the statements of this conjecture are correct or not.

Remark 12. The goal here eventually will be consider certain Banach Z,-algebra and consider
the corresponding Banach representations. One has to upgrade all the corresponding rings here to
certain condensed setting such as in [HM], i.e. first the representation spaces have to be carrying
the Banach topology, then the dg Hecke algebra will then be certain Banach dg algebra, then the
corresponding derived Ej-ring in [Sa] will also be taken to be the analytification version. For
instance one works over the solid Banach Z,-modules. These consideration will be essentially
certain p-adic local Langlands correspondence consideration after [L1], [C].

Remark 13. Let us make some discussion on the ring

homomorphism. 92)
totalized, Ban,H,H

Recall that this ring is the totalization of the homomorphism group for the bigraded suspension of
H. In the Banach setting we need to take the homomorphisms in the solid Banach Z,-modules,
which indicates that we use the notation Ban.

Then as in [Sol, Theorem 1.1] one can takes one step further to write the explicit formula for
the derived homology for:

homomorphism. 93)
totalized, H,H

The resulting derived E-ring should then be following the definition from [Sa]:

extension. 94)
totalized, H,H

4.4 Deformation of Modules over Derived E;-Rings

Then one can use this to study the corresponding deformation functors in both Hecke algebraic
setting and the corresponding smooth representation setting. Then this means the deformation
happens in the following co-category of Z, p-adic formal algebras with residue F, by maximal
ideals for 7mp:

LargeCoeffz g 1ocal (95)

They have generic fibres as rigid analytic spaces, but we start from the corresponding integral
picture. Recall the standard the deformation functors in the following sense. Deformation functor
for the group G is a functor fibered over:

LargeCoefpr’Fp’local (96)

by taking any ring W to a corresponding oco-groupoid of all the representations over G over .
Deformation functor for the Ej-ring H is a functor fibered over:

LargeCoefpr,Fp,local 97
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by taking any ring ® to a corresponding co-groupoid of all the E{-modules over H with coefficient
in m. Deformation functor for the derived E;-ring H is a functor fibered over:

LargeCoeff; = jocal (98)

by taking any ring m to a corresponding co-groupoid of all the Ej-modules over H with coefficient

in m. Deformation functor for the derived Ej-ring homomorphism is a functor fibered over:
totalized, H, H

LargeCoeffz 7 jocal 99)
by taking any ring m to a corresponding co-groupoid of all the E-modules over

homomorphism (100)
totalized, H,H

with coefficient in m. We use the following notations to denote these co-deformation functors:

Deformg, Deformy, Deformy, Deformpomomorphism- (101)
totalized, H, H

Deformation functor for the group G with respect to some representation r/F), is a functor fibered
over:

LargeCoeffy g jocal (102)

by taking any ring ® to a corresponding co-groupoid of all the representations over G over B such
that the representations have quotients isomorphic to » over m/m. Deformation functor for the
E}-ring H with respect to some module r/H, is a functor fibered over:

LargeCoeffy g jocal (103)

by taking any ring ® to a corresponding co-groupoid of all the Ej-modules over H with coefficient
in m such that the modules are isomorphic to r after we take the quotient with respect to maximal
ideals. Deformation functor for the derived E,-ring H is similar lifting certain modules over Hg, .
We use the following notations to denote these co-deformation functors:

Deformg ., Deformy ., Deformy; ., Deformyqmomorphism,r - (104)
totalized, H, Hl

Conjecture 4. (After Sorensen, [Sol, Theorem 1.1]) We have well-defined morphisms of defor-
mation functors:

Deformg — Deformy — Deformy — Deformpomomorphism- (105)
totalized, H, H

All functors are equivalent in this conjecture.

Conjecture 5. (After Sorensen, [Sol, Theorem 1.1]) We have well-defined morphisms of defor-
mation functors:

Deformg,, — Deformy , — Deformy, — Deformyqmomorphism,r- (106)
totalized, H, H

All functors are equivalent in this conjecture.
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Conjecture 6. (After Sorensen, [Sol, Theorem 1.1]) We have well-defined morphisms of de-
rived deformation functors:

Deformg — Deformy — Deformy — Deformpomomorphisms (107)
totalized, H, H

over the animation:

LargeCoeff

. 1
Zp,Fp,local ( 08)
All functors are equivalent in this conjecture.

Conjecture 7. (After Sorensen, [Sol, Theorem 1.1]) We have well-defined morphisms of de-
rived deformation functors:

Deformg, — Deformy , — Deformy, — Deformyqmomorphism,r (109)
totalized, H, H

over the animation:

LargeCoeff (110)

ZP,IFp,local'

All functors are equivalent in this conjecture.
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5 Witt-Prisms as Generalized Prisms

5.1 W.itt-Prisms for functional field

We start from any v-stack in the work of Scholze in [1S1]. We use a notation K to denote such
stack. We assume that K is over some local field, namely we take the Spd of some local field L.
This local field needs to be specified in different characteristics. In positive characteristic situation,
we assume this takes the form being finite over some F,((#)) for some chosen uniformizer u. In
the p-adic setting, we assume it to be finite over Q,,.

Assumption 1. In this section 5, L is now assumed to be in the function field situation, namely
over F),.

Now for such K we have two different versions of the prismatizations, after [1Tol], [1To2],
[1To3], [1To4], [1S4], [IALBRCS], [1BS], [1D], [1BL]. We in the algebraic setting unveil the
definition from [1BS], [1D], [IBL] in the following for the convenience of the readers. We consider
the following function fields:

Fp[[u]][u"]. (111)

Then we consider the moduli stacks of the Witt-line bundles in the following sense. The underlying
sites will be chosen to be the categories of all

Fpllull (112)

algebras where the element u presents nilpotency. Then by using the valuations from the corre-
sponding Witt vectors, we can consider the corresponding infinite product:

Wi(D):nmi:Dxmxmxmxmxmx... (113)

1

The Witt vector infinite product presentations present the Witt vectors as the corresponding infi-
nite products. Then over any base ring O we consider the moduli of all the line bundles mapping
to these infinite products, such as all such line bundles are generated principally locally through
elements satisfying the following requirements: the first coordinates are nilpotent and the second
coordinates are unital after we map the these elements to the corresponding infinite products. Fur-
thermore when we are constructing the motives for some u-adic formal scheme we then require
the corresponding spectrum of the quotients of Wi(0) through the line bundles to be mapped to the
formal scheme in the construction. For any such generalized prism pair (a line bundle and a Witt
vector deformation under this line bundle) we can then put the structure sheaf

T (114)

of the prestacks as just the ring O before the deformation. Then over 7~ we have further the
corresponding de Rham structure sheaf

T1/ulwi (115)
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for any line bundle Li. The corresponding such pair can be called as the corresponding Witt-prisms,
in a very generlized fashion.
We use the notation:

CondPrismatizationg (116)

to denote the condensation of the prismatization of K over the v-topology. To be more precise for
each perfectoid K; living over K we take the corresponding algebraic prismatization:

AlgPrismatization K (117)
Then we take the analytification from [1CS]:
AlgPrismatizationg. (118)

Then what we do is to change K; in the Grothendieck topology to rich the whole prismatization
overall over K as sheaves of categories:

CondPrismatizationg . (119)

In [1Tol] we also considered the corresponding de Rham stacks and the cristalline ones, where we
allow the untils to be parametrized through the prismatization:

ConddeRhamPrismatizationg,, (120)
CondCeristallinePrismatizationg . (121)

Definition 9. We have the corresponding generalized version after [1BS1], [1F2], [1BL1], [1BL2]:

ConddeRhamPrismatizationg > (122)
CondCristallinePrismatizationg , » (123)
CondPrismatizationg . (124)

Here b is fixed to be the element in both situations as in [1BL1], [1BL2], [1BS1], in the u-adic
setting we have the analog element as well where u-adic cyclotomic character is also defined on
this element. Then we take the corresponding analytification:

ConddeRhamPrismatizationg , 2 o (125)
CondCristallinePrismatizationg ;2 o (126)
CondPrismatizationg 2 o. (127)

Then we can consider the corresponding solid quasicoherent sheaves over the stacks.

Remark 14. Here the solid analytification can be explicified in the following sense. Over some K;
locally we have the stacks can be written as projective limits of the corresponding formal spectrum
of the Witt vector rings, de Rham period sheaves and the cristalline period sheaves. Then the
corresponding condensation and solidified analytification will automatically transform the formal
topology to the topology encoding the Banach norms from the underlying perfectoid rings after
[IKL] and [1KL1].
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Definition 10. Now over any K; as above, we have the corresponding local version of the co-
category of solid quasicoherent sheaves over the stacks above:

SolidModulesconddeRhamPrismatization K;v,2.0 (128)
S OhdMOduleSCondCristallinePrismatization K;v,2,0 ( 1 29)
SolidModulescondprismatization K;v20o (130)

Here before taking the corresponding condensation we have the corresponding only formal topol-
ogy versions:

ModulesconddeRhamPrismatization K2 (131)
ModulescondcristallinePrismatization. . - (132)
Modulescondprismatization Kiv.2® (133)

We remind the readers the internal structure of these definitions as in the following. First recall
that we can have the chance to write the above as lim of certain derived co-categories of prisms. In
the u-adic circumstance we have the parallel definition of generalized prisms, which are defined to
be any form of pairs as in the following in the definition of Cartier divisor for the u-prismatization:

I,WVL(A) (134)

where A is nilpotent for the element «, and we require that the Witt vector ring WV L(A) is complete
in the derived sense with respect to the element « and /. Then we have:

MOdUIeSConddeRhamPrismatizationKl.,v,2 = h£1 Modules;;;, WVL(A)[1/x][b'/2] (135)
LWVL(A) !
MOdUIeSCondCristallinePrismatizationKi,v,z = @ Modules WVL(A)[1/x][b/?] (136)
LWVL(A)
MOduleSCondPrismatizationKi’v’z = lln MOdUlGSWVL(A)[bl/z] . ( 1 37)
LWVL(A)

Theorem 10. In the u-adic setting we have:

MOdUIeSConddeRhamPrismatizationKi,v!2 = lln Moduleslim WVL(A)[1/x][b'/2] (138)
LWVL(A) !
MOdUIeSCondCristallinePrismatizationKi,v,z = lln Modules WVL(A)[1/x][b/2] (139)
LWVL(A)
Modulescondprismatizationy, ., = 1im  Modulesyyz4)512) (140)
LWVL(A)

can be further written as:

ModulesconddeRhamPrismatizationg, ,, = UM Modulesyi, wyrk;)1/x)161/2) (141)
I—WVL(K)) !

MOdUIeSCondCristallinePrismatizationxi,v,z = MOdUIeSWVL(Ki)[l/x][bl/z] (142)

MOdlﬂeSCondPrismatizationKi,v,2 = MOdUIeSWVL(Ki)[bl/Z]- (143)
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Proof. In the u-adic setting and in the perfectoid setting the corresponding Witt vectors ring can be
written as the algebraic tensor product of the p-adic version with the ring O”. Then the last equality
can be derived from the p-adic situation. Then the first two equations can be then derived. O

Remark 15. In the p-adic setting the corresponding construction are based on prisms not the Witt-
prisms in [1BL], [1D]. We then have:

MOduleSConddeRhamPrismatizationKi,V’Z = lln Moduleshm B[1/x][b"/2] (144)
158 —I

MOdUIeSCondCristallinePrismatizationKi,V,Z = MOdUIeSWVL(Ki)[l /x][6'/2] (145)

MOdUIeSCondPrismatizationKl.,v,2 = MOdUIeSWVL(Ki)[blﬂ]- (146)

In the u-adic setting the generalized prisms are basically being regarded as more general since
in the p-adic setting pairs like 7, WV L(A) are actually generalized the corresponding notion of the
prisms, while the latter can be used to construct such pairs. Therefore in the u-adic setting one can
consider such definitions after [1BS], [1BL], [1D].

Theorem 11. In the u-adic setting we have:

MOduleSConddeRhamPrismatizationKl.,v’z = 1(21 Modules]im WVL(A)[1/x][b/2] (147)
LWVL(A) !
MOduleSCondCristallinePrismatizationKl.’v,z = @ Modules WVL(A)[1/x][b"/2] (148)
LWVL(A)
MOduleSCondPrismatizationKi,v,z = lin ModulesWVL(A)[bl/z] (149)
LWVL(A)

can be further written as:

M0du1eSConddeRhamPrismatizationKI.,v,z = lll'l Moduleshm WVL(K;)[1/x][b'/2] (150)
I—WVL(K;) A

M0dUIeSCondCristallinePrismatizationKi,V,Q = MOdUIeSWVL(Ki)[l /x][b/2] (151)

MOdUIeSCondPrismatizationKi,v,2 = MOdUIeSWVL(Ki)[bl /2] (152)

Then obviously we can recover certain perfectoid picture by requiring the projection to component
where I is the one generated by b.
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6 Robba Stacks

Here we consider another stackification after [1KL], [1KL1], [1S1], [1S2], [1S3], [1F1], [1F2],
[1T1]. We consider foundation from [ICSA], [ICSB], [1CS]. Also we consider generalization
following [1BS1], [1BL1], [IBL2]. This also is towards some motivic generalization in the sense
of [1G].

6.1 Perfectoid Witt-Prisms

Now we consider the parametrization in some other foundation, namely the corresponding Robba
stacks. The story goes over some local perfectoid ring K; as above for the general K over L. L can
be of mixed characteristic or equal characteristic. Over such K; as in [1KL], [IKL1], we have the
parametrization space which is just defined as the adic spectrum of the perfect Robba rings defined
with respect to K;, where we do not take the corresponding Frobenius quotient:

Y, := Union;SpecSpa(P; k,, Pj .)- (153)

One then consider the corresponding generalization in [1BS1] and [1F2] to contact with the context
we consider here. Namely we have the following version generalization of the Fargues-Fontaine
stacks (again in two different characteristic situations):

Y2 := Union;SpecSpa(Py ¢, [b'/*], Pk, [b'/2)). (154)
Suppose we use the notation Q to denote the structure sheaves of these spaces:
Oyy.»- (155)
Now over Q we have the corresponding solid quasicoherent sheaves which form co-categories:
QC*"Qy, ,. (156)

Definition 11. One can then define the corresponding de Rham version of the Robba stacks as in
the corresponding prismatization in the following. Locally we consider the completion along all
the untilts #, which goes in the following way again we forget the corresponding underlying stacks:

chi(s:lli?iamQYkiz = @QCSOH‘}QYWQ. (157)
#

Then let K; change in the v-topology we have the following:

QCRham Q.- (158)

Definition 12. One can then define the corresponding de Rham version of the Robba stacks as in
the corresponding prismatization in the following. Locally we consider the completion along all
the untilts #, which goes in the following way again we forget the corresponding underlying stacks:

QC(Si(e):lfi{(lilamQYKi,z = {iLnQCS"thym;\. (159)
#
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Then let K; change in the v-topology we have the following:

QC R ham Q.- (160)

We then have a well-defined functor H which is called generalized de Rhamization:

QCSOlidQYKi,z — ch(élli{%amQY[(,z’ (161)
through the §-completion through all the untilts in the coherent way as in the above.
Remark 16. This definition is considering u-adic de Rham sheaves, though the internal structure

of such sheaves can be simpler the construction is in a uniform framework as in the above.

6.2 Discussion for a lisse chart over SpdL

We now assume that the stack is just a lisse chart £ over SpdL, where we have the geometrized
generalized Gamma s >-modules without the Frobenius actions:

Gamma £2QC*"Qy, . ., (162)
with
Gamma L,chg‘;g‘flamQYW,z. (163)

Theorem 12. Assume we are in the p-adic setting. By projecting to f = b we have the generalized
differential equations attached to finite-locally free sheaves in:

Gamma LQQCS"“dQYSpdm, (164)

which is further assumed to be generalized de Rham in the obvious generalized way. Here we
do not assume the stability and compatibility of the rank throughout the noncompact Stein Robba
stacks and we do not assume the finiteness of the rank when we reach the global sections of the
Stein stacks. Namely for any such sheaf we can find a projective limit system D = l(ian D, to
attach to this sheaf, over which we can have the structure of arithmetic D-modules with the action
from the group Gamma s ».

Proof. We only need to extend the corresponding map from the Robba rings (with respect to some
radius in variable of p") to L,,[[b]] ® L’ (L’ large) into the corresponding situation where we have
b'/2, then the corresponding formation of the corresponding w-th level p-adic differential modules
in [1BA, See and follow the construction around 5.10, the Theorem] can be applied directly in our
setting, then after we have the construction the corresponding project limit will produce the mixed-
parity differential modules. The current morphism here needs the further step of the corresponding
deformation which maps the variables * of the lisse chart to [+°] — 1, which is the difference we
need to consider beyond the point situation here. Then the corresponding construction goes in a
parallel way. There are two related modules attached to the original module over the Robba ring
without Frobenius structure. One is the corresponding differential module as in [IBA] and the
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other one is the corresponding de Rham module (as in the definition of the corresponding functor).
The two modules can be reconctructed from each other by considering the infinite level:

Lol o L, (165)

and by using the invariance of the group L. Then each D,, will be certain preimage (here we need
to invert the element b'/?) of the bundle H,, for some radius f(w) under the map from the Robba
rings in the current setting. This needs to consider the tower:

Ly[[b"]){=*"} o L, (166)
Lya[[6'P{=*"} @ L, (167)
Lyo[[6'P){+*"} @ L, (168)
Lys[[b"PN{+"} ® L, (169)
Lyal[p'*{="} @ L, (170)
Lyis[[b'{+"} ® L, (171)

(172)

Then for any such sheaf we can find a projective limit system D = hm D,, to attach to this sheaf,

over which we can have the structure of arithmetic 9-modules w1th the action from the group
Gamma . O

Remark 17. Also see [1AB]. However we do not have theorems after [1M], [1K], [1A] in such
generality.
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7 Fundamental Comparison on the Stackifications over Small
Arc Stacks

7.1 Small Arc-Stacks via Small v-Stacks

Theorem 13. Assume we are in our general setting by adding the element b'/*>. The de Rham-
Robba stackification and the de Rham-prismatization stackification in our generalized setting by
adding b'1? are equivalent, in both p-adic and z-adic settings, i.e. in the p-adic setting we con-
sider the small v-stacks over SpdQ), and in the z-adic setting we consider the small v-stacks over
SpdF,((¢)), in the v-topology. This applies immediately to rigid analytic varieties.

Proof. This is because in the local setting over the v-site of any small v-stack, what we have will
be the corresponding stacks of all the untilts on the prismatization level. Then by taking the limit
throughout all the de Rham period sheaves for all the untilts in our generalized setting, we reach
the same oco-categories. This construction is then in the local perfectoid setting identical in the both
approaches. O

We can promote this equivalence to the categorical level. One can construct the following functor:

Definition 13. Assume we are in our general setting by adding the element 5'/2. Let S be a small
v-stack, which can be either over SpdQ,, or SpdF,((«)). We use the notation:

deRhamRobbag (173)

to denote the corresponding de Rham-Robba stackification from the FF stacks, in our generalized
setting. And we use the notation

deRhamPrismatizationg (174)

to denote the corresponding de Rham Prismatization stackification, in our generalized setting. And
for ? = deRhamRobbag, deRhamPrismatizationg we use the notation:

SolidQuasiCoh, (175)

to denote the corresponding condensed co-categories of the corresponding solid quasicoherent
sheaves over ?. Then we have a functor:

SOlidQuaSiCOhdeRhamPrismatization s - SOlidQuaSiCOhdeRhamRobbag ( 1 76)

by taking the induced functor from identification of the de Rham functors on the perfectoids.

Theorem 14. Assume we are in our general setting by adding the element b'/?. The functor defined
above:

SOlidQuaSiCOhdeRhamPrismatizationg - SOthuaSiCOhdeRhamRobbas (177)

is well-defined, and an equivalence of symmetrical monoidal co-categories which are stable.
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Proof. Locally over perfectoid spaces the corresponding prismatization is actually the correspond-
ing Witt vector in both p-adic and equal characteristic situations. Then this identification of the
prismatization and the Witt vector rings in fact directly produces the desired equivalence, since
after this identification the construction will be identical completely. O

We then contact Scholze’s notion of small arc stacks in [1S5] [1S6] where local charts will be
simply Banach rings, then we have the following definition:

Definition 14. Assume we are in our general setting by adding the element 5'/2. Let S be a small
arc-stack in [1S5] over Q,, or F((«)). We use the notation:

deRhamRobbag (178)

to denote the corresponding de Rham-Robba stackification from the FF stacks, in our generalized
setting. And we use the notation

deRhamPrismatizationg (179)

to denote the corresponding de Rham Prismatization stackification, in our generalized setting. And
for ? = deRhamRobbag, deRhamPrismatizationg we use the notation:

SolidQuasiCoh, (180)

to denote the corresponding condensed oco-categories of the corresponding solid quasicoherent
sheaves over ?. When we consider the de-Rham Robba stackification we consider the correspond-
ing v-stack associated to S, which is denoted by Stack, (S) after [1S5]. Then we have a functor:

S01idQuaSiCOhdeRhamPrismatization s SOlidQuaSiCOhdeRhamRobbalstackv ) ( 13 1)

by taking the induced functor from identification of the de Rham functors on the perfectoids, i.e.
we set the Banach ring local chart to be perfectoid to reach the objects in the second co-category.

Theorem 15. Assume we are in our general setting by adding the element b'/2. The functor defined
above:

SOlidQuaSiCOhdeRhamPrismatization s ? SOlidQuaSiCOhdeRhamRobbaStackv( s) (182)

is well-defined, as a symmetrical monoidal co-tensor functor.
The following theorem will then be highly nontrivial:

Theorem 16. Assume we are in our general setting by adding the element b'/%. The functor defined
above:

S OlidQu aSiCOhdeRhamPrismatization s > S OlidQuaSiCOhdeRhamRobbaStackv ) ( 18 3)

is fully faithful functor of symmetrical monoidal co-categories which are stable.
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Proof. Here we follow [1S5] [1S6], where we pass the whole functor to the totally disconnected
subspaces in our current nonarchimedean settings. On the both sides they are exactly perfectoid
coverings. Then following [1S5] [1S6] we pass to spaces taking the forms of the adic spectrum
of algebraically closed fields. Then there is nothing to prove then, since both sides have the same
underlying spaces, then the theorem follows. O

Remark 18. However we want to mention that the de Rham Robba stackification can live over
small arc-stacks by using the tiltings of local Banach subspaces, therefore we will have the corre-
sponding de Rham Robba stackification over the small arc-stacks in some functorial way as well.
This can also be achived by taking the perfectoidization of the corresponding de Rham prismatiza-
tion over small arc-stacks directly.

7.2 6-Functor Formalism for Generalized Prismatization

Assumption 2. In this section 7.2, all our considerations on the prismatization, de Rham Robba
stackification and de Rham prismatization are assumed to be the generalized ones, i.e. we consider
the corresponding prismatizations with b'/? added, de Rham Robba stackifications with b'/>-added
and de Rham prismatizations with 5'/? added.

Theorem 17. Assume we are in the situation in assumption 2. SolidQuasiCohgerpamPprismatization,
admits pullback functor and pushforward functor F© and Fg in the 6-functor formalism where * is
varying in the category of all the small arc-stacks or all small v-stacks.

Proof. We follow the method of proof after Scholze in [1S5] by passing to totally disconnected
subspaces from the adic spectrum of corresponding algebraically closed fields. Then one can see
that the corresponding co-category can be regarded as the corresponding generalized Galois repre-
sentations with coefficients over those generalized de Rham period sheaves then the corresponding
result will follow since the 6-functor will be reduced to 6-functors among condensed generalized
Galois representations. But over the such geometrical points the Galois groups are trivial. Then
we are done at least in the current situation where we only consider the pullback and pushforward
functors. O

Definition 15. Assume we are in the situation in assumption 2. Since SolidQuasiCohgerpamprismatization.
are symmetrical monoidal co-categories, the corresponding motivic Galois group exists as the cor-
responding Tannakian groups we will use:

ﬂsOlidQuasiCOhdeRhamPrismatizarion* ( 1 84)
to denote the group in any particular situation over *.

Theorem 18. Assume we are in the situation in assumption 2. SolidQuasiCohgyerpamrobba, @dmits
pullback functor and pushforward functor F° and Fy in the 6-functor formalism where = is varying
in the category of all the small v-stacks.

Proof. We follow the method of proof after Scholze in [1S5] by passing to totally disconnected
subspaces from the adic spectrum of corresponding algebraically closed fields. Then one can see
that the corresponding co-category can be regarded as the corresponding generalized Galois repre-
sentations with coefficients over those generalized de Rham period sheaves then the corresponding
result will follow since the 6-functor will be reduced to 6-functors among condensed generalized
Galois representations with trivial Galois groups. O
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Definition 16. Assume we are in the situation in assumption 2. Since SolidQuasiCohgegrpamrobba.
are symmetrical monoidal co-categories, the corresponding motivic Galois group exists as the cor-
responding Tannakian groups we will use:

ﬂSOIidQuaSiCOhdeRhamRobba* ( 1 85)
to denote the group in any particular situation over .

Theorem 19. Assume we are in the situation in assumption 2. PerfComplexSolidQuasiCohgerpamrobba,
or PerfComplexSolidQuasiCohgernamprismatization, @dmits pullback functor and pushforward func-
tor F© and Fg in the 6-functor formalism where = is varying in the category of all the small v-stacks
(while for the de Rham primatization % can also be the corresponding small arc stacks). Here the
notation means we consider all the perfect complexes in the solid quasicoherent sheaves.

Proof. We follow the method of proof after Scholze in [1S5] by passing to totally disconnected
subspaces from the adic spectrum of corresponding algebraically closed fields. Then one can see
that the corresponding category can be regarded as the corresponding generalized Galois represen-
tations with coefficients over those generalized de Rham period sheaves then the corresponding
result will follow since the 6-functor will be reduced to 6-functors among condensed generalized
Galois representations with trivial Galois groups. Then the corresponding functor will be either we
take the base change over the genearalized de Rham rings with respect to different algebraically
closed fields or we consider the compositions of homomorphisms from the Galois groups. But
over the geometric points these are trivial. O

Remark 19. (Full 6-functor formalism) The !-adjoint pairs in the current context are obviously
those maps in [1S5], [1S6] but the tricky part in the proof is to derived preservation of the corre-
sponding local finiteness theorem for the perfect complexes. However one can easily prove this by
using the corresponding idea presented above following [1S5], [1S6] by consider the correspond-
ing geometric points, which then eventually reduct to modules (with trivial Galois actions) over
the integral generalized de Rham period rings for these geometric points. We use the notation Fg
and F™ to denote the !-adjoint pairs as in [1S5], [1S6].

7.3 Application to Local Langlands

We now follow [1S5], [1S6], [L1], [1FS] to construct some generalized version of the local Lang-
lands correspondence in [1FS] by using the de Rham prismatization we constructed above in the
generalized setting.

Assumption 3. All our considerations below in section 7.3 on the prismatization, de Rham Robba
stackification and de Rham prismatization are assumed to be the generalized ones, i.e. we consider
the corresponding prismatizations with 5!/> added, de Rham Robba stackifications with b'/? added
and de Rham prismatizations with 5'/? added.

Assumption 4. The de Rham prismatizations and de Rham Robba stackifications in the following
are all p-adic.
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Recall the corresponding context in [1FS] we have the corresponding p/z-adic group G(F) with
some local field F, this will provide the corresponding small arc stacks as in [1S5], [1S6]. Since
we have the Tannakian groups defined above, we can tranform a representation of the Tannakian
group into the corresponding category on the other side. This process will define the following
correponding functor.

Theorem 20. Assume we are in the situation of assumption 3. We have well-defined functors which
are well-defined and isomorphisms:

Repre(?) —! (186)
7= ﬂSOlidQuaSiCOhdeRhamPrismatization*’ or ﬂSOthuaSiCOhdeRhamRobba*’ = S01idQuaSiCOhdeRhamPrismatizaﬁon* or
SolidQuasiCOhdeRhamRObba* .

Proof. By Tannakian formalism. O

Corollary 3. Assume we are in the situation of assumption 3. For p-adic representations of the
Langlands dual group with coefficients in Q,, by taking composition with the representation of
the Tannakian group TsolidQuasiCohgernamprismatzation.® @7 7SolidQuasiCohgernamrobpe,s WE €A Up with certain
complexes in SolidQuasiCoh gerhamprismatization, 07 S0lidQuasiCohgernamrobba, -

Now we consider the moduli v-stacks in [1FS], we denote it by Yrs ¢ which is the v-stack of
G-bundles in both the equal characteristic and mixed characteristic situations for some local field
F. We now consider the following following [1FS], [1GL]. We actually relying on [1FS], [1S5],
[1S6] can derive the Hecke operators:

Definition 17. Assume we are in the situation of assumption 3. Consider the map from the Hecke
stack in [1FS] which we denote that as Yiecke 6.1, and consider the map from this to fiber product of
the Cartier stack Ycartier With the corresponding stack Yrs g, and consider the map from this Hecke
stack to the Yrs . Pulling back along the second and push-forward the product with Op will define
the Hecke operator, where O is defined for some representation of the Langlands full-dual group
in the coefficient @p. By result in [1S5], [1S6] we have the construction does not depend on the

choice of the primes, so we can in some equivalent way to derive a corresponding Q,,-complex over

the Hecke stacks with some finite set /. For instance after [1FS] we have @radic complex with £
away from p. Take any motivic sheaf in [1S5], [1S6] with ¢-adic realization which is isomorphic
to this complex®. Then we consider the p-adic realization which provides a corresponding p-adic
complex. Then one can take the base change to the corresponding @a B;Ka[bl/ ?]-period ring to
achieve finally an object in the category we are considering. This gives us desired p-adic complex
over the Hecke stack, then one defines the corresponding morphisms from the Hecke stack for each
finite set as above to Ygs and to Yrsg X Y’. Here Y’ is defined to be the v-stack of all the solid
quasicoherent sheaves over the two de Rham stackifications in our setting, over the Cartier stack
Ycartier and those products of this Cartier stack. This will produce the desired Hecke operators.

3Many things can now be defined over Z after [1S5], [1S6]. First the Satake isomorphism can now be defined over
Z, one then just take the p-adic realization to reach our definition here by taking the base change from Z to Z,, which
provides the desired complex here over the Hecke stack in order to finish the definition of the Hecke operators in our
current setting.
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Theorem 21. Assume we are in the situation of assumption 3. The Hecke operator sends the
complexes to those complexes carrying the action from the products of Tannakian group of the
Cartier stack for F.

Proof. By our definition we have that the corresponding image complexes are those complexes
over the corresponding fiber product of Yrs ¢ with the corresponding classifying stack of the prod-
uct of the Tannakian group as in the statement of this theorem. For instance one can check this
following the idea in [1S5], [1S6] where we consider each totally disconneted subspace taking
the form of the adic spectrum of some algebraically closed field. Over these algebraically closed
geometric points we can see that we end up with purely perfect complexes of modules over:

lim B, [6"/°], (187)

[0

but we do have the corresponding lattices then, which reduces to the correponding @p-situation.
Here the action of Tannakian group for F' will then factors through the action of corresponding
Weil group for F. Then we are in a situation parallel to [1FS] and we only have to consider the
action from the products of the Weil groups. Then the same proof as in [1FS] will derive the result
stated. In fact there is nothing to prove here once one follow the same ideas in [1FS], in particular
the proposition IX.1.1. O

Theorem 22. Assume we are in the situation of assumption 3. One direction of the local Langlands
holds true in this context: from Schur-irreducible objects to the corresponding L-parameters from
the ? in our current context. Here 7 =

ﬂsOlidQuasiCOhdeRhamPrismatizarion* 2 ( 1 88)

or

TrsOlidQuaSiCOhdeRhamRobba* . (189)
* s just the Cartier stack attached to F. Note that all the coefficients on the both sides are p-adic.

Proof. By our construction we do have the mapping to the Bernstein centers in this current set-
ting. Then as in VIII.4.1 and IV.4.1 of [1FS] we can build up the corresponding mapping after
[IVL]. To be more precise for each finite set / we can build up the corresponding symmetri-
cal monoidal co-categories and the Hecke functors as in the above in our current setting, and we
have the corresponding equivariant actions from the Tannakian groups on the Target symmetrical
monoidal co-categories over the moduli v-stack. Then the excursion operators are generated au-
tomatically after [1FS] and [1VL], where all these general abstract formalism will apply in our
setting directly. O

Remark 20. Our consideration might be not a correct generalization for ultimate p-adic local
Langlands correspondence after [C]. As in [EGHI1] our consideration at least (we don’t know
more about this) at this moment covers the p-adic smooth representations of the p-adic reductive
groups, since the Hecke operators rely on Scholze’s motivicalization with realization into p-adic
sheaves over v-stacks. This might be serious thing to genuinely consider our consideration as cor-
rect generalization of Colmez’s work and the context in Colmez’s work. But our consideration does
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provide certain local Langlands correspondence in p-adic coefficients, and note that our consider-
ation goes beyond the pro-étale local systems. However it is less clear to us if the corresponding
p-adic spectral action in such solid quasi-coherent sheaf level will produce the equivalence of the
derived co-categories on the both sides as at least conjectured in [1FS]. This is because we do not
at this moment put more requirement on the motivic categories.

Remark 21. This direction of Langlands correspondence is already many to one, however we want
to mention that one can have a larger package if one changes the motivic Galois groups on the Weil
side. For instance as in [1T] on the Weil side we considered just the Weil groups (and their covering
groups), this means that the Weil groups act as if they act through any full motivic Galois group
related to them (but only through subgroups or quotient groups). This may enlarge the L-packages
and may make the categoricalized functor on the co-categoricalized level fully faithful. However
the correspondence still makes sense.
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8 Motivic p-adic Local Langlands Correspondence in Families

Function fields over finite fields share kind of arithmetical similarity to the local fields with mixed-
characteristics. However due to the complication of positivity of the characteristics, many parallel
obvious analogs of results might be extremely different and difficult. This is a problem for in-
stance in prismatization as in our work in [2T1]. Following [2LH] we give a compactness method
by taking the infinite induction from mixed-characteristic fibers to reach the function field by com-
pactification of the natural numbers. We then study prismatization in families following [2G],
[2BS], [2BL], [2D], [2BL2]. Our construction rely on the corresponding construction in the fol-
lowing sense. For each n one can pick some p-adic field with ramification index expanding, this
process will define all family of the corresponding prismatization, de Rham prismatization and
the corresponding Hodge-Tate prismatization. Then we consider the closure of the co-categories
along the corresponding identification that N = N, One has a correspondence between categories
over some finite ng and categories over oo through the corresponding identification on the ring
level, which is the key idea in the proof of the generalized local Langlands in families in [2LH].
We follow this idea significantly in this paper to reach the definitions of prismatizations at oo, i.e.
a function field. We then have a uniformed strategy on the prismatization. We then apply our
construction to motivic p-adic local Langlands after [1S5], [1S6], [IRS], [1FS].

8.1 Absolute prismatization

Setting 2. We now consider the foundation in [2LH] on the generalized topological ring R, which
is defined in the following. We fix a finite field F, as a universal residue field. Then we fix a family
over N”* (where we add the corresponding infinity as one point to the set N) of local fields:

K1, K>, ....Kw. (190)

Then for each n € N” we just fix some uniformizer 7, € K,. Then we just put 7 to be the uniformizer
for the topological ring R to be defined in the following which evaluates at each n to be t(n) = t,.
Then we just consider:

R=[] ok, (191)
neN?
where we have that:
_1; k
R—l%nR/t R. (192)

Then we have the corresponding ring K by simply inverting all the ,,n € N”. The oo-local field is
then required to be a function field with uniformizer 7., over the field F,,.

Setting 3. As in [2LH] we have the corresponding Witt vector Witt which is a functor from the
category of R-algebras to the category of all the R-algebras which are r-complete.

Definition 18. We now define prisms in our current setting. A prism in families is a pair over N,
which is denoted by (L, A) where L is a Cartier divisor in SpecA such that we have A is derived
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(t, L)-complete and we have that the corresponding requirement that for each n € N we require that
(Ly, Ay,) is a prism in [2BS]. This can be regarded as a corresponding family of prisms in [2BS]
such as if we put:

N = lim{x € N|x < i}. (193)

Then we can restrict the whole family of prisms in our current definition to each subspaces in this
limit. Note that here 7 is in our notation is just |N. We use the notation:

Prismyy (194)

to denote all the prisms fibered over N, then we take the fiber product along N < N” to reach the
definition of the prisms over N”* in particular we have the definition of the prisms at the co. We use
the notation:

Prismyy (195)

to denote the category of all the prisms over N*. Here we consider first the following category by
taking the quotient by some power of ¢:

Prismy g/sa (196)
By the identification consider in [2LH] we can take some ng € N and set the corresponding
Prismyy(co) (197)
to be just:
PrismN,oK”O i8, (198)

which produces the corresponding mod ¢ category of all the prisms:

Prismyg/a (199)
and then we define:
Prismy = @ Prismyg/sa. (200)

a

Definition 19. We now define the corresponding Cartier stack which is the version of preprismati-
zation in our setting. Consider first the Witt vector functor Witt fibered over the following category
of all the ¢-nilpotent rings over R in a family over N”:

RingNiLN/\,t’R . (20 1 )
Then consider another functor in the following sense which is called the Cartier stack in our setting:
Cartier, (202)

which parametrize over each X € Ringy; .z the corresponding generalized Cartier ideal (L, f)
mapping under f to Witt(X).
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Definition 20. We now define the corresponding Cartier-Witt stack which is the version of prisma-
tization in our setting. Consider first the Witt vector functor Witt fibered over the following cate-
gory of all the 7-nilpotent rings over R in a family over N”:

RingNiLN/\,t’R. (203)

Then consider another functor in the following sense which is called the Cartier-Witt stack in our
setting:

Cartieryy, (204)

which parametrize over each X € Ringy; 1, ¢ the corresponding generalized Cartier ideal (L, f)
mapping under f to Witt(X). We then furthermore require that the image of (L, f) is principle
generated by element which evaluates to a distinguished element for each n € N”, as in the usual
situation in [2BL]. As in [2BL] we put the structure sheaf # as for each X we set the section over
(L, f) with f : L — Witt(X) to be just X itself. We also consider the prismatization with filtration
as in the usual situation, to do this we first set the notation Cartiery nri for the prismatization
carrying the corresponding Nygaard filtration. We define this to be first the prismatization fibered
over N. Then we have the morphism:

Cartiery npiy — Cartieryy, (205)

fibered over N, by projection to the families over N. Then we take the fibered product from
Cartiery |y to Cartiery to reach the full stack: Cartiery Ng fibered over N”.

Proposition 1. We have a natural isomorphism between the following two formal stacks. The first
one is the Cartier-Witt stack defined over the N* The second one is the compactification along
N < N” of the Cartier-Witt stack over N after the restriction for instance. This means that we
quotient out some r“ and set the section of the stack at co to be the section over some point 7', then
take the inverse limit over a.

Proof. In fact we only have to consider what happens when we evaluate both stacks at co. In
such a situation the first stack goes to be exactly the definition we have for the function field.
Then for the corresponding compactification onto N, along the lifting of the ramification degrees,
the corresponding distinguished element participate into the Witt wector to define each finite n
prismatization will eventual give rise to the need distinguished element as at co. This finishes the
proof. O

Remark 22. By restricting to N of our prismatization from N* we have the following equivalence
on the derived co-categories of complexes:

Dergy, — proj lim D_er(,, 0)(A) (206)
(L,A)

where (L, A) varies in the set of all the prisms in our setting. Der means the completion in the
derived sense with respect to t and L over the complexes on the right of this equivalence.
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Definition 21. Now here we restrict to the space N is because that we have no relationship like this
at the oo since that is a function field. But we can then take the corresponding compactification in
the following sense. We call the above equivalence open prismatization equivalence opey:

Derg, — proj lim Dery, (A). (207)
(L,A)

Then we define the following compact prismaization equivalence cpe:

Derg — proj lim D_er(,,L)(A). (208)
(L.4)

Here the right hand side is the co-category which is the fiber product of Derg and proj lim; 4, D_er(L 1)(A)
along the map to the restriction over N.

Definition 22. This also has a filtered version from Nygaard filtraion. Now here we restrict to the
space N is because that we have no relationship like this at the oo since that is a function field.
But we can then take the corresponding compactification in the following sense. We call the above
equivalence open prismatization equivalence opey:

Derg,, — proj lim Der( 1)(A). (209)
(L, ANFil)

Then we define the following compact prismaization equivalence cpe:

Deryq — proj lim ﬁ(,’ 0)(A). (210)
(L,ANFil)

Here the right hand side is the co-category which is the fiber product of Derg and proj lim; 4, ﬁ(a 0)(A)
along the map to the restriction over N.

Proposition 2. The fiber product resulted isomorphism:

Dery — proj lim ﬁ(,’ 0)(A), (211)
(L,A)

is the same as the N < N” compactification of the restriction over N of this isomorphism.

Proof. This is because we have that the category Der# has the exactly the same behavior, though
it can be defined directly using the Witt vector in [2LH]. O

8.2 Prismatization for R-formal schemes

Setting 4. We now consider a R-formal ring which is 7-adic complete, which is denoted by H. We
assume that H is fibered over N”.

Definition 23. We now define the corresponding Cartier stack which is the version of preprismati-
zation in our setting. Consider first the Witt vector functor Witt fibered over the following category
of all the ¢-nilpotent rings over R in a family over N”:

Ringy;1n z- (212)
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Then consider another functor in the following sense which is called the Cartier stack in our setting:
Cartiery, (213)

which parametrize over each X € Ringy; yn, z the corresponding generalized Cartier ideal (L, f)
mapping under f to Witt(X). We then require further that there is open immersion from SpecWitt(X)/L.

Definition 24. We now define the corresponding Cartier-Witt stack which is the version of prisma-
tization in our setting. Consider first the Witt vector functor Witt fibered over the following cate-
gory of all the 7-nilpotent rings over R in a family over N”:

Ringy;i i 1,z (214)

Then consider another functor in the following sense which is called the Cartier-Witt stack in our
setting:

Cartiery g, (215)

which parametrize over each X € Ringyy g the corresponding generalized Cartier ideal (L, f)
mapping under f to Witt(X). We then furthermore require that the image of (L, f) is principle
generated by element which evaluates to a distinguished element for each n € N”, as in the usual
situation in [2BL]. As in [2BL] we put the structure sheaf ¥ as for each X we set the section
over (L, f) with f : L — Witt(X) to be just X itself. We then require further that there is open
immersion from SpecWitt(X)/L. We also consider the prismatization with filtration as in the usual
situation, to do this we first set the notation Cartiery yNrii for the prismatization carrying the
corresponding Nygaard filtration. We define this to be first the prismatization fibered over N. Then
we have the morphism:

Car tierw, HNFil — Cartierw, H> (216)

fibered over N, by projection to the families over N. Then we take the fibered product from
Cartiery, g to Cartiery, g to reach the full stack: Cartiery, y npy fibered over N,

Remark 23. By restricting to N of our prismatization from N* we have the following equivalence
on the derived co-categories of complexes:

Dergy, — proj lim Der(, 1 )(A) 217)
(L,A)/H

where (L, A) varies in the set of all the prisms in our setting, over H. Der means the completion in
the derived sense with respect to ¢ and L over the complexes on the right of this equivalence.

Definition 25. Now here we restrict to the space N is because that we have no relationship like this
at the oo since that is a function field. But we can then take the corresponding compactification in
the following sense. We call the above equivalence open prismatization equivalence opey:

Derg,, — proj lim Der(; 1)(A). (218)
(L,A)/H
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Then we define the following compact prismaization equivalence cpe:

Derg — proj lim ﬁ(,’ 0)(A). (219)
(L,A)/H

Here the right hand side is the co-category which is the fiber product of Derg and proj lim; 4, D_er(,, 0)(A)
along the map to the restriction over N.

Theorem 23. The definitions above for Cartier, and Cartiery . for * a R formal ring t-adic fibered
over N" admit descent over R formal scheme S t-adic fibered over N™.

Proof. We reduce to [2BL]. O

Remark 24. By restricting to N of our prismatization from N* we have the following equivalence
on the derived co-categories of complexes:

Dergy, — proj lim Der(, 1(A) (220)
(L,A)/S

where (L, A) varies in the set of all the prisms in our setting, over H. Der means the completion in
the derived sense with respect to # and L over the complexes on the right of this equivalence.

Definition 26. Now here we restrict to the space N is because that we have no relationship like this
at the oo since that is a function field. But we can then take the corresponding compactification in
the following sense. We call the above equivalence open prismatization equivalence opey:

Dergy, — proj lim Der(, 1)(A). (221)
(L,A)/S

Then we define the following compact prismaization equivalence cpe:

Derg — proj lim Dery, 1,(A). (222)
(L,A)/S

Here the right hand side is the co-category which is the fiber product of Derg and proj lim;, 4 ﬁ(n 0)(A)
along the map to the restriction over N.

Definition 27. We have the definition in the Nygaard filtered situation. Now here we restrict to
the space N is because that we have no relationship like this at the oo since that is a function field.
But we can then take the corresponding compactification in the following sense. We call the above
equivalence open prismatization equivalence opey:

Derg,, — projlim Der,1)(A). (223)
(L,ANFil)/S

Then we define the following compact prismaization equivalence cpe:

Derg — projlim Der(, 1)(A). (224)
(L,ANFil)/S

Here the right hand side is the co-category which is the fiber product of Derg and proj lim; 4, D_er(t, 1)(A)
along the map to the restriction over N.
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Proposition 3. We have a natural isomorphism between the following two formal stacks. The first
one is the Cartier-Witt stack defined over the N* The second one is the compactification along
N < N” of the Cartier-Witt stack over N after the restriction for instance.

Proof. In fact we only have to consider what happens when we evaluate both stacks at co. In
such a situation the first stack goes to be exactly the definition we have for the function field.
Then for the corresponding compactification onto N”', along the lifting of the ramification degrees,
the corresponding distinguished element participate into the Witt wector to define each finite n
prismatization will eventual give rise to the need distinguished element as at co. This finishes the
proof. O

8.3 Absolute de Rham prismatization in families

By restricting to N of our prismatization from N”* we have the following equivalence on the derived
oco-categories of complexes:

Derg, — proj lim Der(, 1(A) (225)
(L.A)
where (L, A) varies in the set of all the prisms in our setting. Der means the completion in the

derived sense with respect to ¢ and L over the complexes on the right of this equivalence. Under
this equivalence we define the corresponding de Rham prismatization to be the prismatization over

N associated with proj lim; 4 ﬁ(,, (A[1/t] ).

Definition 28. Now here we restrict to the space N is because that we have no relationship like this
at the oo since that is a function field. But we can then take the corresponding compactification in
the following sense. We call the above open de Rham prismatization odrpy:

—L

proj lim Der, 1)(A[1/t]"). (226)
(L.A)

Then we define the following compact de Rham prismaization cdrp:

— L

proj lim Der, 1)(A[1/t]"). (227)
(L.A)

_—  ——L
Here the write hand side is the co-category which is the fiber product of N and proj lim;, 4y Der(, 1) (A[1/1] )
along the map to the restriction over N. This compactification means the process defined in the

following. First consider the corresponding functors away from the infinity:

~ — —  ——L
Dergy,, — projlim Der(; 1)(A) — projlim Der(, 1)(A[1/¢] ) (228)
(L.A) (L.A)

Then we just take the corresponding fiber product along this map from Derg}, to the full stack over
N*,
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Definition 29. We have the Nygaard filtered version. Now here we restrict to the space N is
because that we have no relationship like this at the oo since that is a function field. But we can
then take the corresponding compactification in the following sense. We call the above open de
Rham prismatization odrpy:

—L

proj lim Der(, 1, (A[1/t] ). (229)
(L,ANFil)

Then we define the following compact de Rham prismaization cdrp:

—FL

proj lim Der, 1)(A[1/1] ). (230)
(L,ANFil)

— —L
Here the write hand side is the co-category which is the fiber product of N and proj lim, 4) Der(, 1) (A[1/1] )
along the map to the restriction over N. This compactification means the process defined in the
following. First consider the corresponding functors away from the infinity:

~ S - — L
Derg,, — projlim Der(, 1)(A) — proj lim Der(, ; nriny(A[1/] ) (231)
(L,ANFil) (L,ANFil)

Then we just take the corresponding fiber product along this map from Derg}, to the full stack over
N*,

Proposition 4. This definition is equivalent to the following definition over N*. For each k, We
consider the Cartier-Witt Stack over R then we consider those ideals vanishes through the projec-
tion Witt(O) — O after taking the power k. Then we consider the project limit over k.

Proof. This is obviously true away from oo by taking the corresponding restriction to each finite
n € N. Then we have the result since for some ng the construction on the Witt vectors mode some
power ¢ will establish some identification of Witt vectors from ng to co along our construction
above. O

8.4 de Rham Prismatization for R-formal schemes

Setting 5. We now consider a R-formal ring which is 7-adic complete, which is denoted by H. We
assume that H is fibered over N*.

By restricting to N of our prismatization from N” we have the following equivalence on the
derived co-categories of complexes:

Dergy, N proj lim ﬁ(,, 0)(A) (232)
(L,A)/JH

where (L, A)/H varies in the set of all the prisms in our setting. Der means the completion in the
derived sense with respect to ¢ and L over the complexes on the right of this equivalence. Under
this equivalence we define the corresponding de Rham prismatization to be the prismatization over

— — L
N associated with proj lim;,_4) Der(, )(A[1/1] ).
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Definition 30. Now here we restrict to the space N is because that we have no relationship like this
at the oo since that is a function field. But we can then take the corresponding compactification in
the following sense. We call the above open de Rham prismatization odrpy:

- ——L
proj lim Der, ) (A[1/t] ). (233)
(L,A)/JH

Then we define the following compact de Rham prismaization cdrp:

- — 1
proj lim Der(, 1) (A[1/1] ). (234)
(L,A)/JH

Here the right hand side is the co-category which is the fiber product of N* and proj lim; 4)/5 D_er(t, L)(mL)
along the map to the restriction over N. One then glues over S by reducing to [2BL]. This com-
pactification means the process defined in the following. First consider the corresponding functors

away from the infinity:

—F—L

Dergy, — proj lim ﬁ(,,L)(A) — proj lim ﬁ(,,L)(A[I /t] ) (235)
(L.A)/H (L,A)/H

Then we just take the corresponding fiber product along this map from Derg, to the full stack over
NA.

Definition 31. When we have the Nygaard filtration we can define the following by setting all
objects to carry such filtrations. Now here we restrict to the space N is because that we have no
relationship like this at the oo since that is a function field. But we can then take the corresponding
compactification in the following sense. We call the above open de Rham prismatization odrpy:

— L

projlim Der, 1) (A[1/t]). (236)
(L,ANFil)/H

Then we define the following compact de Rham prismaization cdrp:

- ——
projlim Derq 1)(A[1/t] ). (237)
(L,ANFil)/H

Here the right hand side is the co-category which is the fiber product of N and proj lim; 4y %(,, 0)(A[1/ t]L)
along the map to the restriction over N. One then glues over S by reducing to [2BL]. This com-
pactification means the process defined in the following. First consider the corresponding functors

away from the infinity:

~ — - ——L
Derg),, — projlim Der)(A) — projlim Derqz)(A[1/t] ) (238)
(L,ANFil)/H (L, ANFil)/H

Then we just take the corresponding fiber product along this map from Derg}, to the full stack over
\ A
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Remark 25. The strategy which is sort of indirect here we use here for constructing the de Rham
prismatization over the whole space N is kind of compact method. The idea is sort of infinite
induction by taking the compactification of the construction along the compactification:

N — N*. (239)

This is non-trivial in many situation, where the above discussion on the function field prismatiza-
tion and finding direct relationship with function field prisms is a very typical example, where we
can reach some results on the co function field at the co by taking limit of results over the compact-
ification, especially when the function field objects are hard to study. Even if they are not hard to
study this strategy can provide many direct convience for the constructions for function fields by
using the results in mixed-characteristic situations.

8.5 Absolute Hodge-Tate prismatization in families

By restricting to N of our prismatization from N”* we have the following equivalence on the derived
oco-categories of complexes:

Dergy, — proj lim Der(, 1 (A) (240)
(L,A)

where (L, A) varies in the set of all the prisms in our setting. Der means the completion in the
derived sense with respect to ¢ and L over the complexes on the right of this equivalence. Under
this equivalence we define the corresponding de Rham prismatization to be the prismatization over

- ——1L
N associated with proj lim;_4) Der(; 1)(A[1/7] ). Then we take the corresponding first degree in the
graded of the de Rham completion in the definition, which we call them Hodge-Tate prismatization
in family over N.

Definition 32. Now here we restrict to the space N is because that we have no relationship like this
at the oo since that is a function field. But we can then take the corresponding compactification in
the following sense. We call the above open de Rham prismatization odrpy:

- ——L
proj lim Der( 1) (A[1/1] ). (241)
(L,4)

Then we define the following compact de Rham prismaization cdrp:

proj lim Der( 1 (A[1/1] ). (242)
(L.A)
Here the write hand side is the co-category which is the fiber product of N and proj lim; 4 ﬁ(n L)(mL
along the map to the restriction over N. Then we take the corresponding first degree in the graded
of the de Rham completion in the definition, which we call them Hodge-Tate prismatization in
family over N, This is equivalent to the following definition: one can define this by first con-
sider the subspace N where one can take the product throughout the whole N from the Hodge-Tate

prismatization in the usual situation for each n € N, then take the fiber product along the following
functors:

)

~ - _ JE—— - -
Derg,, — projlim Der(, ,(A) — projlim Der(, 1)(A[1/t] ) — projlim Der( ) (A[1/t]/L). (243)
(L,A) (L,A) (L,A)
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Proposition 5. One can equivalently define the corresponding following Hodge-Tate prismatiza-
tion in the following different way, i.e. just consider those substacks of Cartiery parametrizing
those Cartier-Witt ideals which are Hodge-Tate ones over N* as in [2BL]. That is to say those
ideals in the kernel of the map Witt(.) — . in our current setting over N,

Proof. The reason for this to be true is that this is just the underlying stackification for the cor-
responding Hodge-Tate quasi-coherent complexes over the Hodge-Tate stacks in our setting. Our
definition makes the set of ideals implicit. Since the such stack will be limit of the one from N
where we do have the corresponding equivalence, then we are done for the same limiting pro-
cess. ]

8.6 Hodge-Tate Prismatization for R-formal schemes

Setting 6. We now consider a R-formal ring which is #-adic complete, which is denoted by H. We
assume that H is fibered over N”',

By restricting to N of our prismatization from N we have the following equivalence on the
derived co-categories of complexes:

Dergy, — proj lim Der(, 1(A) (244)
(L,A)/H

where (L, A)/H varies in the set of all the prisms in our setting. Der means the completion in the
derived sense with respect to ¢ and L over the complexes on the right of this equivalence. Under
this equivalence we define the corresponding de Rham prismatization to be the prismatization over

—  ——1

N associated with projlim; 4 Der, 1)(A[1/¢] ). Then we take the graded pieces and take the first
degree one to define Hodge-Tate prismatization fibered over N*. Note that we have the following
functors by base change:

DS

~ R _ I _
Derg,, — projlim Der(;,1)(A) — projlim Der(, 1)(A[1/t] ) — projlim Der(, ) (A[1/t]/L). (245)
(L,A)/JH (L,A)/H (L,A)/JH

Definition 33. Now here we restrict to the space N is because that we have no relationship like this
at the oo since that is a function field. But we can then take the corresponding compactification in
the following sense. We call the above open de Rham prismatization odrpy:

- ——1L
proj lim Der( 1)(A[1/t] ). (246)
(L,A)/H

Then we define the following compact de Rham prismaization cdrp:

- ——L
proj lim Der(, ) (A[1/t] ). (247)
(L,A)/JH

—  —L
Here the right hand side is the co-category which is the fiber product of N* and proj lim;, 4y, Der,0)(A[1/1] )
along the map to the restriction over N. One then glues over S by reducing to [2BL]. Then we take

the graded pieces and take the first degree one to define Hodge-Tate prismatization fibered over N,
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This is equivalent to the following definition: one can define this by first consider the subspace N
where one can take the product throughout the whole N from the Hodge-Tate prismatization in the
usual situation for each n € N, then take the fiber product along the following functors:

I

- _ - — _
Derg},, — projlim Der( 1)(A) — proj lim Der(, 1)(A[1/t] ) — projlim Der ;)(A[1/t]/L). (248)
(L,A)/JH (L,A)/H (L,A)/JH

8.7 p-adic Motives in families and 6-functor formalism

In this section we consider the motivic point of view after [2G] and [2A]. The goal is to first

consider the motives in our setting over families and then apply to the B;KNA -cohomology theory

dated back to [2F] and the motivic theories for function fields under the foundation we are consid-
ering. Followig [2A] we will consider for each n € N a corresponding p-adic motivic theory and
the corresponding Weil sheaves of any ¢-adic formal schemes Y over R = [[ R;:

(MotiveTheory,, WeilSheaves, ) ayoub, &, (249)

corresponding to the following three prismatizations:

1 Prismatization for each n, which is a motivic theory in the sense of [2A];
2 de Rham prismatization for each n, which is a motivic theory in the sense of [2A];
3 Hodge-Tate prismatization for each n, which is a motivic theory in the sense of [2A];

4 Other type prismatizaton such as crystalline ones, Laurent ones and so on...

[4A] Dergy, > proj lim; 4 D_er(,,L)(A) — projlim; D_er(,,L)(m/T]t) through com-
pactification at oo;

[4B] Derg, — proj lim; 4 Der(,1)(A) — proj lim; 4 Der(, 1)(A[1/t]) through com-
pactification at oo;

[4C] ...
5 Prismatization carrying filtration such as Nygaard filtrations.

Definition 34. (Motivic Prismatization in Families) In our setting we consider the following mo-
tivic theory in families over K by taking the product:

| |MotiveTheory,, WeilSheaves,)ayoun.r,. v (250)
neN

Then we consider the corresponding compactifiction along the corresponding compactification of
the Cartier-Witt stacks in families to get:

H (MotiveTheory,, WeilSheaves,) ayoub,r,, - (251)
neN

This is a motivic theory over R in the sense of [2A]. We use the notation:

Hopf (252)

[1,;en(MotiveTheory,,,WeilSheaves,,) ayoub, Ry, ¥
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to denote the corresponding Hopf algebra sheaf over Y for this motivic theory over R in families.
Then we define the motivic Galois group sheaf to be the spectrum of this big Hopf algebra sheaf:

Gal := Spec(Hopf

[T, en(MotiveTheory,,,WeilSheaves,,) ayoub, Ry, ¥

(253)

[T,,ene(MotiveTheory,,, WeilSheaves,,) ayoub, R, ¥

Definition 35. (Motivic de Rham Prismatization in Families) In our setting we consider the fol-
lowing motivic theory in families over K by taking the product:

l_[(dRMotiveTheoryn, dRWeilSheaves,,) ayoub,r,., (254)
neN

Then we consider the corresponding compactifiction along the corresponding compactification of
the Cartier-Witt stacks in families to get:

l_[(dRMotiveTheoryn, dRWeilSheaves,, ) ayoub,R,.,¥ - (255)
neN

This is a motivic theory over R in the sense of [2A]. We use the notation:

Hopf (256)

[T, ex(dRMotiveTheory, ,dRWeilSheaves,,) ayoub, R, ¥
to denote the corresponding Hopf algebra sheaf for this motivic theory over R in families. Then
we define the motivic Galois group sheaf to be the spectrum of this big Hopf algebra sheaf:

Gal := Spec(Hopf I

nen(dRMotiveTheory,,,dRWeilSheaves;, ) ayoub, R;,, ¥ ) :
(257)

[1,,enn(dRMotiveTheory,,,dRWeilSheaves;; ) ayoub, R, ¥

Definition 36. (Motivic Hodge-Tate Prismatization in Families) In our setting we consider the
following motivic theory in families over K by taking the product:

H(HTMotiveTheoryn, HTWeilSheaves,,) ayoub, R, (258)
neN

Then we consider the corresponding compactifiction along the corresponding compactification of
the Cartier-Witt stacks in families to get:

rl (HTMotiveTheory,, HTWeilSheaves,,) ayoub, g, 7 - (259)
neN

This is a motivic theory over R in the sense of [2A]. We use the notation:

Hopf (260)

[T, enn(HTMotiveTheory,,HT WeilSheaves,, ) ayoub, Ry, ¥
to denote the corresponding Hopf algebra sheaf for this motivic theory over R in families. Then
we define the motivic Galois group sheaf to be the spectrum of this big Hopf algebra sheaf:

Gal := Spec(Hopf

[1,,enn(HTMotiveTheory, , HT WeilSheaves,, ) ayoub, R, ¥ ) :
261)

[T, en(HTMotiveTheory, ,HT WeilSheaves,, ) ayoub, Ry, 7
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Theorem 24. Let X be a v-stack over SpdR in family over N*. Then the corresponding BET NA™

cohomology theory and the corresponding B:;R wn-cohomology theory are motivic theory in the
sense of [2A].

Proof. Over the v-site of X, we apply the constructions above, which implies consequence directly
away from oo, then our construction will then imply the result through the whole family by taking
the compactification. O

Theorem 25. Let X be a v-stack over SpdR in family over N*. Then the corresponding B;IT NA™

cohomology theory and the corresponding By \.-cohomology theory are motivic theory in the
sense of [2A]. We have th 6-functor formalism in this motivic setting over families.

Proof. Over the v-site of X, we apply the constructions above, which implies consequence directly
away from oo, then our construction will then imply the result through the whole family by taking
the compactification. Then the 6-functor formalism reduces to formal schemes (locally we then
reduce the v-topology to arc topology after [1S5], [1S6]), then reduces to schemes. *-adjoint pairs
are the obvious ones, and !-adjoint pairs are those !-able morphisms for schemes, for instance
one consider the inductive coherent sheaves in [GRI], [GRII] where a full 6-functor formalism is
established. Then foundation from [2A] will apply in this setting. O

8.8 Application to motivic p-adic Local Langlands in families

We now follow [1S5], [1S6], [L1], [1FS], [2LH] to construct some generalized version of the local
Langlands correspondence in [1FS] by using the motivic construction we constructed above in the
generalized setting. Recall the corresponding context in [2LH] we have the corresponding p/z-
adic group G(K) for our ring in family K, this will provide the corresponding small arc stacks as
in [1S5], [1S6]. Since we have the motivic groups defined above, we can tranform a representation
of the motivic group into the corresponding category on the other side. This process will define
the following correponding functor.

Theorem 26. We have well-defined functor which is well-defined isomorphism:
Repre(?) —! (262)

?=Gal !'= [],en(dRMotiveTheory,, dRWeilSheaves, ) ayoub,r,.,7-

[1,,env(dRMotiveTheory,, ,dRWeilSheaves,, ) ayoub, Ry, v’
Proof. By motivic Hopf formalism in [2A]. O

Now we consider the moduli v-stacks in [2LH], we denote it by Ygs g g Which is the v-stack of
G-bundles for our family version local ring K and R. We now consider the following following
[1FS], [1GL]. We actually relying on [1FS], [1S5], [1S6] can derive the Hecke operators:

Definition 37. Consider the map from the Hecke stack in [2LH] which we denote that as Yyecke,G.r 1
and consider the map from this to fiber product of the Cartier stack Ycqriier, g With the corresponding
stack Yrs g.r, and consider the map from this Hecke stack to the Ygs g r. Pulling back along the
second and push-forward the product with Op will define the Hecke operator, where O is defined
for some representation of the Langlands full-dual group in the coefficient R = [ R,,. By result in
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[1S5], [1S6] we have the construction does not depend on the choice of the primes, so we can in
some equivalent way to derive a corresponding R-complex over the Hecke stacks with some finite
set I. For instance after [1FS] we have Q¢-adic complex with £ away from p. Take any motivic
sheaf in [1S5], [1S6] with ¢-adic realization which is isomorphic to this complex, i.e. we can al-
ways work with Z-algebra coefficients. Then we consider the p-adic realization which provides a
corresponding p-adic complex. So in such a way we can first find a [ [,y R,-complex over the
Hecke stack by considering each fiber over n € N, then we can base change to R to reach the func-
tion field at co. Then one can take the base change to the corresponding &na BgR’NA,a—period ring
to achieve finally an object in the category we are considering. This gives us desired p-adic com-
plex over the Hecke stack, then one defines the corresponding morphisms from the Hecke stack for
each finite set as above to Yrs g g and to Yrsg.r X Y’. Here Y’ is defined to be the v-stack of all the
solid quasicoherent sheaves over the de Rham stackifications in our family motivic setting, over
the Cartier stack Ycartier. g and those products of this Cartier stack. This will produce the desired
Hecke operators.

Theorem 27. The Hecke operator sends the complexes to those complexes carrying the action from
the products of motivic Galois group (in the de Rham setting) of the Cartier stack for K fibered
over N\,

Proof. By our definition we have that the corresponding image complexes are those complexes
over the corresponding fiber product of Ygs g r with the corresponding classifying stack of the
product of the motivic Galois group as in the statement of this theorem. For instance one can
check this following the idea in [1S5], [1S6] where we consider each totally disconneted subspace
taking the form of the adic spectrum of some algebraically closed field. Over these algebraically
closed geometric points we can see that we end up with purely perfect complexes of modules over:

lim B}, (263)

SN B R NA e
04

but we do have the corresponding lattices then, which reduces to the correponding K := [],, EA—

situation. Here the action of motivic de Rham Galois group for K will then factors through the
action of corresponding Weil group for K. Then we are in a situation parallel to [2LH] and we
only have to consider the action from the products of the Weil groups. Then the same proof as in
[1FS], [2LH] will derive the result stated. In fact there is nothing to prove here once one follows
the same ideas in [2LH], in particular the proposition IX.1.1 in [1FS]. Note that here by [1S5],
[1S6] for each n € N** we can take the base change from Z to R, of the corresponding complexes
on the smooth representation side. O

Definition 38. For quasi-split groups, fixing some 7-adic character of the a chosen parabolic with
the chosen unipotent radical, taking the induction from this radical of the character, one has the
t-adic Whittaker sheaf Whittaker, which can be regarded as a sheaf over the stack of L-parameter
over the motivic Galois group in our current setting. Then we have from this theorem, as in
[1FS] the t-adic spectral action from the perfect complexes over the stack of L-parameter* of our
motivic Galois group (discrete algebraic group scheme) to the corresponding derived co-category
of the de Rham prismatized motivic sheaves over Yrs g g. We denote this as the corresponding

“4This stack is well-defined as in [1FS], where construction for any discrete group works.
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SActionwpjiaker- We then use the notation DSActionwhigaker to denote the derived oco-categorical
action induced as in [HJ]. As in [HJ], we call the derived co-category of motivic sheaves in our
setting in family:

Repre(Gal (264)

[1,;en(dRMotiveTheory,,,dRWeilSheaves,, ) ayoub, Rn.Yes.G.R

an co-module over DSActionwniaker, in the higher categorical sense.

Theorem 28. The t-adic motivic spectral action in our setting is well-defined. As in [HJ], we call
the derived co-category of motivic sheaves in our setting in family:

Repre(Gal (265)

[1,,erv(dRMotiveTheory,,,dRWeilSheaves;, ) ayoub, R 1 YES.G. R

an oo-module over DSActionwhigaker, i1 the higher categorical sense. This is also well-defined.

Theorem 29. One direction of the local Langlands in families holds true in this context: from
Schur-irreducible objects to the corresponding L-parameters from the ? in our current context.
Here ? is the motivic de Rham Galois group in familes in our setting over N*. Note that all the
coefficients on the both sides are t-adic. Each t,,n € N — co comes from certain p-adic local
fields, with p-fixed.

Proof. By our construction we do have the mapping to the Bernstein centers in this current setting.
Then as in VIIL.4.1 and IV.4.1 of [1FS] we can build up the corresponding mapping after [1VL].
To be more precise for each finite set / we can build up the corresponding symmetrical monoidal
oo-categories and the Hecke functors as in the above in our current setting, and we have the corre-
sponding equivariant actions from the motivic Galois groups on the target symmetrical monoidal
oo-categories over the moduli v-stack. Then the excursion operators are generated automatically
after [1FS] and [1 VL], where all these general abstract formalism will apply in our setting directly.
This directly generalize the work [2LH] as well. One follows the proof of VIII 4.1 in [1FS] to
derive the desired mapping in our current situation, with coefficient over R = [],c;r R,y. The ex-
cursion operator space will then be the based change from Z to R = [],,c5» R, of the corresponding
space over Z in [1S5], [1S6]:

Scocyc,Gdual,Gdual—inv Sz ( rl Rn) . (266)

neNA

O

Remark 26. This theorem considers not only the spaces in families (i.e. the corresponding moduli
stacks of G-bundles in this setting is fibered over N"*) but also considers the corresponding motivic
cohomology theory in families. For instance if the underlying ring is just a single local field, then
there is no need to enlarge the motivic cohomological co-categories, since the motivic Galois group
for this single motivic cohomological category will have then zero action on the other motivic
cohomolgical components. On the other hand we consider also the motivic coefficient co-category
to be a family version fibered over N*. One may not have to do this but we choose to consider
the family version of the motivic coefficient theory since the obvious reason from p-adic Hodge
theory, i.e. if we consider Galois group Gk of K = [],cpn Ky, then the period rings which can be
used to study the representation of Gk have to be fibered over N*, which includes the following:
Robba rings in families, de Rham rings in families, cristalline rings in families.
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9 Motivic Cohomology Theory for Prismatizations in Families

We now consider the corresponding prismatization in families in the three settings in [3BL], [3D].
The first one is the prismatization in families, the second one is the filtration prismatization and
finally we have the corresponding syntomization prismatization. They can be defined all in the
corresponding families way as we did before. In the first two situations we recall our constrution
before which will also be put into our current general consideration of motivic cohomology theo-
ries. As in [3BSI] we have all the parallel definitions of ¢-rigns in function field situation which
directly give rise to the prisms for function fields.

9.1 Prismatization, filtration prismatization and syntomization prismatiza-
tion

Definition 39. We consider the corresponding prismatization in familes. Recall the definition
goes in the following way. Eventually the definition is applied to z-adic A-formal schemes. In
the absolute manner we consider the category of all z-nilpotent A-algebras as the underlying ring
categorie Nil, 4, where all such algebras are assumed to be fibered over No,. Then we use the
Witt vector functor W4 from [3LH]. Then the prismaization is the stackification over the ring
category Nil, 4 where for each such ring we have the groupoid of all the Cartier-Witt ideals fibered
over N, i.e. those maps locally principally generated by distinguished elements in the big Witt
vectors (for wg we require nilpotency and for w; we require unitality when we have the coordinates
(W0, W1, e ))°. In this paper we use the notation

Prismatizationqbs,Noo (267)

Theorem 30. Following [3BL], [3D] one can also equivalently define Cartier-Witt ideals in families over Ny, as the
ideals in the following sense. Recall we have two maps on W4: one is the map W4(0O) — 0O, and the other one is the
o-map for this generalized Witt vector functor (for instance see [3BSI]), where we do have the 6-ring structure for the
Witt vector ring for function fields. Then one can define equivalently the Cartier-Witt ideals in families over No, by
giving requirement on the image ideals of Cartier ideals in families over N again for the second map we require
the image ideals to have the property of being unit (unitality), and for the first map we require the image ideals to
have the property of being nilpotent (nilpotency). Then this will lead to equivalent definitions in definition 39 of all the
prismatizations in families over N, all the filtration prismatizations in families over N, and all the syntomization
prismatizations in families over N,.

Proof. After using general Witt vector W4 we can see that this holds for all the fibers over N, where in the func-
tion field situation we just use the corresponding d-ring structure in the function field situation (just replace p by the
uniformizater z.,, for instance see [3BSI]). Then the results over these fibers will provide the result in the corre-
spondig family over N,. Then the definition of the primatization in families over N, can be given as in definition 39,
equivalently. O

Then this will produce the equivalent definitions of all the prismatizations in families over No/filtration prismatiza-
tions in families over No/syntomization prismatizations in families over No, and analytic prismatizations in families
over No/analytic filtration prismatizations in families over No/analytic sytomization prismatizations in families over
N below in section 9 and section 10, including those de Rham ones in families over N,, de Rham-Hodge-Tate ones
in families over N,.
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to denote the absolute prismatization in families in our current setting. Then we have the corre-
sponding filtration prismatization:

PrismatizationquJ\Iygaar AN (268)

which is defined to be compactification from N to N, of the corresponding open version over N:

Prismatization s NygaardN (269)

where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration prismatizations over z,-nilpotent A,-algebras. The compactification process needs
to be using the following morphisms to reach our definition as the corresponding fiber product in
families through the compactification:

H PrismatizationobS’Nygaar an H Prismatization (270)
neN neN

abs,n

by taking the products along all N of the usual projection from the corresponding filtration prisma-
tization to the prismatization, and:

Prismatization ; N, H Prismatization 271)
neN

abs,n”*

Recall that the filtration prismatization is actually certain fibration version of the usual prismatiza-
tion, then we take further fibration over N. Recall how finally the syntomization prismatization is
constructed, which is by taking the descent of the Hodge-Tate morphism and de Rham morphism
in the filtration prismatization, along the diagonal morphism from the prismatization with itself.
These maps are obviously admitting the corresponding compactification versions in our current
setting. Therefore we consider the following three morphisms:

far : Prismatization , ., — Prismatization,_, Nyeaard N\’ (272)
fur : Prismatization , , — Prismatization Nyeaard N’ (273)
d: Pnsmatlzatlonqbs’Nm X Prlsmatlzatlonabs’Noo — Prlsmatlzatlonqbs’Nw. 274)

All these three morphisms can be also constructed by taking the compactification from the mor-
phism over N to N,. Then we take the product of fgr and fyr together and take the corresponding
descent along d we have the definition of the syntomization prismatization in families in our cur-
rent setting over No,:

Prismatization (275)

abs,syntomization,N*

This finishes the definition.
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Definition 40. We consider the corresponding prismatization in families. Recall the definition
goes in the following way. Eventually the definition is applied to z-adic A-formal schemes. In
the absolute manner we consider the category of all z-nilpotent A-algebras as the underlying ring
categorie Nil; 4, where all such algebras are assumed to be fibered over N,. Then we use the Witt
vector functor Wy from [3LH]. Then the prismaization is the stackification over the ring category
Nil, 4 where for each such ring we have the groupoid of all the Cartier-Witt ideals fibered over N,
i.e. those maps locally principally generated by distinguished elements in the big Witt vectors (for
wo we require nilpotency and for w; we require unitality). After the discussion above, we can now
apply the whole definition for the 3 prismatization to any z-adic A-formal scheme M, by taking the
immersion from the closure of the Cartier-Witt ideals into M in the compatible way. In this paper
we use the notation

Prismatization (276)

abs,Nqo, M

to denote the absolute prismatization in families in our current setting. Then we have the corre-
sponding filtration prismatization:

Prismatizationabs’Nygaarva’ M (277)
which is defined to be compactification from N to N, of the corresponding open version over N:

Prismatization (278)

abs,Nygaard,N, M

where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration prismatizations over z,-nilpotent A,-algebras. The compactification process needs
to be using the following morphisms to reach our definition as the corresponding fiber product in
families through the compactification:

1—[ Pr1smatlzatlonabs’Nygaard oM l_[ Prismatization, . (279)
neN neN

by taking the products along all N of the usual projection from the corresponding filtration prisma-
tization to the prismatization, and:

Prismatization — l—[ Prismatization

neN

(280)

abs,No,, M abs,n,M *

Recall that the filtration prismatization is actually certain fibration version of the usual prismatiza-
tion, then we take further fibration over N. Recall how finally the syntomization prismatization is
constructed, which is by taking the descent of the Hodge-Tate morphism and de Rham morphism
in the filtration prismatization, along the diagonal morphism from the prismatization with itself.
These maps are obviously admitting the corresponding compactification versions in our current
setting. Therefore we consider the following three morphisms:

Jar : PrismatizationQbS’Nw’ y — Prismatization (281)

abs,Nygaard,N,M>

Sut : Prismatizationabs’Nm’ y — Prismatization (282)

abs,Nygaard,N,M>
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d : Prismatization, ., ,, X Prismatization,, ., ,, — Prismatization,, . /. (283)

Then we take the product of fijr and fyr together and take the corresponding descent along d we
have the definition of the syntomization prismatization in families in our current setting over Ng,:

Prismatization (284)

abs,syntomization,N,M *

Theorem 31. There is a version of Kiinneth theorem in this context. To be more precise we have
a Kiinneth theorem at least by passing to the corresponding quasicoherent sheaves over the corre-
sponding prismatization for derived formal schemes (i.e. the corresponding stackifications). This
holds for all three prismatization stackifications in the families over N,.

Proof. We need to consider the compactification in this theorem. Any prismatization stackification
for a particular formal scheme M is basically a stackification over M and ringed we use the notation
% to denote the structure sheaf. As in the usual situation we have that the derived co-category
of all the $-modules is equivalent to the prismatic site for M. However the derived prismatic
cohomology theory in this setting does satisfy the derived Kiinneth theorem on the product of
the corresponding p-adic formal ring locally (which can be glue over formal schemes like M).
Then the result can be generalized to our setting over N away from co. Then we can take the
corresponding compactification along:

Prlsmatlzannqu,Nw, = n Prlsmatlzatlonqbs’n’ M- (285)
neN

The filtration prismatization and the syntomization prismatization have the same derived version of
the Kiinneth theorems, which can be induced from the corresponding result for the prismatization.
This finishes the proof. One can prove this directly by using the prisms in families over N,
to form the corresponding z-adic prismatic sites, where the RI" will be quasi-isomorphic to the
derived cohomology complex for z-adic prismatizations in families in our current consideration,
where one just replaces p by z. RI for filtration prismatization in families is just derived base
change of the prismatization in families over N, then one considers the equilizers to reduce the
proof for the syntomization prismatization to the the proof for the prismatization and the filtration
prismatization. O

Theorem 32. All three prismatization, filtration prismatization and syntomization prismatization
over Ny, satisfy our situation 1 conditions: (Al), (A2), (A3), the formalism pullback and pushfor-
ward in the category of all the formal schemes in (A4), (AS).

Proof. We check this one by one. First for the first condition it is true after we consider the
corresponding structure sheaves. The second condition is proved above. For the third condition we
consider the corresponding derived co-categories of quasicoherent sheaves. A4 holds for pullbacks
and pushforward. This is true over N then we consider the fiber product through:

PrlsmatlzatlonQbS,Nw, v n Prlsmatlzatlonobs’n, M (286)
neN

to reach the corresponding compactification. Finally AS holds see [3A, Chapter 4, in particular
4.7,4.8,4.9,4.10]. AS in this setting is a stacky version where the base formal scheme will carry
the stackifications over itself whose structure sheaf will provide the desired co-sheaf of ring after
taking the co-level suspension, where we regard this base formal scheme as a small arc stack. O
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Definition 41. We in this context use the notations:

Galois(Prismatizationqbs,Nm’ W) (287)

Galois(Prismatizationqbs,Nygaard’Nm’ w) (288)

Galois(Prismatization (289)

abs, N, syntomization, M )
to denote the corresponding Hopf algebraic motivic Galois fundamental groups, which is the de-
fined to be the spectra of the associated Hopf algebra.

Theorem 33. There are morphisms from these motivic Galois fundamental groups to the corre-
sponding motivic Galois groups of A, and moreover L:

Galois(Prismatization , /) — Gal(A/A), (290)
Galois(Prismatization abs Nygaard N, v) = Gal(A/A), (291)

Galois(Prismatization ) — Gal(A/A). (292)

abs,Ny,syntomization, M

Proof. This is formal since we just apply the construction and definition to the point situation (re-
gard the scheme SpecA or SpecL as the corresponding small arc-stacks), then the theorem follows
by the functoriality of the construction of Hopf algebras. O

9.2 Three prismatizations in the de Rham setting

Definition 42. We consider the corresponding de Rham prismatization in families. Recall the def-
inition goes in the following way. Eventually the definition is applied to z-adic A-formal schemes.
In the absolute manner we consider the category of all z-nilpotent A-algebras as the underlying
ring categorie Nil, 4, where all such algebras are assumed to be fibered over N,. Then we use
the Witt vector functor W, from [3LH]. Then the prismaization is the stackification over the ring
category Nil; 4 where for each such ring we have the groupoid of all the Cartier-Witt ideals fibered
over N, i.e. those maps locally principally generated by distinguished elements in the big Witt
vectors (for wg we require nilpotency and for w; we require unitality). In this paper we use the
notation

Prismatization,, sdRMN.., (293)

to denote the absolute de Rham prismatization in families in our current setting. The definition for
this is through the corresponding compactification from the stackification over N, since then we
have the morphism:

PPrismatizationabs’Nw (N) — EI‘_H Dcat(P)Comp - @ DCat(P[l/z]QP )comp (294)
(QPsP) (QP’P)

where comp is the completion with respect to the natural toplogy induced from the prisms involved
along the inverse limit. Then we take the compactification to reach the de Rham prismatization in
families No:

PPrismatizationabs’Nw ;) l(ﬂl Dcat(P)comp - 111’_1’1 Dcat(P[l/Z]Qp)comp- (295)
(QP’P) (QPsP)
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Then we have the corresponding filtration de Rham prismatization:
Prismatization s Nygaard dR.N (296)
which is defined to be compactification from N to N, of the corresponding open version over N:

Prismatization (297)

abs,Nygaard,dR,N

where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration de Rham prismatizations over z,-nilpotent A,-algebras. The compactification pro-
cess needs to be using the following morphisms to reach our definition as the corresponding fiber
product in families through the compactification:

n Pr1smatlzatlonabs’Nygaard’ R l_[ Prismatization  ;p (298)
neN neN

by taking the products along all N of the usual projection from the corresponding filtration de
Rham prismatization to the de Rham prismatization, and:

Prismatization,, . jp . — n Prismatization, p - (299)
neN
Here the morphism
H Pr1smatlzatlonqbs’l\lygmr ddRn H Prlsmatlzatlonqbs, R (300)
neN neN

is the base change of the morphism:

l—[ PrismatizationabS’Nygaardw n l_[ Prismatizationqbs’ " (301)
neN neN
along the following morphism defining the de Rham prismatizatio in families:
n Prismatizationabs’ R n Prismatizationqbs’ - (302)

neN neN

Recall from [3D] that the filtration de Rham prismatization is actually certain fibration version of
the usual prismatization, then we take further fibration over N. Recall how finally the syntomiza-
tion de Rham prismatization is constructed, which is by taking the descent of the Hodge-Tate
morphism and de Rham morphism in the filtration prismatization, along the diagonal morphism
from the de Rham prismatization with itself. These maps are obviously admitting the correspond-
ing compactification versions in our current setting. Therefore we consider the following three
morphisms:

far : Prismatization

absdRN. Pr1smat1zat10nqbs’NygaarddKNw, (303)

Jut : Prlsmatlzatlonqbs’ RN, — Pr1smauzatlonabs’Nygaard’ dRN..> (304)
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d: Prlsmatlzatlonabs’ RN, X Prismatization - Prlsmatlzatlonqbs’ dRIN..- (305)

abs,dR, N,

Then we take the product of fjr and fyr together and take the corresponding descent along d we
have the definition of the syntomization prismatization in families in our current setting over Ng,:

Prismatization (306)

abs,dR,syntomization,N

This finishes the definition. O

Remark 27. The de Rham prismatization, de Rham filtration prismatization, and de Rham syn-
tomization prismatization can all be defined by taking limit along certain substacks of Cartier-Witt
stacks, in families over N, which is parametrized by integer k.

Definition 43. We consider the corresponding de Rham prismatization in families. Recall the def-
inition goes in the following way. Eventually the definition is applied to z-adic A-formal schemes.
In the absolute manner we consider the category of all z-nilpotent A-algebras as the underlying ring
categorie Nil; 4, where all such algebras are assumed to be fibered over N,. Then we use the Witt
vector functor Wy from [3LH]. Then the prismaization is the stackification over the ring category
Nil, 4 where for each such ring we have the groupoid of all the Cartier-Witt ideals fibered over
N, i.e. those maps locally principally generated by distinguished elements in the big Witt vectors
(for wy we require nilpotency and for w; we require unitality). Now map all the construction and
definitions in the de Rham setting to z-adic A-formal scheme M. In this paper we use the notation

Prismatizationabs’ AR N M (307)

to denote the absolute de Rham prismatization in families in our current setting. The definition for
this is through the corresponding compactification from the stackification over N, since then we
have the morphism:

pPrismatizationabs,Nw’M(N) - h;n Dcat(P)Comp - gﬂ DCat(P[1 /Z]QP)COTHP (308)
(Qp.P)/M (@p.P)/M

where comp is the completion with respect to the natural toplogy induced from the prisms involved
along the inverse limit. Then we take the compactification to reach the de Rham prismatization in
families N:

PPrismatizationabS,Nm,M - lln DCat(P)comp — 1&11 DCat(P[l/z]QP)ComP. (309)
(Qp.P)IM (Qp.P)/M

Then we have the corresponding filtration de Rham prismatization:

Prismatization (310)

abs,Nygaard,dR,N,M

which is defined to be compactification from N to N, of the corresponding open version over N:

Prismatization 311)

abs,Nygaard,dR,N,M
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where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration de Rham prismatizations over z,-nilpotent A,-algebras. The compactification pro-
cess needs to be using the following morphisms to reach our definition as the corresponding fiber
product in families through the compactification:

1_[ PrlsmatlzatlonabS,Nygaard’ dRaM — l_[ Prlsmatlzatlonqbs’ dRAM (312)
neN neN

by taking the products along all N of the usual projection from the corresponding filtration de
Rham prismatization to the de Rham prismatization, and:

Prismatization, sdRNuM n Prlsmatlzatlonqbs, dRAM" (313)
neN

Recall that the filtration de Rham prismatization is actually certain fibration version of the usual de
Rham prismatization, then we take further fibration over N. Recall how finally the syntomization
prismatization is constructed, which is by taking the descent of the Hodge-Tate morphism and de
Rham morphism in the filtration prismatization, along the diagonal morphism from the prismatiza-
tion with itself. These maps are obviously admitting the corresponding compactification versions
in our current setting. Therefore we consider the following three morphisms:

Jar : Prlsmauzatlonqbs’ RNLM Pr1smatlzatlonQbS’Nygaard’ RN M (314)

Jut : Prlsmatlzatlonqbs,dR’Nm [V Pr1smatlzatlonqu’Nygaard’dRNw’ ”w (315)

d: Prlsmatlzatlonqbs’ dRINM X Prlsmatlzatlonqbs’ dRNM Pr1smat1zat10nabs’ ARN.M- (316)

Then we take the product of fgr and fyr together and take the corresponding descent along d we
have the definition of the syntomization de Rham prismatization in families in our current setting
over Ny,:

Prismatization (317)

abs,dR,syntomization,N, M *

This finishes the definition. O

Theorem 34. There is a version of Kiinneth theorem in this context. To be more precise we have
a Kiinneth theorem at least by passing to the corresponding quasicoherent sheaves over the corre-
sponding prismatization for derived formal schemes (i.e. the corresponding stackifications). This
holds for all three stackifications in the families over N,.

Proof. We need to consider the compactification in this theorem. Any prismatization stackification
for a particular formal scheme M is basically a stackification over M and ringed we use the notation
% to denote the structure sheaf. As in the usual situation we have that the derived oco-category
of all the $-modules is equivalent to the prismatic site for M. However the derived prismatic
cohomology theory in this setting does satisfy the Kiinneth theorem in the derived version on the
product of the corresponding p-adic formal ring locally (which can be glue over formal schemes
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like M). Then the result can be generalized to our setting over N away from co. Then we can take
the corresponding compactification along:

Prismatization, sNo.dRM — n Prismatizationabs’ ndRM" (318)
neN

The filtration prismatization and the syntomization prismatization have the same derived version of
the Kiinneth theorems, which can be induced from the corresponding result for the prismatization.
In the current de Rham situation, we just consider the restriction to the de Rham prismatization.
This finishes the proof. This amounts to saying that as in [2BL2] one takes the base change to some
prism P, which then reduces the proof for derived cohomology complexes for the three de Rham
prismatizations to the proof for the derived base change of the derived cohomology complexes
for three prismatizations to some de Rham prism from this prism P, i.e. P[1/z];,. Then we just
have the result from the result for the three prismatizations. Note that the three prismatizations are
integral versions, but the three de Rham prismatizations can be derived from them through inverting
Z, or one can extract the integral versions of the de Rham prismatization directly first (that is to say
without inverting z), then derive the result for the three integral de Rham prismatizations from the
three integral prismatizations, then invert z. O

Theorem 35. All three prismatization, filtration prismatization and syntomization prismatization
over N, satisfy our situation 1 conditions: (Al), (A2), (A3), the formalism pullback and pushfor-
ward in the category of all the formal schemes in (A4), (AS5).

Proof. We check this one by one. First for the first condition it is true after we consider the
corresponding structure sheaves. The second condition is proved above. For the third condition we
consider the corresponding derived co-categories of quasicoherent sheaves. A4 holds for pullbacks
and pushforward. This is true over N then we consider the fiber product through:

PrlsmatlzatlonQbS,Nw’ @RM H Prlsmatlzatlonobs’n, dRM (319)
neN

to reach the corresponding compactification. Finally A5 holds see [3A, Chapter 4, in particular
4.77,4.8, 4.9, 4.10]. For AS we consider the big Grothendieck site over the base derived formal
stack (regarded as a derived small arc stack) in families, with coverings from derived small arc
stacks in families. O

9.3 Three prismatization in the de Rham-Hodge-Tate setting

Definition 44. We consider the corresponding de Rham-Hodge-Tate prismatization in families.
Recall the definition goes in the following way. Eventually the definition is applied to z-adic A-
formal schemes. In the absolute manner we consider the category of all z-nilpotent A-algebras as
the underlying ring categorie Nil, 4, where all such algebras are assumed to be fibered over N,.
Then we use the Witt vector functor W4 from [3LH]. Then the prismaization is the stackification
over the ring category Nil, 4 where for each such ring we have the groupoid of all the Cartier-Witt
ideals fibered over N, i.e. those maps locally principally generated by distinguished elements in
the big Witt vectors (for wy we require nilpotency and for w; we require unitality). In this paper
we use the notation

Prismatizationabs’ dRHT.N.. (320)
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to denote the absolute de Rham-Hodge-Tate prismatization in families in our current setting. The
definition for this is through the corresponding compactification from the stackification over N,
since then we have the morphism:

PPrismatizaltion

@) = Lim DCat(P)*°™ — lim DCat(P[1/z]g,)*"™ — lim DCat(P[1/z]/Qp)*™
(©r.P) (Qr.P) (©rP)

abs,
321)

where comp is the completion with respect to the natural toplogy induced from the prisms involved
along the inverse limit. Then we take the compactification to reach the de Rham-Hodge-Tate
prismatization in families N:

PPrismatjzationabS’Nw > gn DCat(P)comp — lin DCat(P[1/z]g,)comP — gn DCat(P[1/z]/Qp)comp,

(QP’P) (QP’P) (QP7P)
(322)

Then we have the corresponding filtration de Rham-Hodge-Tate prismatization:
Prismatization s Nygaard. dRHT.N (323)

which is defined to be compactification from N to N, of the corresponding open version over N:

Prismatization (324)

abs,Nygaard,d(RHT,N

where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration prismatizations over z,-nilpotent A,-algebras. The compactification process needs
to be using the following morphisms to reach our definition as the corresponding fiber product in
families through the compactification:

n Pr1smatlzatlonabs,l\lygaa ' dRHTn — l_[ Prlsmatlzatlonqbs,dRHT,n (325)
neN neN

by taking the products along all N of the usual projection from the corresponding filtration prisma-
tization to the prismatization in the de Rham-Hodge-Tate situation, and:

Prlsmatlzatlonqbs’ dRHTN,, — l—[ Prlsmatlzatlonqbs’ dRHT.2" (326)
neN

Recall that the filtration prismatization is actually certain fibration version of the usual prismatiza-
tion, then we take further fibration over N, in the de Rham-Hodge-Tate situation. Recall how finally
the syntomization prismatization is constructed, which is by taking the descent of the Hodge-Tate
morphism and de Rham morphism in the filtration prismatization, along the diagonal morphism
from the prismatization with itself. These maps are obviously admitting the corresponding com-
pactification versions in our current setting. Therefore we consider the following three morphisms:

Jar : Prlsmatlzatlonabsg dRHT.N. — Pr1smatlzatlonabs’Nygaard dRHT.N..’ (327)

Jur @ Prismatization  jpyry, — Pr1smauzatlonabs’Nygaard’ dRHT.N..’ (328)
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d: Prlsmatlzatlonqbs’ dRHT.N., X Prismatization - Pr1smauzatlonabs’dRHT,Nm. (329)

abs,dRHT,N,

Then we take the product of fjr and fgr together and take the corresponding descent along d we
have the definition of the syntomization prismatization in families in our current setting over N,:

Prismatization (330)

abs,dRHT,syntomization,N *

This finishes the definition. O

Definition 45. We consider the corresponding de Rham-Hodge-Tate prismatization in families.
Recall the definition goes in the following way. Eventually the definition is applied to z-adic A-
formal schemes. In the absolute manner we consider the category of all z-nilpotent A-algebras as
the underlying ring categorie Nil, 4, where all such algebras are assumed to be fibered over N,.
Then we use the Witt vector functor W4 from [3LH]. Then the prismaization is the stackification
over the ring category Nil, 4 where for each such ring we have the groupoid of all the Cartier-Witt
ideals fibered over N, i.e. those maps locally principally generated by distinguished elements in
the big Witt vectors (for wg we require nilpotency and for w; we require unitality). Now map all
the construction and definitions in the de Rham-Hodge-Tate setting to z-adic A-formal scheme M.
In this paper we use the notation

Prlsmatlzatlonabs’ dRHT.N..M (331)

to denote the absolute prismatization in families in our current setting. The definition for this is
through the corresponding compactification from the stackification over N, since then we have the
morphism:

7)Prismatizationabs’Nm’M(N) ; m DCat(P )comp (332)
(Qp.P)/M
— lim  DCat(P[1/z]/Qp)*™ — lim  DCat(P[1/z]/Qp)*"™ (333)
(Qp.P)/M (Qp.P)/M

where comp is the completion with respect to the natural toplogy induced from the prisms involved
along the inverse limit. Then we take the compactification to reach the de Rham-Hodge-Tate
prismatization in families N,:

PPrismatizationabS’Nw,M - E DCat(P)emp — h£1 DCat(P[1/z]/Qp)o™P — thl DCat(P[1/z]/Qp)*™

(Qp.P)/M (Qp.P)/M (Qp.P)/M
(334)
Then we have the corresponding filtration prismatization:
Prismatizationqu,Nygaard dRHT.N.M (335)

which is defined to be compactification from N to N, of the corresponding open version over N:

Pr1smatlzatlonqu,Nygaard’ ARHT.N.M (336)

where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration prismatizations over z,-nilpotent A,-algebras. The compactification process needs
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to be using the following morphisms to reach our definition as the corresponding fiber product in
families through the compactification:

H Pr1smatlzatlonabs’l\lygmlr ddRHT.AM H Prlsmatlzatlonqbs, dRHTM (337)
neN neN

by taking the products along all N of the usual projection from the corresponding filtration prisma-
tization to the prismatization, and:

Prlsmatlzatlonabs, dRHT.N.M H Prlsmatlzatlonabs’ dRHT.M" (338)
neN

Recall that the filtration prismatization is actually certain fibration version of the usual prismatiza-
tion in the de Rham-Hodge-Tate situation, then we take further fibration over N. Recall how finally
the syntomization prismatization is constructed, which is by taking the descent of the Hodge-Tate
morphism and de Rham morphism in the filtration prismatization, along the diagonal morphism
from the prismatization with itself. These maps are obviously admitting the corresponding com-
pactification versions in our current setting. Therefore we consider the following three morphisms:

Jfar : Prlsmatlzatlonabs’ dRHTN.M — Pr1smatlzatlonQbS’Nygaard’dRHT’Nw, »w (339)

Sfur : Prlsmatlzatlonqbs, ARHT.N.M — Prlsmatlzatlonqbs’Nygaard’ dRHT.N. M’ (340)

d : Prismatization, - iy . p X Prismatization,, - eyt ), — Prismatization ey 4
(341)

Then we take the product of fjr and fyr together and take the corresponding descent along d we
have the definition of the syntomization prismatization in families in our current setting over N,:

Prismatization (342)

abs,dRHT,syntomization,N, M *

This finishes the definition. O

Theorem 36. There is a version of Kiinneth theorem in this context. To be more precise we have
a Kiinneth theorem at least by passing to the corresponding quasicoherent sheaves over the corre-
sponding prismatization for derived formal schemes (i.e. the corresponding stackifications). This
holds for all three stackifications in the families fibered over N.

Proof. We need to consider the compactification in this theorem. Any prismatization stackification
for a particular formal scheme M is basically a stackification over M and ringed we use the notation
% to denote the structure sheaf. As in the usual situation we have that the derived co-category
of all the -modules is equivalent to the prismatic site for M. However the derived prismatic
cohomology theory in this setting does satisfy the Kiinneth theorem in the derived version on the
product of the corresponding p-adic formal ring locally (which can be glue over formal schemes
like M). Then the result can be generalized to our setting over N away from co. Then we can take
the corresponding compactification along:

Prismatization — n Prismatizationabs’ ndRHT.M - (343)

neN

abs,No,,dRHT,M
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The derived version of the Kiinneth theorem then holds for the filtration prismatization and syn-
tomization prismatization. Then the derived Kiinneth holds in the 3 de Rham prismatizations
situation which implies the result in the current setting. This finishes the proof. O

Theorem 37. All three prismatization, filtration prismatization and syntomization prismatization
over Ny, satisfy our situation 1 conditions: (Al), (A2), (A3), the formalism pullback and pushfor-
ward in the category of all the formal schemes in (A4), (AS).

Proof. We check this one by one. First for the first condition it is true after we consider the
corresponding structure sheaves. The second condition is proved above. For the third condition we
consider the corresponding derived co-categories of quasicoherent sheaves. A4 holds for pullbacks
and pushforward. This is true over N then we consider the fiber product through:

Prismatization — 1—[ Prismatization

neN

(344)

abs,No,,dRHT,M abs,n,dRHT,M

to reach the corresponding compactification. Finally A5 holds see [3A, Chapter 4, in particular
4.7, 4.8, 4.9, 4.10]. For A5 we consider the derived small arc stacks over the base formal scheme
(regarded as a small arc stack) to form the corresponding Grothendieck site in families. O

9.4 Three prismatizations in the Laurent setting

Definition 46. We consider the corresponding Laurent prismatization in families. Recall the defi-
nition goes in the following way. Eventually the definition is applied to z-adic A-formal schemes.
In the absolute manner we consider the category of all z-nilpotent A-algebras as the underlying
ring categorie Nil; 4, where all such algebras are assumed to be fibered over No,. Then we use
the Witt vector functor W4 from [3LH]. Then the prismaization is the stackification over the ring
category Nil, 4 where for each such ring we have the groupoid of all the Cartier-Witt ideals fibered
over N, i.e. those maps locally principally generated by distinguished elements in the big Witt
vectors (for wy we require nilpotency and for w; we require unitality). In this paper we use the
notation

Prismatization (345)

abs,Laurent, N,

to denote the absolute prismatization in families in our current setting. The definition for this is
through the corresponding compactification from the stackification over N, since then we have the
morphism:

PPrismatizationabs’Nm(N) - lln Dcat(P)Comp - 1&11 DCat(P[l/Qp]z)comp (346)
(Qp.P) (Qp.P)

where comp is the completion with respect to the natural toplogy induced from the prisms involved
along the inverse limit. Then we take the compactification to reach the Laurent prismatization in
families Noo:

PPrismatizationabsyNw ; @ DCat(P)comp - 1(111_1 DCat(P[l/QP]Z)COInp‘ (347)
(QP’P) (QP’P)
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Then we have the corresponding filtration prismatization:

Prismatization (348)

abs,Nygaard,Laurent,N

which is defined to be compactification from N to N, of the corresponding open version over N:

Prismatization (349)

abs,Nygaard,Laurent, N

where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration prismatizations over z,-nilpotent A,-algebras. The compactification process needs
to be using the following morphisms to reach our definition as the corresponding fiber product in
families through the compactification:

n Prismatizationqu’NygaaI dLaurentn l_[ Prismatization (350)

neN neN

abs,Laurent,n

by taking the products along all N of the usual projection from the corresponding filtration prisma-
tization to the prismatization, and:

Prismatization - 1—[ Prismatization

neN

(351)

abs,Laurent,N, abs,Laurent,n”

Recall that the filtration prismatization is actually certain fibration version of the usual prismatiza-
tion in the current setting, then we take further fibration over N. Recall how finally the syntomiza-
tion prismatization is constructed, which is by taking the descent of the Hodge-Tate morphism
and de Rham morphism in the filtration prismatization, along the diagonal morphism from the
prismatization with itself. These maps are obviously admitting the corresponding compactification
versions in our current setting. Therefore we consider the following three morphisms:

far : Pr1smatlzatlonqbs’Laurem’l\Ioo - Pr1smauzatlonabs’Nygaard’Laurem’Nw, (352)
JSur : Prismatization,, ;. N, Prismatization Nygaard Laurent No? (353)
d: Prlsma’uz'cltlonqbs,Lau rentN., X Pnsmatlzatlonqbs’LaurenLNm - Pr1smat1zat10nqbs’Laurem’Nw. (354)

Then we take the product of fjr and fyr together and take the corresponding descent along d we
have the definition of the syntomization prismatization in families in our current setting over N,:

Prismatization (355)

abs,Laurent,syntomization,N *

This finishes the definition. O

Definition 47. We consider the corresponding Laurent prismatization in families. Recall the defi-
nition goes in the following way. Eventually the definition is applied to z-adic A-formal schemes.
In the absolute manner we consider the category of all z-nilpotent A-algebras as the underlying ring
categorie Nil_ 4, where all such algebras are assumed to be fibered over N,. Then we use the Witt
vector functor Wy from [3LH]. Then the prismaization is the stackification over the ring category
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Nil, 4 where for each such ring we have the groupoid of all the Cartier-Witt ideals fibered over
N, i.e. those maps locally principally generated by distinguished elements in the big Witt vectors
(for wy we require nilpotency and for w; we require unitality). Now map all the construction and
definitions in the de Rham setting to z-adic A-formal scheme M. In this paper we use the notation

Prismatization (356)

abs,Laurent, N, M

to denote the absolute Laurent prismatization in families in our current setting. The definition for
this is through the corresponding compactification from the stackification over N, since then we
have the morphism:

PPrismatizationabS,NW,M(N) - m Dcat(P)comp - lin DCat(P[l/QP]Z)comp (357)
(Qp.P)/IM (Qp.P)IM
where comp is the completion with respect to the natural toplogy induced from the prisms involved

along the inverse limit. Then we take the compactification to reach the Laurent prismatization in
families N:

PPrismatizationabs’Nw,M ;) lln Dcat(P)comp - lin Dcat(P[l/QP]Z)COmp. (358)
(Qp,P)/M (Qp,P)/M

Then we have the corresponding filtration prismatization:

Prismatization (359)

abs,Nygaard,Laurent, N, M

which is defined to be compactification from N to N, of the corresponding open version over N:

Prismatization (360)

abs,Nygaard,Laurent, N, M

where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration prismatizations over z,-nilpotent A,-algebras. The compactification process needs
to be using the following morphisms to reach our definition as the corresponding fiber product in
families through the compactification:

(361)

1—[ Pr1smatlzatlonQbs’l\lygaam’LaurenL oM l_[ Prismatization
neN neN

abs,Laurent,n, M

by taking the products along all N of the usual projection from the corresponding filtration prisma-
tization to the prismatization, and:

Prismatization — l—[ Prismatization ; (362)

neN

abs,Laurent, N, M Laurent,n,M *

Recall that the filtration prismatization is actually certain fibration version of the usual prismatiza-
tion, then we take further fibration over N in the current setting. Recall how finally the syntomiza-
tion prismatization is constructed, which is by taking the descent of the Hodge-Tate morphism
and de Rham morphism in the filtration prismatization, along the diagonal morphism from the
prismatization with itself. These maps are obviously admitting the corresponding compactification
versions in our current setting. Therefore we consider the following three morphisms:

— Prismatization, (363)

Jar Prismatization abs,Nygaard,Laurent,N o, M>

abs,Laurent,No,, M

72



Sfut : Prismatization — Prismatization (364)

abs,Laurent,N,,, M abs,Nygaard,Laurent,No,,M>

d : Prismatization — Prismatization

u X Prismatization

abs,Laurent,N, abs,Laurent,N,,M abs,Laurent,N,,M *

(365)

Then we take the product of fgr and fyr together and take the corresponding descent along d we
have the definition of the syntomization prismatization in families in our current setting over N,:

Prismatization (366)

abs,Laurent,syntomization, N, M *

This finishes the definition. O

Theorem 38. There is a version of Kiinneth theorem in this context. To be more precise we have
a Kiinneth theorem at least by passing to the corresponding quasicoherent sheaves over the corre-
sponding prismatization for derived formal schemes (i.e. the corresponding stackifications). This
holds for all three stackifications in the families over N,.

Proof. We need to consider the compactification in this theorem. Any prismatization stackification
for a particular formal scheme M is basically a stackification over M and ringed we use the notation
% to denote the structure sheaf. As in the usual situation we have that the derived co-category
of all the $-modules is equivalent to the prismatic site for M. However the derived prismatic
cohomology theory in this setting does satisfy the Kiinneth theorem in the derived version on the
product of the corresponding p-adic formal ring locally (which can be glue over formal schemes
like M). Then the result can be generalized to our setting over N away from co. Then we can take
the corresponding compactification along:

Prismatization (367)

- n Prismatization
neN

abs,N,,Laurent, M abs,n,Laurent, M *

Then this implies derived version of Kiinneth theorem holds for filtration prismatization and syn-
tomization prismatization. One then have the Kiinneth theorem in a derived version holds for the
Laurent prismatizations in the three situations. This finishes the proof. O

Theorem 39. All three prismatization, filtration prismatization and syntomization prismatization
over Ny, satisfy our situation 1 conditions: (Al), (A2), (A3), the formalism pullback and pushfor-
ward in the category of all the formal schemes in (A4), (AS5).

Proof. We check this one by one. First for the first condition it is true after we consider the
corresponding structure sheaves. The second condition is proved above. For the third condition we
consider the corresponding derived co-categories of quasicoherent sheaves. A4 holds for pullbacks
and pushforward. This is true over N then we consider the fiber product through:

Prismatization — n Prismatization

neN

(368)

abs, N, Laurent, M abs,n,Laurent, M

to reach the corresponding compactification. Finally A5 holds see [3A, Chapter 4, in particular
4.7,4.8,4.9, 4.10]. O
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10 Motivic Cohomology Theory for Analytic Prismatizations
in Families

We now consider the corresponding prismatization in families in the three settings in [3BL], [3D],
with further analytification as in [3ALBRCS] and [3S1]. The idea is to construct there analytic
versions of the prismatization in families N, then apply our previous results above to derive the
corresponding motivic cohomology theories. The first one is the prismatization in families, the
second one is the filtration prismatization and finally we have the corresponding syntomization
prismatization. They can be defined all in the corresponding families way as we did before. In
the first two situations we recall our construtions before which will also be put into the general
consideration we are current considering on motivic cohomology theories.

10.1 Prismatization, filtration prismatization and syntomization prismati-
zation

Definition 48. We consider the corresponding prismatization in families. Recall the definition
goes in the following way. Eventually the definition is applied to z-adic A-formal schemes. In
the absolute manner we consider the category of all z-nilpotent A-algebras as the underlying ring
categorie Nil, 4, where all such algebras are assumed to be fibered over N,. Then we use the Witt
vector functor Wy from [3LH]. Then the prismaization is the stackification over the ring category
Nil, 4 where for each such ring we have the groupoid of all the Cartier-Witt ideals fibered over N,
i.e. those maps locally principally generated by distinguished elements in the big Witt vectors (for
wo we require nilpotency and for w; we require unitality). In this paper we use the notation

. . . L
Prlsmatlzatlonqbs’Nm (369)

to denote the absolute analytic prismatization in families in our current setting. We follow [3S1],
[3ALBRCS] to the following three step for any L-rigid affioid with formal local model:

S1 Over N we have the analytic prismatization from local formal model from [3S1], [3ALBRCS],
which provide the analytic prismatization over the generic fiber over L;

S2 We take the corresponding compactification of this to N, by using the morphism to take the
fiber product:

Prismatization — Prismatization,, ;. (N). (370)

abs,Ng,

3S3 Take condensed analytification from [3CS],[3CS1],[3CS2].

Then we have the corresponding filtration analytic prismatization:

%L
Prismatization, s Nygaard,N (371)

which is defined to be compactification from N to N, of the corresponding open version over N:

. . . L
Pr1smauzauonqbs’I\Iygwd’N (372)
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where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration prismatizations over z,-nilpotent A,-algebras. The compactification process needs
to be using the following morphisms to reach our definition as the corresponding fiber product in
families through the compactification:

l—[ PrismatizationfbS Nyeaardn l_[ Prismatizationfbsn (373)

neN neN

by taking the products along all N of the usual projection from the corresponding filtration analytic
prismatization to the prismatization, and:

. . . L . . . L
Pr1smatlzat10nabs,Noo — l—[ Pr1smatlzat10nabs,n. (374)
neN

Recall that the filtration prismatization is actually certain fibration version of the usual prismatiza-
tion, then we take further fibration over N. Recall how finally the syntomization prismatization is
constructed, which is by taking the descent of the Hodge-Tate morphism and de Rham morphism
in the filtration prismatization, along the diagonal morphism from the prismatization with itself.
These maps are obviously admitting the corresponding compactification versions in our current
setting. Therefore we consider the following three morphisms:

L

faR : Prlsmatlzatlonqbs’Nm - PrlSmatlzatlonabS’Nygaard,Noo’ (375)

L

Sfur : Prlsmatlzatlonqb&Noo - Pr1smauzatlonabs’Nygaard’Nw, (376)

L

d: PrlsmatlzatlonqbS’Noo X PrlsmatlzatlonabS,Nm

. . . L
— Prlsmatlzatlonqu’Nm . 377

Then we take the product of fgr and fyr together and take the corresponding descent along d we
have the definition of the syntomization analytic prismatization in families in our current setting
over Ne:

PrismatizationL (378)

abs,syntomization,N

This finishes the definition. O

Definition 49. We consider the corresponding prismatization in families. Recall the definition
goes in the following way. Eventually the definition is applied to z-adic A-formal schemes. In
the absolute manner we consider the category of all z-nilpotent A-algebras as the underlying ring
categorie Nil, 4, where all such algebras are assumed to be fibered over N,. Then we use the Witt
vector functor Wy from [3LH]. Then the prismaization is the stackification over the ring category
Nil, 4 where for each such ring we have the groupoid of all the Cartier-Witt ideals fibered over N,
1.e. those maps locally principally generated by distinguished elements in the big Witt vectors (for
wo we require nilpotency and for w; we require unitality). After the discussion above, we can now
apply the whole definition for the 3 prismatization to any z-adic A-formal scheme M, by taking the
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immersion from the closure of the Cartier-Witt ideals into M in the compatible way. In this paper
we use the notation

. . . L
Prlsmatlzatlonqbs,Nw’ M (379)

to denote the absolute analytic prismatization in families in our current setting. Then we have the
corresponding filtration analytic prismatization:

=L
PrlsmatlzatlonabS’Nygaard’N’ M (380)

which is defined to be compactification from N to N, of the corresponding open version over N:

. . .. L
Prlsmatlzatlonqbs’Nygaard’N’ M (381)

where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration prismatizations over z,-nilpotent A,-algebras. The compactification process needs
to be using the following morphisms to reach our definition as the corresponding fiber product in
families through the compactification:

1_[ Prismatizationfbs’l\lyg%l I l_[ Prismatizationfbs’n, M (382)

neN neN

by taking the products along all N of the usual projection from the corresponding filtration analytic
prismatization to the analytic prismatization, and:

. . . L . . . L
Prlsmatlzatlonqb&N% y 1—[ Prlsmatlzatlonabs,n, M- (383)
neN

Recall that the filtration analytic prismatization is actually certain fibration version of the usual an-
alytic prismatization, then we take further fibration over N. Recall how finally the syntomization
prismatization is constructed, which is by taking the descent of the Hodge-Tate morphism and de
Rham morphism in the filtration prismatization, along the diagonal morphism from the prismatiza-
tion with itself. These maps are obviously admitting the corresponding compactification versions
in our current setting. Therefore we consider the following three morphisms:

Jar : Prlsmatlzatlonqbs’Nw, = Pr1smat1zat10nqbs’Nygaard’Nm’ w (384)
Jut : rismatization g\ 3, — r1smatlzatlonqu’Nygaarde, ”w (385)

Do . .. L . . .. L . . .. L
d : Prismatization , ,, X Prismatization g, ,, — Prismatization,; ; /. (386)

Then we take the product of fijr and fyr together and take the corresponding descent along d we
have the definition of the syntomization analytic prismatization in families in our current setting
over N,:

-0 L
wabs,syntomization,N,M .

(387)
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Remark 28. One can also define the three analytic prismatizations by taking the direct analytifi-
cation of the family verion of the three prismatizations before as in [3S1], [3ALBRCS].

Theorem 40. There is a version of Kiinneth theorem in this context. To be more precise we have
a Kiinneth theorem at least by passing to the corresponding quasicoherent sheaves over the cor-
responding prismatization for derived rigid analytic spaces in families (i.e. the corresponding
stackifications). This holds for all three stackifications in the families over N.

Proof. One considers formal models in this setting. We need to consider the compactification
in this theorem. Any prismatization stackification for a particular formal scheme M is basically
a stackification over M and ringed we use the notation # to denote the structure sheaf. As in
the usual situation we have that the derived co-category of all the $-modules is equivalent to the
prismatic site for M. However the derived prismatic cohomology theory in this setting does satisfy
the Kiinneth theorem in the derived version on the product of the corresponding p-adic formal ring
locally (which can be glue over formal schemes like M). Then the result can be generalized to our
setting over N away from co. Then we can take the corresponding compactification along:

L . . . L
abs oM n Prlsmatlzatlonnbs’ M- (388)

neN

Prismatization

This implies the derived version of Kiinneth theorem holds for analytic filtration prismatization
and anlytic syntomization prismatization. This finishes the proof. O

Theorem 41. All three analytic prismatization, analytic filtration prismatization and analytic syn-
tomization prismatization over Ny, satisfy our situation 2 conditions: (Al), (A2), (A3), the formal-
ism pullback and pushforward in (A4), (AS).

Proof. We check this one by one. First for the first condition it is true after we consider the
corresponding structure sheaves. The second condition is proved above. For the third condition we
consider the corresponding derived co-categories of quasicoherent sheaves. A4 holds for pullbacks
and pushforward. This is true over N then we consider the fiber product through:

. . . L . . . L
Prlsmatlzatlonqb&Nw, v l—[ Prlsmatlzatlonqbs,n’ M (389)
neN

to reach the corresponding compactification. Finally AS holds see [3A, Chapter 4, in particular
4.7, 4.8, 4.9, 4.10]. However since we are talking about rigid analytic spaces, [3A] can be directly
applied, where one can derive all the results from the formalism in [3A], which allows us to reduce
the corresponding proof to the formal scheme situation before. O

Definition 50. We in this context use the notations:

Galois(Prismatizationfbs’Nw’ W) (390)

. =L
Ga101s(Pr1smatlzatlonqbs’Nygaard’Nm’ i) 391)

Galois(PrismatizationL 392)

abs,Nq,syntomization, M )

to denote the corresponding Hopf algebraic motivic Galois fundamental groups, which is the de-
fined to be the spectra of the associated Hopf algebra.
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Theorem 42. There are morphisms from these motivic Galois fundamental groups to the corre-
sponding motivic Galois groups of A, and moreover L:

Galois(Prismatization’; . /) — Gal(A/A), (393)

Galois(Prismatization v) = Gal(A/A), (394)

L
abs,Nygaard,N,,

Galois(PrismatizationL ) — Gal(A/A). (395)

abs,Nq,syntomization, M

Proof. This is formal since we just apply the construction and definition to the point situation
(regard the scheme SpecA or SpecL as the corresponding formal scheme or rigid analytic space),
then the theorem follows by the functoriality of the construction of Hopf algebras. Then we reduce
to the results before for formal local model before following [3A]. O

Definition 51. The three analytic prismatizations:

. . . L
Prlsmatlzatmnqbs,Nw, Y (396)
Pr1smatlzauonqbs’l\lygaa1r AN M (397)
Prlsmatlzatlonqbs’Nm’ syntomization, M (398)

have a small arc-stack version as well as a small v-stack version, where the condensed structure
sheaves are pull-back along the strictly totally disconnected coverings. For such switching of
categories and consideration, we use the then the following different notation:

. . . L
Prlsmauzatlonqbs’Nw,_ (399)
Prismatization,, n+oaarav.. - (400)
_ L
Prismatization 401)

abs,No,,syntomization,—

where — is a small arc stack or a small v-stack attached to a rigid analytic space over L over N,
however locally the topology is arc-topology or v-topology.

Theorem 43. There is a version of Kiinneth theorem in this context

. . .. L
Prlsmatlzatlonqb s Noo (402)
—F— kL
Prismatization,, n+oaara.. - (403)
_— I
Prismatization (404)

abs,No,,syntomization,—*

To be more precise we have a Kiinneth theorem at least by passing to the corresponding quasico-
herent sheaves over the corresponding prismatization (i.e. the corresponding stackifications). This
holds for all three stackifications in the families over N,.

Proof. We have to consider formal models in this setting. We need to consider the compactification
in this theorem. Any prismatization stackification for a particular formal scheme — is basically a
stackification over — and ringed we use the notation # to denote the structure sheaf. As in the
usual situation we have that the derived oco-category of all the $-modules is equivalent to the
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prismatic site for —. However the derived prismatic cohomology theory in this setting does satisfy
the Kiinneth theorem in the derived version on the product of the corresponding p-adic formal ring
locally (which can be glue over formal schemes like —). Then the result can be generalized to our
setting over N away from co. Then we can take the corresponding compactification along:

QLbS Ne- — H Prismatization’ (405)

Prismatization abs.7,—*
neN

This implies the derived version of the Kiinneth theorem holds for analytic filtration prismatization
and analytic syntomization prismatization. This finishes the proof. O

Theorem 44. All three analytic prismatization, analytic filtration prismatization and analytic syn-
tomization prismatization over N, satisfy our situation 1 conditions: (Al), (A2), (A3), the formal-
ism pullback and pushforward in (A4), (AS).

Proof. We check this one by one. First for the first condition it is true after we consider the
corresponding structure sheaves. The second condition is proved above. For the third condition we
consider the corresponding derived co-categories of quasicoherent sheaves. A4 holds for pullbacks
and pushforward. This is true over N then we consider the fiber product through:

Prismatizationbe’Nm’_ — 1—[ PrismatizationaLbS’ e (406)
neN

to reach the corresponding compactification. Finally A5 holds see [3A, Chapter 4, in particular
4.7, 4.8, 4.9, 4.10]. However since we are talking about rigid analytic spaces by using perfectoid
coverings, [3A] can be directly applied, where one can derive all the results from the formalism
in [3A], which allows us to reduce the corresponding proof to the formal scheme situation before.
Again we need to consider the generalized version of [3A] along [3S], i.e. regard the corresponding
rigid analytic motivic cohomology theories as ones in our situation 1. O

Definition 52. We in this context use the notations:

Galois(Prismatizationﬁbs’Nm,_) 407)

. %L
Galois(Prismatization, \o..rax. ) (408)

(409)

Galois(Prismatization,, ;o vomization—)

to denote the corresponding Hopf algebraic motivic Galois fundamental groups, which is the de-
fined to be the spectra of the associated Hopf algebra.

Theorem 45. There are morphisms from these motivic Galois fundamental groups to the corre-
sponding motivic Galois groups of A, and moreover L:

Galois(Prismatizationfbs’Nm’_) — Gal(L/L), (410)

_— L
Galois(Prismatization

abs Nygaard ) —> Gal(L/L), (411)

Galois(PrismatizationL ) — Gal(L/L). 412)

abs, N, syntomization,

Proof. This is formal since we just apply the construction and definition to the point situation
(regard the scheme SpecA or SpecL as the corresponding formal scheme or rigid analytic space),
then the theorem follows by the functoriality of the construction of Hopf algebras. Then we reduce
to the results before for formal local model before following [3A]. O
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10.2 Three analytic prismatizations in the de Rham setting

Definition 53. We consider the corresponding de Rham prismatization in families. Recall the def-
inition goes in the following way. Eventually the definition is applied to z-adic A-formal schemes.
In the absolute manner we consider the category of all z-nilpotent A-algebras as the underlying ring
categorie Nil; 4, where all such algebras are assumed to be fibered over N,. Then we use the Witt
vector functor W4 from [3LH]. Then the prismaization is the stackification over the ring category
Nil; 4 where for each such ring we have the groupoid of all the Cartier-Witt ideals fibered over N,
1.e. those maps locally principally generated by distinguished elements in the big Witt vectors (for
wo we require nilpotency and for w; we require unitality). We follow [3S1], [3ALBRCS] to the
following three step for any L-rigid affioid with formal local model:

S1 Over N we have the analytic prismatization from local formal model from [3S1], [3ALBRCS],
which provide the analytic prismatization over the generic fiber over L;

S2 We take the corresponding compactification of this to N, by using the morphism to take the
fiber product:

Prismatization,, ., ~— Prismatization, (N). (413)

S3 Take condensed analytification from [3CS], [3CS1], [3CS2].

In this paper we use the notation

. . .. L
Prismatization;; o 1 (414)

to denote the absolute analytic prismatization in families in our current setting. The definition for
this is through the corresponding compactification from the stackification over N, since then we
have the morphism:

PPrismatizationabs’Nm(N) o {iﬂ DCat(P)*"™ — m DC&t(P[l/Z]QP)Comp (415)
(QP:P) (QP?P)

where comp is the completion with respect to the natural toplogy induced from the prisms involved
along the inverse limit. Then we take the compactification to reach the de Rham prismatization in
families N:

PPrismatizationabs,Noo - lin DCat(P)comp — 1(21 DCat(P[l/z]QP)ComP, 416)
(Qp.P) (Qp.P)

Then we have to take analytification when needed. Then we have the corresponding filtration
analytic prismatization:

fL
Prismatization

abs,Nygaard,dR,N (4 1 7)

which is defined to be compactification from N to N, of the corresponding open version over N:

Prismatization’

abs,Nygaard,dR,N (4 1 8)
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where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration prismatizations over z,-nilpotent A,-algebras. The compactification process needs
to be using the following morphisms to reach our definition as the corresponding fiber product in
families through the compactification:

| | Prismatizationfy \\euragr,, = | | Prismatizationf, . . (419)

neN neN

by taking the products along all NN of the usual projection from the corresponding filtration analytic
prismatization to the prismatization, and:

Prismatization - l—[ Prismatization’ (420)

aLbs,dR,Noo abs,dR,n"
neN

Recall that the filtration analytic prismatization is actually certain fibration version of the usual ana-
lytic prismatization, then we take further fibration over N, in our current setting. Recall how finally
the syntomization prismatization is constructed, which is by taking the descent of the Hodge-Tate
morphism and de Rham morphism in the filtration prismatization, along the diagonal morphism
from the prismatization with itself. These maps are obviously admitting the corresponding com-
pactification versions in our current setting. Therefore we consider the following three morphisms:

. . . . L flf
faR : Prlsmatlzatlonabs, dRN. PI‘ISI’I’latIZatIanbS’Nygaard,dR,N’ 421)
. . . L fl/
JSur : Prismatization , RN, Prismatization ; Nyeaard dR " (422)
. . . . L . . . L . . . L
d: Prlsmatlzatlonqbss R, X Prlsmatlzatlonqbs’ dRN. — Prlsmatlzatlonqb& dRN..- (423)

Then we take the product of fgr and fyr together and take the corresponding descent along d we
have the definition of the syntomization analytic prismatization in families in our current setting
over Ng:

PrismatizationL (424)

abs,dR,syntomization,N*

This finishes the definition. O

Definition 54. We consider the corresponding de Rham prismatization in families. Recall the def-
inition goes in the following way. Eventually the definition is applied to z-adic A-formal schemes.
In the absolute manner we consider the category of all z-nilpotent A-algebras as the underlying ring
categorie Nil_ 4, where all such algebras are assumed to be fibered over N,. Then we use the Witt
vector functor W, from [3LH]. Then the prismaization is the stackification over the ring category
Nil; 4 where for each such ring we have the groupoid of all the Cartier-Witt ideals fibered over
N, 1.e. those maps locally principally generated by distinguished elements in the big Witt vectors
(for wog we require nilpotency and for w; we require unitality). Now map all the construction and
definitions in the de Rham setting to z-adic A-formal scheme M. In this paper we use the notation

. . . L
Prlsmatlzatlonabs’ dRNM (425)
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to denote the absolute analytic de Rham prismatization in families in our current setting. The
definition for this is through the corresponding compactification from the stackification over N,
since then we have the morphism:

PPrismatizationabs’dKNw! u M) o lin DCat(P )comp - l(ln DCat(P[1/ Z]Q P)comp (426)
(Qp.P)/M (Qp.P)/M

where comp is the completion with respect to the natural toplogy induced from the prisms involved
along the inverse limit. Then we take the compactification to reach the de Rham prismatization in
families No:

pPrismatizationabS,dR’Nm,M :) h£l Dcat(P)comp - l(in Dcat(P[l/Z]Qp)Comp- (427)
(Qp.P)/M (Qp.P)/M

Then we have the corresponding filtration prismatization:

fL
Prismatization

abs,Nygaard,dR,N, M (428)

which is defined to be compactification from N to N, of the corresponding open version over N:

Prismatization’ (429)

abs,Nygaard,dR,N, M

where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration prismatizations over z,-nilpotent A,-algebras. The compactification process needs
to be using the following morphisms to reach our definition as the corresponding fiber product in
families through the compactification:

. . . L . . . L
1_[ Prismatization’ . .vd arwps = l_[ Prismatization i . e . 4 (430)
neN neN

by taking the products along all N of the usual projection from the corresponding filtration prisma-
tization to the prismatization, and:

Prismatization

— n Prismatization’ (431)

L
abs,dR, N, M abs,dR,n,M *
neN

Recall that the filtration analytic prismatization is actually certain fibration version of the usual ana-
lytic prismatization, then we take further fibration over N, in our current setting. Recall how finally
the syntomization prismatization is constructed, which is by taking the descent of the Hodge-Tate
morphism and de Rham morphism in the filtration prismatization, along the diagonal morphism
from the prismatization with itself. These maps are obviously admitting the corresponding com-
pactification versions in our current setting. Therefore we consider the following three morphisms:

[
. . . . L . : H
far + Prismatizationg oy, — Prismatization, \o .. q ar i a (432)
. Prismatization’ Prismatization . 433
fHT : rlsmatlzatlonabs,dR,Nm,M — rlSmatlZatlonqu,NygaarddKN’M, ( )
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. . . . L . . .. L . . .. L
d: Prlsmatlzatlonqbs,dKNw, y X Prlsmatlzatlonqbs’dR,Nm, v Prlsmatlzatlonqbss dRIN. M (434)

Then we take the product of fjr and fyr together and take the corresponding descent along d we
have the definition of the syntomization analytic prismatization in families in our current setting
over Neo:

——F— L
Wabs,d&syntomization,N,M .

(435)
This finishes the definition. O

Theorem 46. There is a version of Kiinneth theorem in this context. To be more precise we have
a Kiinneth theorem at least by passing to the corresponding quasicoherent sheaves over the corre-
sponding prismatization (i.e. the corresponding stackifications). This holds for all three stackifi-
cations in the families over N.

Proof. After we reduce this to formal models, we need to consider the compactification in this
theorem. Any prismatization stackification for a particular formal scheme M is basically a stack-
ification over M and ringed we use the notation ¥ to denote the structure sheaf. As in the usual
situation we have that the derived co-category of all the #-modules is equivalent to the prismatic
site for M. However the derived prismatic cohomology theory in this setting does satisfy the de-
rived Kiinneth theorem on the product of the corresponding p-adic formal ring locally (which can
be glue over formal schemes like M). Then the result can be generalized to our setting over N
away from co. Then we can take the corresponding compactification along:

. .. L
Prlsmatlzatlonqu,Nm,dR,M

— n Prismatizationfbs’ ndRM" (436)
neN

This implies the derived Kiinneth theorem holds for analytic filtration prismatization and analytic

syntomization prismatization. We then get the derived version of the Kiinneth theorem in the

current setting by restricting to the 3 de Rham prismatizations. This finishes the proof. O

Theorem 47. All three prismatization, filtration prismatization and syntomization prismatization
fibered over Ny, satisfy our situation 2 conditions: (Al), (A2), (A3), the formalism pullback and
pushforward in (A4), (AS).

Proof. We check this one by one. First for the first condition it is true after we consider the
corresponding structure sheaves. The second condition is proved above. For the third condition we
consider the corresponding derived co-categories of quasicoherent sheaves. A4 holds for pullbacks
and pushforward. This is true over N then we consider the fiber product through:

Prismatization, .\ gy — 1—[ Prismatization i 1/ (437)
neN

to reach the corresponding compactification. Finally AS holds see [3A, Chapter 4, in particular
4.7,4.8,4.9, 4.10]. O

Definition 55. The three analytic prismatizations:

. . . L
Prlsmatlzatlonqbstm, dRM (433)
s—— L
Prismatization, \o...an. ar.m (439)
s— L
PrlSmatlzatlonﬂbS,Nw,synlomization,dR, M (440)
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have a small arc-stack version as well as a small v-stack version, where the condensed structure
sheaves are pull-back along the strictly totally disconnected coverings. For such switching of
categories and consideration, we use the then the following different notation:

. . . L
Prismatization;  q _ (441)
%L
Prismatization s Nygaard Noo,dR,— (442)
Prismatizati On'Jbs,NDo,syntomization,dR, - (443)

where — is a small arc stack or a small v-stack attached to a rigid analytic space over L over N,
however locally the topology is arc-topology or v-topology.

Theorem 48. There is a version of Kiinneth theorem in this context

. . . L
Prlsmatlzatlonabs’Nm’ dR— (444)
s—— L
Prismatization § Nygaard N, dR — (445)
fll
PrlSmatlZatlanbs,Noo,syntomization,dR,— : (446)

To be more precise we have a Kiinneth theorem at least by passing to the corresponding quasico-
herent sheaves over the corresponding prismatization (i.e. the corresponding stackifications). This
holds for all three stackifications in the families over N,.

Proof. We need to consider the compactification in this theorem, after we reduce the consideration
to formal models. Any prismatization stackification for a particular formal scheme — is basically
a stackification over — and ringed we use the notation # to denote the structure sheaf. As in
the usual situation we have that the derived co-category of all the $-modules is equivalent to the
prismatic site for —. However the derived prismatic cohomology theory in this setting does satisfy
the Kiinneth theorem in the derived version on the product of the corresponding p-adic formal ring
locally (which can be glue over formal schemes like —). Then the result can be generalized to our
setting over N away from co. Then we can take the corresponding compactification along:

Prismatization - n Prismatization’ 447)

L
abs, N, dR,— abs,n,dR,—*

neN
This implies the derived Kiinneth theorem holds for analytic filtration prismatization and analytic
syntomization prismatization. We then get the derived version of the Kiinneth theorem in the
current setting by restricting to the 3 de Rham prismatizations. This finishes the proof. O

Theorem 49. All three analytic prismatization, analytic filtration prismatization and analytic syn-
tomization prismatization over Ny, satisfy our situation 1 conditions: (Al), (A2), (A3), the formal-
ism pullback and pushforward in (A4), (AS).

Proof. We check this one by one. First for the first condition it is true after we consider the
corresponding structure sheaves. The second condition is proved above. For the third condition we
consider the corresponding derived co-categories of quasicoherent sheaves. A4 holds for pullbacks
and pushforward. This is true over N then we consider the fiber product through:

. . . L . . . L
Prlsmatlzatlonqu’Nm’dR’_ — n Prlsmatlzatlonabs’ ndR— (448)
neN
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to reach the corresponding compactification. Finally A5 holds see [3A, Chapter 4, in particular
4.7,4.8, 4.9, 4.10]. However since we are talking about rigid analytic spaces by using perfectoid
coverings, [3A] can be directly applied, where one can derive all the results from the formalism
in [3A], which allows us to reduce the corresponding proof to the formal scheme situation before.
Again we need to consider the generalized version of [3A] along [3S], i.e. regard the corresponding
rigid analytic motivic cohomology theories as ones in our situation 1. O

Definition 56. We in this context use the notations:

Galois(Prismaltizationfb S N..dR._) (449)
. =L
Galms(Prlsmatlzatlonqbs’l\lywr AN dR’_) (450)

Galois(Prismatization, S Nao syntomization, dR,_)

451)

to denote the corresponding Hopf algebraic motivic Galois fundamental groups, which is the de-
fined to be the spectra of the associated Hopf algebra.

Theorem 50. There are morphisms from these motivic Galois fundamental groups to the corre-
sponding motivic Galois groups of A, and moreover L:

Galois(Prismatizationfbs’Nm’ R = Gal(L/L), (452)
Galois(PrismatizationQLbS,Nygaarde’dRﬂ_) — Gal(Z/ L), (453)
Galois(Prismatizationfbs’Nw’ syntomization, dR,_) — Gal(L/L). (454)

Proof. This is formal since we just apply the construction and definition to the point situation
(regard the scheme SpecA or SpecL as the corresponding formal scheme or rigid analytic space),
then the theorem follows by the functoriality of the construction of Hopf algebras. Then we reduce
to the results before for formal local model before following [3A]. O

10.3 Three analytic prismatizations in the de Rham-Hodge-Tate setting

Definition 57. We consider the corresponding de Rham-Hodge-Tate prismatization in families.
Recall the definition goes in the following way. Eventually the definition is applied to z-adic A-
formal schemes. In the absolute manner we consider the category of all z-nilpotent A-algebras as
the underlying ring categorie Nil, 4, where all such algebras are assumed to be fibered over N,.
Then we use the Witt vector functor W4 from [3LH]. Then the prismaization is the stackification
over the ring category Nil, 4 where for each such ring we have the groupoid of all the Cartier-Witt
ideals fibered over N, i.e. those maps locally principally generated by distinguished elements in
the big Witt vectors (for wy we require nilpotency and for w; we require unitality). In this paper
we use the notation

Prismatization’; « jour (455)

to denote the absolute analytic de Rham-Hodge-Tate prismatization in families in our current set-
ting. The definition for this is through the corresponding compactification from the stackification
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over N, since then we have the morphism:

¢)Prismatizationabs’dRHT’NDO (V) - 1&1’1 DCat(P)**™ — 1&1'1 DCat(P[1 /Z]QP)Comp — lln DCat(P[1/z]/Qp)°™

(Qp.P) (Qp.P) (Qp.P)
(456)

where comp is the completion with respect to the natural toplogy induced from the prisms involved
along the inverse limit. Then we take the compactification to reach the de Rham-Hodge-Tate
prismatization in families N,:

N lim DCat(P)*™ — lim DCat(P[1/z]g,)*®™ — lim DCat(P[1/z]/Qp)*™.

PPrismatization‘

abs,dRHT, Noo
(QP?P) (QP’P) (QP’P)
457)
Then we have the corresponding filtration prismatization:
=L
Pr1smatlzatlonabs,Nygaard dRHT.N (458)

which is defined to be compactification from N to N, of the corresponding open version over N:

. . . L
Prismatization, o0 qRETN (459)

where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration prismatizations over z,-nilpotent A,-algebras. The compactification process needs
to be using the following morphisms to reach our definition as the corresponding fiber product in
families through the compactification:

. . . L . . . L
l_l Prismatizationfy \...ra ariT. — l_[ Prismatization;, . jpyr., (460)
neN neN

by taking the products along all N of the usual projection from the corresponding filtration prisma-
tization to the prismatization, and:

. . . L . . . L
Prlsmatlzatlonobs’ dRHTN,, — H Prlsmatlzatlonobs’ dRHT.2" 461)
neN

Recall that the filtration analytic prismatization is actually certain fibration version of the usual ana-
lytic prismatization, then we take further fibration over N, in our current setting. Recall how finally
the syntomization prismatization is constructed, which is by taking the descent of the Hodge-Tate
morphism and de Rham morphism in the filtration prismatization, along the diagonal morphism
from the prismatization with itself. These maps are obviously admitting the corresponding com-
pactification versions in our current setting. Therefore we consider the following three morphisms:

. . . . L flf
far : Prlsmatlzatlonqbs, dRHTN,, — Prlsmatlzatlonqbs’Nygaard’ dRHT.N..> (462)
. P . . . L ﬁL 4 63
fur - rismatization,, ey, — Prismatization,, \ oo arHT N (463)
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Do . .. L . . .. L . . .. L
d: Pr1smatlzatlonqbs,dRHT,Nw X Prlsmatlzatlonqbs,dRHT’Noo - Pr1smatlzatlonqbs,dRHT’Nm. (464)

Then we take the product of fijr and fyr together and take the corresponding descent along d we
have the definition of the analytic syntomization prismatization in families in our current setting
over N:

PrismatizationL (465)

abs,dRHT,syntomization,N *

This finishes the definition. O

Definition 58. We consider the corresponding de Rham-Hodge-Tate prismatization in families.
Recall the definition goes in the following way. Eventually the definition is applied to z-adic A-
formal schemes. In the absolute manner we consider the category of all z-nilpotent A-algebras as
the underlying ring categorie Nil, 4, where all such algebras are assumed to be fibered over N,.
Then we use the Witt vector functor W4 from [3LH]. Then the prismaization is the stackification
over the ring category Nil, 4 where for each such ring we have the groupoid of all the Cartier-Witt
ideals fibered over N, 1.e. those maps locally principally generated by distinguished elements in
the big Witt vectors (for wg we require nilpotency and for w; we require unitality). Now map all
the construction and definitions in the de Rham-Hodge-Tate setting to z-adic A-formal scheme M.
In this paper we use the notation

. . . L
Prismatization,, eyt u (466)

to denote the absolute analytic prismatization in families in our current setting. The definition for
this is through the corresponding compactification from the stackification over N, since then we
have the morphism:

PPrismatizationabs’dRHT,Nm’ 2w @) - lﬂl DCat(P)“°"P (467)
(Qp.P)/M
— lim  DCat(P[1/z]/Qp)*™ — lim DCat(P[1/z]/Qp)*™ (468)
(Qp.P)/M (Qp.P)/M

where comp is the completion with respect to the natural toplogy induced from the prisms involved
along the inverse limit. Then we take the compactification to reach the de Rham prismatization in
families N:

PPrismatizationabs’ JRHT.Neo'M - lln DCat(P)comp (469)
(Qp.P)/M
~ TTm DCaPII/2I/0 ™ — Tm DCaPII//0r ™. @70)
(Qp.P)/M (Qp.P)/M

Then we have the corresponding filtration prismatization:

PrismatizationL 471)

abs,Nygaard,dRHT,N, M

which is defined to be compactification from N to N, of the corresponding open version over N:

Prismatization’ 472)

abs,Nygaard,dRHT,N, M
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where this open version is defined to be taking the product over the finite fibers over N, of the
usual filtration prismatizations over z,-nilpotent A,-algebras. The compactification process needs
to be using the following morphisms to reach our definition as the corresponding fiber product in
families through the compactification:

. . .. L . . .. L
n Prismatizationfy, . .ag qRHTM — l_[ Prismatization . ey, ur (473)
neN neN

by taking the products along all N of the usual projection from the corresponding filtration prisma-
tization to the prismatization, and:

. . . L . . . L
Pr1smatlzatlonabs,dRHT,N% [ l—[ Pr1smatlzatlonabs’dRHT,m M- 474)
neN

Recall that the analytic filtration prismatization is actually certain fibration version of the usual an-
alytic prismatization, then we take further fibration over N. Recall how finally the syntomization
prismatization is constructed, which is by taking the descent of the Hodge-Tate morphism and de
Rham morphism in the filtration prismatization, along the diagonal morphism from the prismatiza-
tion with itself. These maps are obviously admitting the corresponding compactification versions
in our current setting. Therefore we consider the following three morphisms:

. . . . L flf
Jar : Prlsmatlzatlonabs’ ARHT.N.M Pr1smatlzatlonQbS’Nygaard’ dRHT. N M’ 475)
Jut - rismatization ; jppr, p — Prismatization oo qRETNG M0 476)

. . . L
- Prlsmauzatlonqb& dRHT.N. M

477)

x Prismatization’

Do .. L
d : Prismatization abs. dRHT. N, M

abs,dRHT,No,,M

Then we take the product of fgr and fyr together and take the corresponding descent along d we
have the definition of the analytic syntomization prismatization in families in our current setting
over N:

s L
—PrlSmatlzatlonabs,dRHT,syntomization,N,M : (478)
This finishes the definition. O

Theorem S51. There is a version of Kiinneth theorem in this context. To be more precise we have
a Kiinneth theorem at least by passing to the corresponding quasicoherent sheaves over the corre-
sponding prismatization (i.e. the corresponding stackifications). This holds for all three stackifi-
cations in the families over N.

Proof. See the proof of theorem 46. O

Theorem 52. All three prismatization, filtration prismatization and syntomization prismatization
over N, satisfy our situation 2 conditions: (Al), (A2), (A3), the formalism pullback and pushfor-
ward in (A4), (AS5).
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Proof. We check this one by one. First for the first condition it is true after we consider the
corresponding structure sheaves. The second condition is proved above. For the third condition we
consider the corresponding derived co-categories of quasicoherent sheaves. A4 holds for pullbacks
and pushforward. This is true over N then we consider the fiber product through:

. . . L . . . L
Prismatization, ; sryry = | |Wabs’n’dRM’M (479)
neN

to reach the corresponding compactification. Finally A5 holds see [3A, Chapter 4, in particular
4.7,4.8,4.9, 4.10]. O
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