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Abstract

This paper is a discussion on oco-categorical approaches to Hodge-Iwasawa Theory, which was initi-
ated in our project on the co-categorical approaches to Hodge-Iwasawa Theory. The theory aims at
the serious unification of p-adic Hodge Theory and p-adic Iwasawa Theory, by taking deformation of
Hodge-theoretic constructions along some consideration in Iwasawa Theory beyond the Iwasawa defor-
mation of certain motives in the general sense. The Hodge modules in our current consideration will
be essentially within co-categorical derived categories of inductive Banach modules and co-categorical
derived categories of condensed solidification of certain topological modules.
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Chapter 1

Introduction

1.1 Results and Notations

1.1.1 Introduction to the Main Ideas

We discuss in this article the corresponding co-categorical and homotopicalization of some our serious
consideration in [T2], with some goal in mind to generalize [KL1] and [KL2] along some deformation
point of view. We hope to remind the readers of the fact that Hodge-Iwasawa theory is a combina-
tion of consideration in both Hodge theory and Iwasawa theory with certain moduli stack consideration
closely after [BF1], [BF2], [FK], [FS], [He], [KL1], [KL2], [KP], [KPX], [Nal], [Na2], [PR], [RZ],
[Sch2], [SW], [Wit]. The moduli stack consideration is following those in [Hel-2], [HH-2], [HV-2],
[PR-2], [RZ-2], [SW-2], [FS-2], [Sch-2], [Laff-2], [GL-2], [Ked-2], [Har1-2], [Har2-2], [EG-2], [EGH],
[HHS], [D], [L], [W]'. We are also inspired by [AB1-3], [AB2-3], [AB3-3], [AI1-3], [AI2-3], [AI3-3],
[BMSI1-3], [BMS2-3], [BS1-3], [BS2-3], [Fal-3], [Fa2-3], [Fa3-3], [Fon1-3], [Fon2-3], [Fon3-3], [Fon4-3],
[Fon5-3], [Iwa-3], [Kal-3], [Ka2-3], [KL1-3], [KL2-3], [KL3-3], [KL4-3], [KP-3], [Lul-3], [Lu2-3],
[Lu3-3], [Mann-3], [Sch1-3], [Sch3-3], [Wil-3], [Wi2-3], [Wi3-3], [HP]. We consider the multivariati-
zation as well from [CKZ], [PZ] and [BCM]. The deformation is so important that we need to establish
the corresponding results even in the situation where the spaces are relatively complicated to study. For
instance the importance to look at co-categorical and homotopical aspects took the deep roots from the
sheafiness of the topological period rings we are considering. However the sheafiness issue could be
weakened after we look at some development from [BK], [BBBK], [BBK], [KKM], [BBM], [CS1],
[CS2]. Generalizing the sheafiness to derived sheafiness, one could even achieve more such as the cor-
responding co-descent in quite general sense. The following two examples of results give the main ideas
of the picture along the discussion above after [BK], [BBBK], [BBK], [KKM], [BBM], [CS1], [CS2].

Proposition 1.1.1. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed, (1.1.1)
where * is one of the following spaces:

Speccs(f)w,r, 4/Fro?, (1.1.2)
(1.1.3)

'The consideration will be essentially after [EG-2], [EGH], [HHS]. See [EGH, Conjecture 5.1.18, Section 5.2, Theorem
5.2.4] for the detail of Emerton-Gee-Hellmann conjecture on the moduli stack of (¢, I')-modules.
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Spec“®, 1.4 /Fro”, (1.1.4)
(1.1.5)

Spec“S®,, 14 /Fro”, (1.1.6)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS &)r

CSqp!
Y, LA @

homotopylimit Spec WLA
r

homotopycolimit Spec
1

CS(I)I

homot(;pylimit SpecSd” WA

YA homotopycolimit Spec
.L T
CS(DI

homot(;pylimit SpecS @’ homoto;;ycolimit Spec YA

Y. LA

CS EISr

CSp!
y.ILA o

UIA / FroZ,

homotopylimit Spec /Fro”, homotopycolimit Spec
r 1

homot(ipylimit Spec®® (i);,n A/ Fro?, homoto;;ycolimit &){ﬁ,n A/ Fro?,

homot(;pylimit Spec®s CD’IM, Al FroZ, homoto;;ycolimit Spec®® (Dg’[,’n W, Fro”.

In this situation we will have the target category being family parametrized by r or / in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of oco-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M, (1.1.7)

r

homotopylimit M, (1.1.8)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M; is a Frobenius-equivariant module over the period ring with respect to some interval 2.

>This means that we can descend to some ring or space with respect to some radius r, since we are talking about the
corresponding projective limits of stacks (carrying inductive limits of co-sheaves of rings). This is in some sense (especially
when we consider finally the corresponding possibly very non-quasicompact space X instead of a ring A) deviating from the
situations above over full Robba rings where when deforming over X for instance noncompact we will achieve families of the
parameters » going to co. This is not actually hard to understand since we are taking two combined limits in different orders:

homotopycolimit homotopycolimit # homotopycolimit homotopycolimit. (1.1.9)
r YcX YcX r



Proposition 1.1.2. Similar proposition holds for

Quasicoherentsheaves, IndBanach, .
Proposition 1.1.3. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed,

where * is one of the following spaces:

SpecCS (T)w,l", A/ FroZ,

SpecCS (bw,l", A/ FroZ,

SpecCS Dyral FroZ,

(1.1.10)

(1.1.11)

(1.1.12)
(1.1.13)

(1.1.14)
(1.1.15)

(1.1.16)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the

corresponding FF curves from [KL1], [KL2], [FF] for

CS (Br

CSq/
Y, LA @

homotopylimit Spec w.LA
r

homotopycolimit Spec
1

CS (i)r

CS§!
y.LLA ¢

homotopylimit Spec YA
. L

homotopycolimit Spec
1

CS(DI

homotorpylimit SpecS @’ homoto;;ycolimit Spec yIA"

AW
homotopylimit Speccsa)’w’n Al Fro?, homotogycolimit SpecCS&);’r’ W Fro?,
r

homot(:pylimit SpecCS(T)(’//I, Al FroZ, homoto;;ycolimit (i){//,l", Al FroZ,

homot(:pylimit Speccsq)f[/f’ Al Fro?, homoto;;ycolimit SpecCS(be,R Al Fro”.

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
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quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.1.17)

homotopylimit M, (1.1.18)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 1.1.4. Similar proposition holds for
Quasicoherentsheaves, Perfectcomplex, IndBanach, . (1.1.19)
Proposition 1.1.5. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed, (1.1.20)

where * is one of the following spaces:

Sgccséw,r, 4/Fro?, (1.1.21)
(1.1.22)
Sgccséw,n 4/Fro?, (1.1.23)
(1.1.24)
ngfs% 4/Fro?, (1.1.25)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS (DI

homotopycolimit O 5@’ ,
Izy Spec ¥.ILA

, homotopylimit O
y.A Ipy Spec

CS (i)l

Y, LA

homotopycolimit O CS(T)’WF 4 homotopylimit O
r Spec e I Spec

homotopycolimitS CS(D;I’ 4 homotopylimit O CS(D(Ip,r,A'
r pec I Spec

homotopycolimit O “3®’ . /Fro% homotopylimit O ©®!  /Fro?,
Spec .l I; Spec v,

r



homotopycolimit O 5@’
r Spec

YIA / FroZ, homotopylimit ®! / FroZ,
o I

AW
P CS Z i CS g/ Z
homotogycohmlt S(p)eC d):,/,l_’ 4/Fro”, homot(;pyhmlt S(p)eC Dyra /Fro”.

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.1.26)

r

homotopylimit M/, (1.1.27)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 1.1.6. Similar proposition holds for

Quasicoherentsheaves, IndBanach,,. (1.1.28)

Proposition 1.1.7. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (1.1.29)

where * is one of the following spaces:

Sgccs@,n 4/Fro”, (1.1.30)
(1.1.31)
Sgccséw, 4/Fro?, (1.1.32)
(1.1.33)
spoeccsq)‘”’“ 4/Fro?, (1.1.34)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopycolimit O 5@
r

, homotopylimit O CSe!
Spec y.IA Ipy

Spec Y.LA



CS (i’)r

CS %,/
y.LA @

homotopycolimit O ,
I,)fy Spec YA

homotopylimit O
I Spec

CS(Dr

CS 1/
y.LA @

homotopycolimit O YA

homotopylimit O
r Spec i Spec

homotopycolimit SO CSE);’R ,/Fro”, homotopylimit O CS?I;(QI’ ,/Fro”,
r pec I Spec

CS q")r

homotopycolimit O
Izy Spec $.A

/Fro?, homoto{pylimit dv)él,r’ ,/Fro”,

homotopycolimit O Csd):“_ Wi Fro”, homotopylimit O qu){“_ Al Fro”.
r Spec i I Spec i
In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.1.35)

r

homotopylimit M, (1.1.36)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M; is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 1.1.8. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (1.1.37)
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1.1.2 Some Notations

[?7] SpecBX: Bambozzi-Kremnizer co-topos.
[?7] Spec®S: Clausen-Scholze co-topos.

[?] SO BK. oco-ringed structure sheaf of Bambozzi-Kremnizer co-topos.
pec

[?] SO Cs, co-ringed structure sheaf of Clausen-Scholze co-topos.
pec

[?] Quasicoherentsheaves, IndBanach,: (oo, 1)-category of (oo, 1)-quasicoherent sheaves of (oo, 1)-Banach
modules.

[?] Quasicoherentsheaves, Perfectcomplex, IndBanach,: (oo, 1)-category of (oo, 1)-quasicoh

erent sheaves of (oo, 1)-Banach modules with certain requirement on the perfectness.

[?] Quasicoherentpresheaves, Condensed, : (oo, 1)-category of (oo, 1)-quasicoherent sheaves of (co, 1)-condensed
solid modules.

[?] Quasicoherentpresheaves, Perfectcomplex, Condensed, :(co, 1)-category of (oo, 1)-quasi

coherent sheaves of (oo, 1)-condensed solid modules with certain requirement on the perfectness.

[?] A: Banach Rings.

[?] —, o: Deformations of Banach Rings as Functors.

[?] X: Preadic Spaces.

[?] O, X5: Colimits of Rings and Stacks.

1.2 Multivariate Hodge Iwasawa Modules

This chapter follows closely [T1], [T2], [T3], [KPX], [KP], [KL1], [KL2], [BK], [BBBK], [BBM],
[KKM], [CS1], [CS2], [CKZ], [PZ], [BCM], [LBV]?.

1.2.1 Frobenius Quasicoherent Modules I

Definition 1.2.1. Let ¢ be a toric tower over Q) as in [KL2, Chapter 7] with base Q, (Xi, ..., X*!).
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power:

&)1

le,r, 6lp,r, &)lp,ra Ay VLA LY L w,I”

U2 RRA S A S A S A

A v ¥ A+ 7+ AT vl ¥ ¥/
AL//,F’ Vq;,l", (Dgz/,l", Aw,r, VWI’ Aw’ra V;b,l"’ (D;,F, (I)w,r,

+ + T T I
AW,F’ V:ﬁ,l", q)lﬁ,r9 A(r//’l'" Vl//’l"a Aw,rw Vl//’r, (I)r(ﬁ’l'w q)w’r”

3Note that all our constructions in this article are motivated by certain deformation needed in our project on the Hodge-
Iwasawa theory closely after [BF1], [BF2], [FK], [FS], [He], [KL1], [KL2], [KP], [KPX], [Nal], [Na2], [PR], [RZ], [Sch2],
[SW], [Wit]. Also in our context one can study the deformation version of the construction in [LBV] by taking the corre-
sponding de Rham complex of rigid motives over the spaces we consider in this paper.
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We now consider the following rings with A being a Banach ring over Q,. Taking the product we have:

D D Y|
(Dl//,r,A’ q)rl%r,A’ q)l%r,A’

(I")[

T Ty
q)l,[/,F,Aa (Dl//,l",A’ w,TA

(I)I

.
Dy.r.a, (Dw,r,A’ WA

They carry multi Frobenius action ¢r and multi Lier := Z;,(F action. In our current situation after [CKZ]

and [PZ] we consider the following (oo, 1)-categories of (co, 1)-modules.

Definition 1.2.2. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of

those in the above from [BK] by taking derived rational localization:

BK&Sr

UL A SpecBKa)I

SpecBKQ/,,r, A, Spec LA

SpecBK(i)l/,,r, As SpecBK(i)Z,/’l-’ A SpecBK(f)éj,l—’ A

BK BK 4,/
(D(’ﬁ,n 1 Spec @

SpeCBKCDM,,r, As Spec YA

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBK(PI')w,r, 4/Fro?,

SpecBch)w,r, 4/FroZ,

Spec®X®,, 1 4 /Fro”.

1.2.1)

(1.2.2)

(1.2.3)

(1.2.4)
(1.2.5)

(1.2.6)
(1.2.7)

(1.2.8)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BK&Sr

homot(:pylimit Spec™ Dy 1 4,

BK(i)r

homot(zpylimit Spec AW

homot(ipylimit SpeCBK‘DZp,r,A’

homot(;pylimit SpecBKEIv)&,r, Al Fro?,
homotopylimit SpecBXd” . /Fro?,
r

y.ILA

homotcipylimit SpecBKd)Q,r, Al Fro?,

BK&')I

homoto;;ycolimit Spec UTA

BKq")I

homoto;;ycolimit Spec WA

BK(I)I

homotogycolimit Spec YA

homotogycolimit SpecBK(PI')L’ﬂ’R ,/Fro?,
homotopycolimit SpecBXd! _  /Fro?,
I

y.ILA

homoto;;ycolimit SpecBK(Dl’p’r’ A/ Fro”Z.
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Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-

ing their construction we have:

Definition 1.2.3. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,,. Then we take solidified tensor

product t;@ of any of the following

N v ™ A+ v+ AT Ot & Al
AL//,F’ V(//,F, q)l//,l", Awr, Vl//’r, Al/,’r’ Vlﬂ,r’ (D(rﬂ’lw q)lﬂ,r’

L Sy SR T AR AT Y
Alﬂ,ra Vlﬁ,r’ q)lﬁ,r9 A Vl//,r’ Aw,r9 Vl//,r’ (DZ//,F’ q)l,[/,r’

v,

+ + T T I
Al//,F’ Vl,[/,r’ (Du,[/,F, A(r//’l"y Vz//,l"’ Az//,F’ th,F’ (D:b’l'w (Dz//,l"’

with A. Then we have the notations:

A v D A+ v+ AT tVal 5 &l
Al/l,F,Aa Vlﬁ,r,A’ (Dz//,l“,A, Al/hr,A’ VL//,F,A’ AWF,A’ Vlﬂ,r,A’ q)rw’F’A» q)gb,F,A’

A v, 5 A+ 7+ AT val $r 3
Aw,l‘,A, ng,r,A’ (ng,r,A’ Aw’r’A’ Vl//,F,A’ Ad/,F,A’ Vl,[/,F,A’ (Dw,r,A, (I)%I*,A’

+ + T T I
A(//,F,A’ V(ﬂ,l",Aa (DW,F,A’ Aw,r‘,A, VW,F,A’ Al,b,F,A’ Vl//,r,A’ (Drl%r’A’ (D(ﬁ,r,A'

Definition 1.2.4. First we consider the Clausen-Scholze spectrum Spec®> () attached to any of those in

the above from [CS2] by taking derived rational localization:

Speccszw,r, A SpecCSFva,r, 4, SpecS Dy 1 4, specCSZ;L o Spec®® ﬁz’r’ A5

Sp eCCSZ;LA, Speccsﬁ,,r, " Speccsa)rw,r, A0 Speccsgﬁfp,n A0

Spec Ay r.a, Vi r.a, SpecSdy 1 4, Speccsﬁ;j,r, 1 Spec®S ?;R A

csxt cset CS oy,
Spec™ A, 1 4> SpecV ) 1y, Spec Dy g, Dy -y,

Spec™ Ayr.a, Spec™Vy, 1.4, SpecS Dy 1 4, SpecCSA:;’l-’ 4 Spec™® Vira

CSAT CS V}‘

cs CSen !
Spec ULA Spec JLA Spec (I)’w’n 4 5pec Dy - 4.

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecCSZwr’ 4/Fro”, Spec®® gw,n 4/Fro?, Speccsa)w,r, 4/Fro?, SpecCSZfZ’R 4 /Fro”,
Spec®s €$F Al FroZ, Spec®® ZZ/F Al FroZ, Spec®® 53;/1_ Al FroZ,
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(1.2.9)
(1.2.10)
(1.2.11)

(1.2.12)
(1.2.13)
(1.2.14)

(1.2.15)
(1.2.16)

(1.2.17)
(1.2.18)
(1.2.19)



Speccsﬁw,n A/ FroZ, W,,r, Al FroZ, Speccs(f)l/,,r, Al FroZ, Speccsﬁ;j’r’ Al Fro?,
Speccsﬁlz,n 4 JFro?, Speccsﬁfﬁ ral FroZ, Spec®® Wp ral Fro?,

SpecCSAl/,,r, A/ Fro?, SpecCSVl/,,r, A/ FroZ, SpecCSCI)l/,,r, A/ FroZ, SpecCSA(ZI’ A/ Fro?,
Spec® V:Z,r, Al Fro?, SpecCSAZI’r’ Al FroZ, Spec® Vjp,r, Al Fro”.

(1.2.20)
(1.2.21)
(1.2.22)

(1.2.23)
(1.2.24)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS(BI

Y, LA

homotopylimit Speccsa); 4> homotopycolimit Spec
r e 1

homot(;pylimit Speccs(i)’ll,’r’ n hOHlOtOI;}’COhmit SPCCCSCBILR o

homot(zpylimit SpecCS(D’l/,I’ " homoto;;ycolimit SpecCS(DILR 4

homotc;pylimit Spec®® &)’w’r’ Al Fro?, homotoI;ycolimit Spec®® de)f”’ A/ FroZ,
homot(;pylimit Speccs(i)fl/,r’ Al FroZ, homotoeycolimit (i)él,r, Al FroZ,

homotopylimit Spec“S®”
r

LA /Fro”, homotopycolimit Spec*>®! . /Fro”.
T 1

y.ILA

Definition 1.2.5. We then consider the corresponding quasipresheaves of the corresponding ind-Banach

or monomorphic ind-Banach modules from [BBK], [KKM]:
Quasicoherentpresheaves, IndBanach,

where * is one of the following spaces:

SpecBKEIv)w,r, A/ FroZ,

SpecBK(f)w,r, A/ FroZ,

SpeCBK(Dw,r, 4/Fro”,
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(1.2.25)

(1.2.26)
(1.2.27)

(1.2.28)
(1.2.29)

(1.2.30)



Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK('ISr

BK g/
Y, LA @

homotopylimit Spec YA
- .

homotopycolimit Spec
I

BK(i)r

BK /7
Y, LA o

homotopylimit Spec YA
, .

homotopycolimit Spec
I

BK(I)[

y,ILA*

homot(ipylimit SpeCBK‘Drw,r,A’

homotopycolimit Spec
I

BK&Sr

BK g/
y.ILA ¢

YA /Fro?,

homotopylimit Spec /Fro”, homotopycolimit Spec
r 1

homotc;pylimit SpecBKCT)QI’ Al Fro?, homotolzjycolimit SpecBK(f){b’rv Al FroZ,

BK(DV

BK g/
y.ILA o

UIA / FroZ.

homotopylimit Spec /Fro”, homotopycolimit Spec
r 1

Definition 1.2.6. We then consider the corresponding quasisheaves of the corresponding condensed solid
topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (1.2.31)

where * is one of the following spaces:

SpecCSZl/,,r, 4/Fro”, Spec®® %,,r, 4/Fro”, SpecCS&)w,r, 4/Fro”, SpecCSZ;R 4 JFro?, (1.2.32)
Spec®s 5;1- 4/ FroZ, Spec®® er Al FroZ, Spec®® 53;/1_ Al FroZ, (1.2.33)
(1.2.34)

SpecCS A(/,,r, A/ Fro?, W,,r, A/ Fro?, SpecCs (I)z//,r, A/ Fro?, SpecCS A;/,r, 4/ Fro?, (1.2.35)
SpecCS vf/j’n Al FroZ, SpecCS AZ/,R 4 / FroZ, SpecCS j./i,l", A / FroZ, (1.2.36)
(1.2.37)

SpecCS Ayral Fro?, SpecCS Vyral FroZ, SpecCS(Dl/,,r, A/ FroZ, SpecCS A(}j’r’ Al Fro?, (1.2.38)
Spec® V;j’r’ Al FroZ, Spec® AZ/,F, Al FroZ, Spec® Vjp,r, Al Fro”. (1.2.39)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS (Br

CSq!
y.LLA P

homotopylimit Spec UTA
- .L

homotopycolimit Spec
1

CS(T)I

homotopylimit Spec®>®” homotopycolimit Spec YA
r 1 e

Y, LA

15



CSq)I

homotopylimit Spec“>®” .. homotopycolimit Spec YA
r I 7

AW
homotopylimit Speccsérw,r, Al FroZ, homoto;;ycolimit SpecCS(T);’R Al Fro?,
r

homotcipylimit Speccsdu);/,r, ,/Fro?, homoto;;ycolimit (i)é/,r, ,JFro?,
homotc;pylimit SpecCSQDA’[/I’ Al Fro?, homotogycolimit SpecCSdJ{%R Al Fro”.
Proposition 1.2.7. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Condensed, (1.2.40)

where * is one of the following spaces:

Spec®S®,, 1 4 /Fro”, (1.2.41)
(1.2.42)
Spec“®, 1.4 /Fro”, (1.2.43)
(1.2.44)
Spec“S®, 14 /Fro”, (1.2.45)

to the oco-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS 5;’

CS !
AW\ @

homotopylimit Spec YA
- .

homotopycolimit Spec
I

CS(]”DI

homotopylimit Spec®S @’ homotopycolimit Spec YA
r I 7

Y, ILA

CS(DI

homot(:pylimit SpecS @’ homotogycolimit Spec YA

AW
homot(;pylimit Speccsﬁd;@r, Al Fro?, homotolz;ycolimit SpeCCS(PI')LIb’R Al FroZ,
homotc;pylimit Speccsdv)(’//,n Al FroZ, homotogycolimit dv)é/,r’ Al FroZ,

homotopylimit SpecCS(D’wI, Al FroZ, homoto;;ycolimit SpecCS(Dé/’R W Fro”.
r

16



In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.2.46)

r

homotopylimit M/, (1.2.47)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 1.2.8. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (1.2.48)

Definition 1.2.9. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (1.2.49)

where * is one of the following spaces:

SpecBX®y, 1 4 /Fro?, (1.2.50)
(1.2.51)
SpecBKé¢,r, 4/Fro?, (1.2.52)
(1.2.53)
Spec®X®,, 1 4 /Fro”. (1.2.54)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK&Sr

BK g/
v, ILA @

homotopylimit Spec W.LA
. L

homotopycolimit Spec
1

BK(i)r

BK§/
Y, LA o

homotopylimit Spec w.LA
r

homotopycolimit Spec
1

homot(zpylimit SpecBXa” BKCD{,/I’ A

WA homotopycolimit Spec
w 1

BK&)V

BK g/
y.ILA o

UITA / FroZ,

homotopylimit Spec /Fro%, homotopycolimit Spec
r 1
homotc;pylimit SpeCBKQVJQ’F’ Al Fro?, homotogycolimit SpecBK(ibéhr’ Al FroZ,

homotcipylimit SpecBKQDQI’ Al Fro?, homoto;;ycolimit SpecBK(Dl’p’r’ Al Fro”.
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Definition 1.2.10. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (1.2.55)

where * is one of the following spaces:

Spec®® Zw—, 4/FroZ, Spec®® ﬁw,r, 4/FroZ, SpecCSEIv)l/,,r, 4/FroZ, Spec®® Z;j,n Al FroZ, (1.2.56)
SpecCS %ZI, Al FroZ, SpecCS ZZ/,R ) / FroZ, SpecCS ﬂ/,r, ! / FroZ, (1.2.57)
(1.2.58)

Spec“A r.a/Fro”, V1.4 /Fro”, Spec®®,, 1. o /Fro”, Spec™ AIZ,F, 4 /Fro%, (1.2.59)
SpecCS WZI’ Al Fro?, SpecCs AZ/,R Wi Fro?, SpecCS 6;/,1“, Al Fro?, (1.2.60)
(1.2.61)

Spec®® Ayral Fro”, Spec®® Vyral Fro”, SpecCS(Dl/,,r’ 4/Fro”, Spec®® AJ,R Al FroZ, (1.2.62)
Spec® VzZ,F, Al Fro?, SpecCSA; ral Fro?, SpecCSV; ral Fro”. (1.2.63)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS a)r

CS g/
y.LLA @

homotopylimit Spec YA
, T

homotopycolimit Spec
1

CS(T)I

Y, LA

homotopylimit Speccs(b’d/ 4> homotopycolimit Spec
r e 1

CS(DI

homot(zpylimit SpecS @’ homoto;;ycolimit Spec YA

YA
homotopylimit Spec®® a)rl//,r, 4 JFro?, homoto;;ycolimit Spec®® (Bi,r, 4 JFro?,
r

CS (i)r

homotopylimit Spec w.T.A
) T,

/Fro”, homotopycolimit (i)zlp,r, A/ Fro?,
1

homot(zpylimit Speccsq)f[hn Al Fro?, homoto;;ycolimit SpecCS(D{ﬂ,r’ Al Fro”.

Proposition 1.2.11. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (1.2.64)
where * is one of the following spaces:
Spec®® Ef)w,F, 4/Fro?, (1.2.65)
(1.2.66)
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Spec“®, 1.4 /Fro”, (1.2.67)
(1.2.68)

Spec®S®y, 1 4 /Fro”, (1.2.69)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS a)r

CSq/
Y, ILA \

homotopylimit Spec w.LA
. T,

homotopycolimit Spec
1

CS q")r

CS %!
LA ¢

homotopylimit Spec YA
. A

homotopycolimit Spec
I

CS (DI

y,LA

homotopylimit SpecCS(D; - 4» homotopycolimit Spec
r Y 1

CS('IV)I

UTA / FroZ,

homotopylimit SpecCSCT)’w ral Fro”, homotopycolimit Spec
r e 1

homot(ipylimit Speccsdv)(’//’r’ Al FroZ, homotogycolimit dv){”’ W FroZ,

homot(zpylimit Speccs(l)’w’n A/ Fro?, homotogycolimit SpecCS(DlI/I’F’ Al Fro”.

In this situation we will have the target category being family parametrized by r or / in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.2.70)

r

homotopylimit M, (1.2.71)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 1.2.12. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach,,. (1.2.72)
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1.2.2 Frobenius Quasicoherent Modules II: Deformation in Banach Rings

Definition 1.2.13. Let y be a toric tower over Q, as in [KL2, Chapter 7] with base Q, (Xlil, X,:—'1>.
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power:

A v b A+ v+t ATt & i
Alﬂ,ra V([/,F’ q)l//,r9 Aw’r" Vl//,r’ Aw,rw le’ra q)rw’l"’ q)l//’r‘9

A v, 5 A+ v+ AT o F 37
Al//,r’ Vw,l", (D;z/,l", Aw,r, Vl//,r’ Aw’ra V;ﬁ,l"’ (D;,’lﬁ (I)WI’

Ay, Vyr, Oy, A -V ATV

I
R RERA LA R A lﬁ’r’q)d/,l"'

We now consider the following rings with — being any deforming Banach ring over Q,. Taking the
product we have:

&d o ol

q)(ﬁ,r,—a (D;’r’_9 (DL//,F,—’

¥ ¥ ol

‘D(p,r,—, q);’r’_9 (DL//,F,—’
1

Dy r,—, (Drz//,F,—’ (Dw,l",—'

They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Definition 1.2.14. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of
those in the above from [BK] by taking derived rational localization:

SpecBK(ﬂlv)w,r,_, SpecBKEI;’w,F’_, SpecBK(ﬂf){%R_, (1.2.73)

SpecBK(i)(/,,r,_, SpecBK(f);’r’_, SpecBKCi)élI’_, (1.2.74)

Spec®* @, 1 _, SpecBK(D’w’r,_, SpecBKCI)é,’R_. (1.2.75)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBKaw,r,_ /FroZ, (1.2.76)

(1.2.77)

SpecBKCi)w,r,_ /FroZ, (1.2.78)

(1.2.79)

SpeCBKd>¢,r,_ /Fro”. (1.2.80)
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Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BKEISI

y.I—=

homotopylimit SpecBKE); Lo
) T,

homotopycolimit Spec
1

homotopylimit SpecBK(f)(’p’n_, hOfIlOtOli;}’COHmit SPGCBK&){MR_,
r

homotopylimit Spec®X®”

L BK 3,/
I homotogycohmlt Spec”™® T

homotopylimit SpecBK&)’w r_/ Fro”, homotopycolimit SpecBK(PI'){b r/ FroZ,
. L / L

homotopylimit SpecBKd)rw r_/ Fro”, homotopycolimit SpecBKdV)({,/ r_/ Fro?,
; L | .

homotopylimit SpecBKCD’l// r_/ Fro”, homotopycolimit SpecBK(D(I// r/ Fro”.
r L | L

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 1.2.15. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,. Then we take solidified tensor

product QE) of any of the following

A v 5 A+ v+ AT Ot & Bl
Al[/,ra Vgﬂ,r’ q)l//,ra A(//,F’ Vl//,l'" Al//,ra V(l/’r’ (D:;,’l", q)l!/’l“a

L Sy SR T AR AT Y
Alﬂ,ra th,l“, ch,F, A(r//’l’" Vl//,r’ AwJﬂ V(//,l"’ (D://,l"’ CD,’[/J'W

+ + T T I
AL//,F’ V(//,F7 q);z/,l“, Awr, Vlﬁ,r’ Aw’r, Vlﬂ,r’ (D;’Iw q)lﬂ,r’

with A. Then we have the notations:

VALV @@

N v T ~+
Aw,r,—, Vw,l“,—, (DW,I‘,—’ Al/,’n_’ wI— 2y = Yy = “yI— ~y,=

q")l

varv_’ varv_’ (D‘//J—‘?_’ A l//srs_, 'lerv_’ d/’r’_’

v+ v-i. VT -
Vi LAY LN

+
y.I= AN

+ + il il 1
A(,//,l",—, V(,//,l",—, (Dw,l“,—, Awr,_a V(ﬂ,r,—’ Al//,r,—’ Vl//,r,_, (I)rw,r,_a (Dw’r’_-

Definition 1.2.16. First we consider the Clausen-Scholze spectrum Spec®S(x) attached to any of those
in the above from [CS2] by taking derived rational localization:

Speccsgw,r’_, Speccsgw,r,_, Speccszlu)w,r,_, Speccsglz’r’_, Spec®S izx_, (1.2.81)
SpecCSZ; r— Speccsﬁlz’n_, SpecCS(T)’w,r’_, Speccsa)éj’l—’_, (1.2.82)
(1.2.83)
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Speccsﬁw,r,_, m,n_, Speccs(f)w,r,_, Speccsﬁ;zgr’_, Speccsvl’r’_,
CS Kt Csv; o CS@r Pl

Spec Y~

Spec Spec

l//ar’_, 'w[/’r’_’

CS A;Z,l"’_, SpeCCS V+

W,R—’
CS xr CSn/
(Dt//,F,—’ Spec (Dw,r,—-

SpeCCSAlM,_, SpeCCSVlM,_, Speccs(l)w,r,_, Spec

SpecCSAZ/ o SpecCSV;j > Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

Spec®® Zl/,,r,_ /Fro”, Spec®® ﬁw,r,— /Fro”, Spec®® a)¢,r,_ /Fro”, Speccsz;j’r’_ /Fro”,
Spec®s i‘;,n_ /Fro”, Spec®® Z; r_/ Fro”, Speccsgll r_/ FroZ,

SpecCSAw,r,_ / Fro?, ?w,r,_ / FroZ, Speccs(f)l/,,r,_ / FroZ, Speccsﬁl’r’_ / FroZ,
Spec® v:;’r,_ /Fro”, Spec®® A;, r_/ FroZ, Spec®® W/ r/ Fro?,

SpecSAy 1. /Fro”, SpecV,, r _ /Fro”, Spec>®,, 1 _ /Fro”, Spec A:/:I,— /Fro?,
SpecCS V:/;,l",— /Fro”, SpecCS AZ/ r_/ Fro”, SpecCSVZ/ r_/ Fro”.

(1.2.84)
(1.2.85)
(1.2.86)

(1.2.87)
(1.2.88)

(1.2.89)
(1.2.90)
(1.2.91)

(1.2.92)
(1.2.93)
(1.2.94)

(1.2.95)
(1.2.96)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopylimit Spec®® 5; 1 _» homotopycolimit Spec®s (5910 o
r e I oL

homotopylimit Spec®® i)’w r_» homotopycolimit Spec®s q“)i i
r e I L

homotopylimit Spec®® d); r._» homotopycolimit Spec®s d)fb r_-
r e I e
homot(:pylimit SpecCSEf);’r’_ /Fro?, homoto;;ycolimit Spec®® EIH)ZbI’_ /Fro?,

homotopylimit Spec®® QVDQI - /Fro% homotopycolimit (i)é/ r_/Fro?,
r T 1 T

homotopylimit SpecCSCDQ r/ FroZ, homotopycolimit Spec® d)fb r/ Fro”.
r T 1 o
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Definition 1.2.17. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (1.2.97)

where * is one of the following spaces:

Spec®X®,, - _ /Fro?, (1.2.98)
(1.2.99)

Spec®*®,, r _ /Fro?, (1.2.100)
(1.2.101)

SpecBKCDw,r,_ /Fro”. (1.2.102)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopylimit SpeCBK(T)(rﬁ r._» homotopycolimit SPCCBK&); r-
r e 4 -

homotopylimit SpecBK(f); r_» homotopycolimit Spec® K(f){y o
r e 1 o

homotopylimit SpCCBK(D‘; r_» homotopycolimit SpecBK(D(’p L
r Y I ”

homotopylimit SpecBK&)’w r_/ Fro”, homotopycolimit SpecBKE)l{,/ r_/ Fro?,
. . / .

homotopylimit SpecBKci)rw r_/ Fro”, homotopycolimit SpecBK(i)({,/ r/ FroZ,
. L i )L

homotopylimit SpecBKd)’w r_/ Fro”, homotopycolimit SpecBK(D{b r/ Fro”.
. T i L

Definition 1.2.18. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (1.2.103)

where * is one of the following spaces:

Speccslw,r,_ /Fro”, Spec®® Ade,r,_ /Fro”, Spec®® EIS(,,R_ /Fro”, Spec®® le’n_ /FroZ, (1.2.104)
SpecCS 6;’1-’_ /Fro?, SpecCS ZZ/,R— /Fro?, SpecCS WZ,R— /Fro?, (1.2.105)
(1.2.106)
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Speccsﬁwyr,_ / FroZ, ?w,r,_ / Fro?, SpecCS(i)l/,,r,_ / Fro?, Speccsﬁl“;’r’_ / FroZ,
Spec®® ?;r’_ /Fro%, Spec® A; r_/ FroZ, Spec® v; r_/ Fro?,

Spec®® Ayr-/ FroZ, Spec®® Vyr-/ FroZ, Spec®® Dyr-/ FroZ, Spec®® AIZ’F,_ /FroZ,
Spec®s V;/,r,— /Fro”, SpecCSATM,_ /Fro%, Spec® V:(M,— /Fro”.

(1.2.107)
(1.2.108)
(1.2.109)

(1.2.110)
(1.2.111)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopylimit Spec®® &)’w r_» homotopycolimit Spec®® E]Sé, s
> T . L

homotopylimit Spec®® &); r_» homotopycolimit Spec®® (i)g[b r-
B L] I e

homot(;pylimit Spec® CDI’%R_, homoto;;ycolimit Spec® (Dé/,r,—'
homot(:pylimit SpecCSCAIS:b,r,_ /Fro?, homoto;;ycolimit Spec®® (AISQ’R_ /Fro?,
homot(ipylimit Speccsci)’w,n_ /Fro?, homoto;;ycolimit (i){%n_ /Fro?,
homot(;pylimit SpecCSCDQ’R_ /Fro?, homotogycolimit Spec®® d)fb’r’_ /Fro?.
Proposition 1.2.19. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed,

where * is one of the following spaces:

Spec®® &)w,n_ /Fro”,
Spec®® dyr-/ FroZ,

Spec®® Dyr-/ FroZ,

(1.2.112)

(1.2.113)
(1.2.114)

(1.2.115)
(1.2.116)

(1.2.117)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
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consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS 'q')r CS&')I

homotopylimit Spec™>®;, |- _, homotopycolimit Spec™®; . _,
r e 1 L

homotopylimit Spec®® (T)’w r_» homotopycolimit Spec®s (i)é, .
r e I L)

homotopylimit Spec®® D)
) T,

homotopycolimit Spec®® (I){ﬂ [
| .
homotopylimit SpecCS&)’w r_/ FroZ, homotopycolimit Spec® (AISQ r/ FroZ,
. L ; L
homotopylimit Spec®> CTDQ r_/ FroZ, homotopycolimit (i){p r/ FroZ,
. ., ; T,

homotopylimit Speccsd)’l// r_/ Fro, homotopycolimit Spec®® d){p r_/ Fro”.
r w I T

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.2.118)

r

homotopylimit M/, (1.2.119)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 1.2.20. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (1.2.120)

Definition 1.2.21. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (1.2.121)
where * is one of the following spaces:

SpecBX®y, 1 _ /Fro?, (1.2.122)
(1.2.123)
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Spec®¥d, r_ /Fro?, (1.2.124)
(1.2.125)

Spec®® @y, r _ /Fro”. (1.2.126)
Here for those space without notation related to the radius and the corresponding interval we consider the

total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopylimit SpecBK(PI')Q r_» homotopycolimit SpecBK&)i o
. . : .
homotopylimit SpecBKCT); - _» homotopycolimit SpecBK(ffb -
. T, i .
homotopylimit SpecBKd); 1 _» homotopycolimit SpecBK(I)Zb r
. L i .

homotopylimit SpecBK&)rw r/ FroZ, homotopycolimit SpecBKﬁdv){p r/ FroZ,
. . ; .

homotopylimit SpeCBK(I)rw r/ Fro?, homotopycolimit SpecBK(i)lIﬁ r/ FroZ,
. . | .

homotopylimit SpeCBKd)rw r_/ Fro”, homotopycolimit SpecBK(I)Zb r/ Fro”.
. . / .

Definition 1.2.22. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (1.2.127)

where * is one of the following spaces:

Speccs&/,,r,_ /Fro”, Spec®® ﬁp,r,_ /Fro”, Spec®® a)w,r,— /Fro”, Spec®® le’n_ /FroZ, (1.2.128)
Spec® ﬁi,r,— /Fro%, Spec® ZZ/,F,— /Fro%, Spec®® ﬂ/,l",— /Fro?, (1.2.129)
(1.2.130)

Spec“®A, .- /Fro”, V,, .- /Fro”, Spec*®®, . _ /Fro?, Speccsﬁj;’r’_ /Fro”, (1.2.131)
Spec®s W;,F’_ /Fro%, Spec® A;r’_ /Fro”, Spec®® ﬁ;’n_ /Fro”, (1.2.132)
(1.2.133)

Spec“SA . /Fro”, Spec®®V,, _ /Fro”, Spec>®,, 1. _ /Fro”, Spec®® AIZ,R— /FroZ, (1.2.134)
SpecCS V;’r’_ /Fro?, SpecCS AZ/,F,— /Fro?, SpecCS VI/,F,— /Fro”. (1.2.135)
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Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopylimit Spec®S (5;/ r._» homotopycolimit Spec®® 5& r-
> I ) T

homotopylimit Spec® CVDZJ . homotopycolimit Spec™ (i)ir r—
r Ly I e

homotopylimit Spec®® (Dfﬁ r_» homotopycolimit Spec® (Dé/ L
. . : T
homotopylimit Speccsérw r_/ Fro?, homotopycolimit Spec® EIH)LIb r/ FroZ,
. L / .
homotopylimit Spec®® CT)’M, r_/ Fro”, homotopycolimit (i)é, r/ Fro?,
. L / L,

homotopylimit Speccs(D’w r/ Fro?, homotopycolimit Spec®® (Dé, r/ Fro”.
r ” 1 ”

Proposition 1.2.23. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (1.2.136)

where * is one of the following spaces:

Spec®S®y, 1 /Fro?, (1.2.137)
(1.2.138)
Spec“Sd, . /Fro?, (1.2.139)
(1.2.140)
Spec®®, . /Fro?, (1.2.141)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopylimit Spec®S (T);, r._» homotopycolimit Spec®® &)é/ r-
r 'ty I e

homotopylimit Spec®® (f);, ._» homotopycolimit Spec®® d)é/ r-
r Ly [ e

homotopylimit Spec®® (I); r_» homotopycolimit Spec® CD; r_-
r Y I w
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homotopylimit Speccscf)’w r/ Fro%, homotopycolimit Spec®® (55/ r/ Fro?,
. o i’ L
homotopylimit Spec®® CT); r/ FroZ, homotopycolimit (i){p r_/ Fro?,
r L ; .

homotopylimit SpecCS(DQ r/ Fro”, homotopycolimit Spec® (D; r/ Fro”.
r e I e

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.2.142)
r

homotopylimit M/, (1.2.143)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 1.2.24. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (1.2.144)

Then we have the following functoriality results:

Proposition 1.2.25. We have the following commutative diagram:

Quasicoherentsheaves, Condensed, — Quasicoherentsheaves, Condensed

Quasicoherentsheaves, Condensed,, o Quasicoherentsheaves, Condensed "'

Proposition 1.2.26. We have the following commutative diagram:

Quasicoherentsheaves, IndBanach, —— Quasicoherentsheaves, IndBanach

Quasicoherentsheaves, IndBanach, v Quasicoherentsheaves, IndBanach v
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Proposition 1.2.27. We have the following commutative diagram:

Quasicoherentsheaves, Perfectcomplex, Condensed, —> Quasicoherentsheaves, Perfectcomplex, Condensed

Quasicoherentsheaves, Perfectcomplex, Condensed,, o —> Quasicoherentsheaves, Perfectcomplex, Condensed vy

Proposition 1.2.28. We have the following commutative diagram:

Quasicoherentsheaves, Perfectcomplex, IndBanach, ——> Quasicoherentsheaves, Perfectcomplex, IndBanach_

Quasicoherentsheaves, Perfectcomplex, IndBanach —> Quasicoherentsheaves, Perfectcomplex, IndBanach w
o

K2
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1.2.3 Frobenius Quasicoherent Modules III: Deformation in (oo, 1)-Ind-Banach
Rings

Definition 1.2.29. Let  be a toric tower over Q, as in [KL2, Chapter 7] with base Q, (Xf—’l, - X,fl>.
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power:

Zl//,r, 6z//,r, Ef)lp,r, AT L VE AT VT @

Y
w0 Yy 8y Voo @y @

y.I”

q")l

Alﬂ,ra 61//,1“» qv)lﬁ,r9 A+ v+ AT vT (i)r I

U2 RERA S A4 S A S A

Ay, Vyr, Oy, AT,V AT LV @

1
U2 LA A R A § A q)dfsl"'

We now consider the following rings with O being a homotopy colimit

homotopycolimitD; (1.2.145)

1

of Q, (1, ..., Y;),i = 1,2, ... in co-categories of simplicial ind-Banach rings in [BBBK]

Simpliciallnd — BanaChRinngP (1.2.146)
or animated analytic condensed commutative algebras in [CS2]

SimplicialAnalyticCondensede . (1.2.147)

Taking the product we have:

0 a0 G
®lﬁ,r,D5 q):b’l'"tp (DL//,F,D’

(‘I’)I

q)lﬂ,r,lj’ (D l//,r,D’

.
AN=k

(DI

q)w,r’m, (D l//,r,D'

.
Lo

They carry multi Frobenius action ¢r and multi Lier := Z;,(r action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (co, 1)-modules.

Definition 1.2.30. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of
those in the above from [BK] by taking derived rational localization:

SpeCBKa)¢,r,D, SpecBK&)’w,r,D, SpecBKEIv)éf,RD, (1.2.148)
Spec®*d, 1o, SpecBK(i)rw,r,D, SpecBKCi)élI’D, (1.2.149)
SpeCBK(I)(/,,r,D, SpecBK(Drw’r’D, SpeCBK(I)é/J-’D . (1.2.150)
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Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBX®y, o /Fro?, (1.2.151)
(1.2.152)
Spec®¥d, 1o /Fro?, (1.2.153)
(1.2.154)
Spec®*®, 1o /Fro”. (1.2.155)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK&Sr

BK 7/
y, I D

homotopylimit Spec U
. A

homotopycolimit Spec
I

BKq")r

BK,/
y, I, o

homotopylimit Spec v
. L

homotopycolimit Spec
1

BK(Dr

BK g/
yre P

homotopylimit Spec yro
- L

homotopycolimit Spec
I

BK&Sr

y.I,o

homotopylimit Spec AN
r

/FroZ, homotopycolimit Spec®X®! __/FroZ,
1

BK(I”)r

homotopylimit Spec IO

/Fro?, homoto;;ycolimit SpecBK(f)(Iﬁ’RD /Fro?,

BKCDI

yro / FroZ.

homotopylimit SpecBKCD’W ro/ Fro”, homotopycolimit Spec
r w 1

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 1.2.31. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,. Then we take solidified tensor

product Q.Z> of any of the following

AN Y. .-d + v+t AT 9t @d O!
Alﬂ,ra V(ﬂ,r’ q)lﬂ,r9 Ad/,l"’ Vl//,r’ Aw,r9 Vl//,r’ Q:/‘/’l"’ CD,J/’F,

A v ¥ At v+ AT vt § %1
Al[/,r’ Vw,l“» q)lﬂ,ra A(//,F’ Vl//,l'" Al//,ra V(/,’I*’ (D://,l"’ q)w’ra

CDI

Ay Vyr Oy, A V5 ATV @ I

178 SR/ s VA DR/ g VA
with A. Then we have the notations:

N v a A+ v+ AT ot D Y
Al,b,r,l]’ ng,r,\:b (ng,r,l:b Alﬂ,r,D’ V(ﬂ,r,D’ AL//,F,D’ Vl//,F,D’ (I)rw,r,cp (Dw’[“ﬂa

A Y, ¥ A+ 7+ AT val Y o
A(//,F,EI’ V(l/,r,[]’ q)lﬁ,r,D’ Al//,r,lj’ V(//,r,lj’ AL/I,F,D’ Vl//,F,D’ q)lﬂ,r,l:!’ (D(//J"’Da

+ + T T r !
A(//,F,\:b Vl//,r,l:b q)l,ﬁ,r,l:h A(//,F,D’ V(//,F,D’ Al//,r,D’ Vl//,F,EI’ (Dl//,r,D’ q)(//,r,D .
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Definition 1.2.32. First we consider the Clausen-Scholze spectrum Spec®>(#) attached to any of those

in the above from [CS2] by taking derived rational localization:

Spec® Ay 1o, Spec®Vy, 1o, SpecSSdy 1o, Speccsglpm, SpecSv*

y,I,o°
CSRt csSot CSF CSF I

Spec™ A, 1., Spec V;,r,u’ Spec™ @y, 1o, Spec D, 1,

Speccs&l,,r,n, m,m, SpeCCS(qu’F’D, SpecCSAJ’RD, Speccsvl’nu,
CcS Kt CSyt CS & v/

Spec A;p,r,m’ Spec—>V Lo Spec CI)’I/,,F,D, Q) ro

SpecCSAw,nD, SpecCS Vy.ro SpeCCSQDI/,,p,D, SpeccsAlpm, SpecCS V:/;,r,u’

SpecCSA;r,D, SpecCS V:;,r,u’ SpecCS(D’W,RD, SpecCS(I)é,’r’D.

Then we take the corresponding quotients by using the corresponding Frobenius operators:

Speccszd,,r,D /FroZ, Spec®® 6,/,,1—,5 /FroZ, Spec®® EIV)(/,,I—,D /FroZ, Spec®® Zl/t,r,m /FroZ,

Spec® ﬁi,r,m /Fro%, Spec® Z; ro/ FroZ, Spec®® 5; ra/ Fro?,

Spec“A r.n/Fro?, V, r.o/Fro”, Spec®®®,, 1o /Fro?, SpecCSﬁ;’,’F’D /Fro”,

Spec®s ﬁl’r’m /Fro”, Spec®® AL ro/ FroZ, Spec®® v; ro/ FroZ,

Spec®® Ayro/ FroZ, Spec®® Vyral FroZ, Spec®® Dyro/ FroZ, Spec®® A;;LD /FroZ,

Spec® sz,r,m /Fro%, Spec® AZ/ ro/ Fro?, SpecCSV:;/ ra/ Fro®.

(1.2.156)
(1.2.157)
(1.2.158)

(1.2.159)
(1.2.160)
(1.2.161)

(1.2.162)
(1.2.163)

(1.2.164)
(1.2.165)
(1.2.166)

(1.2.167)
(1.2.168)
(1.2.169)

(1.2.170)
(1.2.171)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CSqyr CSqpl
(Dlﬁ,F,D’ @

homotopylimit Spec v
r

homotopycolimit Spec
1

CS&r CS !
D)o D

homotopylimit Spec yro
. L

homotopycolimit Spec
I

CS(DI

Yo’

homotopylimit Spec®® (Dl’ﬁ .o homotopycolimit Spec
r e I

CS(AISI

Lo / FroZ,

homotopylimit Speccsa)’
r

wro /Fro”, homotopycolimit Spec
e I

homot(ipylimit Speccsﬁ)’w,nu /Fro?, homoto;;ycolimit du){%nu /Fro?,

homot(:pylimit SpecCSCI)Q’REl /Fro?, homotogycolimit Spec®® Qi’r’m /Fro”.
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Definition 1.2.33. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]*:

Quasicoherentpresheaves, IndBanach, (1.2.172)

where * is one of the following spaces:

SpecBX®y, o /Fro?, (1.2.173)
(1.2.174)
Spec®¥d, 1o /Fro?, (1.2.175)
(1.2.176)
Spec®*®,, 1o /Fro”. (1.2.177)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK&Sr

BK 7/
y, I, D

homotopylimit Spec Yo
. L

homotopycolimit Spec
1

BKq")r

BK %/
y, I, D

homotopylimit Spec w..o
. T

homotopycolimit Spec
1

BKq)r

BK s/
VA W=k o

homotopylimit Spec yro
r

homotopycolimit Spec
1

BKa)r

BK 3/
y.Io o

Lo / FroZ,

homotopylimit Spec /Fro%, homotopycolimit Spec
r 1

BK(I“)r

BK %/
/8 Wal D

Lo / FroZ,

homotopylimit Spec /Fro”, homotopycolimit Spec
r 1

homotc;pylirnit SpecBKCI);’F,El /Fro?, homotoeycolimit SpecBK(D(’p’RD /Fro”.

Definition 1.2.34. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (1.2.178)

where * is one of the following spaces:

Speccs&/,,r,,j / Fro?, SpecCS Ade,r,D / FroZ, Speccsa)w,rﬂ / FroZ, SpecCSZlZ’RD / FroZ, (1.2.179)
Speccsﬁlzgr’D /Fro?, SpecCSZ;r’D /Fro%, Spec®® ﬂ/’m /Fro?, (1.2.180)
(1.2.181)

“Here the categories are defined to be the corresponding homotopy colimits of the corresponding categories with respect
to each O;.
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Speccsﬁwyrﬂ / FroZ, vw,RD / Fro?, SpecCS(i)l/,,r,D / Fro?, Speccsﬁl“;’l-’D / FroZ,

Spec®® ﬁ:/t,r,u /Fro%, Spec® A; ro/ FroZ, Spec® v; ro/ Fro?,

SpecCS Ayro/ FroZ, SpecCS Vyral/ FroZ, SpecCS Dyro/ FroZ, SpecCS AIZ,F,D / FroZ,

SpecCSV;’,’RD /Fro?, SpecCSATp ro/ Fro?, SpeCCSV; ra/ Fro”.

(1.2.182)
(1.2.183)
(1.2.184)

(1.2.185)
(1.2.186)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS Ef)r

CSqp!
yre o

homotopylimit Spec u.ro
r

homotopycolimit Spec
1

CS C‘I’)r

CS &/
VA Wuk o

homotopylimit Spec yro
. )L

homotopycolimit Spec
I

CS(DI

homot(;pylimit SpecS @’ homoto;;ycolimit Spec yro

yre

homot(:pylimit SpecCSCAIS:H,EI /Fro?, homoto;;ycolimit Spec®® (AISQ’RD /Fro?,

homotopylimit Speccsﬁ)’w,nu /Fro?, homoto;;ycolimit (i){p,r,m /Fro?,
r

homot(;pylimit SpecCSCDQ’REl /Fro?, homotogycolimit Spec®® d)fb’r’m /Fro?.

Proposition 1.2.35. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed,
where * is one of the following spaces:

SpecCS &)w,m / FroZ,
SpecCS @w,pﬂ / FroZ,

Spec®® Dyrp/ FroZ,

(1.2.187)

(1.2.188)
(1.2.189)

(1.2.190)
(1.2.191)

(1.2.192)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
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consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS 'q')r CS&')I

homotc:pylimit Spec Yo homotogycolimit Spec Yo

homot(;pylimit Spec®® (T)’w’nu, homoto;;ycolimit Spec®® (fé,’r’m,

homot(;pylimit Spec®s (D;’F’D, homotogycolimit SpecCS(Dle’r’D.
homot(:pylimit Speccszlu)’l//’mI /Fro?, homoto;;ycolimit SpecCS(AISZH’D /Fro%,

homotopylimit Spec“S®” . _/Fro%, homotopycolimit &’ _ _/Fro?,
r 1

/8 W] y,I,O
homot(;pylimit SpeccsCI)’l//,REI /Fro?, homoto;;ycolimit SpecCS(I){p’r’D JFro”.

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.2.193)

r

homotopylimit M/, (1.2.194)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 1.2.36. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (1.2.195)

Definition 1.2.37. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (1.2.196)
where * is one of the following spaces:

SpecBX®y, o /Fro?, (1.2.197)
(1.2.198)
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SpecBK(i)w,r,D / FroZ,

Spec®® @y, r o /Fro”.

(1.2.199)
(1.2.200)

(1.2.201)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BKEI;r

BK g/
yre @

homotopylimit Spec v
r

homotopycolimit Spec
1

BK(i)r

BK %/
y, I o

homotopylimit Spec w.Lo
. L

homotopycolimit Spec
1

BKcDr

BK 1,/
y, I, D

homotopylimit Spec yro
r

homotopycolimit Spec
I

BK&Sr

homotopylimit Spec w.Io
r

y.Io

BK(‘I’)r

y,I,o

homotopylimit Spec A=
r

BK(I)I

homotc;pylimit SpecBKd)’l//’nE| /Fro?, homoto;;ycolimit Spec yro

/FroZ, homotopycolimit Spec®X®! __/FroZ,
I

/FroZ, homotopycolimit Spec®¥®! . /Fro?,
1

/Fro”.

Definition 1.2.38. We then consider the corresponding quasisheaves of perfect complexes of the corre-

sponding condensed solid topological modules from [CS2]:
Quasicoherentsheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

Speccs&/,,r,,j / FroZ, SpecCS §¢,I’,|:| / FroZ, Speccs(f)w,r,g / FroZ, SpecCSZlZ’RD / FroZ,

csg;’m JFro?, SpecCSAT . /Fro?, SpecSSVT . /Fro”,

Spec w0 /A Wa|

SpecCS A,M,D / FroZ, m,m / Fro?, SpecCS Ci);a,r,u / FroZ, Speccsﬁj;’r’u / FroZ,

SpecCS W;,F’D / FroZ, SpecCS AZ, ro / FroZ, SpecCS ﬁ; ro / FroZ,

SpecCSA(/,,r,D / Fro?, SpecCS Vyral/ FroZ, SpecCS(I)w,r,D / Fro?, SpecCSAlZ’RD / FroZ,

Spec®® V;’RD /Fro”, Spec®® AZ/ ro/ FroZ, Spec®® VZ; ro/ Fro”.
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(1.2.202)

(1.2.203)
(1.2.204)
(1.2.205)

(1.2.206)
(1.2.207)
(1.2.208)

(1.2.209)
(1.2.210)



Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS 6}’

CSx/
VA Wuk s

homotopylimit Spec yro
. L

homotopycolimit Spec
1

CS (i)r

CSH/
VA ny ¢

homotopylimit Spec yro
- L

homotopycolimit Spec
1

CS(DI

Yo’

homotopylimit Spec®® (D(rp,r,u’ homoto;;ycolimit Spec

homot(zpylimit SpecCSEIV)f//I,EI /Fro?, homotogycolimit Spec®® EIH)LIM’D /Fro?,

CS (‘I‘)r

.10

homot(ipylimit Spec w.I,0

/Fro”, homotopycolimit ®! . _/Fro?,
1

homotopylimit Speccs(D’w,F,D /Fro?, homoto;;ycolimit SpecCS(Dél’r’D /Fro”.
r

Proposition 1.2.39. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (1.2.211)

where * is one of the following spaces:

SpecCSﬁv)w,p,D /Fro?, (1.2.212)
(1.2.213)
Spec“S®,, 1o /Fro?, (1.2.214)
(1.2.215)
Spec“®,, 1o /Fro”, (1.2.216)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS a)r

CS g/
v @

homotopylimit Spec U0
- L

homotopycolimit Spec
1

CS(T)I

homotopylimit Spec“>®” . homotopycolimit Spec U0
r 1 e

v

CS(DI

y.Iro”

homotopylimit Spec®® (I); .o homotopycolimit Spec
r e 1
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homot(;pylimit SpecCS(B’W,F,D /Fro?, homotogycolimit Spec®S 6{/&,5 /FroZ,

homot(;pylimit SpecCSCTDrwI’D /Fro?, homotogycolimit (i)({//,r,lj /Fro?,

homotopylimit Speccsd);,r,m /Fro?, homoto;;ycolimit SpecCS(I)l’%r,D /Fro”.
r

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of oco-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.2.217)

homotopylimit M/, (1.2.218)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval 1.

Proposition 1.2.40. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (1.2.219)

1.3 Univariate Hodge Iwasawa Modules
This chapter follows closely [T1], [T2], [T3], [KPX], [KP], [KL1], [KL2], [BK], [BBBK], [BBM],
[KKM], [CS1], [CS2], [LBV].

1.3.1 Frobenius Quasicoherent Modules I

Definition 1.3.1. Let ¢ be a toric tower over Q, as in [KL2, Chapter 7] with base Q, <X = X,:—“1>.
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power”:

A Y. B At Ut AT It & Bl
Al//’ V(ﬂ’ ®d/5 Al//, Vw’ Aw’ Vd/’ Qrw’ Qw’
A v b A+ vt AT YT B HI
A(//’ Vl[/’ (D(ﬁ’ Aw’ V‘l/’ A‘[/’ Vw? (D,ij (Dl,[/’
+ g+ AT ot I
Ay, Vy, @y, A, V5 ALY, @ D
We now consider the following rings with A being a Banach ring over Q,,. Taking the product we have:

D o o/
q)(//,Aa (D;’A, q)(//’A’

>Here |T'| = 1.
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by 1 b7 D

$A YA
I
Dy g D), DL .

They carry multi Frobenius action ¢r and multi Lier := Z;fr action. In our current situation after [CKZ]

and [PZ] we consider the following (oo, 1)-categories of (co, 1)-modules.

Definition 1.3.2. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of

those in the above from [BK] by taking derived rational localization:

BK(’ISI

SpecBKa)w, A SpecBK(T)rw’ 4 Spec 0y, 4,

BK(T)’W, A SpecBK<i)1

SpeCBKﬁ)w, A Spec A

Spec®Xdy, 4, SpecBK(Drw’ A SpecBK(I)éj’ A

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpeCBKCAIS% A/ FroZ,

SpeCBK&)w, A/ FroZ,

SpecBKCDl/,, 4/FroZ.

(1.3.1)

(1.3.2)

(1.3.3)

(1.3.4)
(1.3.5)

(1.3.6)
(1.3.7)

(1.3.8)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BKE)I

homotopylimit SpecBK&)’ homotopycolimit Spec A
r I ’

A

BK(i)I

homotopylimit Spec®Xd” wA
; s

A homotopycolimit Spec
’ 1

BK(I)r

homotopylimit Spec wA
r

homotopycolimit SpecBK(I)fb 4
: s
homotopylimit SpecBK(T)’w A/ FroZ, homotopycolimit SpeCBK(T)lI/, A/ FroZ,
r ’ 1 >
homotopylimit SpecBKCT)’w Al Fro”, homotopycolimit SpecBK(i)Z[/ Al Fro?,
r ’ 1 >

homotopylimit SpecBKCDQ 4 /Fro”, homotopycolimit SpecBK(I)fb A /Fro”.
r ’ 1 ’
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Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-

ing their construction we have:

Definition 1.3.3. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,. Then we take solidified tensor

product 6.<) of any of the following

AN Y. D AT Ut AT T ® D
Al//’ Vl,ba (D(,//a Al’ V;7 Awa V(}/’ (Drwa (Dl//’
X Y & A v AT YT & B
Ry Yy By, K3, V3 ALV Q0 B

Ay Vi @y, A, V5, ALV D7, D,
with A. Then we have the notations:

vt ATV o @l

R v/ D A+
A(//,A’ V(//,A’ (DL{/,Aa A(%A’ VA DA Y g A A gAY

A v, T X+ T+ AT val T T/
AW,A9 Vlﬁ,A9 (Dlﬁ,A9 AI,Z/,A’ V(l/,A’ Al//,A’ Vl//,A’ (Drl//,A9 (Dz//,A’

Ay Vs @y a, A V2 AT V@

1
WA YA TYA YA l//,A’(Dl//,A'

Definition 1.3.4. First we consider the Clausen-Scholze spectrum Spec®S () attached to any of those in

the above from [CS2] by taking derived rational localization:

CSZL A SpecCSVJ’ "

CSqy!
D), A

SpecCSZl/,, A, SpecCS 6(/,, A SpecCS(ﬂﬁw, A, Spec

CSZT CS%T

CSFr
UA U,A’ o

Spec Spec Spec"®,, 4, Spec

CS X
AKZ’ A Spec

CS &
(Drl//,A’

CSy+
Vlﬂ,A’

oy
(Dl//,A’

Speccsﬁl/,, A V/,, A, Speccsi)w, A Spec
CS KT csyt

Spec YA A

Spec Spec

CSA;’ A Spec
s
QL,A,

CSy+
Vl//,A’
Speccsd){[,, A

SpecCSAl/,, A SpecCS Vy.a, SpecCS(Dl/,, A, Spec

SpecCSAZ/ A0 SpecCSV; 4 Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecCS Zw, A/ FroZ, SpecCS gw, A/ FroZ, SpecCS&)w, A/ FroZ, SpecCSZ(Z’ A/ FroZ,
Spec®S 6; 4/ FroZ, Spec®® ZZ/ Al FroZ, Spec®® 63;/ Al FroZ,
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(1.3.9)
(1.3.10)
(1.3.11)

(1.3.12)
(1.3.13)
(1.3.14)

(1.3.15)
(1.3.16)

(1.3.17)
(1.3.18)
(1.3.19)



Speccsﬁ(/,, Al FroZ, %’ A/ FroZ, Speccs(f)l/,, A/ Fro?, Speccsﬁ;j’ Al FroZ,
Spec® ?lz, 4 JFro?, Speccsﬁg W, Fro?, Speccswp W, Fro?,

SpecCSAl/,, 4/Fro?, SpecCSVl/,, 4/Fro?, SpecCSCI)l/,, 4/Fro?, SpecCSA;;’ A/ Fro?,
Spec® V;y Al Fro?, SpeCCSAZ/ Al FroZ, Spec® V;j Al Fro”.

(1.3.20)
(1.3.21)
(1.3.22)

(1.3.23)
(1.3.24)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS (Br

CSq/
A o

homotopylimit Spec UA
r

homotopycolimit Spec
1

homotopylimit Spec®® GUD; 4» homotopycolimit SpecCS(f)é, "
r ’ 1 K

homotopylimit SpeCCS(D; 4» homotopycolimit SpeCCS(Di 4
r ? 1 K

homotopylimit SpecCSEﬁ; ,/Fro%, homotopycolimit Speccsa)i 4 JFro?,
r ’ 1 K

homotopylimit Speccsci)’w ,/Fro%, homotopycolimit (i)él ,/Fro?,
r ’ I >

homotopylimit SpecCSCDQ 4 /Fro”, homotopycolimit Speccsd)fb A /Fro”.
r ’ I K

Definition 1.3.5. We then consider the corresponding quasipresheaves of the corresponding ind-Banach

or monomorphic ind-Banach modules from [BBK], [KKM]:
Quasicoherentpresheaves, IndBanach,

where * is one of the following spaces:

SpecBKEIVJA,,, A/ FroZ,

SpecBKﬁ)w, A/ FroZ,

SpecBK®¢, 4/Fro”.
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(1.3.25)

(1.3.26)
(1.3.27)

(1.3.28)
(1.3.29)

(1.3.30)



Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BK(FISr

BK g/
v,A° @

homotopylimit Spec A

homotopycolimit Spec
I

BK(i)r

BK {7
A o

homotopylimit Spec A
- s

homotopycolimit Spec
I

homotopylimit SpecBK(D; e
) :

homotopycolimit SpecBK(le,l s
| s
homot(:pylimit SpecBKEf)’w, W, Fro?, homotogycolimit SpecBK&)lIl/’ Al Fro?,

homotopylimit SpecBKCT); ,/Fro%, homotopycolimit SpecBK(f){b 4, /Fro?,
r ’ 1 ’

homotopylimit SpecBKCD’w Al Fro”, homotopycolimit SpecBKCD(Il/ Al Fro”.
r ’ 1 ’

Definition 1.3.6. We then consider the corresponding quasisheaves of the corresponding condensed solid

topological modules from [CS2]:
Quasicoherentsheaves, Condensed,
where * is one of the following spaces:

SpecCS Z,/,, A/ FroZ, SpecCS 6,/,, A/ FroZ, Speccsabw, A/ FroZ, SpecCSZ(Z’ Al FroZ,
Speccsgz’ 4/ Fro?, SpecCSZZ/ Al FroZ, Speccsﬂi Al FroZ,

Speccs&/,, A/ Fro?, %,, A/ Fro?, Speccscf)l/,, A/ Fro?, Speccsﬁf;’ 4/ Fro?,
Speccsv; 4 /Fro?, SpecCSAI/ Al Fro?, Speccsﬂl W, FroZ,

SpecCS Ayal FroZ, SpecCS Vy.al FroZ, SpecCS(Dl/,, A/ FroZ, SpecCSA;j, Al FroZ,
Spec®® V(Z’ Al FroZ, Spec® A;, Al FroZ, Spec® V;’ Al Fro”.

(1.3.31)

(1.3.32)
(1.3.33)
(1.3.34)

(1.3.35)
(1.3.36)
(1.3.37)

(1.3.38)
(1.3.39)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS &)r

CSq!
A P

homotopylimit Spec A
- s

homotopycolimit Spec
1

CS(T)I

homotopylimit Spec“>®” ,, homotopycolimit Spec A
r I ’

U,A°
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homotopylimit SpeCCS(D; 4» homotopycolimit Speccsd)(’p A
r ’ I ’
homot(ipylimit SpecCS(B’w, Al FroZ, homoto;;ycolimit SpecCS(T);’ W Fro?,

homotc;pylimit SpecCS(T)’l//, ,/Fro?, homoto;;ycolimit (T)él, ,/Fro?,
homotopylimit SpeCCSCDQ 4 /Fro?, homotopycolimit Speccsdbfb A /Fro”.
r ’ I i
Proposition 1.3.7. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Condensed, (1.3.40)

where * is one of the following spaces:

Spec®S®,, 4 /Fro”, (1.3.41)
(1.3.42)
Spec“®d, 4 /Fro?, (1.3.43)
(1.3.44)
SpecS®, 4 /Fro?, (1.3.45)

to the oco-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS &)r

CSqp!
YA ®

homotopylimit Spec A
- s

homotopycolimit Spec
I

CS(]”DI

w’A’

homotorpylimit SpecCS &’:p, a0 homotogycolimit Spec

homotopylimit Speccsd)’w 4» homotopycolimit Speccsd){ﬂ A
r ’ I i
homotopylimit Speccsa); ,/Fro%, homotopycolimit SpeCCS(PI')LIb ,JFro?,
r ’ I ’
homotopylimit Speccsdv); 4 /Fro”, homotopycolimit dv)é/ n /Fro?,
r ’ I ’

homotopylimit SpecCS(DQ Al Fro%, homotopycolimit SpecCS(D;/ Al Fro”.
r ’ I ’
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In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.3.46)

r

homotopylimit M/, (1.3.47)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 1.3.8. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (1.3.48)

Definition 1.3.9. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (1.3.49)

where * is one of the following spaces:

SpecBX®y, 4 /Fro?, (1.3.50)
(1.3.51)
SpecBXd, 4 /Fro?, (1.3.52)
(1.3.53)
Spec®X®,, 4 /Fro”. (1.3.54)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK('IBr

BK !
w’A, @

homotopylimit Spec UA
r

homotopycolimit Spec
1

BK(i)r

BK &/
A o

homotopylimit Spec UA

homotopycolimit Spec
1

homotopylimit Spec®X®d”
r

L BK 1,/
A homoto;;ycohmlt Spec”™® VA

homotopylimit SpecBK(T)’w Al FroZ, homotopycolimit SpecBK(T)(Iﬂ A/ Fro?,
r ’ I >

homotopylimit SpecBKCTD’W A /Fro”, homotopycolimit SpecBK(i)({,/ n /Fro?,
r ’ Ji >

homotopylimit SpecBK(D; 4 /Fro”, homotopycolimit SpecBK(Dl’p 4 /Fro”.
r ’ I ’
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Definition 1.3.10. We then consider the corresponding quasisheaves of perfect complexes of the corre-

sponding condensed solid topological modules from [CS2]:
Quasicoherentsheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

Spec®® Zw, 4/FroZ, Spec®® %,, 4/FroZ, SpecCSEIv)l/,, 4/FroZ, Speccszt}j’ Al FroZ,
Spec®® 5;’ Al FroZ, Spec® Z;’ Al FroZ, Spec® ﬂ,’ Al Fro?,

Speccsﬁw, A/ FroZ, m, A/ FroZ, Speccsd)w, A/ FroZ, SpecCSA; 4/ FroZ,
Speccsﬁ;’ al FroZ, Speccsﬁz; Al FroZ, Speccsvl A /FroZ,

Spec®® Ayal FroZ, Spec®® Vyal FroZ, SpecCS(Dl/,, 4/FroZ, SpeccsA;j’ Al FroZ,
Spec® V(Z, Al FroZ, Spec® A;’ Al FroZ, Spec® V; Al Fro”.

(1.3.55)

(1.3.56)
(1.3.57)
(1.3.58)

(1.3.59)
(1.3.60)
(1.3.61)

(1.3.62)
(1.3.63)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CSqyr CSq!
D), A vy

homotopylimit Spec A
- s

homotopycolimit Spec
1

CS(T)I

¥,A°

homotopylimit Spec®® (f):b 4» homotopycolimit Spec
r ’ 1

homotopylimit SpecCS(D’d/ 4» homotopycolimit SpecCS(Dél 4
r ’ I ’

homotopylimit SpecCSEIVDQ ,/Fro%, homotopycolimit Speccs(ii 4 JFro?,
r ’ I ’

homotopylimit Speccsd); A/ Fro”, homotopycolimit (i){ﬁ A/ Fro?,
r ’ I ’

homotopylimit SpecCSq)’w Al Fro”, homotopycolimit SpecCS(DIIﬁ Al Fro”.
r ’ 1 ’

Proposition 1.3.11. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

SpecCS EIVDL/,, A/ FroZ,
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(1.3.64)

(1.3.65)
(1.3.66)



Spec“®®, 4 /Fro?, (1.3.67)
(1.3.68)

SpecS®, 4 /Fro?, (1.3.69)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS &Sr

CSqp!
YA @

homotopylimit Spec A
r

homotopycolimit Spec
1

CS q")r

CSH!
A ¢

homotopylimit Spec A
. s

homotopycolimit Spec
I

homotopylimit SpeCCS(DQ 4» homotopycolimit SpecCS(D{[, A
r ’ 1 K

homotopylimit Speccs(B’w A/ Fro”, homotopycolimit Speccsa)l; A/ Fro?,
r ’ 1 ’
homotopylimit Speccsd); ,/Fro%, homotopycolimit dv)él ,/Fro?,
r ’ 1 >

homotopylimit SpecCS(D’w A/ Fro”, homotopycolimit SpecCS(Dl; Al Fro”.
r ’ 1 ’

In this situation we will have the target category being family parametrized by r or / in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.3.70)

r

homotopylimit M, (1.3.71)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 1.3.12. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach,,. (1.3.72)
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1.3.2 Frobenius Quasicoherent Modules II: Deformation in Banach Rings

Definition 1.3.13. Let  be a toric tower over Q, as in [KL2, Chapter 7] with base Q, <X]J—’1, X,:—’1>.
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power®:

ANV, D, AT VAT VT o Dl
Ay Vi g, A V3 ALV 0 D
~ - “ ~ ~ ~ T o L - - I
Al//’ Vl,ba ®¢a A;Z’ V;;7 Awa V(}/, (Drw, (DW’

+ v+ AT ot I
A'/”V‘”’q)'ﬂ’Allf’Vw’AWVd/’q)lr//’q)l//'

We now consider the following rings with — being any deforming Banach ring over Q,. Taking the
product we have:
|
Dy, -, D), _, Dy, _

0 Ty ol
by, &, D

r 1
Oy D, D .

They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Definition 1.3.14. First we consider the Bambozzi-Kremnizer spectrum Spec®X(x) attached to any of
those in the above from [BK] by taking derived rational localization:

SpecBKfpf)w,_, SpecBKa)Q,_, SpecBKEIv)L’_, (1.3.73)

SpecBK(i),/,y_, SpecBKdV)f%_, SpecBKCf)i’_, (1.3.74)

Spec®X @, _, SpecBKCI)&,,_, SpecBKCI){,,’_. (1.3.75)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpeCBKE]VD%_ /Fro”, (1.3.76)

(1.3.77)

SpecBKdv),%_ /Fro?, (1.3.78)

(1.3.79)

Spec®X®,, _ /Fro”. (1.3.80)

%Here || = 1.
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Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopylimit SpecBK(T)(’ﬁ _, homotopycolimit SpecBK(T)(Iﬁ =
r ’ 1 ’

homotopylimit SpecBK(i)(’l, _, homotopycolimit SpecBK(f)(Il/ -
r ’ I ’

homotopylimit SpeCBK(I)fﬂ _, homotopycolimit SpeCBK(I)lIﬂ .

r ’ 1 >
homotopylimit SpecBK&); _/Fro”, homotopycolimit SpecBKﬁdv){b _/Fro?,
. : ; s
homotopylimit SpecBK(iD’w _/Fro”, homotopycolimit SpecBK(i)l{,/ _/Fro?,
r ’ 1 >
homotopylimit SpecBK(D; _/Fro?, homotopycolimit SpecBK(D(’p _/FroZ.
r ’ I >

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 1.3.15. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,,. Then we take solidified tensor

product é of any of the following
Ay Vi, @y A, V5, ALV @, @,
Ry ¥y, By, A7, 53, 85,93, 81, B,
Ny Vi By, ALV, ALV O D,
with A. Then we have the notations:

A v s A+ v+t AT 9t o ®m Dl
Ay Vs @y A VY AL VDD

A Y ¥ A+ v+ AT 9T B
Ry Vs ®y Ko V% ALV By B

+ + i T r I
Ay V., Dy, Aw’_, Vlﬂ,—’ Aw’_, le’_, (Dl//’_, CDAI/,—'

Definition 1.3.16. First we consider the Clausen-Scholze spectrum Spec®>(x) attached to any of those
in the above from [CS2] by taking derived rational localization:

Spec®SA,,_, Spec®SV,, _, SpecSd,, _, SpecCSZ(Z’_, Speccsglz,_, (1.3.81)
SpecCSZZ/’_, Speccsﬁjb’_, Speccsa);,’_, SpecCSEIv){//’_, (1.3.82)
(1.3.83)
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SpeCCSA(I/,—, vl//,—’ SpeCCS(IV)l//’_’ SpeCCSAJ’_, Speccsv;’_a

CS X+ CS¢ CS & N
SpecA - Spec V;_, Spec (be’_, o, _,

Spec“SA,—, Spec™V,, _, SpecS®,, _, SpecCSA(}j’_, Spec®® Vi

SpecCSA;_, Spec® V;’_, SpeCCS(I);,’_, SpecCSCDL_.

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecCSZ,/,,_ / FroZ, Speccsﬁl,,_ / FroZ, Speccsa)w,_ / FroZ, SpecCSZ;,j,_ / FroZ,
Spec®® 6;_ /FroZ, SpecCSZZL’_ /Fro”, Spec®® 6;_ /FroZ,

Speccs&l,,_ /FroZ, m,_ /Fro?, Speccs(f)l/,,_ /Fro?, Speccsﬁj;’_ /FroZ,
Spec® v;j’_ /Fro”, Spec®® A;/’_ /FroZ, Speccsﬂl’_ /FroZ,

SpecCSAw,_ /Fro%, Spec® V-1 FroZ, Spec® Dy _/ FroZ, Spec®® A;;’_ /FroZ,
Spec®s VJ,— /FroZ, SpecCSA;_ /Fro%, Spec® VL’_ /Fro”.

(1.3.84)
(1.3.85)
(1.3.86)

(1.3.87)
(1.3.88)

(1.3.89)
(1.3.90)
(1.3.91)

(1.3.92)
(1.3.93)
(1.3.94)

(1.3.95)
(1.3.96)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopylimit Spec®® (T)l’ﬁ _, homotopycolimit Spec® (i; =
r ’ 1 >

homotopylimit Speccsti){// _, homotopycolimit Speccsfilfb .
r ’ 1 K

homotopylimit Spec®> CDQ _, homotopycolimit Spec®® d)l; .

r ’ I ’
homotopylimit Speccsa); _/Fro?, homotopycolimit Speccsa)i _/Fro?,
r ’ I K
homotopylimit SpecCS Ci)’w _/Fro?, homotopycolimit (i){ﬁ _/Fro?,

r ’ 1 ’

homotopylimit SpecCSCD’w _/Fro%, homotopycolimit Spec®® d){b _/Fro®,
r ’ I ’
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Definition 1.3.17. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (1.3.97)

where * is one of the following spaces:

SpecBK(Y)w,_ /Fro?, (1.3.98)
(1.3.99)

Spec®Xd,, _ /Fro?, (1.3.100)
(1.3.101)

Spec®* @, _ /Fro”. (1.3.102)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopylimit SpecBKa)f// _, homotopycolimit SpecBK&){,/ o
r ’ 1 >

homotopylimit SpecBK(i)(’p _, homotopycolimit SpecBK(f)(’ﬂ o
r ’ I >

homotopylimit SpecBK(I); _, homotopycolimit SpecBK(I)l’ﬂ .

r ’ 1 ’
homotopylimit SpecPXd” _/Fro”, homotopycolimit S ecBX@! _/Fro?,
Py P " Py P v
r ’ I ’
homotopylimit SpecBK(i)’w _/Fro?, homotopycolimit SpecBK(f)(Iﬁ _/Fro?,
r ’ I >
homotopylimit SpecBKCI); _/Fro?, homotopycolimit SpecBK(D(’p _/FroZ.
r ’ I ’

Definition 1.3.18. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (1.3.103)

where * is one of the following spaces:

Spec®® Zl/,,_ /FroZ, Spec®® ﬁ/,,_ /FroZ, Spec®® (T)(/,,_ /Fro”, Spec®s Zl/t_ /FroZ, (1.3.104)
Spec®® 6;_ /Fro”, Spec®® ZIL_ /Fro”, Spec®® W;_ /FroZ, (1.3.105)
(1.3.106)
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Speccsﬁw,_ /Fro?, m,_ /Fro?, Speccs(f)l/,,_ /Fro?, Speccsﬁzy_ /Fro?, (1.3.107)

Spec® v;_ /Fro”, Spec®® A;_ /Fro%, Spec®® v;_ /Fro?, (1.3.108)
(1.3.109)

SpecCS Ay-/ FroZ, SpecCS V-1 FroZ, SpecCS Dy _/ FroZ, SpecCS AJ’_ / FroZ, (1.3.110)
SpecCS VJ,— /Fro”, SpecCS AL,_ /Fro”, SpecCS V;,_ /Fro”. (1.3.111)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopylimit Spec®® &){0 _, homotopycolimit Spec®s &)i, o
r ’ 1 >

homotopylimit Speccsdv)f// _, homotopycolimit Speccsdv)fb .
r ’ 1 K

homotopylimit Spec®® CI)Z/ _, homotopycolimit Spec®s (Di, .

r ’ 1 ’
homotopylimit Speccs(f)rw _/Fro%, homotopycolimit Speccszf)fﬁ _/Fro?,

r ’ 1 ’

homotopylimit Spec®® ﬁ)’w _/Fro”, homotopycolimit Ci){ﬁ _/Fro?,
r ’ 1 ’

homotopylimit SpecCSd)’w _/Fro”, homotopycolimit Spec®® <I)fb _/Fro”.

r ’ I ’

Proposition 1.3.19. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Condensed, (1.3.112)

where * is one of the following spaces:

Spec®S®y, _ /Fro?, (1.3.113)
(1.3.114)
SpecSd,, _ /Fro?, (1.3.115)
(1.3.116)
SpecS®,, _ /Fro?, (1.3.117)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
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consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopylimit SpecCSEIV)fp _, homotopycolimit Speccsa)i o
r ’ I ’

homotopylimit Spec®® Ci); _, homotopycolimit Spec® (f)é, o
r ’ 1 ’

homotopylimit Spec®® (I); _, homotopycolimit SpecCS(DlIﬁ .

r ’ 1 ’
homotopylimit specCSEf); _/Fro?, homotopycolimit SpecCS(AISl’ﬁ _/Fro?,
r ’ 1 ’
homotopylimit SpecCSCTD’W _/Fro®, homotopycolimit &, _ /Fro®,

r ’ I ’

homotopylimit SpecCSCD’l// _/Fro”, homotopycolimit Spec®s d)i, _/Fro”.
r ’ I ’

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.3.118)

r

homotopylimit M/, (1.3.119)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 1.3.20. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (1.3.120)

Definition 1.3.21. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (1.3.121)
where * is one of the following spaces:
SpecBX®,, _ /Fro?, (1.3.122)

(1.3.123)
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SpecBK(i)wy_ /Fro”,

Spec®X®,, _ /Fro”.

(1.3.124)
(1.3.125)

(1.3.126)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopylimit SpeCBKEIv)fp’_
r

homot(;pylimit SpecBKCi)l’%_
homot(;pylimit SpecBK(I)fl/’_
homotc;pylimit SpecBKEIv)’w,_ /Fro?, homoto;;ycolimit SpecBKﬁdv)él’_ /Fro?,
homot(;pylimit SpecBK(f)’w’_ /Fro?, homotol;ycolimit SpecBK(i)(I/,’_ /FroZ,

homotopylimit SpecBKd)’w _/Fro?, homotopycolimit SpecBK(I)Zb _/Fro”.
r ’ 1 ’

BK&')I

, homotopycolimit Spec v
f .

, homotopycolimit Spec
1

, homotopycolimit SpecBKCD{b .
i s

Definition 1.3.22. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed,

where * is one of the following spaces:

SpecCSZ¢,_ /FroZ, Speccsﬁw,_ /FroZ, Speccsflv)%_ /FroZ, SpeCCSZJ’_ /FroZ,
Spec® 6;_ /Fro%, Spec® ZZ/’_ /Fro%, Spec® ﬂ/’_ /FroZ,

Speccsﬁw,_ /Fro?, m,_ /Fro?, Speccs(f)l/,,_ /Fro?, Speccsﬁj;’_ /FroZ,
Spec® v;j’_ /Fro”, Spec®® A;/’_ /Fro%, Spec® Wb’_ /Fro”,

SpecCSAl/,,_ /FroZ, SpecCSVl/,,_ /FroZ, SpecCSCI)w,_ /FroZ, SpecCSAlZ’_ /FroZ,
Spec® V:;_ /FroZ, Spec®® AZ/’_ /Fro%, Spec®® V;_ JFro”.
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(1.3.127)

(1.3.128)
(1.3.129)
(1.3.130)

(1.3.131)
(1.3.132)
(1.3.133)

(1.3.134)
(1.3.135)



Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopylimit Speccsa)(’l/ _, homotopycolimit SpecCS&)le o
r ’ 1 i

homotopylimit Spec®® (i)&/ _, homotopycolimit Spec®® (i)i, o
r ’ 1 ’

homot(;pylimit SpecCS(I)(’ﬁ,_, homoto;;ycolimit SpecCS(Dél’_.
homot(;pylimit Speccsa)’%_ /Fro?, homotogycolimit Spec®® EIH)LIb’_ /Fro?,
homot(ipylimit Speccscbg’[/’_ /Fro?, homoto;;ycolimit (i)él’_ /Fro?,
homot(:pylimit SpecCS(D’w’_ /Fro?, homoto;;ycolimit SpecCS(Di,’_ /Fro”.

Proposition 1.3.23. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

SpecCS (PI')w’_ / FroZ,
SpecCS (f)lﬁ,_ / FroZ,

SpecCS Dy _/ FroZ,

(1.3.136)

(1.3.137)
(1.3.138)

(1.3.139)
(1.3.140)

(1.3.141)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the

corresponding FF curves from [KL1], [KL2], [FF] for

homotopylimit Speccsa)(’l/ _, homotopycolimit SpecCS(T)l’ﬁ =
r ’ I i

homotopylimit Speccs(i)(’l, _, homotopycolimit Speccsfi)i =
r ’ 1 ’

homotopylimit Speccsq)(’p _, homotopycolimit SpecCSCDé/ .
r ’ I ’
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homotopylimit Spec®® (T)’w _/Fro”, homotopycolimit Spec®s (551 _/Fro?,
r ’ I ’
homotopylimit SpecCSCTD’w _/Fro”, homotopycolimit dv)él _/Fro?,
. . ; .

homotopylimit Spec®® (I)’l/, _/Fro?, homotopycolimit Spec®® (Dé, _/Fro”.
r ’ 1 ’

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.3.142)

r

homotopylimit M;, (1.3.143)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 1.3.24. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (1.3.144)

1.4 Multivariate Hodge Iwasawa Prestacks

This chapter follows closely [T1], [T2], [T3], [KPX], [KP], [KL1], [KL2], [BK], [BBBK], [BBM],
[KKM], [CS1], [CS2], [CKZ], [PZ], [BCM], [LBV].

1.4.1 Frobenius Quasicoherent Prestacks I

Definition 1.4.1. We now consider the pro-€tale site of SpaQ, (X =X lz—“l> from [Sch], denote that by
*. To be more accurate we replace one component for I" with the pro-étale site of SpaQ, <X li', v X ,;—“1 >
And we treat then all the functor to be prestacks for this site’”. Then from [KL1] and [KL2, Definition
5.2.1] we have the following class of Kedlaya-Liu rings (with the following replacement: A stands for
A, V stands for B, while @ stands for C) by taking product in the sense of self I'-th power:

D - At v+t AT gt @ B
A*,Fa V*,F7 q)*,r, A*,F’ V*’Iw A*,r, V*’ra q)i’lﬁ q)*I’

“ 2 v v+ - + VT - —i- - - 1
A*,F’ V*,F» CD*,F, A*,r’ V*’lw A*I, V*,r’ CDZ,F’ CD*,F’

A*,ra V*,F, (D*,l“, A:’ra V+ Ai,l"’ V-“ q)r

1
%7 N AN B (D*,F :

"Here for those imperfect rings, the notation will mean that the specific component forming the pro-étale site will be the
perfect version of the corresponding ring. Certainly if we have |I'| = 1 then we have that all the rings are perfect in [KL1] and
[KL2].
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We now consider the following rings with A being a Banach ring over Q,. Taking the product we have:

G
q)*,F,Aa (D:,F,A’ (D*,F,A’

) )

T/
(D*,F,A, (D:,F,A’ (D*,F,A’

r 1
(D*,F,Aa (D*,F,A’ (D*I,A .

They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]

and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Definition 1.4.2. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of

those in the above from [BK] by taking derived rational localization:

Spec” D, 14, Spec™ @, - 4, Spec” D, 1 4,

BK(‘I’)r

BK §/
A Spec @

BK
Spec” "D, r 4, Spec LA

BK BK BK g/
Spec”™ @, 1 4, Spec”" @ - ,, Spec” D, - 4.

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBKCT)*,r, A/ Fro?,

SpecBXd, - 4 /Fro?,

BKq)

SpecBXd, 1 4 /Fro”.

(1.4.1)

(14.2)

(1.4.3)

(1.4.4)
(1.4.5)

(1.4.6)
(1.4.7)

(1.4.8)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BK G BK G/
D 4 D

homotopylimit Spec T A’
. L

homotopycolimit Spec
1

r

BK &/
%, A’ o

homotopylimit Spec®X® homotopycolimit Spec T A’
r I e

r

BK 5/
%, A’ Y

homot(;pylimit SpecBXa® WA

homotopycolimit Spec
1

BK&Sr

*, *

homot(:pylimit Spec TA /Fro?, homoto;;ycolimit SpecBKal I Al Fro?,

homot(ipylimit SpecBKCT)QF, Al Fro?, homotogycolimit SpecBK(T)i T Al Fro?,

BK(Dr

*, *1

homotcipylimit Spec ral Fro?, homoto;;ycolimit SpecBXa! ral Fro”.
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Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-

ing their construction we have:

Definition 1.4.3. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,. Then we take solidified tensor

product é of any of the following

A+t v+t AT vt o d Pl
A*,F, V*,l“, CD*,F, A*’lﬂ V*’l"s A*,l’w V*’l‘" (D:’l'w q)*’l'w

o )

A*,r, V*,F’ q)*,r7 A*’r, V*’r’ A*,r, V*,r’ (D:;r’ q)*’r,

Ar, Vor, @, AL VL AT LV 07

N RS B S AN B
with A. Then we have the notations:

+ g+ AT v’ D !
Airas Varas Puras Alr 4 Vir 4 A ra Vara Pora Cura

v v o

A*,F,A’ V*,F,Aa (D*,F,A9 A*,F,A’ V*,F,A’ A*,F,A’ V*,F,A’ cD:,F,A’ CD*,F,A’

+ + T T 1
A*,F,A’ V*,F,A’ (D*,F,Aa A*,F,A’ \% A V*,F,A’ CDZ,F,A’ q)*,F,A'

A =« A’

Definition 1.4.4. First we consider the Clausen-Scholze spectrum Spec®>(x) attached to any of those in

the above from [CS2] by taking derived rational localization:

CSA+
A*,l", 4> Spec
CSgp!

SpeCCS Z*,F,Aa Speccsﬁ*,r,Aa Speccsa)*,F,A, SpeC CS€+

CS'A"T CS'V“T

CSxr
%A’ %A’ s

Spec Spec Spec @, - 4, Spec

CS A+

3k,

CS X c CS § CSyy+
Spec"A.r.a, Vir.a, Spec "D, r 4, Spec A SPeC >V 4,
CS Xt CSyt CS§H &l

A, ra Vera Spec o p 4, @, g,

>

Spec Spec

CSA*I, A SpecCSV*,r, A SpeCCS(D*,r, A SpecCSA+
CSAT CSvt
A*,F,A’ V*,F,A’

Spec
CS (DI‘

Spec Spec Spec D,

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecCS PA'*,F, A/ FroZ, Speccsﬁ*,r, A/ FroZ, SpecCSEIv)*,p, A/ FroZ, SpecCSZ:’R Al FroZ,

Spec®® ﬁin 4/Fro”, Spec®® ZI ral FroZ, Spec® 61 ral Fro?,
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%[, A°

%I, A°

CSy+
*’I—’A,Spec V*,F,A’

CS !
A Spec O .

(1.4.9)
(1.4.10)
(1.4.11)

(1.4.12)
(1.4.13)
(1.4.14)

(1.4.15)
(1.4.16)

(1.4.17)
(1.4.18)
(1.4.19)



SpecCSA*J—, A/ FroZ, v*,r, A/ FroZ, Speccs(f)*,r, A/ Fro?, Speccsﬁfr, Al FroZ, (1.4.20)

*

Speccsvj’r’ Al FroZ, SpecCSAIF Wi FroZ, Speccsvir A /FroZ, (1.4.21)
(1.4.22)

SpecSA, 4 /FroZ, SpecSV, 1 4 /FroZ, Spec®> @, - o /Fro”, SpecCSA:;R Al FroZ, (1.4.23)
SpecCSVlr’ 4 JFro?, SpecCSAi,r, Al Fro”, SpecCSVI’R Al Fro”. (1.4.24)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

r

homot(ipylimit SpecCSEIv)*’R e homoto;;ycolimit Speccszf)[

*17,A°

homot(:pylimit Spec®® &)Z A homotogycolimit Speccsé)i A

CS o

CS g/
+, 7, A° s

homotopylimit Spec “TA"
r

homotopycolimit Spec
1

*S
r

homotopylimit SpecS®” 4/ Fro%, homotoeycolimit SpecS ! ra/Fro”,

homotopylimit Spec“>®’ . , /Fro?, homotoliycolimit @ ., /Fro”,
r

homot(ipylimit SpecCS(Di A /Fro?, homoto;;ycolimit SpeCCS(Di I Al Fro”.

Definition 1.4.5. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (1.4.25)

where * is one of the following spaces:

SpecBX®, - 4 /Fro?, (1.4.26)
(1.4.27)
SpecBXd, - 4 /Fro?, (1.4.28)
(1.4.29)
SpecBX®, - 4 /Fro”. (1.4.30)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK’q‘Sr

BK 5/
+ I, A° o

homotopylimit Spec «T A
) T,

homotopycolimit Spec
1
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homotopyhmlt SpecBKd)’ BKp!

A homoto;;ycolimit Spec

* A

BK gy BK g/
D - 4> D

homotopylimit Spec «T.A"

homotopycolimit Spec
1

homot(zpylimit SpecBKd)’ A/Fro homotopycollmlt SpecBKd)I A/Fro

homot(ipylimit SpecBKégn Al Fro?, homotogycolimit SpecBK(DI T Al Fro?,

BK@r LA /Fro” homotopycohmlt SpecBK(DI

homotopylimit Spec ral Fro”.
r

Definition 1.4.6. We then consider the corresponding quasisheaves of the corresponding condensed solid

topological modules from [CS2]:
Quasicoherentsheaves, Condensed,

where * is one of the following spaces:

SpecCSZ*J—, A/ FroZ, Speccsi,r, A/ FroZ, Speccsa)*,r, A/ FroZ, SpecCSZ:r’ Al FroZ,

Speccsg*“tr’ A/ FroZ, Spec®® ZZ ral FroZ, SpecCSﬁ: ral FroZ,

SpecSA, 4 /Fro?, Vk,r 4/FroZ, Spec®Sd, 1 4 /Fro?, SpecCS‘A:r n /Fro?,

SpecCSV:r 4 JFro?, SpecCS’ATF 4 /FroZ, SpeccsviF A /FroZ,

SpecCSA* ra/ FroZ, SpecCSV* ra/ FroZ, Speccsq)* ra/ FroZ, SpecCSA+

CSAT CSVT

FA/Fro

Spec®3 V1. , /Fro”, Spec

FA/Fro Spec FA/Fro

(1.4.31)

(1.4.32)
(1.4.33)
(1.4.34)

(1.4.35)
(1.4.36)
(1.4.37)

(1.4.38)
(1.4.39)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CSq CSqp!
homotopyhmlt Spec™> @ Q. 14

LA’ homoto;;ycolimit Spec

CS § CS &/
homotopyhmlt Spec~ " D, 4

LA homotogycolimit Spec

CS CS !
homotopyhmlt Spec>d" D, 4

LA’ homotop;ycolimit Spec

homotopylimit Speccszlu)i’r, Al Fro?, homoto;;ycolimit SpecCS(DI A /Fro?,

r

homotopylimit Spec“>®’ . , /Fro?, homotogycolimit @ ., /Fro%,
r

CSor “TA /Fro” homotopycollmlt SpecCS(DI

homotopylimit Spec A /Fro”.
r
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Proposition 1.4.7. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed, (1.4.40)

where * is one of the following spaces:

SpecS @, 1 4 /FroZ, (1.4.41)
(1.4.42)
SpecSd, 1 4 /Fro?, (1.4.43)
(1.4.44)
SpecS®, 1 4 /FroZ, (1.4.45)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS EISr

LA’ homoto;;ycolimit SpecCS(AIS[

homotopylimit Spec AT A’
. .

r

homot(zpylimit Speccsdu)*’r’ e homotogycolimit SpecSd!

+17,A°

r

homotopylimit SpecCS(D*,r’ a0 homoto;;ycolimit SpectS !
r

A"

*s
r

homotopylimit SpecS®” .4/ Fro%, homotogycolimit SpectS ! ra/Fro?,
homot(ipylimit Spec®® Ci)i ral Fro?, homoto;;ycolimit Ci)i ral Fro?,

homotc;pylimit Speccsd>: ral FroZ, homotogycolimit Speccsd)i ral Fro”.

In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.4.46)

homotopylimit M, (1.4.47)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
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Proposition 1.4.8. Similar proposition holds for

Quasicoherentsheaves, IndBanach,. (1.4.48)

Definition 1.4.9. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (1.4.49)

where * is one of the following spaces:

SpecPRd, 1 4 /Fro?, (1.4.50)
(1.4.51)
SpecBXd, - 4 /Fro?, (1.4.52)
(1.4.53)
SpecBX®, - 4 /Fro”. (1.4.54)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

r

BK g/
%[, A’ O

homotopylimit Spec®X® e T A

homotopycolimit Spec
r 1

r

BK &/
%, A’ o

homot(ipylimit SpecBkd WA

homotopycolimit Spec
I

r

BK g/
%I, A’ O

homot(ipylimit SpecBk@ LA

homotopycolimit Spec
I

homot(;pylimit SpeCBK&): ral Fro?, homoto;;ycolimit SpeCBKEJi ral FroZ,

>

BKq")r

*7 *ﬂ

homot(;pylimit Spec ral Fro?, homotogycolimit SpecBRd! ral FroZ,

%

homotc;pylimit SpecBKCI):’R Al Fro?, homotogycolimit SpecBRa! A /Fro”.

Definition 1.4.10. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (1.4.55)
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where * is one of the following spaces:

SpecCS PA'*,F, A/ FroZ, Speccsﬁ*,r, A/ FroZ, SpecCSEIv)*,r, A/ FroZ, SpecCSZ:,R Al FroZ,

Speccsﬁlr’ 4/ Fro”, Spec®SAT ral Fro?, Speccsﬂ ral Fro?,

*7

Spec®SA, 1.4 /Fro%, V., r.a/Fro?, Spec®S®, 1 o /Fro”, SpecCSA:’r’ 4 /Fro”,

SpecCS?;’I’ Al FroZ, SpecCSAI rA / FroZ, SpeCCSﬁI A / FroZ,

SpecS A, 1.4 /Fro%, Spec™> V., 1 4 /Fro”, Spec*®®, 1 o /Fro”, SpeCCSA:’r’ al Fro?,

SpecCSV:’r’ al FroZ, SpecCSAI ral FroZ, SpecCSVIr Al Fro”.

(1.4.56)
(1.4.57)
(1.4.58)

(1.4.59)
(1.4.60)
(1.4.61)

(1.4.62)
(1.4.63)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

r

CS g/
+ I, A° s

homot(ipylimit SpectS® «TLA®

homotopycolimit Spec
I

CS(T)I

%I A’

homot(ipylimit Spec®® (f)g A homotogycolimit Spec

CS(DI

L CS
homot(;pyhmlt Spec>d” “TA"

LA’ homoto;;ycolimit Spec

CS(SI

*

homotopylimit Speccszlu)gn Al Fro?, homoto;;ycolimit Spec

r

homotopylimit Speccsci);r’ A/ Fro?, homoto;;ycolimit (i)i ra/ Fro?,
r

*!

homotopylimit SpecCSCDQ ral Fro?, homoto;;ycolimit SpecS ! ral Fro”.

r

Proposition 1.4.11. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

SpecS @, 1 4 /Fro?,

SpecSd, 1 4 /FroZ,
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A / FroZ,

(1.4.64)

(1.4.65)
(1.4.66)

(1.4.67)
(1.4.68)



Spec“S®, 1 4 /FroZ, (1.4.69)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

r

CSx/
%, A° o

homot(;pylimit Spec®S o «TLA?

homotopycolimit Spec
1

r

CS &/
*, 7, A% o

.. CS ¥
homotopylimit Spec~>® «TLA?
r

homotopycolimit Spec
1

CS "

CS e/
+ I, A° o

homotopylimit Spec W A"
r

homotopycolimit Spec
I
homotopylimit SpecS®” .4/ Fro%, homotogycolimit SpecS ! ra/Fro”,

*S
r

homotorpylimit SpecCSCT)Z,R W Fro?, homotop;ycolimit (i)i,r, W, Fro?,

homotopylimit SpecCSCI)i rA /Fro”, homotopycolimit Speccsd)i ral Fro”.
r e I e

In this situation we will have the target category being family parametrized by r or I in compatible

glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals

we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding

quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of

Frobenius modules:

homotopycolimit M, (1.4.70)

r

homotopylimit M, (1.4.71)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 1.4.12. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (1.4.72)
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1.4.2 Frobenius Quasicoherent Prestacks II: Deformation in Banach Rings

Definition 1.4.13. We now consider the pro-étale site of SpaQ, <X]“—L1, e X ,;—“1>, denote that by *. To be
more accurate we replace one component for I' with the pro-étale site of SpaQ, (X!, ..., X£'). And we
treat then all the functor to be prestacks for this site. Then from [KL1] and [KL2, Definition 5.2.1] we
have the following class of Kedlaya-Liu rings (with the following replacement: A stands for A, V stands
for B, while @ stands for C) by taking product in the sense of self I'-th power:

D - At vt AT T Hm B
A*,F, V*,l", (I)*,l“, A*,F’ V*,F’ A*’r’ V*’ra (I);,F’ (D*’r,

o )

“ u+ ~ + UT VT v v 1
A*,F, V*,F’ (D*,l", A*,l"’ V*’F’ A*’r‘a V*’r" (I);’Fa (I)*,F’

\val

A*,F’ V*,F’ (D*,l", A+ V+ AT x I

.
£ R ™ I O

1
%I (D*,F'
We now consider the following rings with — being any deforming Banach ring over Q,. Taking the
product we have:

D Ol

(D*,l“,—, (Di,r,—’ CD*,F,—’
v v v

q)*,r,—, q):,r,_a q)*’r’_a
1

D.r_, (D;,F,—’ q)*’r’_.

They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Definition 1.4.14. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of
those in the above from [BK] by taking derived rational localization:

SpecBX@, - _, SpecBKEIv)r*’r’_, SpecBK(FIv)i’r’_, (1.4.73)
SpecBKé*,r,_, SpeCBKCi);,R_, SpecBK(T)i,r,_, (1.4.74)
Spec®®, . _, Spec® @ . _, Spec® @ . (1.4.75)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBX®, 1 _ /Fro?, (1.4.76)
(1.4.77)
SpecBXd, 1 _ /Fro?, (1.4.78)
(1.4.79)
SpecBX®, - _ /Fro”. (1.4.80)
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Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homot(zpylimit SpeCBKfIv):’r’_, homotogycolimit SpecBKtAISi’r’_,
homot(;pylimit SpecBKdv)i I homotogycolimit SpecBKCvDi,r’_,

BK(Dr

homotopylimit Spec «T—
r

homoto;;ycolimit Spec® @/ . _.

homot(;pylimit SpecBKEIH):I’_ /Fro”, homotogycolimit SpecBKE)i’ r- /Fro”,

BK(i)r

*’

homotopylimit Spec - /Fro”, homotopycolimit Spec®*®’ . _/Fro?,
r ’ I e

homot(:pylimit SpecBK(D;F,_ /Fro?, homoto;;ycolimit SpecBKd)i,r,_ /Fro”.

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 1.4.15. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,. Then we take solidified tensor

product Q.z> of any of the following

At Ut AT 9t B!
A*,r, V*,r, CD*,F, A*,r’ V*’r’ A*I’ V*’r’ CD:,F’ q)*’lw

(% 9 v

v+ " + VT . -;- v v I
A*,Fa V*,F, (D*,l“, A*’ra V*,I“a A*,l"7 V*,l"a q):;,l“a (I)*’I“,

q)l

Aurs Var, @ur, AL VL AT LV J0r Ll

N AN S S AN B

with A. Then we have the notations:

Boro Vor Do A%V AL V&,

N P w[,—> T,
v 2 (93 ~ + . + ~ T . T v v I
A*,F,—’ V*,F,—’ (D*,r,—, A*,F,—’ V*,r’_, A*’r’_’ V*’r,_, (Di,r,—’ q)*’n_,
+ + T T I
Aur— Vil @ur— Ayp Vo A Ver s Por o Pop

Definition 1.4.16. First we consider the Clausen-Scholze spectrum Spec®(x) attached to any of those
in the above from [CS2] by taking derived rational localization:

SpecCSZ*,r,_, Speccse*,r,_, SpeCCSfIv)*,p,_, SpecCSZ:’r’_, Speccsgln_, (1.4.81)
SpeCCSZZ,F,_, sPecCSﬁr’_, Speccsa); I Speccsai’n_, (1.4.82)

(1.4.83)
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CS % S CS § Cs % CS¥
SpecA.r.-, Vir,-, Spec®, 1., Spec A _, Spec™ V-,

CS AT CSyt
A,l" V,F

i Spec >V L, SpecSd”

%,/
Spec o= Puro

CSA+

*

, Vi

SpecCSAI’F,_, SpecCSVZ’F’_, SpeCCS(I);’R_, SpecCSCDi,R_.

SpecCSA*,r,_, SpecCSV*,r,_, SpecCSd)*,p,_, Spec r—» Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

Spec®SA, - /Fro”, Spec®SV, 1 _ /Fro”, Spec®S®, 1 _ /Fro”, SpecCSZJrr’_ /FroZ,

SpecCS§+n_ /Fro”, SpecCS ZI r_/ Fro”, Speccsgi r_/ Fro”,

*,

Spec®SA, r_ /Fro%, V. 1 _ [Fro%, Spec®®, - _ /Fro”, Spec S At r/ Fro”,

Speccsvlr’_ /FroZ, Spec AT r/ FroZ, SpecSV! r_/ Fro?,

SpecSA. 1 /Fro%, Spec™SV, - _ /Fro%, SpecS®, 1 _ /Fro”, SpecCSA:’l—’_ /Fro”,

SpecCSV:I’_ /Fro”, SpecCSAI r_/ Fro”, SpecCSVI r_/ Fro”.

(1.4.84)
(1.4.85)
(1.4.86)

(1.4.87)
(1.4.88)

(1.4.89)
(1.4.90)
(1.4.91)

(1.4.92)
(1.4.93)
(1.4.94)

(1.4.95)
(1.4.96)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopylimit Speccsa); T homotolz;ycolimit Speccsa)i o
r

CS(I")I

homot(;pylimit SpecCS qv)i I homoto;;ycolimit Spec « L=

homotopylimit Spec®S®”
r

o homotogycolimit Spec®S@! L. .

homot(zpylimit Spec®® &): r-/ Fro?, homoto;;ycolimit SpecCSE)i r-/ Fro?,
homot(;pylimit SpecCS(T)i I /Fro?, homoto;;ycolimit (i)i I /Fro?,

homot(ipylimit Speccsd)i I /Fro?, homoto;;ycolimit SpecCS(Di I /Fro”.
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Definition 1.4.17. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (1.4.97)

where * is one of the following spaces:

SpecBX®, 1 _ /Fro?, (1.4.98)
(1.4.99)

Spec®Xd, - _ /Fro?, (1.4.100)
(1.4.101)

Spec®*®, - _ /Fro”. (1.4.102)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homot(;pylimit SpecBKa)i I homoto;;ycolimit SpecBK(AIii,r’_,
homotopylimit SpeCBKCT);R_, hOTIlOtOI;yCOlimit SPGCBK&)LI—’_,
r

homotopylimit SpecBX®”

W[ homoto;;ycolimit SpecBKd)i,r,_.

homot(:pylimit SpecBKa):,r,_ /Fro?, homoto;;ycolimit SpecBKE)i,r’_ /Fro?,
homot(:pylimit SpecBK(f)fk,r’_ /Fro?, homoto;;ycolimit SpecBK(f)i I /Fro?,

homot(;pylimit SpecBXar r_/ Fro?, homotolz;ycolimit SpecBK(I)i r-/ Fro”.

Definition 1.4.18. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed,, (1.4.103)

where * is one of the following spaces:

SpecSA, 1 /Fro%, Spec™SV, 1 _ /Fro%, Spec®S®, - _ /Fro?, SpecCSZ:’F’_ /Fro”, (1.4.104)
Speccsgj’r’_ /Fro?, SpecCSZZ r_/ Fro”, SpecCSﬂ r/ Fro?, (1.4.105)
(1.4.106)
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Speccsﬁ*,n_ / FroZ, v*,r,_ / Fro?, Speccsci)*,r,_ / FroZ, Speccsﬁi’r’_ / Fro?,
SpecCS ?“‘1—’_ /Fro”, SpecCSAI r/ FroZ, SpecCS ?Z r_/ Fro,

*!

SpecSA, r_ /Fro%, Spec®V., 1 _ /Fro%, Spec®S®, - _ /FroZ, SpecCSAJ"R_ /Fro”,

SpecCSVJ}’_ /Fro?, SpecCSAZ r/ Fro?, SpeCCSVZ r_/ Fro”.

*’

(1.4.107)
(1.4.108)
(1.4.109)

(1.4.110)
(1.4.111)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homot(zpylimit Spec®s &); I homotogycolimit Speccsff)i,r’_,
homot(ipylimit SpecCqu)i I homoto;;ycolimit Speccs(i)i,r’_,

homotopylimit Spec“S @’
r

T homotogycolimit Spec®@! 1. .

homotopylimit SpecS®” . /Fro”, homoto;;ycolimit SpecSS@! . /Fro”,

r

homot(:pylimit Speccsci)i’n_ /Fro?, homotolzycolimit dv)i’r’_ /Fro?,

homotopylimit Spec®® @/ FroZ, homotogycolimit Speccsd)i r-/ Fro”.

r

Proposition 1.4.19. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed,
where * is one of the following spaces:

Spec®® &)*,r,— /Fro”,

SpecSd, - _ /Fro?,

Spec®>®, 1 _ /Fro?,

(1.4.112)

(1.4.113)
(1.4.114)

(1.4.115)
(1.4.116)

(1.4.117)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
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consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS&')I

homotopylimit Spec®> 613; T homotogycolimit Spec®, -,
r

homotcipylimit Speccsdu):’n_, hOIIlOtOI;}’COHmit SPGCCS(T):I,_,
homot(;pylimit SpecCS(I)i T homotogycolimit SpecCS(Di,r,_.

homotopylimit SpecCS(PI‘):’F’_ /Fro?, homoto;;ycolimit SpecCS(AISi,r,_ /Fro?,

r

homot(;pylimit SpecCS(T)i I /Fro?, homoto;;ycolimit (i)i I /Fro?,

homot(;pylimit Speccs(D:,F,_ /Fro?, homoto;;ycolimit Speccsd)i,r’_ /Fro”.

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.4.118)

r

homotopylimit M/, (1.4.119)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 1.4.20. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (1.4.120)

Definition 1.4.21. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (1.4.121)
where * is one of the following spaces:
SpecBX®, 1 _ /Fro?, (1.4.122)

(1.4.123)
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SpecBXd, 1 /Fro?, (1.4.124)
(1.4.125)

Spec®X®, - _ /Fro”. (1.4.126)
Here for those space without notation related to the radius and the corresponding interval we consider the

total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homot(;pylimit SpecBK&SZ I homotop;ycolimit SpecBK(Aﬁi’r’_,
homot(ipylimit SpecBKdr o homoto;;ycolimit Spec®kd! s

homot(ipylimit SpeCBKd)’* T homoto;;ycolimit SpecBK(I)i’r’_.
homot(:pylimit SpecBK(f):,r,_ /Fro?, homoto;;ycolimit SpecBK(Alii,r’_ /Fro?,

homotc;pylimit SpecBK(T); r-/ FroZ, homoto;;ycolimit SpeCBK(f)i r-/ Fro?,

BK(Dr

*7

homotopylimit Spec r_/ Fro”, homotopycolimit SpecBK(I)i r/ Fro”.
r ’ Ji i

Definition 1.4.22. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (1.4.127)

where * is one of the following spaces:

SpecSA, - /Fro%, Spec™SV, 1 _ /Fro%, Spec®S®, - _ /Fro?, SpecCSZ:I,_ /FroZ, (1.4.128)
Speccsg,:r’_ /Fro”, SpecCSZln_ /Fro”, Speccsﬂ,n_ /Fro”, (1.4.129)
(1.4.130)

Spec®SA, r_ /Fro%, V, 1 _ /Fro%, Spec®Sd, - _ /Fro”, SpecCSA:I’_ /Fro?, (1.4.131)
Speccsv:;r’_ /Fro”, Speccsﬁi r_/ Fro?, Speccsﬂ r_/ Fro?, (1.4.132)
(1.4.133)

SpecSA, 1 /Fro%, Spec®V, 1 _ /Fro%, Spec®S @, - _ /FroZ, SpecCSA:I,_ /Fro?, (1.4.134)
SpecCSV:’F’_ /Fro”, SpecCSAi,R_ /Fro?, SpecCSVZ,R_ /Fro”. (1.4.135)
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Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homot(zpylimit Speccs(f); I homotogycolimit Speccsa)i,r’_,
homot(zpylimit Speccs(i); I homotogycolimit Speccsfi)i,r’_,

homotopylimit SpecCS(I)i r_» homotopycolimit SpeCCS(Di o
r e 1 ”
homot(zpylimit Speccsflw):’r’_ /Fro?, homotogycolimit Speccszf)i,r’_ /Fro?,
homotopylimit SpecCSCT): r_/ FroZ, homotopycolimit @’ r/ Fro?,
r T 1 e
homot(:pylimit SpecCS(D:,F,_ /Fro?, homoto;;ycolimit SpecCS(Di,r’_ /Fro”.

Proposition 1.4.23. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (1.4.136)

where * is one of the following spaces:

Spec®S®, 1 _ /Fro?, (1.4.137)
(1.4.138)
Spec®Sd, - _ /Fro?, (1.4.139)
(1.4.140)
Spec®S®, - _ /Fro?, (1.4.141)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homot(ipylimit SpecCS(T); I homotol;ycolimit Speccsa)i,r’_,
homot(ipylimit Speccs(i); I homotogycolimit Speccsfi)i,r’_,

homotcipylimit Spec®® Qs homoto;;ycolimit SpecCSCDi I

71



homot(;pylimit SpecCSCT):,F,_ /FroZ, homotol;ycolimit Speccs(f)i,r’_ /Fro?,
homot(;pylimit Speccsé): I /Fro?, homotogycolimit d)i I /Fro?,

homot(;pylimit SpecCS(D:,F,_ /Fro?, homotogycolimit SpecCS(Di,r,_ /Fro”.

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.4.142)

r

homotopylimit Mj, (1.4.143)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 1.4.24. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (1.4.144)
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1.4.3 Frobenius Quasicoherent Prestacks III: Deformation in (oo, 1)-Ind-Banach

Rings

Definition 1.4.25. We now consider the pro-étale site of SpaQ, (Xlil, - X,:—'l >, denote that by *. To be
more accurate we replace one component for I' with the pro-étale site of SpaQ), (X lil, v X ];—” > And we
treat then all the functor to be prestacks for this site. Then from [KL1] and [KL2, Definition 5.2.1] we
have the following class of Kedlaya-Liu rings (with the following replacement: A stands for A, V stands

for B, while @ stands for C) by taking product in the sense of self I'-th power:

A+ v+t AT 9T & Y
A*,Fs V*,F’ CD*,F, A*,r’ V*’r’ A*I, V*’r’ CD::,F’ q)*’lw

A*,F, v>|<,l—" d)*,r’ A+ v+ AT vT d)r

T/
£ IR I LA I *,F’q)

w7

A*,F, V*,F, q)*,ra A+ V+ AT VT CD’

1
N RN S S AN B (I)*,F'

We now consider the following rings with O being a homotopy colimit

homotopycolimitd;
i

of Q, ", ..., Y;),i = 1,2, ... in co-categories of simplicial ind-Banach rings in [BBBK]
Simpliciallnd — BanachRinngp

or animated analytic condensed commutative algebras in [CS2]
SimplicialAnalyticCondensede .

Taking the product we have:

D & &
q)*,l“,m, (D*,F,n’ q)*’r,u,

v v

O, o, @ ., D!

w00 7~ x1,0°

Q1 @ ., O

w00 ~ x1,0°

(1.4.145)

(1.4.146)

(1.4.147)

They carry multi Frobenius action ¢r and multi Lier := Z;F action. In our current situation after [CKZ]

and [PZ] we consider the following (oo, 1)-categories of (co, 1)-modules.

Definition 1.4.26. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of

those in the above from [BK] by taking derived rational localization:

BKEI")r

“T.o SpecBKCDI

0,00

SpecBK(B*,r,D, Spec

BK(‘I’)I

BK BK &
Spec™ "D, r o, Spec D, 1o Spec wL.o

BK(Dr

BK 7/
1,0 @

[,0°

SpecBKd)*,r,D, Spec Spec
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(1.4.148)

(1.4.149)

(1.4.150)



Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBK&)*J—,D / Fro?,

Spec®Xd, o /Fro?,

Spec®X®, o /Fro”.

(1.4.151)
(1.4.152)

(1.4.153)
(1.4.154)

(1.4.155)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BK&Sr

homotopylimit Spec «I0°
) T

homot(ipylimit SpecBKdv):’r,D, homoto;;ycolimit Spec

BK(Dr

homotopylimit Spec "o
. T

homot(;pylimit SpecBK(T):,r,D /Fro?, homotol;ycolimit SpecBK(T)i’r’D /Fro?,
homot(:pylimit SpecBK(i);F,D /Fro?, homoto;;ycolimit SpecBKdv)i,l_’D /Fro?,

homot(;pylimit SpecBKd): ro/ Fro?, homotogycolimit SpecBK(Di ro/ Fro”.

homotopycolimit Spec
1

homotopycolimit Spec
1

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-

ing their construction we have:

Definition 1.4.27. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,,. Then we take solidified tensor

product 6.9 of any of the following

V_-d - A+ vt AT v &
A*,F, V*,F, q)*,l“, A*’[" V*’r’ A*,F’ V*,l"’ q):;’ra

v

Ar,V.r, @AY, V* AI,F’ W;r, o, df

N A %,
+ + T T I
A*,F’ V*,r, CD*,F, A*,r’ V*’r’ A*I’ V*’r’ q):’r’ ()

with A. Then we have the notations:

Z*,F,D, 6*,r,g, EIS*,F,D, A vt AT vt @

v v

v v + &4
A*,F,EI’ V*,r,l:la (D*,F,I:b A*,F,D’ V*,F,D’

~ T v T v
A V*,F,E]’ D

= [,0°

+ T T
A*I,D’ V*,F,D’ (D*,F,D’ A V*,F,D’ A*,F,D’ V*,F,D’ @

+
%,
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Definition 1.4.28. First we consider the Clausen-Scholze spectrum Spec®>(#) attached to any of those

in the above from [CS2] by taking derived rational localization:

CSZ+

CSo+
+[,0° \

Spec™V 1o
cSEl
(I)*,F,D’

SpeCCSZ*,r,D, Speccsﬁ*,r,n, Speccs(f)*,r,g, Spec

CSZT CSﬁT

CSxr
+,0° 0,07 o

Spec Spec Spec>®, -, Spec

CSA+

CSyg+
£ \

CS X v CS &
SpecA.ro, Viro, Spec Oy r o, Spec “L.o
CSKT CSyt

A*,F,EI’ V*,F,D’

Spec

CS 57 ¥,/
Spec Spec Spec @, o, Do r o,

CSA+

3k,

CSy+

I, Spec V*,F,El’

CS x/
d)*’m.

SpeCCSA*,RDa SpeCCSV*,F,EI’ SpeCCS(I)*,F,Eb SpeC
SpeCCSAT CSVT

I,0° +[,0°

CS x7
q)*,F,D’

Spec Spec Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecSA, 1o /Fro%, Spec®SV, 1o /Fro%, Spec®S®, o /Fro?, Spec®S A’ 1. _ /Fro”,

1,0
CS%:’RD /Fro”, SpecCSZ:RD /Fro”, Speccs§i’RD /Fro”,

Spec

SpecSA. r.n/Fro%, V. ro/Fro%, Spec®®, .o /Fro”, Spec*A} - L /Fro?,
SV o /Fro”, Speccsﬁl oo/ Fro”, SpecCS?Z oo/ Fro”,

Spec

SpecCSA*,p,D / FroZ, SpecCSV*,r,D / FroZ, Speccsd)*,r,D / FroZ, SpecCSAJr / FroZ,

1,0
SV g /Fro”, SpecCSAI’RD /Fro?, SpecCSVZ’RD /Fro”.

Spec

(1.4.156)
(1.4.157)
(1.4.158)

(1.4.159)
(1.4.160)
(1.4.161)

(1.4.162)
(1.4.163)

(1.4.164)
(1.4.165)
(1.4.166)

(1.4.167)
(1.4.168)
(1.4.169)

(1.4.170)
(1.4.171)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

r

CSx/
+I,0° o

homotopylimit SpecCS(T) homotopycolimit Spec>®;, - _,
r 1 T

homotopylimit Speccs(i)’ Cs(i)i,r,u’
r

Lo homoto;;ycolimit Spec

r

. cs
homot(zpyhmlt Spec D o

homoto;;ycolimit SpeCCS(Di ro

homot(:pylimit Spec®® &): ro/ Fro?, homotoI;ycolimit Speccsa)i ro/ Fro?,

homotopylimit Spec“®’ . _ /Fro”, homotogycolimit ®! . /Fro?,
r

homot(;pylimit Spec®s @ o/ Fro?, homotogycolimit SpecCSQi ro/ Fro”.
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Definition 1.4.29. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (1.4.172)

where * is one of the following spaces:

SpecBX®, 1 /Fro?, (1.4.173)
(1.4.174)
SpecBXd, 14 /Fro?, (1.4.175)
(1.4.176)
Spec®X®, - o /Fro”. (1.4.177)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BKa)r

BK g/
«[,0° (D

homotopylimit Spec «IO°
) T

homotopycolimit Spec
1

BK(i)r

BK &,/
+,0° o

homotopylimit Spec «IO°
. T

homotopycolimit Spec
1

BK(DI

homot(ipyhmlt Spec” ™" Lo

WL homoto;;ycolimit Spec

BK&)r

homotopylimit Spec «T.0
) L,

/ FroZ, homotop;ycolimit SpecBKa)i, ro / FroZ,

homotopylimit SpecBK(f):,r,D /Fro?, homotogycolimit SpecBK(i)i’r’D /Fro?,
r

homotopylimit SpecBK(D; ro/ Fro?, homoto;;ycolimit SpecBK(Di ro/ Fro”.
r

Definition 1.4.30. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (1.4.178)

where * is one of the following spaces:

SpecSA, r.o/Fro%, Spec™SV, 1o /Fro%, Spec®S®, o /Fro?, SpecCSZ:I’D /Fro”, (1.4.179)
Speccsgj’r’D /Fro?, SpecCSZ:RD /Fro?, Speccsgz,m /Fro?, (1.4.180)
(1.4.181)
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Speccsﬁ*,rﬂ / FroZ, v*,m / Fro?, Speccsci)*,rﬂ / FroZ, Speccskr / Fro?,

1,0
/ FroZ, SpecCSAT / FroZ, Speccs§z ro / FroZ,

CSy+
v = [,0

w10

Spec

SpecCSAM’D / FroZ, SpeCCSV*,RD / FroZ, SpeCCS(I)*’r’D / FroZ, SpecCSAJr / FroZ,

1,0
CSV:’RD /Fro”, Spc—“:cCSAj;RD /Fro?, SpeCCSVZ,RD /Fro”.

Spec

(1.4.182)
(1.4.183)
(1.4.184)

(1.4.185)
(1.4.186)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homot(zpylimit Spec®S @’ CS&)QRD,

WL homotogycolimit Spec

CS(I")I

homot(ipylimit SpecCS qv)i o homoto;;ycolimit Spec Lo

homotopylimit Spec®S " Sol .
r

* 0 homotogycolimit Spec

homotc;pylimit Spec®® &): ro/ FroZ, homoto;;ycolimit SpeCCS(T)i ro/ Fro?,

homotopylimit Spec®S®”
r

IO / FroZ, homotopycolimit ! / FroZ,
e I

%,1,0

homot(;pylirnit Spec®® @ o/ FroZ, homotogycolimit Speccsd)i ro/ Fro”.

Proposition 1.4.31. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed,
where * is one of the following spaces:

Spec®® &)*,r,u /Fro”,

SpecSd, o /Fro?,

SpecCS D.rn/ Fro?,

(1.4.187)

(1.4.188)
(1.4.189)

(1.4.190)
(1.4.191)

(1.4.192)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
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consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS a)r

CSq/
= [,0° o

homotopylimit Spec «IO°
r

homotopycolimit Spec
1

CS&)I

. . CS ¥
homotcipyhmlt Spec> " w0

Lo homoto;;ycolimit Spec

CS(DI

,0°

L. CSgyr
homot(;pyhmlt Spec> @] -,

homotopycolimit Spec
I
homot(;pylimit Spe(:CS(PI‘D”kI’EI /Fro?, homoto;;ycolimit SpecCS(AISi,r,D /Fro?,

homotopylimit Spec“®’ 1. _ /Fro”, homoto;;ycolimit @ . /Fro?,
r

CS(Dr

homotopylimit Spec «T.O
) .,

/Fro%, homotopycolimit Speccsd)i,r’m /Fro”.
1

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.4.193)

r

homotopylimit M/, (1.4.194)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 1.4.32. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (1.4.195)

Definition 1.4.33. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (1.4.196)
where * is one of the following spaces:

SpecBX®, 1 /Fro?, (1.4.197)
(1.4.198)
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SpecBK(i)*,r,D / Fro?,

Spec®X®, - o /Fro”.

(1.4.199)
(1.4.200)

(1.4.201)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BK(AISI

BKq)r o

homotopylimit Spec «IO°
) T

homotopycolimit Spec
I

BKd')r

BK /7
= [,0° @

homotopylimit Spec «IO°
r

homotopycolimit Spec
1

BK(I)I

BK g
@’ L0

homotopylimit Spec «IO°
’ T,

homotopycolimit Spec
I

BK(AISr

homotopylimit Spec «T.O0
) L,

/Fro”, homotopycolimit SpecBK(Alii,r’D /Fro?,
1

homotc;pylimit SpecBK(T); ro/ FroZ, homoto;;ycolimit SpeCBK(f)i ro/ Fro?,

BK(Dr

*7

homot(zpylimit Spec ra/ Fro?, homotogycolimit SpecBK(I)i ro/ Fro”.

Definition 1.4.34. We then consider the corresponding quasisheaves of perfect complexes of the corre-

sponding condensed solid topological modules from [CS2]:
Quasicoherentsheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

SpecSA, r.o/Fro%, Spec®SV, 1o /Fro%, SpectS®, 1o /Fro?, Spec®S A’ . _ /Fro”,

1,0
s glhm /Fro”, SpecCSZlRD /Fro%, Spec®® §Z,RD /Fro”,

Spec

Speccsﬁ*,r,u / FroZ, mm / FroZ, Speccsdv)*,r,g / FroZ, SpecCSA‘L / FroZ,

1,0
SV o /Fro”, SpecCSAI o/ Fro?, SpecCSVZ o/ Fro?,

Spec

SpecCSA*,r,D / FroZ, SpecCSV*,r,D / FroZ, SpeCCSQ*,RD / FroZ, SpecCSA+ / FroZ,

1,0
CSy+ . /Fro?, SpecCSAI ro/ Fro”, SpeCCSVI o/ Fro”.

1,0

Spec
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(1.4.202)

(1.4.203)
(1.4.204)
(1.4.205)

(1.4.206)
(1.4.207)
(1.4.208)

(1.4.209)
(1.4.210)



Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS@I

% ,0°

s . CS g7
homot(zpyhmr[ Spec> @] -,

homotopycolimit Spec
1

CS(I")I

% ,0°

i CS&r
homot(zpyhmr[ Spec>®] .,

homotopycolimit Spec
1

r

CS g/
1,07 s

homot(ipylimit SpecSd Lo

homotopycolimit Spec
1
homot(zpylimit Speccsflw):’r’tI /Fro?, homotogycolimit Speccszf)i,r’D /Fro?,
homot(ipylimit SpecCSCT):I’D /Fro?, homoto;;ycolimit (i)i,r,u /Fro?,

homot(:pylimit SpecCS(D:,F,D /Fro?, homoto;;ycolimit SpecCS(Di,r’D /Fro”.

Proposition 1.4.35. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (1.4.211)

where * is one of the following spaces:

SpeCCS(PI')*,r,D/ Fro?, (1.4.212)
(1.4.213)
SpecSSd, 15 /Fro?, (1.4.214)
(1.4.215)
Spec®S®, 15 /Fro?, (1.4.216)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homot(ipylimit SpecCS(T)f Csa)i,r,u’

WL homotol;ycolimit Spec

homot(ipylimit Spec“Sd” Csd)i,r,u’

WL homotogycolimit Spec

CS(DI

[,0°

homotcipylimit Speccsq)i o homoto;;ycolimit Spec
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homot(ipylimit Spec®® (T)i,r,m /Fro?, homotogycolimit Spec®S 6i,r,u /Fro?,

CS(‘I’)r

0,0

homotopylimit Spec «I.0
r

/Fro”, homotopycolimit &’ . _/Fro?,
I

homot(zpylimit SpecCS(D:,F,D /Fro?, homoto;;ycolimit SpeCCS(Di o /Fro”.

In this situation we will have the target category being family parametrized by r or / in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.4.217)

r

homotopylimit M/, (1.4.218)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M; is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 1.4.36. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (1.4.219)

1.5 Univariate Hodge Iwasawa Prestacks

This chapter follows closely [T1], [T2], [T3], [KPX], [KP], [KL1], [KL2], [BK], [BBBK], [BBM],
[KKM], [CS1], [CS2], [LBV].

1.5.1 Frobenius Quasicoherent Prestacks I

Definition 1.5.1. We now consider the pro-€tale site of SpaQ, (X xl X,:—"' >, denote that by *. To be
more accurate we replace one component for I' with the pro-étale site of SpaQ, (X 1’—'1, v X kil > And we
treat then all the functor to be prestacks for this site. Then from [KL1] and [KL2, Definition 5.2.1] we
have the following class of Kedlaya-Liu rings (with the following replacement: A stands for A, V stands
for B, while @ stands for C) by taking product in the sense of self I'-th power®:

A*, V*, EIV)*a Z:a 6:’ Zl, 61«’ (AIS:;, (Aﬁia

A*’ 6>l<7 q)*7 A:7 ﬁ:} AI’ vi, (VD:;’ (VDL

A V., ©,, AT, VALV @r @l

8Here |T'| = 1.
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We now consider the following rings with A being a Banach ring over Q,. Taking the product we have:

& oI
(D*,A, q):’A’ CI)*’A,

o

v v
(D*’A’ (D:,A’ (D*,A’

(D*,A9 @7

1
* A’ CD*,A'

They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]

and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Definition 1.5.2. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of

those in the above from [BK] by taking derived rational localization:

SpecBK&)*, A SpecBKa)i e SpecBKEIv)i A0

BKq)i N SpeCBK(DI

BK ¥
Spec™ "D, 4, Spec Y

Spec®X, 4, SpecBK(I):’ A SpecBKCDi’ A

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBKCT)*,A / FroZ,

SpecBXd, 4 /Fro?,

SpecBX@, 4 /Fro”.

(1.5.1)

(1.5.2)

(1.5.3)

(1.54)
(1.5.5)

(1.5.6)
(1.5.7)

(1.5.8)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BKEI')r

BK 5/
%,A° (D

homotopylimit Spec AP
. :

homotopycolimit Spec
1

BK(i)I

homotopylimit SpeCBKé): 4» homotopycolimit Spec AP
r ? Ji i

homotopylimit SpecBK(I)i 4» homotopycolimit SpecBKCDi A
r ’ 1 ’
homotopylimit SpecBK(PId)Q Al Fro?, homoto;;ycolimit SpecBK(Aﬁi Al Fro?,
r
homotopylimit SpecBK(f)i, Al Fro?, homotogycolimit SpecBK(T)i ’ Al Fro?,
r

*,

homotc;pylimit SpecBXar Al Fro?, homoto;;ycolimit SpecBK(Di A/ Fro”.
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Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-

ing their construction we have:

Definition 1.5.3. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,. Then we take solidified tensor

product é of any of the following

Z*’ 6>lm EIS*, ZI’ 6:7 ZI’ 615 (’Bi’ a)i’

A V., @, AH VALV @7,

with A. Then we have the notations:

d At vt AT T o D!
A*,A’ V*,A9 (D*,A9 A*’A9 V*’A9 A*’Aa V*,A’ q):’Ay q)*’Aa

v 9 o

A+ vt AT vt & %!
A*,Aa V*,A, q)*,Aa A*’A’ V*’A, A*,A’ V*,A’ q):’A, (D*,A,

i il
A*,A, V*,Aa (D*,A, A;:Aa V:’Aa A*’A’ V*’Aa P’

1
#,A’ (D*,A'

Definition 1.5.4. First we consider the Clausen-Scholze spectrum Spec®> () attached to any of those in

the above from [CS2] by taking derived rational localization:

Speccsz*, A Speccsi, A Speccsad)*, A SpecCSZ:, A Speccsit A

SpecCSZl A Speccsgl A SpecCSaSQ A SpecCSZISi, "

Spec®A, 4, V.. 4, SpecS D, 4, Speccsﬁj, 25 Speccsvj, "
CSAI N Speccsvl A SpecCS o

£l
Spec s Do ao

CS A:-A, SpeCCS V+

SpecCSA*, A SpecCSV*, A Speccsd)*, A, Spec Ao

SpecCSAI’ A SpecCSVZ’ A SpecCSd)i’ s SpecCSCI)i A

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecCSZ*, 4/Fro?, Spec®® 6*, 4/Fro?, SpecCSEIv)*, 4/Fro?, SpecCSZ:, Al Fro?,

Speccsit 4 JFro?, SpeCCSZI W FroZ, Speccsﬂ 4/ FroZ,
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(1.5.9)
(1.5.10)
(1.5.11)

(1.5.12)
(1.5.13)
(1.5.14)

(1.5.15)
(1.5.16)

(1.5.17)
(1.5.18)
(1.5.19)



SpecCSA*,A/ Fro?, v*, 4/Fro?, Speccs(f)*,A/ Fro?, Speccsﬁj; A/ FroZ,
SpectSVT Al FroZ, Speccsﬁi’ Wi FroZ, Speccsvi Wi FroZ,

*!

SpecSA, 4 /FroZ, Spec®>V, 4 /FroZ, Spec®>®, 4 /Fro”, Spec® A:, Al Fro?,
SpecSV Al Fro?, SpecCSAi, Al FroZ, Spec®® VI, Al Fro”.

*’

(1.5.20)
(1.5.21)
(1.5.22)

(1.5.23)
(1.5.24)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS&)I

homotopylimit Speccsa)i 4» homotopycolimit Spec—>®, ,,
r ’ I K

homotopylimit Speccsci)i o homotogycolimit Speccsé)i o
r

CS o

homotopylimit Spec>®/ ,,
r

homoto;;ycolimit Spec®d! .

r

homotopylimit SpecS®” 4/ Fro%, homotoeycolimit SpecSS®! a/Fro%,

homot(ipylimit Speccs(i)i A /Fro?, homotoeycolimit Ci)i , A/ FroZ,

hornot(:pylimit SpecCS(Di A /Fro?, homoto;;ycolimit SpeCCS(Di A /Fro”.

Definition 1.5.5. We then consider the corresponding quasipresheaves of the corresponding ind-Banach

or monomorphic ind-Banach modules from [BBK], [KKM]:
Quasicoherentpresheaves, IndBanach,
where * is one of the following spaces:

Spec®X®, 4 /Fro?,

SpecBXd, 4 /Fro?,

SpecBX®, 4 /Fro”.

(1.5.25)

(1.5.26)
(1.5.27)

(1.5.28)
(1.5.29)

(1.5.30)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BKa)r

BK 5/
% A’ o

homotopylimit Spec A0
. ,

homotopycolimit Spec
1
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BKq")I

homotopylimit SpecBKd): 4» homotopycolimit Spec AP
r ? I ’

BK(Dr

homotopylimit Spec”™®’ ,,

homotop;ycolimit SpecBbei’ A

BK(AISr

3k,

homotopylimit Spec
r

homot(ipylimit SpecBKdV):, Al Fro?, homotogycolimit SpecBK(i)i’ Al Fro?,

homot(;pylimit SpecBKCI):, W Fro?, homotol:;ycolimit SpecBK(Di’ Al Fro”.

W FroZ, homotopycolimit SpecBKE)i Al FroZ,
, f ,

Definition 1.5.6. We then consider the corresponding quasisheaves of the corresponding condensed solid

topological modules from [CS2]:
Quasicoherentsheaves, Condensed,
where * is one of the following spaces:
Speccsz*, A/ FroZ, Speccsg*, A/ FroZ, Speccsa)*, A/ FroZ, SpecCSZ:’ Al FroZ,

Speccsif A/ FroZ, SpecCSKI W, FroZ, SpecCSﬁ: Al FroZ,

SpecSA, 4 /Fro?, V, 4 /Fro%, Spec®Sd, 4 /Fro”, Spec® AI’ ,JFro?,

Speccsv:’ 4/ Fro”, SpecSAT 4 /FroZ, Spec®SV! 4 /FroZ,

SpeCCSA*, A/ FroZ, SpecCSV*, A/ FroZ, Speccsq)*, A/ FroZ, SpecCS A:; Al FroZ,

SpecCSV: 4 /FroZ, SpecCSAI Al Fro?, SpecCSVI Al Fro”.

(1.5.31)

(1.5.32)
(1.5.33)
(1.5.34)

(1.5.35)
(1.5.36)
(1.5.37)

(1.5.38)
(1.5.39)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS(SI

homotopylimit Speccsa): 4» homotopycolimit Spec=>®, ,,
r ? )4 i

CSq”)I

homotopylimit Speccsd); 4» homotopycolimit Spec—>®, ,,
r ? I K

homot(ipylimit SpecCS(I)Z’ a0 homotop;ycolimit SpecCS(Di, A

homot(:pylimit SpecCS(AISZ, Al Fro?, homoto;;ycolimit SpecCS(Aﬁi, Al Fro?,

homotcipylimit Specd’ , /Fro?, homotogycolimit ®! , /Fro?,

CS(Dr

>k,

homotopylimit Spec
r
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Proposition 1.5.7. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed, (1.5.40)

where * is one of the following spaces:

SpecS @, 4 /Fro?, (1.5.41)
(1.5.42)
SpecSd, 4 /Fro?, (1.5.43)
(1.5.44)
SpecSd, 4 /Fro?, (1.5.45)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS EISr

A homoto;;ycolimit SpecCS(AIS[

homotopylimit Spec AP
. :

CSG“DI

homotopylimit Speccsci)i 4» homotopycolimit Spec—>®, ,,
r ’ )4 >

homotopylimit Spec®® @’ ,, homotopycolimit SpecCS(Di A
r ’ 1 i
homot(:pylimit Spec®® &): A/ Fro?, homotogycolimit SpecCS(AI;i A/ Fro?,
homot(ipylimit SpecCS(i)i A/ Fro?, homoto;;ycolimit Ci)i A/ Fro?,

homotcipylimit Spec®® @,/ FroZ, homotogycolimit Speccsd)i A/ Fro”.

In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.5.46)

homotopylimit M, (1.5.47)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

86



Proposition 1.5.8. Similar proposition holds for

Quasicoherentsheaves, IndBanach,. (1.5.48)

Definition 1.5.9. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (1.5.49)

where * is one of the following spaces:

SpecBX®, 4 /Fro?, (1.5.50)
(1.5.51)
Spec®*®, 4/Fro”, (1.5.52)
(1.5.53)
SpecBXd, 4 /Fro”. (1.5.54)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK(AISI

homotopylimit SpecBKCBZ 4» homotopycolimit Spec AP
r ? Ji K

BK(i)I

homotopylimit SpeCBKé): 4» homotopycolimit Spec A?
r ? I i

homot(ipylimit SpecBKd):’ a0 homoto;;ycolimit SpecBKd)i, A

BK&Sr

*7

homotopylimit Spec Al Fro?, homoto;;ycolimit SpeCBKEJi A/ FroZ,
r

homotopylimit Spec®*®’ , /Fro?, homotogycolimit Spec®*®! , /Fro?,
r

homot(;pylimit SpecBKCI):’ Al Fro?, homotogycolimit SpecBK(Di, Al Fro”.

Definition 1.5.10. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (1.5.55)
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where * is one of the following spaces:

SpecCSK*, 4/Fro?, Spec®® i, 4/Fro?, SpecCSEIv)*, 4/Fro?, SpecCSZ:; al Fro?,

Speccsit 4/ Fro”, Spec®SAT W Fro?, Speccsﬂ W Fro?,

Speccsﬁ*, a4/ FroZ, v*,A/ Fro?, Speccs(i)*, A/ FroZ, SPGCCSA;: Al FroZ,

Speccsﬁ*f Al Fro?, SpecCSAI M / FroZ, SpeCCSﬁI M / FroZ,

SpecSA, 4 /FroZ, Spec®>V, 4 /Fro”, Spec®>®, 4 /Fro”, SpecCSA: al FroZ,

specCSv; Al FroZ, SpecCSAI Al FroZ, SpecCSVI Al Fro”.

(1.5.56)
(1.5.57)
(1.5.58)

(1.5.59)
(1.5.60)
(1.5.61)

(1.5.62)
(1.5.63)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CSEBI

homotopylimit Speccsa)i 4» homotopycolimit Spec—>®; ,,
r ’ I K

CS(T)I

homotopylimit Speccs(i)i 4» homotopycolimit Spec—>®, ,,
r ’ I ’

homotopylimit Spec®>®”
r

e homoto;;ycolimit Spec®@! .

homotopylimit SpecCS(PId)Q Al Fro?, homoto;;ycolimit SpecCS(Aﬁi’ Al Fro?,

r

homot(ipylimit SpecCS(T)Q A/ Fro?, homoto;;ycolimit (i)i A/ Fro?,

homotopylimit Spec®® @,/ Fro?, homoto;;ycolimit SpeCCSCDi A/ Fro”.

r

Proposition 1.5.11. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

SpecS @, 4 /Fro?,

SpecSd, 4 /Fro?,
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SpecS®, 4 /Fro”, (1.5.69)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homot(;pylimit Speccsa)i’ a0 homotogycolimit Speccs(f)i, A

CS(T)I

homotopylimit Speccs(i)i 4» homotopycolimit Spec—>®, ,,
r ’ 1 ’

. cs
homot(zpyhmlt Spec—>®’ o

homotogycolimit Spec®S@! .

homot(;pylimit Spec®® &): A/ FroZ, homotogycolimit Speccsa)i A/ Fro?,

homot(zpylimit SpecCSCT)Q W Fro?, homotop;ycolimit (i)i’ W Fro?,

homotopylimit Speccsd)i 4 /Fro”, homotopycolimit Speccsd)i " /Fro”.
r ’ I ’

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.5.70)

r

homotopylimit M, (1.5.71)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 1.5.12. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (1.5.72)
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1.5.2 Frobenius Quasicoherent Prestacks II: Deformation in Banach Rings

Definition 1.5.13. We now consider the pro-étale site of SpaQ, <X]“—L1, e X ,;—“1>, denote that by *. To be
more accurate we replace one component for I' with the pro-étale site of SpaQ, (X!, ..., X£'). And we
treat then all the functor to be prestacks for this site. Then from [KL1] and [KL2, Definition 5.2.1] we
have the following class of Kedlaya-Liu rings (with the following replacement: A stands for A, V stands
for B, while @ stands for C) by taking product in the sense of self I'-th power”:

A*s 6*, a)*, Z:’ 6:7 ZI? 61’ aj:’ (Bi’

v v v

A*’ 6*’ q)*$ A:, 6:9 AI’ 615 (i):5 (IV)L

AV, @, AT VALV @r @l

We now consider the following rings with — being any deforming Banach ring over Q,. Taking the
product we have:

5 & @
q)*,—5 (I):;,—9 q)*’—’
5 b B!
q)*,—5 (I):;,—9 q)*’—’
1
0,0, _, D, _.
They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]

and [PZ] we consider the following (oo, 1)-categories of (co, 1)-modules.

Definition 1.5.14. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of
those in the above from [BK] by taking derived rational localization:

SpecBK;IS*,_, SpecBK(T)i,_, SpecBKE)i’_, (1.5.73)

SpecBKé)*,_, SpecBKi):,_, SpecBKCT)i’ , (1.5.74)

Spec®*®, _, Spec® @ _, Spec®* ! _. (1.5.75)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBX®, _ /Fro?, (1.5.76)
(1.5.77)
SpecBXd, _ /Fro”, (1.5.78)
(1.5.79)
SpecBX@, _ /Fro”. (1.5.80)

“Here || = 1.
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Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

-

homotopylimit SpecBKa);7_, homotopycolimit SpecBK(Aﬁi’
r 1

homotopylimit SpeCBKCTDQ,_, homotopycolimit SpeCBKdv)i’_,
r 1

homotopylimit SpecBK(I)Q_, homotopycolimit SpecBK(Di’_.
r 1

homotopylimit SpecBK(ﬁﬁf‘!_ /Fro?, homoto;;ycolimit SpecBK(FIv)i_ /Fro?,
homotopylimit SpecBKﬁ)Z,_ /Fro?, homoto;;ycolimit SpecBKdVJi,_ /Fro?,
homotopylimit SpecBK(Df"_ /Fro?, homoto;;ycolimit SpecBK(Di’_ /Fro”.
Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-

ing their construction we have:

Definition 1.5.15. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,. Then we take solidified tensor

product Q.b of any of the following

A*a 6*, EIS*’ Z::’ 6:’ Z:L 61’ EIV):& (AD'L

A*’ v>l<, qv)*, A:’ v:’ AI? 61’ (i)i’ (i)i’
A V., @, AL VALV, 07, @,

with A. Then we have the notations:

A*,—7 6>(<,—7 (AIS*,—’ Z:,—’ 6>|<+7—’ Zl—’ 6*—’-’—5 (5:;,—9 517—’

o

~ ~/ v + ~/ + ~ —‘- ~/ “ r v 1
A*,—, V*,—9 q)*,—’ A*,—s V*,—a A*v—’ V*,—a (D*,—$ q)*y—a

—+

+ + T il I
A*,—’ V*,—, q)*,—a A*’—ﬂ V*’—a A*’—, V*’—9 q):;’_, q)*’—'

Definition 1.5.16. First we consider the Clausen-Scholze spectrum Spec®>(x) attached to any of those
in the above from [CS2] by taking derived rational localization:

SpecSA, _, Spec™SV, _, Spec®Sd, _, SpecCSZI,_, Speccsif’_, (1.5.81)
SpecCSZ;L_, Speccsﬂ,_, Speccsflv)i’_, Speccsff)i’_, (1.5.82)
(1.5.83)
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Spec™A, _, V.._, Spec® D, _, SpecA} _, Spec“SV; _,
Speccsﬂ’_, Speccsvl_, Speccscf)fﬁ’_, (f)i_,

Spec™ A, _, Spec™®V. _, SpecS®, _, Spec“ Al _, Spec™ V! _,

SpeccsAI’_, SpecCSVI,_, SpecCSCDQ’_, Speccsd)i’_.

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecCSZ*,_ /Fro%, Spec® 6*,_ /Fro”, Speccsa*,_ /Fro”, Spec®® Z;_ /Fro”,
SpecCS§:_ /Fro”, SpecCSZI,_ /Fro”, Speccsgl_ /Fro”,

Spec“®A, _ /Fro”, V., _ /Fro”, Spec“®®, _ /Fro”, Spec“> A} _/Fro”,
Speccsv:’_ /FroZ, Speccsﬁl_ /FroZ, Speccsvi,_ /FroZ,

SpecCSA*y_ / FroZ, SpecCSV*,_ / FroZ, SpecCSCD*,_ / FroZ, SpecCSA:,_ / FroZ,
SpecCSV:,_ /FroZ, SpecCSAI,_ /FroZ, SpecCSVI,_ /Fro”.

(1.5.84)

(1.5.85)
(1.5.86)

(1.5.87)
(1.5.88)

(1.5.89)

(1.5.90)
(1.5.91)

(1.5.92)

(1.5.93)
(1.5.94)

(1.5.95)
(1.5.96)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopylimit Speccsad)fk,_, homotopycolimit Speccsfii,_,
r 1

homotopylimit Speccsci);,_, homotopycolimit SpecCSCbi’_,
r I
homotopylimit SpecCS(I);,_, homotopycolimit SpeCCS(Di’_.
r 1
homotopylimit Spec“S®’, _/Fro” homotopycolimit Spec“S®! _ /FroZ,
r 1

homotopylimit Spec“*®”, _ /Fro”, homotopycolimit &/ _/Fro?,
r I

homotopylimit Spec®® o) _/ Fro”, homotopycolimit SpecCSQi,_ /Fro”.
r 1
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Definition 1.5.17. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (1.5.97)

where * is one of the following spaces:

SpecBR®, _ /Fro?, (1.5.98)
(1.5.99)

SpecBXd, _ /Fro?, (1.5.100)
(1.5.101)

Spec®*®, _ /Fro”. (1.5.102)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK 1 BK g/
" ®

homotopylimit Spec —» homotopycolimit Spec -
r 1

homotopylimit SpecBKdv)Qv_, homotopycolimit SpeCBK(f)i_,
r I

homotopylimit SpeCBKCI):,_, homotopycolimit SpecBK(Di,_.
r 1

homotopylimit SpecBX®’ _ /Fro%, homotopycolimit Spec®X®d! _ /FroZ,
r I

homotopylimit SpecBK&):,_ /Fro”, homotopycolimit SpecBK(i)i,_ /Fro”,
r 1

homotopylimit SpecBKQQ,_ /Fro”, homotopycolimit SpecBKCDi’_ /Fro”.
r 1

Definition 1.5.18. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (1.5.103)

where * is one of the following spaces:

Spec®S Z*,_ /FroZ, Spec®® 5*,_ /FroZ, SpecCSCT)*,_ /Fro”, SpecCSZ:_ /Fro”, (1.5.104)
Spec®® 6;:_ /Fro”, Spec®® PA';E,_ /Fro?, Speccsﬁi_ /Fro?, (1.5.105)
(1.5.106)
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Speccsﬁ*’_ /Fro?, ﬁ*,_ /Fro?, Speccs(f)*,_ /Fro?, SpecCSA:’_ /Fro?,
SpecV} _ /Fro”, Spec®SA! _ /FroZ, Spec®SV! _ /Fro”,

SpecCSA*,_ /Fro?, SpeCCSV*,_ /FroZ, SpecCSCD*,_ /Fro?, SpecCSA:,_ /FroZ,
SpecCSV;:_ /Fro?, SpecCSAi_ /Fro?, SpecCSVi,_ /Fro”.

(1.5.107)

(1.5.108)
(1.5.109)

(1.5.110)
(1.5.111)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopylimit Speccsa);,_, homotopycolimit SpecCS(AISi’_,
r 1

homotopylimit SpecCSCTDQ,_, homotopycolimit Speccsdv)i’_,
r 1

homotopylimit Spec®® @, _, homotopycolimit Speccsfbi’_.
r 1

homotopylimit Spec“S®’, _/Fro” homotopycolimit Spec“S®’ _ /FroZ,
r I

homotopylimit Spec“>®’, _ /Fro”, homotopycolimit &/ _ /Fro?,
r 1

homotopylimit Spec®® o _/ FroZ, homotopycolimit SpeCCS(Di’_ /Fro”.
r 1

Proposition 1.5.19. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed,
where * is one of the following spaces:

Speccsa)*,_ / FroZ,

Spec®>d, _ /Fro”,

SpecCSCD*,_ / FroZ,

(1.5.112)

(1.5.113)
(1.5.114)

(1.5.115)
(1.5.116)

(1.5.117)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
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consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopylimit SpecCSEIv)Q,_, homotopycolimit Speccsa)i’_,
r 1

homotopylimit SpecCSCTDQ,_, homotopycolimit Speccs(f)i’_,

r 1

homotopylimit Speccsd)fﬁ,_, homotopycolimit SpecCS(Di’_.
r 1
homotopylimit Speccsa)i,_ /Fro”, homotopycolimit Speccsa)i’_ /Fro?,
r 1
homotopylimit Spec“>®’, _ /Fro”, homotopycolimit &/ _ /Fro?,
r 1

homotopylimit SpecCS(DQ’_ /Fro%, homotopycolimit SpecCS(Di’_ /Fro”.
r I

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (1.5.118)

r

homotopylimit M/, (1.5.119)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 1.5.20. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (1.5.120)

Definition 1.5.21. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (1.5.121)
where * is one of the following spaces:
SpecBX®, _ /Fro?, (1.5.122)

(1.5.123)
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SpecBXd, _ /Fro?, (1.5.124)
(1.5.125)

SpecBX®, _ /Fro”. (1.5.126)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopylimit SpecBK(TDQ,_, homotopycolimit SpecBK&)i,_,
r 1

homotopylimit SpecBK(i)g,_, homotopycolimit SpecBqu)i,_,
r 1

homotopylimit SpecBK(I)Q,_, homotopycolimit SpeCBK(Di’_.
r 1

homotopylimit SpeCBK(T)QS_ /Fro%, homotopycolimit SpecBK&)i’_ /Fro?,
r 1

homotopylimit SpeCBK(f)Q’_ /Fro%, homotopycolimit SpecBK(f)i’_ JFro?,
r 1

homotopylimit S pecBK(DQ’_ /Fro”, homotopycolimit SpecBK(Di’_ /Fro”.
r 1

Definition 1.5.22. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (1.5.127)

where * is one of the following spaces:

Spec®® Z*,_ /Fro”, SpecCSFVV*,_ /FroZ, SpecCSEIV)*’_ /FroZ, SpecCSZ:,_ /FroZ, (1.5.128)
Speccsgl_ / FroZ, SpecCSZl_ / FroZ, Speccsgi’_ / FroZ, (1.5.129)
(1.5.130)

Speccsﬁ*,_ /Fro”, ?*,_ /Fro”, Speccsfi)*,_ /Fro?, SpeCCSA:,_ /Fro”, (1.5.131)
Speccsv:,_ / FroZ, Speccsﬁl_ / FroZ, Speccsvi_ / FroZ, (1.5.132)
(1.5.133)

SpeCCSA*,_ / FroZ, SpecCSV*,_ / FroZ, Speccsd)*,_ / FroZ, SpecCSA:,_ / FroZ, (1.5.134)
SpecCSV;:_ /Fro”, SpecCSAl_ /Fro”, SpecCSVI,_ /Fro”. (1.5.135)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopylimit SpeCCSEIv)fk,_, homotopycolimit Speccsa)i,_,
r 1
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homotopylimit Speccsci)g,_, homotopycolimit Spec®>®! -
r 1

homotopylimit Speccs®§7_, homotopycolimit SpeCCS(Di,_.
r 1

homotopylimit SpecCS(AISQ,_ /Fro”, homotopycolimit Speccsa)i,_ /Fro?,
r 1

homotopylimit Spec“>®’, _ /Fro”, homotopycolimit &/ _ /Fro?,
r 1
homotopylimit SpecCS(DQ,_ /Fro”, homotopycolimit SpecCS(Di’_ /Fro”.
r 1

Proposition 1.5.23. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (1.5.136)

where * is one of the following spaces:

Spec®S@, _ /Fro?, (1.5.137)
(1.5.138)
Spec®Sd, _ /Fro”, (1.5.139)
(1.5.140)
Spec®S @, _ /Fro”, (1.5.141)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopylimit SpecCSEIVJQ,_, homotopycolimit Speccs(fi’_,
r 1

homotopylimit SpecCSQVDQ,_, homotopycolimit SpecCS(i)i,_,

r I
homotopylimit SpecCSCDQ,_, homotopycolimit SpecCS(Di,_.
r 1
homotopylimit SpecCS(T)Q’_ /Fro%, homotopycolimit Speccs(f)ig_ /Fro?,
r 1

homotopylimit Speccsd):,_ /Fro”, homotopycolimit dv)i’_ /Fro?,
r 1
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homotopylimit Spec®® o _/ Fro”, homotopycolimit Speccs(Di,_ /Fro”.
r I

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M, (1.5.142)

r

homotopylimit M/, (1.5.143)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 1.5.24. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (1.5.144)
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Chapter 2

Deformation

2.1 Multivariate Hodge Iwasawa Modules by Deformation

This chapter follows closely [T1], [T2], [T3], [T4], [T5], [T6], [KPX], [KP], [KL1], [KL2], [BK],

[BBBK], [BBM], [KKM], [CS1], [CS2], [CKZ], [PZ], [BCM], [LBV].

Remark 2.1.1. In the following chapters, we remind the readers of the fact that the notations for the
deformation A, —, O in our following discussion will mean different thing, the deformation with respect
to A, —, O will happen along the structure sheaves O directly. The co-descent results in [BK], [BBBK],
[BBM], [KKM], [CS1], [CS2] will guarantee that the deformed sheaves are still quasicoherent sheaves

over O.

2.1.1 Frobenius Quasicoherent Modules I

Definition 2.1.2. First we consider the Bambozzi-Kremnizer spectrum O B¥(x) attached to any of those

Spec
in the above from [BK] by taking derived rational localization:

BKF, BKFr BK 5/
O ""®yrp, O 20 0y, O P20 1y,
Spec Spec Spec

0 BK(D LA O BK(DI‘ , O BK(I)I ,
/8 8 w,IL,A v,ILA
Spec Spec Spec

0 B, 4 0 By L., O B! .
y.L, w,ILA y,ILA
Spec Spec Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SO BK&)QZ,’F,A /FI‘OZ,
pec

SO BK(T)QM"’A /FI‘OZ,
pec
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(2.1.2)

(2.1.3)

(2.1.4)

(2.1.5)

(2.1.6)

(2.1.7)



schK(D‘”’ 4/Fro”. (2.1.8)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK('i')r

Y, LA

homotopycolimit ,
pry Spec ¥.ILA

homotopylimit O BX®!
Spec I

homotopycolimit sO BK&)’M 4 homotopylimit O BKqu)(IM, e
¥ pec I Spec

homotopycolimit O BX®” . homotopylimit O B¥®! _ .
Izy Spec y.IA Ipy Spec ¥.ILA

homotopycolimit SO BKEIv);,R n /Fro”, homotopylimit O BKEIVD{M, n /Fro?,
r pec 1 Spec

BK(i)I

WA / FroZ,

homotopycolimit SO BK(T){’%R A/ FroZ, homotopylimit O
r pec 1 Spec

. BK L BK
homotop:ycohmlt sl?ec (I)fl/,n A /Fro?, homot(;pyhmlt sl?ec (I)(II,,R W FroZ.

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 2.1.3. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,. Then we take solidified tensor

product <>.Z> of any of the following

A v £ A+ v+ AT Ot & Bl
Al//,l", Vw,l“, (Dl//,l", Aw,r, VW,F’ Aw’r’ VWI’ (Dlrﬁ’l—, (Dl%[“’

A v ¥ A+ v+ AT vt & $/
Aw,l—" V(//’F? Qw,r’ Aw,l—" Vlllvr, Aw’r" VW,F’ ¢r¢,r, Qw’r’

T T 1
Al//,r’ Vzﬁ,r, q);zz,l", A;Z,F, Vl;,r, Aw’ra V;ﬁ,l"’ (D;’r, q)wr,
with A. Then we have the notations:

A v 0 A+ v+ AT ot D Y
Alﬁ,r,A7 ng,r,Aa q)zp,l",A, Al//,F,A’ Vt//,r,A’ Alﬁ,r,A’ Vlﬁ,r,A’ (Drl//’r’Aa (Dl//’r’Aa

A v, 5 A+ 7+ AT val $r 3
Ag[/,F,A’ VW,F,A’ q)l//,F,A’ Al//,F,A’ Vl//,F,A’ A(//,F,A’ V[//,F,A’ q)l//,F,A’ q)l//,F,A’

+ + T T 1
Akﬁ,r,Aa Vlﬁ,F,Aa q)l//,F,Aa Al,[/,r,A’ Vl//,r,A’ AW,RA’ Vlﬂ,r,A’ q):[/,r’A» q)l,[/,r,A .
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Definition 2.1.4. First we consider the Clausen-Scholze spectrum SO ©5(x) attached to any of those in
pec

the above from [CS2] by taking derived rational localization:

o° Al//rA,O lerA,O (D(,//I"A’O SAY

O CSV+ ,
Spec y.I.A

YA

CSAT CS¢ot
0 &) OV, . O

o° Al//FA7Vl//FA9 O Sbyra. 0 SAY s OCSV;FA,
Spec Spec

0 CSAT Io) CSVT

CS x4 1
VAW.Y o (Dl// I,A> (Dw,l",A’

Spec

0° Al//rA,O lerA,O (D(,//I"Aa O SAS ¢ A,OCSVJFA,
Spec Spec T,

Io) CSAT Io) CSVT

CS gyr CS g/
AWY O Dy 4> 0 Dy 4

Spec Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SgCCSZwI,A/FrO O ler 4/Fro?, Sp S(Dl/,r 4/Fro?, SgCCSZlZ,E A/Froz,

CSg+ CSAT CS¢ot
Sgc Vw,F,A/Fro ,Sgc Aw,F,A/Fro ,Sgc Vz//FA/FrO ,

(0] CSAW—’ 4/Fro?, Vyral Fro, Sgccsd)w,F, 4/Fro?, SgCCSA;; ral FroZ,

Spec
CSy+ Z CS X 7 CSyt Z
sg)ec Vl/, r 4/Fro”, sg)ec Aw’r,A/Fro ; s?ec Vw’r’A/Fro g

O Aer/Fro O Ver/Fro Sp S(Dl/,rA/Fro SgCCSAtZ,F,A/FrOZ’

CSyg+ CSAT CSyt
S(p)ec Vw,r,A/Fro ,ngc AlM’A/Fro ,Sgc VlﬁrA/Fro.

(2.1.9)
(2.1.10)

(2.1.11)

(2.1.12)
(2.1.13)

(2.1.14)

(2.1.15)

(2.1.16)

(2.1.17)
(2.1.18)

(2.1.19)

(2.1.20)
(2.1.21)

(2.1.22)

(2.1.23)

(2.1.24)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohmlt o0 SSor homotopyhmlt o CSCI){ﬁ A

Spec y.rA Spec

CS CSHI
homotopycohmlt (Ol homotopyhm1t 00 LA

Spec y.rAa Spec
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CS (DI

homotopycolimit SO S . homotopylimit O UT.A"
r pec I Spec

Y. LA

homotopycolimit O “3®’ . /Fro% homotopylimit O ©®! _ /Fro?,
Spec .l I Spec .l

r

- CS § z e bl z
homotopycolimit Sl())eC GD’(M’ 4/Fro ,homot(;pyhmlt yr 4/Fro®,

r

homotopycolimit SO Csd)(’//’n ,/Fro%, homotopylimit O CS(DL’”’ ,/Fro”.
r pec I Spec

Definition 2.1.5. We then consider the corresponding quasipresheaves of the corresponding ind-Banach

or monomorphic ind-Banach modules from [BBK], [KKM]:
Quasicoherentpresheaves, IndBanach,
where * is one of the following spaces:

SO BK(AI;,I,’R A / FI‘OZ,
pec

O BK(Dw’r’A/FI'OZ,
Spec

SchK(D%F’A /FI‘OZ.

(2.1.25)

(2.1.26)

(2.1.27)

(2.1.28)

(2.1.29)

(2.1.30)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BX@”
r

, homotopylimit O BKp!
Spec y.I.A 1py

Spec UL’

homotopycolimit O BXd”
r

,homotopylimit O BX®!
Spec y.IA 1py

Spec WA

homotopycolimit S0 BK@;,R 4 homotopylimit O BK(D;;,F,A'
- pec I Spec

.. BK & T BK
homotogycohmlt s(p)ec d)(’l/’r’ A /Fro?, homot(;pyhmlt s(p)ec CD&/’R al FroZ,

homotolzycolimit sg)eCBKdV)&/I’ Al Fro?, homot(;pylimit s?ecBKd)é”R Al Fro?,
homotopycolimit sO BK g~ ral FroZ, homotopylimit O BX@®! ral Fro”.
r pec ’ 1 ’

v, Spec s
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Definition 2.1.6. We then consider the corresponding quasisheaves of the corresponding condensed solid

topological modules from [CS2]:
Quasicoherentsheaves, Condensed,
where * is one of the following spaces:

O SAyr.a/Fro?, Ko SVy.r.a/Fro, O S®yra/Fro”, O ©AY L., [Fro”,
pec Spec Spec

Spec
CSgT+ Z CSKH Z CSgot z
Sgc Vw’r’A/Fro ,Sgc Aw’r’A/Fro ’sg:c Vw,r,A/FrO ,

O Ay r.a/Fro”, Vyra/Fro?, O ©dyr4/Fro% O Csﬁl‘;r 4 /Fro%,
Spec Spec Spec e

O SV /Fro%, O CSAT . [Fro% O V! . /Fro%,
Spec "[/’F’A/ Spec d”F’A/ Spec l/”r’A/

(0] CSA%RA /Fro%, O CSW,F’A /Fro”, O CS(Dl/,,ry 4/Fro%, O CSAIZF 4 /Fro”,
Spec Spec Spec Spec e

O °Sv* . JFro%, O SAT FroZ, 0 SSv! Fro”.
Spec W’F’A/ Spec l//’r’A/ Spec zﬁ,l",A/

(2.1.31)

(2.1.32)
(2.1.33)

(2.1.34)

(2.1.35)
(2.1.36)

(2.1.37)

(2.1.38)

(2.1.39)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycolimit SO Sr
r

pec  UDA

homotopylimit O “S®! ,
Ipy Spec Y.LLA

homotopycolimit O “S@”

, homotopylimit O Sd!
r Spec ¢.LLA Ipy

Spec ¥LLA

homotopycolimit O @ ., homotopylimit O “S®!
r 1

Spec y.ra Spec y.LA’
homotopycolimit O S@” FroZ, homotopylimit O CSo! FroZ,
}3}’ Spec (//,I",A/ Ipy Spec "/I’F’A/

homotolzycolimit SpOecCS dvbz,/’r’ Al FroZ, homotolpylimit dv)é/, ral Fro?,

CS (DI

homotopycolimit O @
P:y Spec YA

FroZ, homotopylimit O
(//,F,A/ Ipy Spec

Proposition 2.1.7. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Condensed,
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where * is one of the following spaces:

s?eccsa)‘”’“ 4/Fro?, (2.1.41)
(2.1.42)
sngs%n 4/Fro?, (2.1.43)
(2.1.44)
Sg)eCCSq)M, 4/Fro?, (2.1.45)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS &')r

CS g/
u,ILA @

homotopycolimit O UTA

homotopylimit O
r Spec 1 Spec

CS q")l

homotopycolimit O <5’ U.TA

, homotopylimit O
r Spec y.I.A Ipy Spec

homotopycolimit O @’

, homotopylimit O !
r Spec y.I.A Ipy

Spec y.LA”

homotopycolimit SO CSEIVJ(’//I’ ,/Fro”, homotopylimit O Csﬁdv)él,r’ ,/Fro”,
r pec I Spec

CS q“)r

homotopycolimit O v
r Spec i

ral FroZ, homotopylimit Ci)él ral Fro?,
: ; .

homotopycolimit SO Csd)l’//,r’ ,/Fro”, homotopylimit O Csd)él’r’ ,/Fro”.
r pec 1 Spec

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.1.46)

r

homotopylimit M, (2.1.47)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

104



Proposition 2.1.8. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (2.1.48)

Definition 2.1.9. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (2.1.49)

where * is one of the following spaces:

O BR®,, 1 4 /Fro?, (2.1.50)
Spec
(2.1.51)
SPOCCBK@,R 4/FroZ, (2.1.52)
(2.1.53)
spOeCBK%R 4/Fro”. (2.1.54)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

- BK g, BK g/
homoto;:ycohmlt o0 "o homotopyl1m1t oo LA

Spec y.rAa Spec

homotopycohmlt o BK(D’ BK@&, A

Spec

homotopyhmlt 0
Spec

BK(Dr

BK 1,/
AW @

homotopycolimit O WA
- Spe

homotopylimit SO
I

BKCDr

BK g/
v, ®

homotopycolimit O
Spec ¥

r

rA / FroZ, homot(;pylimit sO rA / FroZ,

homotopycolimit SO BK@r . /Fro?, homotopylimit sO BRI [Fro?,
1

’ AW AW
homotopycolimit O BX®” _ /Fro% homotopylimit O BX®! _  /Fro?
pry Spec y.ILA ’ Ipy Spec y.ILA '

Definition 2.1.10. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (2.1.55)
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where * is one of the following spaces:

O Ay r.a/Fro”, O SV, r4/Fro”, O ©®yr4/Fro”, O A}, [Fro, (2.1.56)
Spec Spec Spec Spec e
CSo+ Z CSAT Z CS¢ot Z
\% Fro~, A Fro~, \% Fro®~, 2.1.57
Sg?ec y.r.alF10 sg-:c yr.alFro Sgc yr.alFTO ( )
(2.1.58)
O Ay ra/Fro”, Yy r.a/Fro®, O ©®yr4/Fro”, O SAS - [Fro®, (2.1.59)
Spec Spec Spec e
CSy¢+ Z CSKT Z CSygt Z
\Y F A F \% F 2.1.
sg)ec l//,r,A/ ro ,ngc ¢//,F,A/ ro ,Sgc L//,F,A/ 0%, (2.1.60)
(2.1.61)
O PAyra/Fro”, O SV, a/Fro”, O S, a/Fro”, O A -, [Fro”, (2.1.62)
Spec Spec Spec Spec e
CSyw+ Z CSAT Z CSyt Z
\% F A F \% Fro™. 2.1.
S(pz:c L//,F,A/ ro-, S(p)ec l//,F,A/ ro-, S(p)ec %RA/ ro ( 63)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O @ _ .. homotopylimit O “S®! _
pry Spec ¢.LLA Ipy Spec Y.LA

homotopycolimit O @’
r

1, r.» homotopylimit O CSp!
Spec o I

Spec YLA

homotopycolimit O @’
r

, homotopylimit O !
Spec y.LLA Ipy

Spec y.LA”

homotopycolimit O S@” FroZ, homotopylimit O CSe! FroZ,
Py Spec gl/,l",A/ Ipy Spec d/,F,A/

r

homotopycolimit O @’
r Spec

I Al Fro?, homotopylimit ®/ . , /FroZ,
e I

WA
homotopycolimit SO Csd)(’//’n ,/Fro%, homotopylimit O CS(DL’“R ,/Fro”.
r pec I Spec

Proposition 2.1.11. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (2.1.64)
where * is one of the following spaces:
O S®, 1 4/Fro”, (2.1.65)

Spec
(2.1.66)
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O S, 1.4/Fro”, (2.1.67)

Spec
(2.1.68)
s?eccsq)‘”’“ 4/FroZ, (2.1.69)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopycolimitS CS&D;’R 4> homotopylimit O Csﬁqv)é,,l—, A
, pec I Spec

homotopycolimit O @’
r

1, r.» homotopylimit O Sp!
Spec e I

Spec WA

homotopycolimit O @’
r

1, 1> homotopylimit O Sl
Spec e I

Spec  WLAT

homotopycolimit SO CSEIV)(’%R /Fro%, homotopylimit O CSEIV){%R 4 JFro?,
r pec I Spec

L CSF zZ e B zZ
homoto;;ycohmlt s(p)ec CD;’R 4/Fro ,homotolpyhmlt () UT.A /Fro”,

P CS Z P CS g/ Z
homotolzycohmlt s(p)ec D) ra /Fro ,homotolpyhmlt Sgc Dyra /Fro”.

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M, (2.1.70)

homotopylimit M/, (2.1.71)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 2.1.12. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (2.1.72)
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2.1.2 Frobenius Quasicoherent Modules II: Deformation in Banach Rings

Definition 2.1.13. Let  be a toric tower over Q, as in [KL2, Chapter 7] with base Q, <X1i1, X,:—'1>.
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power:

A v b A+ v+t ATt & i
Alﬂ,ra V(ﬁ,l—" q)lﬁ,r9 Aw’r" Vl//,r’ AwJﬁ Vlﬁ,r’ (I)rw’l'w (Dl//’r‘9

A v 5 A+ v+ AT o F 37
Al//,r’ Vzﬁ,r, q)(//,r, Aw,r, Vlﬁ,r’ Aw’ra V;ﬁ,l"’ (D;’Iw q)l%r,

Ay, Vyr, Oyr, A -V ATV

I
o V. By Vo @y e Py e

We now consider the following rings with — being any deforming Banach ring over Q,. Taking the
product we have:

Dy, V. O

/8 D /8 e
1 7 T/
q)(ﬁ,r,—a (Dw’r’_9 (DL//’]"’_,

1
Dy, (D’l/,’r’_, Dy
They carry multi Frobenius action ¢r and multi Lier := Z;F action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Definition 2.1.14. First we consider the Bambozzi-Kremnizer spectrum sO BK(x) attached to any of
pec

those in the above from [BK] by taking derived rational localization:

0 B, r_, 0 ey ., 0! | 2.1.73
Spec vl Spec Yol Spec yIh= ( )
0 PRy, 0 PR ., 0 PRD] (2.1.74)
Spec Spec »7  Spec e
o ®*ayr_, 0 e ., 0P 0! . 2.1.75
Spec vl Spec yI- Spec yI- ( )
Then we take the corresponding quotients by using the corresponding Frobenius operators:
O B, _ /Fro?, (2.1.76)
Spec
(2.1.77)
0 BXd, 1 _ /Fro?, (2.1.78)
Spec
(2.1.79)

108



Sg)eCBKch,r,_ /Fro®. (2.1.80)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O B¥®” . homotopylimit O BX®! . |
lzy Spec y.I- py Spec y.I-

homotopycolimit O BXd” r ,homotopyhmlt o Bk o/ ros
r Spec ¥, Spec ¥

homotopycolimit O BX®” . homotopylimit O BX®!
py Spec y.I.- py Spec .-

homotopycohrmt O BK g7 r- /Fro” homotopyhmlt 0 BRo! r- /Fro?,
Spec v Spec ¥

homotopycolimit SO BKCi)’wI,_/FroZ, homotopylimit O BK(i){M’_ /FroZ,
r pec 1 Spec

homotopycohmlt O BK g7 r- /Fro” homotopyhmlt 0 BRo! r- /Fro”.
Spec ¥, Spec ¥,

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 2.1.15. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,. Then we take solidified tensor

product é of any of the following

A v = + At ot Al
Al//,r’ Vw,l“, (Dw,l", Aw r Vw r Al// r VW I (Dlrﬁ r (Dw r

i T I
Awr’V(I/F’(Dl/fr’Awr’Vl//I—',AwF’VwF’(I)er’(DwF’

+ T T I
Al//,r’ Vzﬁ,r, (I)(//,F, Aw r VW r Al»[/ r V@” r (Drw r (Dw r

with A. Then we have the notations:

+ F tval Y
Awr_,vlpr_,@lﬁr_’Awr ’le—‘ ,Awr ’Vwr 7®r¢lr ’Qwr 9

Koo % B At KT et I
A(ﬂ,r,—’ V(ﬂ,r,—’ q)w,l",—, Al//,r,—’ Vl//,r,—’ A Vl// r— (Drl// r,-’ (I)l// -

+ + T T I
Ayr—Vyr—Oyr— Ay Vo Ay VO @
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Definition 2.1.16. First we consider the Clausen-Scholze spectrum SO ©5(x) attached to any of those in
pec

the above from [CS2] by taking derived rational localization:

bo) CSZ . bo) CS€ . Io) CS('IS . Io) CSZ+ , Io) CS§+ ,
Spec vl Spec vl Spec vl Spec YT~ Spec yLo-
Io) CSZT 0 CS%T lo) CS&;r o) CS&;I

Spec Y= Spec y.I= Spec y.L— Spec y.r—

CS % v CS § CS i+ CSyg+
O “Ayr— Vyr-, O “Oyr_, O A, OV,
Spec Spec Spec >’ Spec e
0 CSA? e, CS%T , 0 CS(I)r ’(i)l ’
Spec .Ih- Spec Y.l - Spec Y.I= T l-
Io) CSA o Io) CSV r o) CS(D o Io) CSA+ B o) CSV+ .
/AN v, ¥.L, w.T, A
Spec Spec Spec Spec Spec
O CSAT O CSVT O CSq)r O CSq)I

e 2 R 2 e e A 2

Then we take the corresponding quotients by using the corresponding Frobenius operators:

O SAyr_ [Fro?, SO SVyr—[Fro%, 0 S, _[Fro%, O CSZ;,,F,_ /Fro”,
pec Spec Spec

Spec
O V' . JFro%, O AT FroZ, 0 V! FroZ,
Spec d/,l",—/ Spec w,F,—/ Spec z,b,l",—/

O SAyr-[Fro?, V,r._[Fro?, O S, _/Fro?, SgZCCSA:/;,F,— /Fro”,

Spec Spec
o CS?JF_/FrOZ, 0 SAT F_/FroZ, o v r_/FroZ,
Spec e Spec y.L, Spec y.L,

O “Ayr.- [Fro?, SO V,r.-/Fro%, 0 S, r_/Fro” O CSAJI,F’_ /Fro”,
pec Spec Spec

Spec
O V' . JFro%, O AT FroZ, 0 ©Sv! Fro”.
Spec z//,F,—/ Spec L//,F,—/ Spec lﬁ’r’_/

(2.1.81)
(2.1.82)

(2.1.83)

(2.1.84)
(2.1.85)

(2.1.86)

(2.1.87)

(2.1.88)

(2.1.89)
(2.1.90)

(2.1.91)

(2.1.92)
(2.1.93)

(2.1.94)

(2.1.95)

(2.1.96)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycolimit O “S®”
r

y.r—» homotopylimit o So!
Spec e 1

Spec v, I,=

homotopycolimit O “d”
r

1, r._» homotopylimit O Sp!
Spec e I

Spec vl=
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homotopycolimit SO CS(D’w I homotopyhmlt O CS(D(III r-
r cC

Spec

homotopycolimit SO CSEISQ,R_/ Fro”, homotopylimit O CS&)(IM’_ /Fro?,
r pec I Spec

homoto;;ycolimit sg)eccs dv);,n_ /Fro?, homotc;pylimit dv)é/,r’_ /Fro?,

homotopycolimit O CS(I)’ /Fro homotopyhmlt o CS(D’ /Fro
r Spec Spec

Definition 2.1.17. We then consider the corresponding quasipresheaves of the corresponding ind-Banach

or monomorphic ind-Banach modules from [BBK], [KKM]:
Quasicoherentpresheaves, IndBanach,
where * is one of the following spaces:

SgCBKéw,r,_ /Fro”,

schKd)w’r’_ /Fro”,

o8B (le" /Fro”.
Spec

(2.1.97)

(2.1.98)

(2.1.99)

(2.1.100)

(2.1.101)

(2.1.102)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycolimit O B¥®” _, homotopylimit O BKp! .,
py Spec y.I- py Spec .-

homotopycolimit O B¥®” . homotopylimit O BX®! . |
py Spec y.I- py Spec y.I-

homotopycolimit O BX®” . homotopylimit O BX®!
py Spec y.I- py Spec y.L-

homotopycol1m1t O BRpr r- /Fro” homotopyhmlt O BRp! r- /Fro?,

Spec ¥, Spec ¥,

homotopycolimit SO BKCTDQ’[AR_ /Fro%, homotopylimit O BKdV)&/’F’_ /FroZ,
r pec I Spec

homotopycohmlt o BK(I)Qr /Fro” homotopyhmlt O BRo! I /Fro”.
Spec Spec
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Definition 2.1.18. We then consider the corresponding quasisheaves of the corresponding condensed

solid topological modules from [CS2]:
Quasicoherentsheaves, Condensed,
where * is one of the following spaces:

CSK Z CS¢ Z CSH Z CSK Z
O Ay - /Fro ,Sgc Vy.r.-/Fro ,S(p)ec ®y - /Fro ,S(p)ec Ay r—/Fro®,

Spec
CSg+ z CSAt z CcSgt z
Sgc Vor- /Fro ,S(Pic Aw’r’_/Fro ’s(p)ec Vw’r’_/Fro ,

0 ©Ayr-[Fro%, V. _ [Fro?, S(p)e S, 1 /Fro”, s(p)eccsﬁ‘z’r" /Fro”,

Spec
CSyg+ CS Xt O Syt
Sg)ec Vor- /Fro”, S(ch A I /FroZ, Spec \Y Y /FroZ,

O Ay r.- [Fro?, SO SVY,.r-/Fro%, O ©®,r_/Fro% O CSA:;,R_ /Fro”,
pec Spec Spec

Spec
O °Sv* . JFro%, O A’ . /Fro%, 0 SV' . /Fro”.
Spec 1//,F,—/ Spec (I/’F’_/ Spec "[/’F’_/

(2.1.103)

(2.1.104)
(2.1.105)

(2.1.106)

(2.1.107)
(2.1.108)

(2.1.109)

(2.1.110)

(2.1.111)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohmlt o CS(D:“_ ,homotopyhmlt 0 qu){“_ ,
Spec Spec

homotopycohmlt 0 S r ,homotopyhmlt 0 Sl ros
Spec ¥, Spec ¥

homotopycohmlt 0 S r ,homotopyhmlt 0 ! r-
Spec ¥, Spec ¥

homotopycohmlt O Ser r- /Fro” homotopyhmlt O Sl r- /Fro?,

Spec v, Spec ¥,

homotopycohmlt 0 Csd)f//l_ /Fro” homotopyl1m1t ! - /Fro?,
Spec

homotopycolimit O @’ r— /Fro”, homotopylimit O “>®! r— /Fro”.
r Spec .l Ji Spec Y.L,

Proposition 2.1.19. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Condensed,
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where * is one of the following spaces:

Sgccséw,r,_ /Fro?, (2.1.113)
(2.1.114)
Sgccscbw,n_ /Fro?, (2.1.115)
(2.1.116)
S(p)eccs%r,_ /Fro”, (2.1.117)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopycolimit O @ . homotopylimit O “S®! _ |
IZY Spec y.I- py Spec y.r-
homotopycohmlt SO CS(I); r ,homotopyhmlt 0 qu)({,/ I
cC
homotopycolimit @ “S®” _  homotopylimit O “Sd!
py Spec y.I- py Spec .-

homotopycolimit O CS(D’ /Fro homotopyhmlt 0 So! . /Fro?,
r Spec Spec ’

homotopycolimit SO CSCI)(’// . /Fro”, homotopylimit CT)(Z r_/Fro?,
r ec I e

homotopycohm1t (@] Csd)’w r- /Fro” homotopyl1m1t O qu){b r- /Fro”.
Spec Spec
In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.1.118)

r

homotopylimit M, (2.1.119)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.
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Proposition 2.1.20. Similar proposition holds for

Quasicoherentsheaves, IndBanach,.

(2.1.120)

Definition 2.1.21. We then consider the corresponding quasipresheaves of perfect complexes the corre-

sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:
Quasicoherentpresheaves, Perfectcomplex, IndBanach,
where * is one of the following spaces:

sl(.?e:cBK&Sl//’F’_ /Fro”,

schK(I)w’r’_ /Fro?,

SpoeCBK%r,_ /Fro”.

(2.1.121)

(2.1.122)

(2.1.123)

(2.1.124)

(2.1.125)

(2.1.126)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycolimit O B¥®” . homotopylimit O BX®! . |
py 1 Spec y.I- py ! Spec y.I-
homotopycolimit O BX®” . homotopylimit O BX®! . |
py i Spec y.I- pYI ! Spec y.I-
homotopycolimit O BX®” r ,homotopyhmlt O BK ! r-
r Spec ¥, Spec ¥
homotopycohmlt O BKpr r- /Fro” homotopyhmlt O BKp! r- /Fro?,

Spec v, Spec ¥,

homotopycolimit O BXd” r_/FroZ, homotopylimit O BX®! r/ FroZ,
Spec L, I Spec v,

r

homotopycolimit O X’ r /Fro?, homotopylimit O BX®! r_ /Fro”.
r Spec ol ki Spec L,

Definition 2.1.22. We then consider the corresponding quasisheaves of perfect complexes of the corre-

sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed,
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where * is one of the following spaces:

O SAyr_[Fro?, 0 SV, r_[Fro%, O S®,r_/Fro%, O CSZJF_/FrOZ, (2.1.128)
Spec Spec Spec Spec e
CSg+ Z CSAT Z CSgt Z
Sg?ec Vl//,r,_/Fro ,Sl(.?ec A(//’r,_/Fro ,Sl(D)ec Vl//,r,_/Fro , (2.1.129)
(2.1.130)
Y, SRy /Fro”, Vyr_[Fro®, O S, r_[Fro®, O SA . _[Fro”, (2.1.131)
pec Spec Spec
0 V! . _/Fro?, 0 AT [Fro%, 0 V! . JFro?, 2.1.132
Spec z//,l",—/ o Spec (,//,l",—/ o Spec z//,l",—/ o ( )
(2.1.133)
O SAyr-[Fro®, O SV, r_[Fro”, O ©®,r_[Fro, O ©A; . _[Fro”, (2.1.134)
Spec Spec Spec Spec e
CSy+ Z CS AT z CSyt Z
sgec Vw’r,_/Fro ’s(p)ec Aw’r’_/Fro ’Sg)ec Vl//’r’_/Fro. (2.1.135)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O @
r

. homotopylimit O “S®!
Spec oI - Ipy

Spec vl=

homotopycolimit O @
r

1, r._» homotopylimit O CSpl
Spec e I

Spec T

homotopycolimit O @’
r

, homotopylimit O !
Spec yI'- Ipy

Spec el=r

homotopycolimit O 5@’ r_/ FroZ, homotopylimit O “S®! r_/ Fro?,
r Spec vl 1 Spec ol
homotopycolimit SO Cs(i)(’/l r_/ Fro”, homotopylimit (i){// r_/ Fro?,
5 pec . ! .

homotopycolimit SO CS(I)’I//I,_ /Fro”, homotopylimit O CS(I)(’H’_ /Fro”.
r pec I Spec

Proposition 2.1.23. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (2.1.136)
where * is one of the following spaces:
0 o, 1 _/Fro?, (2.1.137)

Spec
(2.1.138)
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O S, r_ [Fro, (2.1.139)

Spec
(2.1.140)
s?eccsq)*”’“‘ /FroZ, (2.1.141)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopycohmlt 0 S r ,homotopyl1m1t 0 “So! o
Spec 2 Spec ¥

homotopycohmlt 0 S r ,homotopyhmlt 0 Sl o
Spec ¥, Spec ¥

homotopycohmlt 0 S’ r ,homotopyhm1t o0 So! r-
Spec £ Spec ¥

homotopycolimit O Sor I /Fro” homotopyhmlt o CSEIv)élr_ /Fro?,
r Spec Spec e

homoto;iycolimit s(p)ecCS Ci)fﬂ,_ /Fro?, homotolpylimit CT){M,_ /Fro?,

homotopycolimit O CS(I)’ /Fro homotopyhmlt o CSQ){”_/FroZ.
r Spec Spec e

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M, (2.1.142)

homotopylimit M/, (2.1.143)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 2.1.24. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (2.1.144)
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2.1.3 Frobenius Quasicoherent Modules III: Deformation in (co, 1)-Ind-Banach
Rings

Definition 2.1.25. Let ¢ be a toric tower over Q, as in [KL2, Chapter 7] with base Q, <X L ¢ ,2—“1>

Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with

the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power:

A v b A+ v+t ATt & ol
Alﬂ,ra V://,F, q)lﬁ,r9 AwI‘y Vl//,r’ Al%r" Vlﬁ,r’ Qrw’r‘, q)l,b,r’

A Y ¥ A+ v+t AT 9T & %!
Alﬂ,ra Vl//,F» chﬁ,r9 Ad/’r" Vw’r‘a AW,F, Vl/l,r’ CD;’I-, q)l//,l—"

+ + T T 1
Al[/,r’ V(ﬂ,rv (D(ﬂ,r, Al/,’r’ Vlﬂ,l—" Al//,r‘a Vl//’r’ (Dl;/,r’ (I)w,[‘-

We now consider the following rings with O being a homotopy colimit

homotopylimitd; (2.1.145)
I

of Q, (N, ... Y;),i = 1,2, ... in co-categories of simplicial ind-Banach rings in [BBBK]

Simpliciallnd — BanachRinngp (2.1.146)
or animated analytic condensed commutative algebras in [CS2]

SimplicialAnalyticCondensede . (2.1.147)

Taking the product we have:

0 a0 G
®l/I,F,E|5 q);’r"u9 (DL//,F,D’

q“)I

0 Fyr
@y ro, q)w,r,u’ A MY

1
Dy ro (Drzp,r,u’ (Dlp,r,m'

They carry multi Frobenius action ¢r and multi Lier := Z;(F action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Definition 2.1.26. First we consider the Bambozzi-Kremnizer spectrum SO BK(+) attached to any of
pec

those in the above from [BK] by taking derived rational localization:

0 " ®ura 0 PO, o O PO o, (2.1.148)
S(Iz?cBK(i)w’r’D, S(p)ecBKqV)rw’r’D’ S(p)ecBKd)i’F":" (2.1.149)
9 " yra O P o O PO p . (2.1.150)
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Then we take the corresponding quotients by using the corresponding Frobenius operators:

schKa)‘”’r’” /Fro?, (2.1.151)
(2.1.152)
spOecBK&)*”’“” /FroZ, (2.1.153)
(2.1.154)
SI(DJBCBK%,RD /Fro”. (2.1.155)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BX@”
r

- BKg/
S y.r,o homotopylimit o0 "o
pec 1

Spec vl

homotopycolimit O BXd”
r

, homotopylimit O BX®!
Spec y.I.o Ipy

Spec vl

homotopycolimit O BX®” __ homotopylimit O B¥a®!
r 1

Spec y.ro Spec y.ro
homotopycolimit O BX@” ra/ FroZ, homotopylimit O BX®! ra/ Fro?,
r Spec .l I Spec Y.L,

homotopycolimit O BX¥®” _ /Fro? homotopylimit O BX®! _  /Fro?,
, Spec I Spec

y,I,o Y, I,0
homotopycolimit O @ .. _/Fro” homotopylimit O ®*®! . _/Fro”.
r Spec L, ] Spec L,

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 2.1.27. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,. Then we take solidified tensor

product 6-9 of any of the following

A v D + v+t At i@ @
Alﬂ,ra Vw,l“, q)lﬂ,r9 A‘l/’r’ Vl//,r’ AwJﬁ Vl//,r’ (D://,l"’ CD,J/’F,

A Y ¥ A+ v+ AT 9T & %!
Alﬂ,ra Vw,l“, q)lﬂ,r9 A‘l/’r’ Vl//,r’ AwJﬁ Vl//,r’ (D://,l"’ CD,J/’F,

+ + T T I
Al//,ra V(//,r, (D;//,F, Al/hr’ Vl//,r, Al//,r’ Vw,ra (D;’Iﬁ (Dl//,r’
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with A. Then we have the notations:

N v d A+ v+ AT ot D ol
Al,[/,r,[:la Vg[/,r,l:b q)lﬁ,r,Da A[//,F,D’ Vl/hr,l:" AL/I,F,D’ Vl//,F,D’ (I)rl//,r,ua (D(//,F,D’

IR TN W CUE T SRR S VI ¥
A(ﬁ,r,l:la V(ﬁ,r,l:la (I)l/I,F,Eb A;,F,D’ V+ A V q)r q)(,//,l",n’

y I —y o "y o “y o

CI)I

t gt
Ayro Vyro Puro Ay ro Vi ro A \ 0 yIro

y I =y o "y o “y o

Definition 2.1.28. First we consider the Clausen-Scholze spectrum O ©5(x) attached to any of those in

Spec
the above from [CS2] by taking derived rational localization:
0 CAyro O PVyro 0 SOyra O CA) o O FV) L (2.1.156)
Spec Spec Spec Spec >~ Spec e
CSAT CSoi CS & CS g/
O Byro 0 Vo O S O S (2.1.157)
(2.1.158)
O PAyro Vyro O S®yro 0 PA; L, OOV, (2.1.159)
Spec Spec Spec >’ Spec o
CSXT CSyt CS&r 51
O 8, O SV O S By (2.1.160)
(2.1.161)
0 CAyro O PVyro, 0 SOyro O CAS L, OOV (2.1.162)
Spec Spec Spec Spec »’~ Spec e
CS AT CSyt CSr CSq !
O S8y O OV 1o O S0 O S0 (2.1.163)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

O Ay ra/Fro”, O SV, ra/Fro”, O Sy ra/Fro” O SA; L. /Fro?, (2.1.164)
Spec Spec Spec Spec e
CSo+ z CSKT z CSgt z
Sg)ec VW’F,D/Fro ’sg:c A(p,r,m/FrO ’S?ec Vw’r’D/Fro , (2.1.165)
(2.1.166)
[0 CS&/,,F,D /Fro”, m,m /Fro?, O CS(T)ll,,r,D /Fro%, O CSALJ/:FD /Fro?, (2.1.167)
Spec Spec Spec e
CS¢+ Z CSKT Z CSy T Z
S(p)eC V%F,D/Fro ,Sgc Aw,r,D/Fro ,S(p)eC V%F’D/Fro , (2.1.168)
(2.1.169)
O SAyro/Fro?, OV, ro/Fro%, O ©®yr/Fro?, O CSAJFD /FroZ, (2.1.170)
Spec Spec Spec Spec e
CSy+ z CS AT zZ CSyt z
S?eC le,r,u/FrO ,S(p)eC Awm/Fro ’sg:c Vw,r,u/FrO ) (2.1.171)
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Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS(Dr

CS g/
VA W=k o

homotopyhmlt o Yo

homotopycohmlt o
Spec

Spec

homotopycolimit O ©®” . homotopylimit O ©S®!
[iy Spec ..o py Spec ..o

CS(Dr

Ccs
yIo homotopyhmlt 0 (Déj ro-

homotopycohmlt o
Spec

Spec

CSF P

v, I,o

homotopycolimit SO w.T,o
r

/Fro”, homotopylimit SO Sl /Fro?,
I

/Fro?,

Y, I,0

homotopycolimit SO Sgr  /Fro? homotopyhmlt ! yIo
r

CS d"

CS 1/
/A W] @

er/FrOZ.

/Fro” homotopyhmlt O

Spec

homotopycohmlt O
Spec

Definition 2.1.29. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]!:

Quasicoherentpresheaves, IndBanach, (2.1.172)

where * is one of the following spaces:

oB ‘Dwr /FroZ, (2.1.173)
Spec

(2.1.174)
o8B (Dz//r /Fro?, (2.1.175)
Spec

(2.1.176)
o8B CI)l/,r /Fro”. (2.1.177)
Spec

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK(Dr

BK g/
VA W=k o

homotopyhmlt o yIro

homotopycohmlt o
Spec

Spec

'Here the categories are defined to be the corresponding homotopy colimits of the corresponding categories with respect
to each O;.
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homotopycohmlt 0 Bk homotopyl1m1t 0 BKp!

Spec y.ro Spec yro
homotopycohmlt @) BK@; e homotopyhmlt 0 BK(I)(Q o

Spec Spec

/A W] yw,I,0

homotopycolimit SO BR@r . /Fro” homotopyhmlt 0 B! _/Fro?,
r

Spec

homotopycolimit SO BK®” __/Fro%, homotopylimit SO BK®! __/Fro?,
r I

y.I,o w0

homotopycohmlt 0 BX@r . /Fro? homotopyhmlt O BK@! _ /Fro”.

Spec y.I.o Spec y.r.o

Definition 2.1.30. We then consider the corresponding quasisheaves of the corresponding condensed

solid topological modules from [CS2]:
Quasicoherentsheaves, Condensed,
where * is one of the following spaces:

CSK csg CSg CSK
O ©Ayrn/Fro?, SO Vyr.o/Fro?, O ©®yrg/Fro?, O Ayrol/ FroZ,
pec Spec Spec

Spec
CST+ Z o CSAt Z o CSyt z
Sgc Vl/,rD/Fro ,Spe Aer/Fro ,Spec leru/FrO ;

o° A,/, r.a/Fro?, Vw r.a/Fro?, Cséw,p,D/FroZ, (0] CSA; r D/Froz,
Spec Spec

Spec
CSy+ CS Xt O St z
s(pz,c Ver/Fro ’s(p)ec A(//rm/FrO ,Spec Ver/Fro ,

(0] CSA(M-,D /Fro%, O CSV(//’F’D /Fro%, O CSCDl/,,r,D /Fro%, O CSA:;FD /Fro?,
Spec Spec Spec Spec

0 vy . [Fro”, O SA!

Z CS T Z
Spec Spec ‘”FD/FI.O ’ v [Fro™.

Spec y.I.o

(2.1.178)

(2.1.179)
(2.1.180)

(2.1.181)

(2.1.182)
(2.1.183)

(2.1.184)

(2.1.185)

(2.1.186)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycolimit O CS(D; I homotopyhmlt 0 CSCD{ﬁ I
i Spec Spec
homotopycohmlt 0 S o homotopyl1m1t 0 Sl I

Spec ¥, Spec v,
homotopycolimit @ “S®” __ homotopylimit O S _
py Spec y.I.o py Spec y.I.o
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homotopycohm1t O S . /Fro” homotopyhmlt 0 ! /Fro?,

v, IO y,I,0

Spec Spec

CS § zZ e ] z
homotopycohmlt s(p)e @;rn /Fro ,homot(;pyhmlt d Lo /Fro~,

homotopycohmlt O Ser  /Fro” homotopyhmlt O So! _ /Fro?,

y.I,o V8 Wa|

Spec Spec

Proposition 2.1.31. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed,

where * is one of the following spaces:

o° d)l/,r /Fro?,
Spec
O Sd, ro/Fro?,
Spec

SO Sd, rn/Fro”,
pec

(2.1.187)

(2.1.188)

(2.1.189)

(2.1.190)

(2.1.191)

(2.1.192)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, J; in order to achieve the whole spaces to achieve the analogues of the

corresponding FF curves from [KL1], [KL2], [FF] for

homoto;;ycolimit o0 Sor homotopyhmlt 0 CS(I){/, ro

Spec y.ro Spec

homotopycohmlt 0 S homotopyhmlt 0 CS(D&/FD,

Spec y.ro Spec

CS (DI

.. CS ..
homoto;:ycohmlt sOc (I):” o homot(;pyhmlt SO yIo

homotopycohmlt O S’ __/Fro” homotopyhmlt O ! /Fro?,

/8 W) VAN

Spec Spec

CS & v e Bl zZ
homotopycohmlt sg)e d)(’l/m /Fro ,homot(;pyhmlt ® o /Fro~,

homotopycolimit O qu)’ /Fro” homotopyl1m1t O So! _[Fro”.

v, I,o

r Spe Spec y.I.o
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In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.1.193)

homotopylimit M/, (2.1.194)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 2.1.32. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (2.1.195)

Definition 2.1.33. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (2.1.196)

where * is one of the following spaces:

S(p)ec K@, rn/Fro?, (2.1.197)
(2.1.198)
schKd)W’F’D/FmZ’ (2.1.199)
(2.1.200)
S(p)eCBK(Dl/,,RD/FroZ. (2.1.201)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycohmlt o Bk’ homotopyl1m1t 0 BKQ){HD,

Spec y.ro Spec

homotopycohmlt 0 Bk homotopyl1m1t 0 BK(D(QFD,

Spec y.ro Spec

homotopycohmlt 0 Bkaor homotopyhmlt o BKQ){”D.

Spec yro Spec
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homotopycohmlt O BK@r . /Fro” homotopyhmlt O BXo! _/Fro?,

v, IO Y, I,0

Spec Spec

BK(Dr

Y, I,0

homotopycolimit SO w.T,o
r

Spec

/Fro* homotopyhmlt O BK@QFD

Spec

BK gy
homotopycohmlt (p)ec d Lo

/Fro” homotopyhmlt 0 BX®! . /Fro?,

/Fro”.

Definition 2.1.34. We then consider the corresponding quasisheaves of perfect complexes of the corre-

sponding condensed solid topological modules from [CS2]:
Quasicoherentsheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

O Ay rn/Fro?, sg)e SVy.ro/Fro, S?e So, rn/Fro”, sg)ecCSA:Z ra/ FroZ,

Spec
CSg+ O CSAT O CSv' zZ
S(p)ec Vl”D/Fro pec Awru/FrO pec Vl”D/Fro,

0° Al/, ro/Fro?, Vl/, ro/Fro?, SCT)l/,,r,E,/FroZ, (0] CSA(Z r D/FroZ,
Spec Spec

Spec
O °SV* . /Fro%, O A’ FroZ, 0 V! FroZ,
Spec wru/ Spec ‘I/FD/ Spec "[/FD/

O Ay ro/Fro”, O OV, ro/Fro”, O ©®,ra/Fro, O ©A; [ /Fro”,
Spec Spec Spec

Spec
O °Sv* . _/Fro%, O CSAT FroZ, O V! Fro”.
Spec WFD/ Spec (//FD/ Spec er/

(2.1.202)

(2.1.203)
(2.1.204)

(2.1.205)

(2.1.206)
(2.1.207)

(2.1.208)

(2.1.209)

(2.1.210)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycolimit O @’ homotopyhmlt 0 CS(I)(Iﬁ ro
r

Spec y.Lo Spec

homotopycohmlt O S CSCD(I// ro

v homotopyhmlt 0
Spec

Spec

homotopycohmlt 0 S’ homotopyhm1t 0 Csd)g’bm

Spec y.ro Spec

homotopycohm1t O Ser CS(D&/ o

FroZ, homotopylimit O
Spec v, D/ [py Spe

homotopycolimit O SPr . /Fro? homotopyhmltd) /Fro?,

i Spec y.Io AN=

homotopycolimit O qu)’ /Fro” homotopyl1m1t O So! _[Fro”.

v, I,o

r Spe Spec y.I.o
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Proposition 2.1.35. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (2.1.211)

where * is one of the following spaces:

0° CI)l” /Fro?, (2.1.212)
Spec

(2.1.213)
0° (I)l/,rD/Fro (2.1.214)
Spec

(2.1.215)
0 S, rn/Fro?, (2.1.216)
Spec

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (1),, J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopycolimit @ €@ . homotopylimit O Sl ,
py Spec y.I.o py Spec y.I.o
homotopycohmlt SO CS(D; I homotopyhmlt 0 CS(I){ﬂ I
pec Spec
homotopycolimit O @ . homotopylimit O ©®!
Py Spec W8 PYIMIL e Wil
.. CS#r CSx/ Z
homotogycohmlt SO d yIo /Fro” homotopyhmlt (p)ec D)o /Fro”®,
CS z
homotopycohmlt (p)ec D), FD/Fro homotopyhmlt ! v, r.o/Fro%,
homotopycohmlt 0 S’ r'o /Fro?, homotopyhmlt O Sl o /Fro”.
Spec v, Spec ¥

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.1.217)

r

homotopylimit M, (2.1.218)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.
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Proposition 2.1.36. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, .

2.2 Univariate Hodge Iwasawa Modules by Deformation

(2.1.219)

This chapter follows closely [T1], [T2], [T3], [T4], [T5], [T6], [KPX], [KP], [KL1], [KL2], [BK],

[BBBK], [BBM], [KKM], [CS1], [CS2], [LBV].

2.2.1 Frobenius Quasicoherent Modules I

Definition 2.2.1. First we consider the Bambozzi-Kremnizer spectrum O BK (x) attached to any of those

Spec
in the above from [BK] by taking derived rational localization:

lo) BKEI; , o) BK(Dr B o) BK(D] ,
Spec vd Spec v.A Spec ¥4
1o) BKq"’) , 10) BKq)r o o) BKq)I ,
Spec vod Spec v.A Spec ¥4
O BK(D , O BK(Dr A O BK(DI

Spec vod Spec v.A Spec YA

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SchKa)w, A/ FroZ,

S(PgCB Ky, 4/Fro?,

o8B d)w 4/FroZ.
Spec

(2.2.1)

(2.2.2)

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)

(2.2.7)

(2.2.8)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohmlt o Pror | homotopyhmlt o **al |
Spec ¥, Spec v,

homotopycohmlt (0] BK(I)’
Spec

homotopyhmlt 0
Spec

homotopycolimit O BK(D; a0 homotopyl1m1t o
r Spec Spec
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homotopycolimit O BX@” /FroZ,
r

q vA /Fro%, homotopylimit O BX®!
pec I

Spec v.A

homotopycolimit O BX®” 4 /Fro”, homotopylimit O BXd! A/Froz,
r Spec v, I Spec ¥

homotopycolimit

SO BK@; 4 /Fro”, homotopylimit O BKQ)(; n /Fro”.
r pec ’ 1 ’

Spec

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 2.2.2. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,,. Then we take solidified tensor

product Q.b of any of the following

A Y. D AU AT T B Dl
Alﬂa Vl//’ (Dlﬂ’ A;;’ VJ’ A‘l/’ V('p9 CD:[/, CD'»[/,
X Y & A+ v AT O d @
Al//’ V(ﬂv (Dl,b’ A;Zv V;’ va V(//’ (Drl/,, (Dl//’

Ay Vg By, A V5. ALV, D, D,
with A. Then we have the notations:

A v b A+ v+t AT ThF Ol
Alﬂ,A’ Vl,b,A9 q)l//,A’ Alﬁ,A’ V(//,A’ AW,A’ VW,A’ (DrL{/,A’ q)l//,A’

A v T A+ 7+ AT vl ¥ ol
AK/I,A9 VI/I,A9 (Dlﬂ,A9 Al,[/,A’ V(l/,A’ A‘//’A’ V¢!A9 (Drl//,A9 q)l//,A’

Ay.as Vy,a, Pya, A) LV AT VD@

!
WA YA TYA YA l//,A’cDW,A'

Definition 2.2.3. First we consider the Clausen-Scholze spectrum SO ©5(x) attached to any of those in
pec

the above from [CS2] by taking derived rational localization:

O SAya, 0 SV, 0S4 0 SN, OSVE 2.2.9

Spec VA Spec Vo4 Spec vod Spec y.A Spec v.A ( )

0 SAl L, oSV 0%, 0l 2.2.10

Spec v.A Spec ¥.A Spec A Spec v.A ( )

(2.2.11)

O PAy 4. Vya O Sdya, 0 PR, 0 SVy (2.2.12)
Spec Spec Spec " Spec ’
CSKT CS¢i CS &7 31

O 8,0 0 V1o O S 4 Bl (2.2.13)

(2.2.14)
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OCSA ,OCSV ,O S(I) ,OCSA+ ,OCSV+ ,

Spec v Spec v Spec vod Spec v.A Spec v.A
0O CSAT .0 CSVT .0 CS(I)r B Io) CS(DI
Spec ¥.A Spec ¥.A Spec y.A Spec y.A°

Then we take the corresponding quotients by using the corresponding Frobenius operators:

OCSA a/Fro?, Sp CSV a/Fro?, Sp 0 Sy 4/Fro?, SpecCSZlZ’A/FrOZ,

Spec
O SSV* , JFro%, O SSAT  /Fro% O V' | /Fro?,
Spec v.A / Spec ¥.A / Spec A /

(0] CSA(/,’ 4/Fro%, V,, 4 /Fro?, Sgccsd)w, 4/Fro?, SgCCSAJ“ 4 JFro?,

Spec
O SSV*  JFro%, O SSAT  /Fro% O V' | /Fro?,
Spec l//’A/ Spec l/”A/ Spec l//’A/

O “SAy.a/Fro”, Sp O SV, 4/Fro?, Sp O Sy 4/Fro?, SpeCCSAl;A/FroZ,

Spec
0 SV* , /Fro%, 0 AT | JFro?, 0 V! /Fro”.
Spec w’A/ Spec l/"A/ Spec W’A/

(2.2.15)

(2.2.16)

(2.2.17)
(2.2.18)

(2.2.19)

(2.2.20)
(2.2.21)

(2.2.22)

(2.2.23)

(2.2.24)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohmlt (0] CS(D;, A homotopyhmlt o
Spec Spec

homotopycolimit O Sd” , homotopylimit O ,
py Spec .4 py Spec zﬁ,A

homotopycolimit O 5@’ , homotopylimit O .
py Spec v.A py Spec A

homotopycohmlt O Ser A/Fro homotopyhmlt O Sl A/FroZ,
Spec v, Spec ¥

homotopycohmlt O @’ , [Fro?, homotopylimit & , /FroZ,
Spec W ) v,

homotopycohrmt O CS(I); n /Fro” homotopyhmlt 0 Sl vA /Fro”.
Spec Spec

Definition 2.2.4. We then consider the corresponding quasipresheaves of the corresponding ind-Banach

or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach,
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where * is one of the following spaces:

SgCBKEEw, A/ FroZ,

SgCB K(i)l/,, 4/FroZ,

S(p)eCBK% 4/Fro”.

(2.2.26)

(2.2.27)

(2.2.28)

(2.2.29)

(2.2.30)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohmlt () BK(DQ A0

Spec

homotopyhmlt o

Spec

homotopycohmlt 0 Bk’ 2 homotopyhmlt o A
Spec ¥, Spec ¥,

homotopycolimit O BX®” . homotopylimit O .
py Spec v.A Py Spec v.A

homotopycolimit O BX@” A/FroZ, homotopylimit O BX®! A/Froz,
r Spec v, I Spec ¥

homotopycolimit O BXd” n /Fro”, homotopylimit O BXd! A/Froz,
r Spec v, I Spec ¥

homotopycohmlt O BK 7 A/Fro homotopyhmlt O BK ! A/Fro
Spec ¥ Spec v,

Definition 2.2.5. We then consider the corresponding quasisheaves of the corresponding condensed solid

topological modules from [CS2]:
Quasicoherentsheaves, Condensed,

where * is one of the following spaces:

(0] Cslw, 4/Fro”, s?eccsﬁp’ 4/Fro?, S(P%CCSEIVDL/,, 4/Fro?, SgcCSAJr 4/Fro?,

Spec
O °SV* , JFro%, O AT  /Fro% O V' | /Fro?,
Spec d”A/ Spec l//’A/ Spec l//’A/

O “Ay.a/Fro”, V,, 4/Fro?, Sp 0 Sdy 4 /Fro?, SpeCCSAIZ’ 4 /Fro?,

Spec
CSy+ z CS Xt CSyt
s?ec Vl/,A/Fro ,S(pzc Aw’A/Fro ’Sg?ec Vw’A/Fro ,
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(2.2.32)
(2.2.33)

(2.2.34)

(2.2.35)
(2.2.36)

(2.2.37)



O “SAy.a/Fro”, Sp O 3V, 4/Fro”, Sgccscpw,A/FroZ, S(p)eCCSA;’A/FrOZ, (2.2.38)

Spec
CSy+ Z 0 CSAt CSyt Z
SPOeC VWA/Fro ,Spec Aw,A/Fro ,S(p)ec Vl/I’A/Fro . (2.2.39)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O “S@* , homotopylimit O CSe! ,
py Spec ¥.A py Spec v.A

homotopycohmlt O CS(I);/ A homotopyhmlt o
Spec Spec

homotopycolimit O 5@’ , homotopylimit O .
py Spec v.A py Spec A

homotopycolimit SO CS(I)’ /Fro homotopyhmlt O CS(I)I /Fro?,
r pec

homotopycohmlt O Spr

<. v, A/ FroZ, homotopylimit dv)éf’ A/ FroZ,
I

homotopycol1m1t 0 @’ [Fro” homotopyhm1t O So! | [Fro’.
Spec ¥ Spec ¥
Proposition 2.2.6. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed, (2.2.40)

where * is one of the following spaces:

0 S, 4/Fro?, (2.2.41)
Spec

(2.2.42)
0 Sdy 4 /Fro?, (2.2.43)
Spec

(2.2.44)
O S, 4/Fro”, (2.2.45)
Spec

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we

130



consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CSH D"

A homotopyhmlt o

homotopycolimit O
r Spec Spec

homotopyhmlt o

homotopycohmlt 0 S
Spec

Spec o4

homotopycolimit sO CS(D; " homotopyhmlt o A"
r pec Spec

homotopycohmlt O Sor | [Fro homotopyhm1t O So! | [Fro?,
Spec v, Spec ¥

r

homotopycohmlt O So

I
S Dua /Fro” homotopyhmlt & UA /Fro?,

homotopycol1m1t 0 o’ . [Fro” homotopyhm1t O Sl | [Fro”.
Spec ¥ Spec ¥

In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.2.46)

homotopylimit M/, (2.2.47)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 2.2.7. Similar proposition holds for

Quasicoherentsheaves, IndBanach,,. (2.2.48)

Definition 2.2.8. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (2.2.49)
where * is one of the following spaces:
0 PX®, 4 /Fro”, (2.2.50)

Spec
(2.2.51)
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O BEd,, 4 /Fro?, (2.2.52)

Spec
(2.2.53)
S(p)eCBK%, 4/Fro”. (2.2.54)

Here for those space without notation related to the radius and the corresponding interval we consider the

total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BX®” , homotopylimit O BR ! ,
py Spec v.A py Spec v.A

homotopycolimit O BX®” homotopylimit O BXd! |,
py Spec ¥.A Py Spec A

homotopycolimit O **a@” | homotopyhmlt o PFol .
r Spec ¥, Spec v,

homotopycohmlt O BKgr n /Fro” homotopyhmlt O n
Spec ¥, Spec ¥,

¥, v,

r cC pe

homotopycolimit SO BK n /Fro” homotopyhmlt O BK ! n /Fro?,

homotopycolimit SO BK g A/Fro homotopyhm1t o BXo! A/Fro
r ec

Spec

Definition 2.2.9. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (2.2.55)

where * is one of the following spaces:

(0] CSZW, /Fro”, O Csﬁ/,, 4/Fro%, O CS&)W,A /Fro”, O CSZ; A/ FroZ, (2.2.56)
Spec Spec Spec Spec ’
CSyo+ Z CSAT VA CS¢of Z
S(p)ec Vy.alFro ,Sgc Aw,A/Fro ’Sg:c Vw,A/Fro , (2.2.57)
(2.2.58)
O Ay a/Fro?, Vy 4/Fro?, O Sd, 4/Fro”, CSA;;,A/FroZ, (2.2.59)
Spec Sp Spec
CSy+ Z o CSKY CSyt
S(pz:C Vy.a/Fro ,Spec AwA/Fro ,S?ec VL//’A/Fro , (2.2.60)
(2.2.61)
O “SAy.a/Fro”, 0 SVy.a/Fro”, O Sy 4/Fro”, O A}, [Fro”, (2.2.62)
Spec Sp Spec ’
CSy+ O CSAT CSyt
s?ec Vw’A/Fro ,Spec Aw’A/Fro ’S?ec VW’A/Fro . (2.2.63)
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Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O @’ , homotopylimit O ol ,

I:y Spec .A py Spec ¥.A

homotopycolimit @ “S®” . homotopylimit O ©®! |

l;;y Spec v.A py Spec v.A
homotopycolimit O ®” . homotopylimit O “S®!

py Spec v.A py Spec y.A

homotopycohmlt 0 a0, [Fro” homotopyhmlt O Sl [Fro?,
Spec v.A Spec v.A

homotopycohmlt 0 S n /Fro%, homotopylimit &’ n /FroZ,
Spec U ) v,

homotopycolimit O @’ Al FroZ, homotopylimit O “S®! Al Fro”.
r Spec ¥, I Spec v
Proposition 2.2.10. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Perfectcomplex, Condensed, (2.2.64)

where * is one of the following spaces:

s?eccsa)*”’ 4/Fro?, (2.2.65)
(2.2.66)
Sgccséw, 4/Fro?, (2.2.67)
(2.2.68)
Sgccscpw, 4/Fro?, (2.2.69)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (1),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopycol1m1t o Csd)’l// & homotopyl1m1t o
Spec Spec

homotopycohmlt 0 S A0 homotopyl1m1t o N
Spec ¥, Spec w’
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homotopycolimit O 5@’ 4 homotopylimit O Sl 4
r Spec ¥, I Spec ¥

homotopycolimit O S’ A/FroZ, homotopylimit O “S®! A/FroZ,
r Spec v, I Spec v,

homotopycolimit SO quv)(rl/ Wi Fro”, homotopylimit dv)éj W Fro?,
r pec ’ 1 ’

homotopycolimit O CSCI)(’!, A /Fro%, homotopylimit O CSCD(III A /Fro”.
r Spec ’ I Spec ’
In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.2.70)

r

homotopylimit M, (2.2.71)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M; is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 2.2.11. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (2.2.72)
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2.2.2 Frobenius Quasicoherent Modules II: Deformation in Banach Rings

Definition 2.2.12. Let  be a toric tower over Q, as in [KL2, Chapter 7] with base Q, <X]J—’1, X,:—’1>.
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power?:

AV, D A+ U+ AT YT & D!
Al[l’ Vl,[l’ mw’ A;Z’ VJ» Al//’ Vw» (I)rllp (I)l//’
Alﬁ’ vI’II’ (VDI/I’ A;Z’ vlv Aj/‘,s v:;» qv)rw9 (\I‘),’[[/’

+ v+ AT ot 1
Ay, Vi, @y, A VALY, ©, D
We now consider the following rings with — being any deforming Banach ring over Q,. Taking the
product we have:
o D Bl
Dy, -, D, _, Dy, _

0 T o
by, &), _ D

r 1
Oy, @), D _.

They carry multi Frobenius action ¢r and multi Lier := Z;F action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Definition 2.2.13. First we consider the Bambozzi-Kremnizer spectrum SO BK(4) attached to any of
pec

those in the above from [BK] by taking derived rational localization:

0 P, _, 0%, _, 0] | (2.2.73)
Spec Spec " Spec ’
0 P%d, _, 0 P*d) , 0 PR (2.2.74)
Spec Spec > Spec ’
0 P, _, 0 "*a), , 0 PRo) . (2.2.75)
Spec Spec > Spec ’
Then we take the corresponding quotients by using the corresponding Frobenius operators:
0 BX®,, _/Fro?, (2.2.76)
Spec
(2.2.77)
0 BXd,, _ /Fro”, (2.2.78)
Spec
(2.2.79)

’Here |T| = 1.
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Sg)eCBKqM_/FmZ. (2.2.80)

Here for those space without notation related to the radius and the corresponding interval we consider the

total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BK(AISQ _, homotopylimit O BX®!
r Spec ? 1 Spec ’

homotopycolimit O BK&); _, homotopylimit O BX®!
r Spec > I Spec ’

homotopycolimit O BK(D; _, homotopylimit O BX®!
r Spec ’ I Spec

homotopycolimit SO BK®" _ /FroZ, homotopylimit O BX®!
r ’ 1

/ FroZ,
pec v Spec Y=

homotopycolimit SO BK®”  /Fro%, homotopylimit SO BK !
r ’ 1

FroZ,
pec 4 pec Y= /

homotopycolimit O BX®” _/Fro” homotopylimit O BX®! _/Fro”.
r Spec v, ki Spec v,

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 2.2.14. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,. Then we take solidified tensor
product Q.Z> of any of the following

A Y . d A+t Ut ATt & Bl
Ay Vy, By, B3 V5, B, V1. 8 B
X v b kv AT O dr B
Al//, Vw’ (Dw’ A;};’ Vlv Aw’ Vw’ (Drl/,, (Dl/,a

Ay V. By, A V5 ALV, D D,
with A. Then we have the notations:

N v = A+ v+ ATt o@d& &l
A(ﬁ,_, V¢’_, (Dl/,,_, Al/,’_, Vz//,—’ Al//»—’ Vlﬁ»—’ (Dlﬂ,—’ (Dl%—’

A Y b, At vt AT YT Pl
Ry Vg ®y Ko V% ALV B B

+ + T T r 1
Ay V., Dy, Aw’_, Vlﬂ,—’ Alﬁ,—’ Vx//,—’ (Dl//’_, CDAI/,—'
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Definition 2.2.15. First we consider the Clausen-Scholze spectrum SO ©5(x) attached to any of those in
pec

the above from [CS2] by taking derived rational localization:

0 SAy-, 05V, 0, _, 0FA; , 0V,
Spec Spec Spec Spec Spec ’
lo) CSAT lo) CSVT o) CSEI")r Io) CS&')I
Spec v, Spec ¥= Spec = Spec =
o) CSA . v . o) CS(I") . Io) CSA+ B Io) CS§+ ,
Spec ¥ ¥ Spec v Spec v- Spec ¥o-
1o) CSAT , Io) CSﬁT , o) CS(I")r ’(I")I ,
Spec Y= Spec ¥~ Spec o= T
0 Ay, 09V, 0%, 0PA;_, 0Pvy |
Spec Spec Spec Spec > Spec ’
Io) CSAT lo) CSVT o) CScDr Io) CSq)I
Spec v, ,Spec ¥, ’Spec l//’_’Spec v

Then we take the corresponding quotients by using the corresponding Frobenius operators:

0] CSZ%_ /Fro”, O CS%,,_ /Fro”, O CSCTDW,_ /Fro”, O CSZ;_ /Fro”,
Spec Spec Spec Spec ’

0 CSV+ _/Fro?, CSAT _/Fro?, ngl _/Fro?,
Spec Spec Spec ’

0 A, _[Fro%,V,, _[Fro”, s 0 S, _ [Fro?, S CSA+ _/Fro?,
pec pec

Spec
(0] CSV+ FroZ, O AT /Fro% O V! /FroZ,
Spec ¥ -/ Spec v.- / Spec v.- /

0] CSA%_ /Fro”, O CSVl/,,_ /Fro”, O CSCDl/,,_ /Fro”, O CSA;_ /Fro”,
Spec Spec Spec Spec ’

0 CSV+ _/Fro?, CSAT _/Fro?, CSV;_/Froz.

Spec Spec Spec ’

(2.2.81)
(2.2.82)

(2.2.83)

(2.2.84)
(2.2.85)

(2.2.86)

(2.2.87)

(2.2.88)

(2.2.89)
(2.2.90)

(2.2.91)

(2.2.92)
(2.2.93)

(2.2.94)

(2.2.95)

(2.2.96)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohnnt o CS(T)’ homotopyhmlt o0 SSo!
Spec Spec ’
homotopycohm1t o, Cs(i)’ homotopyhm1t 0 So!

Spec Spec
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homotopycohmlt 0 S ),
Spec

homotopycolimit O CSEIS;, _/Fro
r Spec ’

homotopyhmlt 0 Sl

Spec

Z, homotopylimit O CS&)(Q _/Fro?,
I Spec ’

homotopycolimit O “>®” _/Fro” homotopylimit ®! _/Fro?,
r Spec v, I ¥,

homotopycohm1t O CS(I)’ _/Fro”

homotopyhmlt SO CS(DI _/Fro%,
pec

Definition 2.2.16. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach,

where * is one of the following spaces:

BKx
0 BXp, _

Spec

BK F
0 BKp,

Spec

BK
0 BKo, _

Spec

/ FroZ,

/ FroZ,

/Fro”.

(2.2.97)

(2.2.98)

(2.2.99)

(2.2.100)

(2.2.101)

(2.2.102)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohmlt o BK(T)’
Spec

homotopycohmlt 0 BK(T)’
Spec

homotopycohmlt o BK(D’
Spec

homotopycohmlt O BKCD; /Fro”
Spec

homotopycolimit O BKCTYw _/Fro”
r Spec ’

homotopycohmlt 0 BK(I)’ _/Fro”

Spec

homotopyhmlt 0
Spec

homotopyhmlt o
Spec

homotopyhmlt o

Spec

homotopyhmlt O BKd)é/ /Fro?,
Spec

, homotopylimit O BKdV)&/ _/Fro?,
I Spec ’

homotopyhmlt 0 BK(I)’ _/Fro?.

Spec
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Definition 2.2.17. We then consider the corresponding quasisheaves of the corresponding condensed

solid topological modules from [CS2]:
Quasicoherentsheaves, Condensed,
where * is one of the following spaces:
Sgccs&l,,_ /Fro?, S(p)e Csi,,,_ /Fro?, S(p)eccsﬁdv)l/,,_ /Fro?, S(p)eCCSZJ,_ /Fro”,

SO CSV+ _/Fro?, S CSAT _/Fro?, S CSVT _/Fro?,
pec pec pec

o Aw,_ /Fro”, ?w,_ /Fro”, SpOecCS (i)lﬁ,_ /Fro”, sgccs Af;’_ /Fro”,

Spec
o CSV+ _/Fro?, CSAZ/_ /Fro%, O CS?;_ /Fro”,
Spec Spec i Spec i

0 SA,_[Fro%, 0V, _/Fro”, O “®,_/Fro”, CSA+ _/Fro?,

Spec Sp Sp SP

OCSV+ _/Fro?, CSAJr _/Fro?,
C

0 V! _[Fro?.
Spec v Spe C ’

Spe

(2.2.103)

(2.2.104)
(2.2.105)

(2.2.106)

(2.2.107)
(2.2.108)

(2.2.109)

(2.2.110)

(2.2.111)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycolimit O CS(S’ homotopyhmlt 0 Csd)({,/ .
r Spec Spec
homotopycolimit O Cs(i)’ homotopyhmlt o CSCD{,/ .
r Spec Spec
homotopycohmlt o CS(D’ homotopyhmlt o qu){p_

Spec Spec

homotopycohmlt O CSCD;/ /Fro” homotopyhmlt O CSCD’ _/Fro?,
Spec Spec

r

o /Fro” homotopyl1m1t d)l _/Fro?,

homotopycohmlt O So
Spec

homotopycolimit O 3@’ _/Fro” homotopylimit O “®! _/Fro”.
r Spec v I Spec i

Proposition 2.2.18. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Condensed,
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where * is one of the following spaces:

SI())GCCS@,_/FmZ, (2.2.113)
(2.2.114)
S(p)eccsci)w,_/FroZ, (2.2.115)
(2.2.116)
S(p)eccscbw,_/FroZ, (2.2.117)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopycolimit O CS(S’ homotopyhmlt o CSCD’ o
r Spec Spec
homotopycolimit O CS(T)’ homotopyhmlt o qu)({,/ o

r Spec Spec ’
homotopycohmlt 0 CS(D’ homotopyhmlt o Csd)fﬁ’_.

Spec Spec

homotopycohm1t O Csd)’ _/Fro* homotopyhmlt SO Csd)’ _/Fro?,
pec

homotopycohm1t O CS@’M/ /Fro” homotopyl1m1t CI)’ _/Fro?,
Spec

homotopyc011m1t O Ser  /Fro” homotopyl1m1t O So!  /Fro?.
Spec v.- Spec Y=
In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.2.118)

r

homotopylimit M, (2.2.119)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.
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Proposition 2.2.19. Similar proposition holds for

Quasicoherentsheaves, IndBanach,.

(2.2.120)

Definition 2.2.20. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach,

where * is one of the following spaces:

o BKE)%_ / FroZ,

Spec

o BK(i)(ﬁ,_ / FroZ,

Spec

O BXa®,, _/Fro”.

Spec

(2.2.121)

(2.2.122)

(2.2.123)

(2.2.124)

(2.2.125)

(2.2.126)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BK&);
r Spec >

homotopycolimit O BK(T);’

r Spec

homotopycolimit O BK(D’w
r Spec

homotopycolimit O BK@;
r Spec

homotopycolimit O BK(T)& _/Fro?
r Spec ?

homotopycolimit O BK@; _/Fro”
r Spec ’

_, homotopylimit O BX®!
I

_, homotopylimit O BX®!?
I

_/Fro”, homotopylimit sO BKp!
’ I

Spec ¥

Spec ¥
_, homotopylimit O B K(I)é, .
’ I Spec ’

v / FroZ,

pec

, homotopylimit O BKdu){ﬁ _/Fro?,
I Spec ’

, homotopylimit O BKq)é/ _/Fro®,
1 Spec ’

Definition 2.2.21. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed,
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where * is one of the following spaces:

SO Cs&b,_ /Fro%, O Csﬁ,,,_ [Fro%, O o, _/Fro*, O CSZ;;,_ /Fro?,

pec Spec Spec Spec

o CSV+ _/Fro” CSAT _/Fro%,
C

CSV; _/Fro?,
Spec ¥, Spe C ’

Spe

Spec
o CSV+ _/Fro?, CSAJr _/Fro%, 0 V! /Fro?,
Spec Sp Spec ¥,

0 A, _[Fro%, 0 V, _[Fro*, O “®,_/Fro”, CSA+ _/Fro”,

Spec Sp Sp SP

OCSV+ _/Fro?, CSAT _/Fro?,
C

0 V! _/Fro?.
Spec v Spe C >

Spe

0 A, _[Fro%,V,, _[Fro”, SpOecCde)w,_ /Fro?, spOecCSA‘Z’" /FroZ,

(2.2.128)
(2.2.129)

(2.2.130)

(2.2.131)
(2.2.132)

(2.2.133)

(2.2.134)

(2.2.135)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycolimit O CSEf)’ homotopyhmlt 0 CS(D&/ .
r Spec Spec

homotopycohmlt 0, Cs(f)’ homotopyhmlt o CS(D;/ .
Spec Spec

homotopycohmlt o CS(D’ homotopyhmlt 0 qu){p_
Spec Spec

homotopycolimit O 5@’ _/Fro?, homotopylimit O “®! _/Fro?,
r Spec ¥, 1 Spec ¥,
homotopycolimit O &’ _/Fro” homotopylimit ®! _/Fro?,
) spc W ) v,

homotopycohmlt O CS(I)’ _/Fro” homotopyl1m1t O CS(I)’ _/FroZ.

Spec Spec
Proposition 2.2.22. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

SI?GCCS (5«0’— / FroZ,
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(2.2.136)

(2.2.137)

(2.2.138)



0 d,,_ /Fro”, (2.2.139)

Spec
(2.2.140)
Sl(.?eccsd)w,_/FroZ, (2.2.141)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopycolimit O Csff)’ homotopyhmlt o qu){// .
r Spec Spec ’

homotopycohmlt o CS(IVJ’ homotopyhmlt 0 P! |
Spec Spec ’

homotopycohmlt o CS(D’ homotopyhmlt o CS(D&/ .

Spec Spec

homotopycolimit O 5@’ _/Fro%, homotopylimit O “®! _/Fro?,
r Spec ¥, 1 Spec ¥,
homotopycolimit O CSpr _/ FroZ, homotopylimit ! _/ FroZ,
r Spec v, I ¥,

homotopycolimit O 3@’ _/Fro” homotopylimit O “®! _/Fro”.
r Spec v I Spec v

In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.2.142)

r

homotopylimit M;, (2.2.143)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval 1.

Proposition 2.2.23. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (2.2.144)
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2.3 Multivariate Hodge Iwasawa Prestacks by Deformation

This chapter follows closely [T1], [T2], [T3], [T4], [T5], [T6], [KPX], [KP], [KL1], [KL2],

[BBBK], [BBM], [KKM], [CS1], [CS2], [CKZ], [PZ], [BCM], [LBV].

2.3.1 Frobenius Quasicoherent Prestacks I

[BK],

Definition 2.3.1. First we consider the Bambozzi-Kremnizer spectrum O B¥(x) attached to any of those

Spec
in the above from [BK] by taking derived rational localization:

O PX0, 14 0 PR, 0Pl
WL * LA A
Spec Spec Spec

lo) BKq)*FA’ o) BK(Dr , 0 BKCDI ,
51 A A
Spec Spec Spec

OB, 4 O BK(D:FA’ 0 BK(DirA
Spec Spec Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

O (D* I,A / FI‘O
Spec

o BK(D*,F,A /FrOZ,
Spec

O BR®, 1 4 /Fro”.
Spec

(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)

(2.3.5)

(2.3.6)

(2.3.7)

(2.3.8)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohm1t 0] B‘K(I)’r o homotopyhm1t 0 Bko! T

Spec Spec

homotopycohmlt o BK(I)’r A homotopyhmlt 0 BKCI)i A

Spec Spec

homotopycohmlt 0B K(D: A homotopyhmlt o
Spec Spec

BK g/
(D*FA

homotopycolimit O BX®’ . /Fro% homotopylimit O BX®! . /Fro?,
r Spec e I Spec e

BKCI)’r 4 /Fro” homotopyhmlt o BKQ)I

Fro
Spe T, A/

homotopycolimit SO
r

BKCD’l_ A /Fro” homotopyhmlt o BKCI)I

FroZ.
Spe T, A/

homotopycolimit SO
r
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Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-

ing their construction we have:

Definition 2.3.2. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,. Then we take solidified tensor

product Q.Z> of any of the following

A+ Ut AT 9T & Bl
A*,r’ V*,F, (D*,l", A*,F’ V*’ra A*’r’ V*’ra (Di’r’ (D*I,

v

A*,Fa v>¢<,l"’ (D*,F» A+ v+ AT vzl—, (i)r (i)l

£ LTS B ES Al
+ + T I
A*,F, V*,l", (D*,l", A*,F’ V*,F’ A*’r’ V*,F’ (Di’r’ (D*I,

with A. Then we have the notations:

+ + AT v D !
Airas Vara Puras Alr 4 Vi 4 A ra Vara Pora Cura

o

A*,F,Aa V*,F,Aa (D*,F,A9 A*,F,A’ V*,F,A’ A*,F,A’ V*,F,A’ (D:,F,A’ q)*’r’A’

(I)I

@ A"

+ + T T
A*,F,A7 V*,F,A’ (D*,F,A’ A*,F,A’ V*,F,A’ A \%

r
A "« LA ~ A

Definition 2.3.3. First we consider the Clausen-Scholze spectrum O ©3(x) attached to any of those in

Spec
the above from [CS2] by taking derived rational localization:

(0] CSA*,F,A» o CSV*,F,A’ o CS(D*,F,A’ o CSA:F A’ o CSV:F A’
Spec Spec Spec Spec > Spec e

CS 17 CS 1/
0 (D*,F,A’ 0 q)*,F,A'
ec Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

*,

O SA.r.a/Fro?, SO CSV*I, 4/Fro?, SO qu)*,r, 4/Fro?, SgcCSA+F’ A/ Fro”,

Spec pec pec ’
CSyg+ Z CSAT Z CSot Z
Sgc V.r.a/Fro ’sl?ec A*’F’A/Fro ,S(pzc V*’F’A/Fro ,
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(2.3.9)
(2.3.10)

(2.3.11)

(2.3.12)

(2.3.13)

(2.3.14)

(2.3.15)

(2.3.16)

(2.3.17)
(2.3.18)

(2.3.19)



(0] CSA*’]‘,A /Fro”, V, 1 /Fro”, SO Cs(i)*’]'"A /Fro”, SO CSA+1- A /Fro”,
pec pec

Spec
CSyg+ CSKT CSygt
Sgc \% FA/Fro SpO A FA/Fro Sg \% FA/Fro

O SA.ra/Fro?, O SV, a/Fro?, 0 “®,r4/Fro?, O CSA:FA/FroZ,
Spec Spec Spec

Spec
CSy+ CS AT CSyt
spOec \% rA/Flro sg)ec A rA/Fro s?e \Y rA/Fro

(2.3.20)
(2.3.21)

(2.3.22)

(2.3.23)

(2.3.24)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohmlt sg) CS(I)’r " homotopyhmlt S(p) CSCDi oA
homotopycolimit @ S®” _ . homotopylimit O “S®! _ .
py Spec »I.A4 py Spec LA
homotopycolimit O 5@ . ., homotopylimit O “Sd!
py Spec »I.4 py Spec »LA”
homotopycolimit SO Spr wral Fro” homotopyhmlt O Csd)’ «T.A /Fro?,
r

homotopycolimit SO Csdv)i ral Fro”, homotopylimit d)i ral Fro?,
r pec e I e

homotopycolimit SO Sor ral Fro%, homotopylimit SO Sof wral Fro”.
r pec e 1

Definition 2.3.4. We then consider the corresponding quasipresheaves of the corresponding ind-Banach

or monomorphic ind-Banach modules from [BBK], [KKM]:
Quasicoherentpresheaves, IndBanach,
where * is one of the following spaces:

O BK(FIS*’F’A/FI‘OZ,

Spec

O q)* T A / Fro
Spec

O (D* T,A / FI‘O
Spec
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(2.3.25)

(2.3.26)

(2.3.27)

(2.3.28)

(2.3.29)

(2.3.30)



Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BKE)I

homotopyhmlt o L LA

homotopycolimit O BX®"
py Spec w[LA Spec

BKq)I

*[,A’

homotopycohmlt SpO BK LA

homotopylimit SO
I

BK(I)I

% [,A"*

homotopycohmlt (0] BK(I)’r e
Spec

homotopylimit SO
I

homotopycolimit SO BKq)’ ral Fro” homotopyhmlt SO B Kq)l ral Fro?,
r

homotopycolimit SO BK g~ W, A/Fro homotopyhmlt SOCBK(DI ral Fro?,
j

homoto;;ycolimit SO BK pr wral Fro” homotopyhmlt O BKd)i A

/Fro”.

Definition 2.3.5. We then consider the corresponding quasisheaves of the corresponding condensed solid

topological modules from [CS2]:
Quasicoherentsheaves, Condensed,
where * is one of the following spaces:

O SA.ra/Fro?, O SV, a/Fro?, 0 “®,r4/Fro?, O CSA+1~A/Fro
Spec Spec Spec

Spec
CSy+ CSAT CcSot
SpOec \% rA/Fro sg)ec A rA/Fro S(p)e \% rA/Fro

(0] CSA*’["A/FI'OZ, V.r.a/Fro?, O Csd)*,r,A/FrOZ, (0] CSAJ“FA/Fro
Spec Spec

Spec
CSy+ CS Xt CSyt
Sl(.?ec \% rA/Fro Sg A rA/Fro S(p)e \% rA/Fro

O SA.ra/Fro?, O SV, 4/Fro”, O S, r4/Fro”, O SAlL ,/Fro?,
Spec Spec Spec

Spec
CSy+ CS AT CSgt
Scp)ec \% l-A/Fro Sl('?ec A ]_A/Fro SI(JZ \% 1_A/Fro

(2.3.31)

(2.3.32)

(2.3.33)

(2.3.34)

(2.3.35)
(2.3.36)

(2.3.37)

(2.3.38)

(2.3.39)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CSg!
homotopyl1m1t O 0,

homotopycohmlt 0 S’
Spec

Spec *I,A°
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r

CS %,/
#ILA° @

homotopycolimit O <& «T A
r Spec all

homotopylimit O
I Spec

CS (DI

homotopycolimit O @’ ., homotopylimit O ST A*
r ec I pec e

Sp +17,A°

homotopycolimit O “3®" . , /Fro%, homotopylimit O “*®! . /Fro?,
r Spec e I Spec i

homotopycolimit O 5@’ ral Fro”, homotopylimit @’ ral Fro?,
r Spec o 1 o

homotopycolimit O “3®” ., /Fro% homotopylimit O “®! . /Fro”.
r Spec e I Spec e

Proposition 2.3.6. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed, (2.3.40)

where * is one of the following spaces:

O SO, 14 /Fro”, (2.3.41)
Spec

(2.3.42)
O S, 4/Fro?, (2.3.43)
Spec

(2.3.44)
O S, 4/Fro?, (2.3.45)
Spec

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopycolimit O 5@’ ., homotopylimit O “S®!
r 1

Spec wLA Spec w47
homotopycolimit O CS&):F 4 homotopylimit O CS(i)i A
r Spec e I Spec i
homotopycolimit O 5@’ . h limit O !
pycolimit ! 4> homotopylimit wT A*
r Spec e I pec o
homotopycolimit O 5@’ ., /FroZ homotopylimit O “S®! _  /Fro”
r Spec w[A ’ I Spec #[,A ’
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homotopycolimit SO Csdv)i ral Fro”, homotopylimit dv)i ral Fro?,
r pec e I e

*’

homotopycolimit O CS(D; ral FroZ, homotopylimit O “S®! ral Fro”.
r Spec e 1 Spec >

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.3.46)

r

homotopylimit Mj, (2.3.47)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 2.3.7. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (2.3.48)

Definition 2.3.8. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (2.3.49)

where * is one of the following spaces:

O BX®, 1 4 /Fro?, (2.3.50)
Spec

(2.3.51)
O BR, - 4 /Fro?, (2.3.52)
Spec

(2.3.53)
O PX®, 4 /Fro”. (2.3.54)
Spec

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BX@”
r

. 1 4» homotopylimit O BKp!
Spec e I

Spec w[LA?
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BK - BK &/
homotopycohmlt (0 ) D, 45

homotopyl1m1t o
Spec

wLA Spec

BK(I)I

BK
homotopycohmlt o0 "o «[A"

S +.r.4» homotopylimit O
pec 1 Spe

BKpr " b a/Fro” homotopyhmlt O BKp!

Fro
Spe T, A/

homotopycolimit SO
r

homotopycolimit SO BKCTD’* TA /Fro%, homotopylimit SO BK ! LA /FroZ,
7 pec ’ 1

homotopycolimit SO BKd)’r 4 /Fro” homotopyhmlt SO BKp! oL, A/Fro
r pec

Definition 2.3.9. We then consider the corresponding quasisheaves of perfect complexes of the corre-

sponding condensed solid topological modules from [CS2]:
Quasicoherentsheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

O SA.ra/Fro%, O SV, 4/Fro?, O ©®,r4/Fro?, O CSAJ“FA/Fro
Spec Spec Spec

Spec
CSg+ CSKt CcSgt
SpOec \% rA/Fro sg)ec A rA/Fro Sg \% rA/Flro

O SA,ra/Fro”, V. a/Fro”, O S, r4/Fro”, O ®AfL,/Fro”,
Spec Spec Spec

(0] CSV+ FroZ, O AT . /Fro% O CSVT FroZ,
Spec LA / Spe »[LA / Spec I.A /

(0] CSA*’F’A/FI'OZ, (0] CSV*,I—,A/FroZ, (0] CS(Ilk,]—,A/FroZ, (0] CSA+FA/Fro
Spec Spec Spec

Spec
CSyg+ CSAT CSygt
SpOec \% FA/Fro S(p) A rA/Fro SpOe \% FA/Fro

(2.3.55)

(2.3.56)
(2.3.57)

(2.3.58)

(2.3.59)

(2.3.60)

(2.3.61)

(2.3.62)

(2.3.63)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CSF (DI

homotopycohmlt 0 S’ CLA homotopyhmlt o LA

Spec Spec

CS (DI

homotopyl1m1t o A

homotopycohmlt O Spr
Spe Spec

*I,A°

homotopycohmlt o CS(D:F A homotopyllmlt 0
Spec Spec

Sol,
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homotopycolimit O CS(I)’
I:y Spe * A Spec

homotopycohmlt S(p) S LA /Fro” homotopyl1m1t ! “LA /Fro?,

< CS(I)II_A/Fro

homotopycolimit SO S ., /Fro%, homotopylimit O
r pec e I
Proposition 2.3.10. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed,

where * is one of the following spaces:

SO CSCD*I,A /FI'OZ,
pec

SO CS(IU)*,F,A/FrOZ’
pec

O “S®, 1 4 /Fro”,

Spec

/Fro%, homotopylimit O Csa)i ral Fro?,
; T,

(2.3.64)

(2.3.65)

(2.3.66)

(2.3.67)

(2.3.68)

(2.3.69)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the

corresponding FF curves from [KL1], [KL2], [FF] for

CSH CI)I

CS g
homotopycohmlt (Ot WTA?

, homotopylimit O
Spec w[.A py Spec

CS (I)I

CS §
homotopycohmlt 0 o WA

, homotopylimit O
Spec »[LA py Spec

CS (DI

S
homotopycohmlt 09 «TA"

, homotopylimit O
Spec »I.4 py Spec

homotopycolimit SO CS&')Q ¢ /Fro”, homotopylimit SO Sl oI, 4 JFro?,
r pec e I

homotopycolimit SO Cs(i); ral FroZ, homotopylimit &’ ral Fro?,
i pec . ; .

homotopycolimit SO Csd)’ ral Fro” homotopyhmlt O CS(D’ rA /Fro”.
r pec

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
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we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.3.70)

r

homotopylimit M, (2.3.71)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 2.3.11. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (2.3.72)
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2.3.2 Frobenius Quasicoherent Prestacks II: Deformation in Banach Rings

Definition 2.3.12. We now consider the pro-étale site of SpaQ, <X]“—L1, e X ,;—“1>, denote that by *. To be
more accurate we replace one component for I' with the pro-étale site of SpaQ, (X!, ..., X£'). And we
treat then all the functor to be prestacks for this site. Then from [KL1] and [KL2, Definition 5.2.1] we
have the following class of Kedlaya-Liu rings (with the following replacement: A stands for A, V stands
for B, while @ stands for C) by taking product in the sense of self I'-th power:

Ar, Var, @ Z:r’ VLAl

vio& Bl
EN e V*,r’ (I)*,F’ (D*,F’

o 2 v} v+ . + \JT VT v vl
A*,Fs V*,F’ q)*,F’ A*’r’ V*’r’ A*,r’ V*’r’ q)i’r’ q)*’lw

Aty Vor, @, AT VI AT VI @

I
N AR S S AN B (I)*,F'

We now consider the following rings with — being any deforming Banach ring over Q,. Taking the
product we have:

& O/

q)*,r,—, (Di,r,_a (D*,F,—’
o o N

(D*,l“,—, (I):I,—’ (D*’r’_,
r I

Pur— O O,y

They carry multi Frobenius action ¢r and multi Lier := Z;F action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Definition 2.3.13. First we consider the Bambozzi-Kremnizer spectrum O B¥(x) attached to any of

Spec
those in the above from [BK] by taking derived rational localization:
0 %o, r_, 0B ., 0Bl | 2.3.73
Spec T Spec wLh- Spec wLh- ( )
0 P%d,r_, 0B ¥, 0B, | 2.3.74
Spec L Spec *l- Spec »l- ( )
0 %o, 0% ol , 0%l . 2.3.75
Spec oL Spec *- Spec »l- ( )

Then we take the corresponding quotients by using the corresponding Frobenius operators:

s?ecBKa)*’“‘/FmZ’ (2.3.76)
(2.3.77)
S(p)eCBKcia*,r,_/FroZ, (2.3.78)
(2.3.79)
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Sg)eCBKq>*,r,_/FroZ. (2.3.80)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BKE): r_» homotopylimit O BK@; o
r Spec e 1 Spec i

homotopycolimit O BK(T): r_» homotopylimit O BK(i)i o
r Spec i 1 Spec i

BK(Dr

homotopycolimit O T

homotopylimit O BX@!
r Spec 1

Spec wI=

homotopycolimit O BX®” . _/Fro? homotopylimit O X®! . _/Fro?,
r Spec e J; Spec k1

homotopycolimit O BKdv):F_/ Fro”, homotopylimit O Bva)i r/ Fro?,
P Spec e Ji Spec e

homotopycolimit O BK(D; r/ FroZ, homotopylimit O BKCI)i r/ Fro”.
r Spec e 1 Spec i

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 2.3.14. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,,. Then we take solidified tensor

product é of any of the following

AN VU - A+ Ot AT Tt gdr Bl
A*,F’ V*,F’ (D*,rv A*,r‘a V*’r" A*’r" V*’r" (D*’l"’ (1)*’1"9
o 2 v} v+ . + \JT VT v vl
A*,Fs V*,F’ q)*,F’ A*’ra V*’r’ A*,r’ V*’r’ CDZ,]"’ q)*’lw
+ + AT T r I
A*,F’ V*,F’ (D*,r7 A*,r" V*’r" A*’r" V*’r" (D*’l"’ (D*’l"9
with A. Then we have the notations:
A v & A+ v+ AT \Val & !
A*,l‘,—, V*,l",—, (D*,F,—, A*’r’_’ V*,F,—’ A*,F,—’ V*’r’_’ (I):,F,—’ (D*,F,—’
o ~ (93 “ + v + VT v T v r - 1
A*,F,—’ V*,F,—’ (D*,F,—, A*’l’"_’ V*,F,—’ A*’r"_7 V*’r"_a q)*’l“,_’ q)*’l"’_’
+ + T T I
A*,l‘,—, V*,F,—, (D*,F,—, A*’r’_’ V*,F,—’ A*’r’_’ V*’r’_’ (I):I,—’ (D*,F,—'
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Definition 2.3.15. First we consider the Clausen-Scholze spectrum SO ©5(x) attached to any of those in
pec

the above from [CS2] by taking derived rational localization:

O CSA*F—’ O V*l" it O (D*l"—’ O CSZ: — O CSV:]" —

Spec Spec Spec Spec T, Spec
Io) CSAIF o) CSV';'F o) CS(D:F_’ Io) CS(DiF_,
Spec Spec Spec >’ Spec e

0 SA,r-Var-, 0 Sd,r, 0 PALL ., 0OV,
Spec Spec Spec ”’  Spec

Io) CSAT o) CSVT 0 CS(IV);,F,—’ (I)i,l",—’

Spec wl= Spec

O CSA* F - O V* F ] O q)* F - O CSA: - O CSV:]" -
Spec Spec Spec Spec oI, Spec
Io) CSATF , 0 CSVTF , 0 CS(D;,F,—’ Io) qu)ir—
Spec >* Spec Spec Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

0 A.r_/Fro%, O V. r_/Fro%, 0 S, _/Fro”, 0 Al _/Fro?,
Spec C Spec e

Spec pe Spe
O SV . _/Fro%, 0 AT [Fro%, 0 SV /Fro?,
Spec oI Spec *I Spec *I

O SA,r_/Fro%, V,r._[Fro%, O ©d,r_/Fro%, O “A._/Fro?,
Spec Spec Spec e

O SV*__/Fro%, 0 AT . /Fro%, 0 ®SV' . /Fro?,
Spec wI- Spe =L Spec =T

O “SA.r._ [Fro”, SO Y. /Fro?, SO S, - /Fro?, SO SAp_[Fro®,
C pec

Spec pec pe
O V' . _/Fro%, 0 SAT . JFro%, 0 SV /Fro”.
Spec oI Spec *I Spec *I

(2.3.81)
(2.3.82)

(2.3.83)

(2.3.84)

(2.3.85)
(2.3.86)

(2.3.87)

(2.3.88)

(2.3.89)

(2.3.90)

(2.3.91)

(2.3.92)

(2.3.93)

(2.3.94)

(2.3.95)

(2.3.96)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohnnt o CS(D’ homotopyhmlt 0 So!

Spec Spec wI=
homotopycohm1t 0] CS(I)’ homotopyhm1t 0 CS(I)i o

Spec Spec
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homotopycolimit O CS(D:‘ r
r Spec i

_, homotopylimit O
I Spec

CS !
Q.-

homotopycolimit O “®’ . _/Fro? homotopylimit O “®’ . _/Fro?,
r Spec e I Spec i

homotopycolimit SO S’ . _/Fro% homotopylimit &/ . _/Fro?,
r pec 7 I e

homotopycolimit O “3®” . _/Fro? homotopylimit O “S®! . _/Fro”.
r Spec e I Spec i

Definition 2.3.16. We then consider the corresponding quasipresheaves of the corresponding ind-Banach

or monomorphic ind-Banach modules from [BBK],

[KKM]:

Quasicoherentpresheaves, IndBanach,

where * is one of the following spaces:

o BKEIV)*,I-,_ / FroZ,

Spec

o BK(T)*J-,_ / FroZ,

Spec

0 BXo, 1 _/Fro”.

Spec

(2.3.97)

(2.3.98)

(2.3.99)

(2.3.100)

(2.3.101)

(2.3.102)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BK(T)Z’F’_
r

Spec

..~ BK&
homotopycolimit O "*@7 . _
r

Spec

homotopycolimit O BK(DQ r
r Spec o

_,homotopylimit O BX®!
I

, homotopylimit O BK(T)i I
; a

Spec

, homotopylimit O BX®! .
I Spec o

Spec »L=

homotopycolimit O BK(ISZF_ /Fro”, homotopylimit O BK&ZF_ /Fro?,
r Spec e I Spec i

homotopycolimit O BKdv)f‘ r_/ Fro”
r Spec o

*

homotopycolimit O BXa” r— /Fro”
r Spec e

, homotopylimit O BKd)i r_/ Fro?,
I Spec e

- BK 1,/ vA
,homot(zpyhmlt Q. ®, - _/Fro®.
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Definition 2.3.17. We then consider the corresponding quasisheaves of the corresponding condensed

solid topological modules from [CS2]:
Quasicoherentsheaves, Condensed,
where * is one of the following spaces:

O SA.r_[Fro?, O SV, r_[Fro?, 0 S, [Fro%, 0 SA!._/Frd?,
Spec Spec Spec e

Spec
o CSV+1- /Fro?, CSAil__/FrOZ, o CSVII__/FroZ,
Spec Spec e Spec e

0 “®A.r_/Fro* V,r._ [Fro”, 0 S, 1 /Fro?, 0 AT _[Fro?,
C pec e

Spec pe
o CSV+F /FroZ, CSAIF _/Fro%, O CSVIF _/Fro?,
Spec Spec e Spec e

O “SA.r._/Fro”, O “V,.r_/Fro%, O Csd)*,r,_/Froz,S AL [Fro?,
c C pec

Spec Spe Spe
CSy+ VA CSAT Z CSyot Z
Sgc V.r-/Fro ,Sgc A*’R_/Fro ’s(p)ec V*’R_/Fro .

(2.3.103)

(2.3.104)
(2.3.105)

(2.3.106)

(2.3.107)
(2.3.108)

(2.3.109)

(2.3.110)

(2.3.111)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohmlt 0 CS@’ homotopyhmlt 0 Csd)ir ,
Spec Spec
homotopycohmlt 0 CS(I)’ homotopyhmlt o CSC[)ir ,
Spec Spec
CS CS !
homotopycohmlt 0 @ homotopyhmlt o Q..

Spec Spec

homotopycolimit O CS@:F_/ Fro”, homotopylimit O Csfﬁir_/ Fro?,
r Spec e I Spec i

homotopycolimit SO s dv>: r_/ Fro”, homotopylimit dv)i r/ Fro?,
r pec e I e

homotopycolimit O qu); r_/ FroZ, homotopylimit O 5 @! r_/ Fro”.
r Spec e Ji Spec >Ls

Proposition 2.3.18. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Condensed,
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where * is one of the following spaces:

sgCCScB*,r,_/FroZ, (2.3.113)
(2.3.114)
s(pifs‘f’*f’— /Fro, (2.3.115)
(2.3.116)
Sg)eccsq)*,r,_ /Fro”, (2.3.117)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopycolimit O CS(SZF_, homotopylimit O Cséﬁir_,
r Spec B I Spec i

homotopycolimit O CSCTJZ r_» homotopylimit O CSQVDi Lo
r Spec i I Spec i

homotopycolimit O CS(I): r_» homotopylimit O s @! L
r Spec o I Spec >

homotopycolimit O “®’ . /Fro” homotopylimit O “®’ . _/Fro?,
r Spec o I Spec o

homotopycolimit SO S’ . _/Fro%, homotopylimit &/ . _/Fro?,
r pec e I i

*3 ’

homotopycolimit O “®” . _/Fro? homotopylimit O “S®! . _/Fro”.
r Spec o 1 Spec

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.3.118)

r

homotopylimit M, (2.3.119)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.
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Proposition 2.3.19. Similar proposition holds for

Quasicoherentsheaves, IndBanach,. (2.3.120)

Definition 2.3.20. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (2.3.121)

where * is one of the following spaces:

0 BX®, - _ /Fro?, (2.3.122)
Spec

(2.3.123)
O BR, 1 /Fro?, (2.3.124)
Spec

(2.3.125)
O BX®, 1 /Fro”. (2.3.126)
Spec

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BK(TJZ T homotolpylimit
r

O BK(Di s
Spec i

Spec

homotopycolimit O BK(i’);F’_, homot(;pylimit 0 BRp!
r

Spec Spec »[=
homotopycolimit O BK(D; r_» homotopylimit O BK(I)i r_-
r Spec e I Spec e

homotopycolimit O BX®" . _/Fro% homotopylimit O B¥®! . _/FroZ,
r Spec e I Spec e

homotopycolimit O BK(TDQ r_/FroZ, homotopylimit O BX®! r/ FroZ,
r Spec i I Spec k1,

homotopycolimit O BKCD:F_/FrOZ, homotopylimit O BKq)i r/ Fro”.
r Spec e 1 Spec i

Definition 2.3.21. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (2.3.127)
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where * is one of the following spaces:

O SSA.r_/Fro%, O SV, r_/Fro? 0 S, _/Fro%, O CSA+F /Fro”, (2.3.128)
Spec Spec Spec pec
O VI _[Fro%, 0 SAT . [Fro%, 0 SV [Fro, (2.3.129)
Spec pec e Spec e
(2.3.130)
O SA,r_/Fro%, V,r._[Fro%, O ©d,r_/Fro%, O “Al._/Fro?, (2.3.131)
Spec pec Spec e
O SV _[Fro?, 0 SAT . [Fro%, 0 ©V! . [Fro%, (2.3.132)
Spec pec e Spec e
(2.3.133)
O SA,r-/Fro%, O ©V,r_[Fro”, O ©®,r_/Fro”, O Al _/Fro?, (2.3.134)
Spec Spec Spec Spec
O VI _[Fro%, 0 SAl . /Fro% O V! [Fro”. (2.3.135)
Spec Spec e Spec e

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohmlt SO CS(IJ’ homotopyhmlt SO Sl
pec pec
homotopycohmlt 0] CS(I)’ homotopyhmlt 0 CS(I)ir ,
Spec Spec
Ccs CS e/
homotopycohmlt o @ homotopyhmlt 0 Q..

Spec

Spec

homotopycolimit O CS&); r_/ Fro”, homotopylimit O CSEI“)i r_/ Fro?,
r Spec e 1 Spec i

homotopycolimit sO CS(T); r_/ FroZ, homotopylimit &/ r/ Fro?,
r pec e 1 w

homotopycolimit O “®” . _/Fro? homotopylimit O “S®! . _/Fro”.
r Spec e I Spec >

Proposition 2.3.22. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Perfectcomplex, Condensed, (2.3.136)
where * is one of the following spaces:
0 @, _ /Fro?, (2.3.137)
Spec
(2.3.138)
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0 o, _ [Fro?, (2.3.139)

Spec
(2.3.140)
Sg)eCCScD*,r,_ /FroZ, (2.3.141)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopycohm1t SO Csd)’ homotopyl1m1t SO Sl

pec pec

—

homotopycohmlt 0] Csd)’ homotopyhmlt 0 !

Spec Spec 0=
homotopycohmlt 0] Csd)’ homotopyhm1t 0] Csd)i r-

Spec Spec

homotopycohmlt O CS(I)’r /Fro” homotopyhmlt SO Sl “Ie /Fro?,
pec

homotopycolimit sO S’ . _/Fro%, homotopylimit &/ . _/Fro?,
r pec e I o

homotopycolimit O “®” . _ /Fro? homotopylimit O “S®! . _/Fro”.
r Spec e I Spec >

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M, (2.3.142)

homotopylimit M/, (2.3.143)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 2.3.23. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (2.3.144)
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2.3.3 Frobenius Quasicoherent Prestacks III: Deformation in (co, 1)-Ind-Banach

Rings

Definition 2.3.24. We now consider the pro-étale site of SpaQ, (Xlil, - X,:—'1>, denote that by *. To be
more accurate we replace one component for I' with the pro-étale site of SpaQ, <X1i1, v X kil ) And we
treat then all the functor to be prestacks for this site. Then from [KL1] and [KL2, Definition 5.2.1] we
have the following class of Kedlaya-Liu rings (with the following replacement: A stands for A, V stands

for B, while @ stands for C) by taking product in the sense of self I'-th power:

vl & ®!
VL0 LD

AN U @ - A+ U+t AT
A*,r’ V*,F, q)*,l“, A*,F’ \% A T Rl i

T

(i)l

Aer,Var, @ur, Ar L, VI AT VT O D

£ R B I Il B

+ + il T I
A*,r’ V*,F, (D*,l“, A*’ra V*’ra A*,F’ V*,r‘a ®i’ra (I)*’I“'

We now consider the following rings with O being a homotopy colimit

homotopylimitd;
1

of Q, (N, ... Y;),i = 1,2, ... in co-categories of simplicial ind-Banach rings in [BBBK]
Simpliciallnd — BanaChRinngp

or animated analytic condensed commutative algebras in [CS2]
SimplicialAnalyticCondensede .

Taking the product we have:

D & 5l
(D*,F,D7 (D*,F,EI’ q)*’l"’D’

) v

O, @, D!

w00 7~ 1,0°

q)*,F,I:]y q)r q)l

w00 = x1,0°

(2.3.145)

(2.3.146)

(2.3.147)

They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]

and [PZ] we consider the following (oo, 1)-categories of (co, 1)-modules.

Definition 2.3.25. First we consider the Bambozzi-Kremnizer spectrum O BX(x) attached to any of

Spec
those in the above from [BK] by taking derived rational localization:

0 BK(I)*,F,D, o BK(Dr*l"D’ 0 BK(Dil"D’
Spec Spec 7’7 Spec e

BK f BK & BK 5/
0 BKd, 1, 0 PRP7 L 0 BKPL|

Spec Spec Lo Spec
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0 *%0,rp, 0 PR, 0 PFel . (2.3.150)

Spec Spec Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

O BR®, 1 /Fro?, (2.3.151)
Spec

(2.3.152)

O BR®, o /Fro?, (2.3.153)
Spec

(2.3.154)

O BX®, 1, /Fro”. (2.3.155)
Spec

Here for those space without notation related to the radius and the corresponding interval we consider the

total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BX@”
r

' I o» homotopylimit O BK p!
Spec e 1

Spec wLo

homotopycolimit O BXd”
r

' I o» homotopylimit O BK !
Spec e I

Spec sILo

homotopycolimit O BX®” . homotopylimit O BX®!
I

r Spec »Lo Spec Lo
homotopycolimit O X’ . _/Fro%, homotopylimit O P*®! . _/Fro?,
r Spec o I Spec o

homotopycolimit O X’ . _/Fro%, homotopylimit O P*®! . _/Fro?,
r Spec e b Spec k1,

L BK g7
homotopycolimit L

o /Fro”, homotopylimit O BX®! __/FroZ.
, Spec )i Spec

1,0

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 2.3.26. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,,. Then we take solidified tensor

product 0.9 of any of the following

DAt Ut AT v o B!
A*,F’ V*,F’ (I)*,rv A*,r" V*’r" A*’I" V*’r’ (I)*’l"’ (I)*J'W

v 9] v <+ < Xt <t v N
A*,F’ V*,l‘, (I)*,F$ A*’l'w V*’l"’ A*,l’w V*,F’ (I):’l'w q)*’l'w

vi o @

+ + T
A*,l“, V*,F, (D*,l“, A \% A B KR ™ o)

EN RS S B
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with A. Then we have the notations:

A+ + AT \val i
A*,F,EI’ V*,F,Da (I)*,F,E]y A*,F,D’ V* o A «T,0° V* r,o q): .o (1)* o

o

£ £ + T T r I
A*,F,D’ V*,F,Eh (D*,F,Eb A* T,0° V* Ir,o A* r,o V* r,o (D* r,o (I)* JI,0°

+ T i r 1
V*FD’A*FD’V*FD’(D*FD’(D*FD'

+
A*,F,Dv V*,F,D’ (D*,F,EI, A

+ 1,07

Definition 2.3.27. First we consider the Clausen-Scholze spectrum O ©5(x) attached to any of those in

Spec
the above from [CS2] by taking derived rational localization:
CSA CSA CS¢
O A* 0,0 O V* I,o0, O q)* 0,0 O A:r o’ O V:r o’
Spec Spec Spec ”’~ Spec
CSAT CSgt CSFr CS 1/
S?ec A* o Sg)ec V* o Sgc (I)*,F,D’ ()ec (D*,F,D’
CS X CS¢
O A 0,00 *FD’ O q) O A:F O V*FD’
Spec Spec Spe
o) CSAT , 0 CSVT , o) CS(Dr i (DI ,
Spec 1,0 Spec xI,0 Spec =00 1,0
CS CS CS CS CS
O A*,r,l:h O V*,F,E\a O (D*,l",n, O A:l" o O V:]" o’
Spec Spe Spe Spec Spec
lo) CSAT , 0 CSVT o) CSq)r , 0 CSq)I )
Spec w10 Spec 1,0 Spec =00 Spec w0

Then we take the corresponding quotients by using the corresponding Frobenius operators:

0 ©SA, r.o/Fro?, O V*FD/Fro O (I)*rD/Fro CSAIFD/FrOZ,
Spec Spec

0 °SV*__/Fro%, CSAT FroZ, CSVJr FroZ,
Spec »L, D/ Spec *’F’D/ Spec *’F’D/

o° A* r.a/Fro?, V., r.o/Fro?, X Cs(i)*,r,D/FroZ, SO CsAJ’FD/Fro
pec

Spec pec
0 SV _/Fro%, 0 AT . _/Fro%, 0 V! /Fro”
Spec +[.0o ’ Spec »Io ’ Spec »[o ’

sg:cCSA «r.o/Fro?, O SV, r.o/FroZ, O So, r.o/FroZ, specCSA:r D/FroZ,
0 V' ._/Fro, CSAT FroZ, CSVT FroZ.
Spec *FD/ Spe *FD/ Spe *FD/
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(2.3.156)
(2.3.157)

(2.3.158)

(2.3.159)

(2.3.160)

(2.3.161)

(2.3.162)

(2.3.163)

(2.3.164)

(2.3.165)

(2.3.166)

(2.3.167)
(2.3.168)

(2.3.169)

(2.3.170)

(2.3.171)



Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CSH (DI

homotopyhmlt 0 Lo

homotopycolimit O @’
Ey Spec #[,0 Spec

CS (-DI

CS §
homotopycohmlt 0 0" WL

, homotopylimit O
Spec 00 py Spec

CS (DI

- cs
homotopycolimit S;())c @’ W

= [,0°
’

homotopylimit SO
I

CSx1
(I)*FD

homotopycolimit SO CS(TDQ ra/ Fro”, homotopylimit SO /FroZ,
r pec e 1

homotopycolimit sO “S@r . /Fro%, homotopylimit &/ . _/Fro?,
r pec e I o

homotopycolimit O qu): o /Fro” homotopyhmlt o
r

Spec Spec

Sal,,

/Fro”.

Definition 2.3.28. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (2.3.172)

where * is one of the following spaces:

0 BX®, 1o /Fro?, (2.3.173)
Spec

(2.3.174)
0 P8, 14 /Fro?, (2.3.175)
Spec

(2.3.176)
o8B d)*rD/Fro (2.3.177)
Spec

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for
homotopycohmlt o BK@; o homotopyhmlt o
Spec Spec

BKcDi 0,0

BK %/
homotopyl1m1t o D, o

homotopycohmlt 0 B¢
Spec

Spec xI,0°
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homotopycolimit SpO BK “ Lo

r

Lo homot(;pylimit sO

BKCDI

homotopycolimit SO BK&): ro/ FroZ, homotopylimit SO L0
r pec " I

homotopycolimit SO BK@: ro
r

BK(Dr

homotopycolimit SO I BKd)i o

r

/Fro”, homotopylimit SO
I

/ FroZ,
/Fro?, homoto{pylimit s(;?ecBKd)i ro/ FroZ,

/Fro”.

Definition 2.3.29. We then consider the corresponding quasisheaves of the corresponding condensed

solid topological modules from [CS2]:
Quasicoherentsheaves, Condensed,,
where * is one of the following spaces:

CS~ Z CS# Z CSA+
oLy oLy *,
0 ©SA, rD/Fro V.rao/Fro®, O ~>®,ro/Fro”, O A ro
Spec Spec Spec Spec
CSg+ Z CSAT Z CSgt Z
s(p)ec V.ro/Fro ,S(p)eC A*I,D/Fro ,SCPZC V*,F,D/Fro ,

/ FroZ,

O SA.ro/Fro? V,ro/Fro?, O S®,ro/Fro?, O CSA“LI-D/Fro
Spec Spec

Spec
O SV*. _/Fro%, O CSAT FroZ, O CSyf FroZ,
Spec *FD/ Spe *FD/ Spe *FD/

0° A*FD/Fro O V*FD/Fro O d)*rD/Fro q CSAIFD/FrOZ,
pec

Spec
CSyg+ CS T CS T
S(p)ec Vira/ Fro?, Spec Ao /FroZ, spec V.ro /Fro”.

(2.3.178)

(2.3.179)

(2.3.180)

(2.3.181)

(2.3.182)
(2.3.183)

(2.3.184)

(2.3.185)

(2.3.186)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CSH q)l

CSg
homotopycol1m1t (021 WL

, homotopylimit O
Spec *[,0 py Spec

homotopycohmlt 0 S Lo homotopyhmlt o CS(I)i o

Spec Spec

CS (DI

L CS
homotopycolimit O ~>®” <o

, homotopylimit O
; Spec TP PV Spec

homotop:ycolimit (0] CS@Q’F’D /Fro?, homot(ipylimit SO Csd)im

Spec

homoto;:ycolimit SO Sor o

/Fro?, homot(;pylimit ®! . /Fro?,

CS (DI

% 1,0

homotopycolimit SO CS(D: ro /Fro”, homotopylimit sO
r 1
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Proposition 2.3.30. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed, (2.3.187)

where * is one of the following spaces:

spOecCSaS*’“D /FroZ, (2.3.188)
(2.3.189)
s?eccsd)*’“” /FroZ, (2.3.190)
(2.3.191)
SI())ECCS@LD/FroZ, (2.3.192)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CSF, (I)I

CSg
homotopycohmlt (@21 B

LY homotopyhmlt o
pec

#[,0° Spec

CS (DI

CS&r
homotopycohmlt (Ot WL

, homotopylimit O
Spec [0 Py Spec

homotopycohmlt o CS(I): o homotopyhmlt o
Spec Spec

Sal,

CSx/
q)*rm

homotopycolimit SO S . _/Fro%, homotopylimit SO /Fro?,
r pec U I

homoto;:ycolimit SO CSCDZ o

/Fro”, homotopylimit @’ ro/ Fro?,
/ T,

Sal,,

/Fro”.

homotopycolimit SO CSCI): o/ Fro”, homotopylimit SO
r 1

In this situation we will have the target category being family parametrized by r or / in compatible

glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals

we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding

quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of

Frobenius modules:
homotopycolimit M, (2.3.193)

homotopylimit M/, (2.3.194)
I
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where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 2.3.31. Similar proposition holds for

Quasicoherentsheaves, IndBanach,. (2.3.195)

Definition 2.3.32. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (2.3.196)

where * is one of the following spaces:

o8B d)*rD/Fro (2.3.197)
Spec

(2.3.198)
o8B (I)*I-D/Fro (2.3.199)
Spec

(2.3.200)
o8B CD*rD/Fro (2.3.201)
Spec

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK &
homotopycohmlt (@) WL

, homotopylimit O
Spec *[.0 py Spec

BK & BK !
homotopycol1m1t 0 “*or D, o

homotopyhmlt o
Spec

»Lo Spec

BK BK g1
homotopycolimit O " @’ Q. 1o

homotopyhmlt o
r Spec

»LLo Spec

BK(Dr

homotopycolimit SO L0
r

/Fro?, homot(;pylimit sl?ecB K(T)i ro/ Fro?,

BKcDi 0,0

/ FroZ,

.+ ) BK§
homoto;:ycohmlt SO O

/Fro”, homotopylimit SO
1

homotopycolimit SO BR@r . _ /Fro% homotopylimit SO BR@! . /Fro”.
pec ’ ] pec L

r
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Definition 2.3.33. We then consider the corresponding quasisheaves of perfect complexes of the corre-

sponding condensed solid topological modules from [CS2]:
Quasicoherentsheaves, Perfectcomplex, Condensed,

where * is one of the following spaces:

0 ©SA, ro/Fro?, 0 VY, ro/Fro?, O ©®,rq/Fro?, O CSA:F o/ Fro?,
Spec Spec Spec Spec

0 V. _/Fro%, 0 AT /Fro%, 0 SV _/Fro”
Spec »[,0 ’Spe [0 ’Spe [0 ’

O A, ro/Fro?, V,ro/Fro?, O S®, 15 /Fro?, . CS’A“LI-D/Fro
pec

Spec Spec
O OSV*__/Fro%, 0 SSAT . /Fro% O SV _/Fro?,
Spec =L D/ Spec *’F’D/ Spec *’F’D/

O SA,ro/Fro?, O ©V,r5/Fro?, 0 ©®,rg/Fro%, O CSAIFD /Fro?,
Spec Spec Spec Spec

0 SV*._/Fro%, 0 AT . /Fro%, 0 V' . _/Fro”.

Spec »[.0 ’ Spec =00 ’ Spec [0

(2.3.202)

(2.3.203)
(2.3.204)

(2.3.205)

(2.3.206)
(2.3.207)

(2.3.208)

(2.3.209)

(2.3.210)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CSF, (I)I

CSg
homotopycohmlt (@21 e

, homotopylimit O
Spec 00 py Spec

CS (DI

CS &
homotopycohmlt 00 e

, homotopylimit O
Spec 00 py Spec

homotopycolimit SI()) Ser s @! o

Lo homot(;pylimit SO
j;

homotopycolimit sO CS(I)’ /Fro homotopyhmlt o Csif)i ro /Fro?,
r pec e

Spec

homotopycolimit O 5@’
r

zZ i Bl zZ
Q. Piro /Fro®, homot(;pyhmlt @, - /Fro%,

CS (DI

homoto;;ycolimit SO Sqr « L.

+ 1,0

/Fro%, homotopylimit SO
I

Proposition 2.3.34. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Perfectcomplex, Condensed,
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where * is one of the following spaces:

S?eCCScB*,r,D/FroZ, (2.3.212)
(2.3.213)
Sg)eccscb*,r,m/FroZ, (2.3.214)
(2.3.215)
SI(DJGCCS@*LD/FroZ, (2.3.216)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS (Br

homotopycolimit O ,
[I)“ M Spec # 1,0

homotopylimit O Cs(ii o
I Spec >

homotopycolimit O ©@”
r

. o» homotopylimit 0 So!
Spec i 1

Spec »LLo

homotopycolimit O “S@”
r

" - o» homotopylimit O “S®!
Spec e I

Spec Lo’

CSx1
(D*,F,EI

homotopycolimit O CS(TDQ ra/ FroZ, homotopylimit O /Fro?,
r Spec e I Spec

homotopycolimit SO CS(T); ro/ FroZ, homotopylimit &’ rol Fro?,
r pec e I e

CScDr

CS e/
1,0 O

1,0

homotopycolimit /Fro”, homotopylimit SO /Fro”.
r I pec

Spec
In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.3.217)

r

homotopylimit M/, (2.3.218)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 2.3.35. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (2.3.219)
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2.4 Univariate Hodge Iwasawa Prestacks by Deformation

This chapter follows closely [T1], [T2], [T3], [T4], [T5], [T6], [KPX], [KP], [KL1], [KL2],

[BBBK], [BBM], [KKM], [CS1], [CS2], [LBV].

2.4.1 Frobenius Quasicoherent Prestacks I

[BK],

Definition 2.4.1. First we consider the Bambozzi-Kremnizer spectrum O B¥(x) attached to any of those

Spec
in the above from [BK] by taking derived rational localization:

o **o,,, 0 P al,, 0 PFal
s *,A° %,A
Spec Spec Spec

O BK(D*’A, O BKq): " O BK(Di B
Spec Spec Spec

0 %o, 4, 0 BXer , 0 BXo! .
s % A° *,A
Spec Spec Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

o BKCI)*, A/ Fro?,
Spec

0 BXd, 4 /Fro”,
Spec

O BXo, 4 /Fro”.
Spec

(2.4.1)

(2.4.2)

(2.4.3)

(2.4.4)

(2.4.5)

(2.4.6)

(2.4.7)

(2.4.8)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BKd)’ homotopyhm1t 0 BRo!
r

Spec Spec A2
homotopycohmlt o BK(D’ homotopyhmlt 0 BKCI)i "

Spec Spec ’
homotopycohrnlt o BK(D’ homotopyhmlt o BKCI)i, A

Spec Spec

homotopycohmlt O BKpr A /Fro” homotopyhmlt SO BKp! A /Fro?,
pec

homotopycohmlt O BK @ A /Fro” homotopyhmlt SO B! A /Fro?,
pec

homotopycohmlt O BK(I)’ A /Fro” homotopyhmlt SO BKCI)I ‘A /Fro”.
pec
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Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 2.4.2. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,. Then we take solidified tensor

product é of any of the following

A*’ 6>l<9 EIS*» Z:’ 6:9 ZI» 61’ (513 (AISL

A V., @, A VALV @7, @,

with A. Then we have the notations:

A Y D AT Ut AT vt o ®
A*,As V*,A9 (D*,A9 A:—,A’ V:’A9 A*’Aa V*’As q):’Ay q)*’A’

v

A*,A’ V*,Aa (D*,A, A*’A’ V*’A, A*,A’ V*,A’ (D:,A, (D*7A’

T T
A*,Aa V*,Aa (D*,A» A:,Aa V:’Aa A*’A’ V*’Aa @’

I
#, A’ (D*,A'

Definition 2.4.3. First we consider the Clausen-Scholze spectrum sO ©5(x) attached to any of those in
pec

the above from [CS2] by taking derived rational localization:

0 A4, 0BV, 4, 050, 4, 0SAL,, 0BV, (2.4.9)
Spec Spec Spec Spec " Spec ’
0 SAT, 0SV! | 0%, 0!, (2.4.10)
Spec % Spec % Spec " Spec ’
2.4.11)
0 A4 Via, O Sd, 4, 0 AT, OV, (2.4.12)
Spec Spec Spec ™" Spec ’
0 SA, 0SSV, 0SSy, D!, 2.4.13
Spec A Spec A Spec *A *A ( )
(2.4.14)
0 SAip, O SV, 4, 0SB0, 4, 0SAT,, OV, (2.4.15)
Spec Spec Spec Spec " Spec ’
0 SAl, 0V 0%, 0l ,. (2.4.16)
Spec % Spec > Spec " Spec ’
Then we take the corresponding quotients by using the corresponding Frobenius operators:
O SA,4/Fro?, O SV, 4/Fro?, 0 S0, 4/Fro?, O CSZ:A/FrOZ, (2.4.17)
Spec Spec Spec Spec ’
o CS%:A/FrOZ, 0] CSZZA/FrOZ, o CS%IA/FrOZ, (2.4.18)
Spec ’ Spec ’ Spec J
(2.4.19)
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S(p)ecCSA A/Fro V*A/Fro

Spec

O A, 4/Fro?, sO 5V, a/Fro?,

Spec pec

Spec

0 S, 4/Fro”, O At /Fro?,
p Spec N

o CSVJ“A/Fro Q. CSA:;A/Fro , O CSVI’A/Fro \

Spec

0 S, 4/Fro%, O At , /Fro”,
Spec Spec ’

OCSV+A/Fr0 9. CSA'A/Fro Sg)eCCSVI,A/FrOZ.

(2.4.20)
(2.4.21)

(2.4.22)

(2.4.23)

(2.4.24)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohmlt 0 o @,
Spec

homotopycohm1t 0 ¢ @,
Spec

homotopycohmlt o s @,
Spec

homotopycolimit O CSED: Al Fro”, homotopylimit O CSEISQ Al Fro?,
r Spec ’ 1 Spec >

S,/
homotopyhmlt 0 o, ,

Spec

CS& !
homotopyl1m1t 0 o, ,,

Spec

CS g/
homotopyhmlt 0 7o, A

Spec

homotopycolimit SO CS(T): Al Fro”, homotopylimit d)i Al Fro?,
r pec ’ I ’

homotopycolimit O CS(D; Al Fro”, homotopylimit O CS(Di Al Fro”.
r Spec ’ 1 Spec ’

Definition 2.4.4. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach,

where * is one of the following spaces:

0 BX®, 4 /Fro?,

Spec

0 BX®, 4 /Fro?,

Spec

0 BXo, 4 /Fro”.

Spec
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(2.4.26)

(2.4.27)

(2.4.28)

(2.4.29)

(2.4.30)



Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BK(D’ homotopyhmlt o BK®£ e
’ Spec Spec

homotopycolimit SO BK(D’ homotopyhmlt 0 BRp!
r pec

Spec A’
homotopycolimit O BK(D; 4» homotopylimit O BK(I)i A
r Spec ’ I Spe >

homotopycolimit O BKa)i n / FroZ, homotopylimit O B Ka)i n / FroZ,
r Spec ’ I Spec ’

homotopycohmlt O BK(I)’ A /Fro” homotopyhmlt SO BK(DI A /Fro?,
pec

homotopycolimit O BKQ)Z Al FroZ, homotopylimit O BKd)i Al Fro”.
r Spec ’ I Spec >

Definition 2.4.5. We then consider the corresponding quasisheaves of the corresponding condensed solid
topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (2.4.31)

where * is one of the following spaces:

O A, a/Fro”, O SV, 4/Fro?, 0 S, 4/Fro”, O “A?, /Fro%, (2.4.32)
Spec Spec Spec Spec
CcSg O CSAt O Oyt z
Sg V+A/Fr0 Sp A A/Fro Spec V, 4/Fro®, (2.4.33)
(2.4.34)
O SA, 4/Fro%,V, o /Fro%, O S, /Fro%, O CsAJrA/Fro (2.4.35)
Spec Spec Spec
9 V! 4[Fro?, 0 AT | Fro?, O VT JFro?, (2.4.36)
pec Spec Spec
(2.4.37)
O SA,4/Fro”, O ©V, 4/Fro”, O S0, 4/Fro”, O A}, [Fro”, (2.4.38)
Spec Spec Spec Spec
O V!, /Fro”, O AT [Fro%, 0 ©V!  [Fro”. (2.4.39)
Spec " Spec ’ Spec J

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS q)l

homotopycohmlt 0 CSCD’ homotopyl1m1t o .

Spec Spec
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homotopycolimit O quv)i 4 homotopylimit O CS@i oy
r Spec ’ I Spe:
Ccs CS !
homotopycohmlt 0 o], homotopyl1m1t 00, ,.

Spec Spec

homotopycolimit SO S’ , /Fro%, homotopylimit SO Sl I \[Fro”,
r pec " I

homotopycohmlt SO CSCD’ /Fro homotopyhmlt d)l /Fro
pec

homotopycohm1t O CSor " A[Fro” homotopyl1m1t SpO Sl I \[Fro”.

Proposition 2.4.6. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed,
where * is one of the following spaces:

0° (I)* 4/FroZ,
Spec

0 b, 4/Fro”,
Spec

sO S, 4/Fro”,
pec

(2.4.40)

(2.4.41)

(2.4.42)

(2.4.43)

(2.4.44)

(2.4.45)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the

corresponding FF curves from [KL1], [KL2], [FF] for

CSH CS 7,/
homotopycohmlt R homotopyhmlt 0 o, ,,

Spec Spec

homotopycolimit O CS(D’ homotopyhmlt 0 CS(I)i e
r Spec Spec

CS q)l

homotopycohm1t o CSq)r homotopyhmlt o A"

Spec Spec

homotopycolimit SO CSpr wal Fro” homotopyllmlt SO Sl wal Fro?,
r
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homotopycolimit SO CSQVDQ Al Fro”, homotopylimit dv)i Al Fro?,
r pec ’ 1 ’

homotopycolimit O CSCD; n /Fro%, homotopylimit O CS(Di n /Fro”.
r Spec ’ 1 Spec ’

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.4.46)

r

homotopylimit M/, (2.4.47)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 2.4.7. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (2.4.48)

Definition 2.4.8. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (2.4.49)

where * is one of the following spaces:

SgCBKa)*,A/FrOZ, (2.4.50)
(2.4.51)
SgCBch*,A /Fro”, (2.4.52)
(2.4.53)
Sg)eCBKQ*, 4/Fro”. (2.4.54)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BKEDQ 4 homotopylimit O BK&{{ &
r Spec ’ I Spec ’
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homotopycolimit O *@r , homotopyl1m1t 0 Pro! |
r Spec Spec >

homotopycohmlt 0 BKd)r homotopyhmlt o kol

Spec Spec

homotopycohm1t O BKpr A /Fro” homotopyhmlt SO BK p! A /Fro?,
pec

homotopycolimit O PX®" , /Fro% homotopylimit O & , /Fro?,
r Spec ’ I Spec ’

homotopycolimit O PX®" , /Fro% homotopylimit O **®!  /Fro?.
r Spec ’ I Spec >

Definition 2.4.9. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (2.4.55)

where * is one of the following spaces:

O SA, 4/Fro%, O SV, 4/Fro?, O S, 4/Fro?, O SA?,/Fro?, (2.4.56)
Spec Spec Spec Spec ’
O V!, /Fro%, O AT, [Fro%, 0 SV!  [Fro”, (2.4.57)
Spec Spec ’ Spec ’
(2.4.58)
O SA, 4/Fro”, V. 4/Fro”, O “®, 4/Fro”, O A}, /Fro”, (2.4.59)
Spec Spec Spec
0 SV 1 [Fro”, 0 AT [Fro”, 0 SV! JFro?, (2.4.60)
pec Spec Spec
(2.4.61)
O A, 4/Fro%, O CSV*,A [Fro%, O S0, 4/Fro%, 0 SA!, /Fro?, (2.4.62)
Spec Spec Spec Spec ’
0 SV, [Fro®, 0 SAT [Fro®, O V! [Fro”. (2.4.63)
Spec Spec Spec »

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycohmlt 0 CSCD’ homotopyhmlt 0 So! "
Spec Spec

homotopycohmlt 0 Csd)’ homotopyl1m1t 0 S/ "
Spec Spec

homotopycohmlt 0 CS(D’ homotopyllmlt 0 CS@i A
Spec Spec
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homotopycolimit SO CS(T); W, FroZ, homotopylimit O Csa)i Al Fro?,
r pec ’ 1 ’

Spec

homotopycolimit SO S’ , /Fro”, homotopylimit &’ , /Fro?,
r pec  ® I ’

homotopycohmlt O Ser A /Fro* homotopyhmlt SO Se! A /Fro”.
pec

Proposition 2.4.10. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

o0° d)* 4/Fro?,
Spec

SO CS(T)*, A/ Fro?,
pec

(0] cs (D*,A /FroZ,
Spec

(2.4.64)

(2.4.65)

(2.4.66)

(2.4.67)

(2.4.68)

(2.4.69)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the

corresponding FF curves from [KL1], [KL2], [FF] for

homotopycohmlt 0 Csd)’ homotopyhmlt 0 Csd)i o
Spec Spec
homotopycohmlt o CS(D’ homotopyhmlt o CS(I)i a4
Spec Spec
CS CS 11
homotopycohmlt 0 o , homotopyhmlt 00, ,.

Spec Spec

homotopycolimit O “®” , /Fro% homotopylimit O “®! , /Fro?,
r Spec ’ I Spec >

homotopycolimit SO CS(T); Al FroZ, homotopylimit &’ Al Fro?,
r pec ’ 1 ’

homotopycolimit O CSCD: n /Fro”, homotopylimit O CS(Di A /Fro”.
r Spec ’ 1 Spec ’

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
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we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.4.70)

r

homotopylimit M, (2.4.71)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 2.4.11. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (2.4.72)
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2.4.2 Frobenius Quasicoherent Prestacks II: Deformation in Banach Rings

Definition 2.4.12. We now consider the pro-étale site of SpaQ, <X]“—L1, e X ,;—“1>, denote that by *. To be
more accurate we replace one component for I' with the pro-étale site of SpaQ, (X!, ..., X£'). And we
treat then all the functor to be prestacks for this site. Then from [KL1] and [KL2, Definition 5.2.1] we
have the following class of Kedlaya-Liu rings (with the following replacement: A stands for A, V stands
for B, while @ stands for C) by taking product in the sense of self I'-th power>:

A*s 6*, a)*, Z:’ 6:7 ZI? 61’ aj:’ (Bi’

%) v v %

A*’ V*, (D*9 A:’ V:’ AI, vi’ é;’ éi’

A*’ V*» ®*7 A:’ V:’ Aia VI’ QZ’ ®>1[<

We now consider the following rings with — being any deforming Banach ring over Q,. Taking the
product we have:

& & o
q)*,—’ (D:’—’ q)*,—’
v v N
(I)*,—’ (D;’_a q)*,_’
1
@, _, D _.

They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Definition 2.4.13. First we consider the Bambozzi-Kremnizer spectrum O BX(x) attached to any of

Spec
those in the above from [BK] by taking derived rational localization:
0 ko, _, 0 BXor _, o0 B! | (2.4.73)
Spec Spec > Spec ’
0 Bk, . 0 BXdr | 0 BRI | (2.4.74)
Spec Spec > Spec ’
0 Bro,_, 0 BXor | 0 PRa! . (2.4.75)
Spec Spec > Spec ’

Then we take the corresponding quotients by using the corresponding Frobenius operators:

9 BK®, _/Fro?, (2.4.76)
pec

(2.4.77)

0 BK®, _/Fro?, (2.4.78)
pec

(2.4.79)

SHere |T| = 1.
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SO BK®, _ /Fro”. (2.4.80)
pec

Here for those space without notation related to the radius and the corresponding interval we consider the

total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycolimit O BX®” _ homotopylimit O BX®! _,
r Spec ? I Spec ?

homotopycolimit O BX®” _ homotopylimit O BX®! _
r Spec ? I Spec ’

homotopycolimit O B¥®” _ homotopylimit O BX®! _.
r Spec ’ I Spec ’

homotopycolimit O B¥®’ _/Fro%, homotopylimit O BX®! _/Fro?,
r Spec ’ I Spec ’

homotopycolimit O BX®’ _ /Fro%, homotopylimit O BX®! _/FroZ,
r Spec ’ I Spec ’

homotopycolimit O B¥®” _/Fro?, homotopylimit O BX®d! _/Fro?.
r Spec ’ I Spec ’

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 2.4.14. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Namely A will still as above as a Banach ring over Q,,. Then we take solidified tensor

product <2-<) of any of the following

A*’ V*’ q)*$ A:, V:9 AI’ Via (I):5 (I)L

with A. Then we have the notations:

B Vol B AL TR BB

v 9] v + < v.;. =t v N
A*,—, V*,—9 q)*,—’ A*,—s V*,—a A*,—’ V*,—a (D::,—$ q)

*,—9

+ + T T I
A*,—, V*,—, q)*,—a A*’—a V*’—’ A*,—a V*,—’ q):;’—’ q)*’—'
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Definition 2.4.15. First we consider the Clausen-Scholze spectrum SO ©5(x) attached to any of those in
pec

the above from [CS2] by taking derived rational localization:

Io) CSZ*’_’ bo) CSﬁ*’_’ bo) CSE)*’_, Io) CSK:—_, bo) CS%:—’_’

Spec Spec Spec Spec > Spec
Io) CSAI . Io) CSVI B o CS(I):’< B Io) CS(Di .
Spec > Spec " Spec > Spec ’

0 A, V.., 0, _, 0SAr_, 0SSV,
Spec Spec Spec > Spec ’

0 SAl_, 0SVI_, 0Sd_, !,
Spec " Spec " Spec ’ ’

o) CSA*’_, o) CSV*’_, lo) CS(D*’_, 0 CSA:_, Io) CSV::_,

Spec Spec Spec Spec > Spec
0 SAl_, 0SVI_, 0w, 0ol _.
Spec > Spec " Spec > Spec ’

Then we take the corresponding quotients by using the corresponding Frobenius operators:

(0] CSZ*,_ /Fro”, O ng*,_ /Fro”, O CSCTD*,_ /Fro”, O CSZ:’_ /Fro”,

Spec Spec Spec Spec
0 SV _/Fro?, 0 SA!_/Fro%, O “V!_/Fro?,
Spec ’ Spec ’ Spec ’

(0] CSA*,_/Froz, Vk,_/FroZ, (0] CSdu)*,_/FroZ, (0] CSA:_/FroZ,

Spec Spec Spec
0 SV _/Fro?, 0 SA!_/Fro%, 0 ®V!_/Fro?,
Spec ’ Spec ’ Spec ’

(0] CSA*S_ /Fro”, O CSV*,_ /Fro”, O CSCD*,_ /Fro”, O CSA:’_ /Fro”,

Spec Spec Spec Spec
O SVI_/Fro?, 0 Al _/Fro%, 0 V! _/Fro”.
Spec ’ Spec ’ Spec ’

(2.4.81)
(2.4.82)

(2.4.83)

(2.4.84)
(2.4.85)

(2.4.86)

(2.4.87)

(2.4.88)

(2.4.89)
(2.4.90)

(2.4.91)

(2.4.92)
(2.4.93)

(2.4.94)

(2.4.95)

(2.4.96)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohmlt 0 CS&Y homotopyhmlt 0 SSo! _,
Spec Spec ’
homotopycohm1t 0 S _ homotopyhm1t 0 Sl _,

Spec Spec
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homotopycohmlt sO Sqr - homotopyhmlt 0 Sl _

Spec

homotopycolimit O @’ _/Fro%, homotopylimit O ®! _/Fro?,
r Spec ’ I Spec ?

homotopycolimit SO S _/Fro%, homotopylimit &/ _ /Fro?,
r pec I

homotopycohmlt O CS(I)’ _/Fro” homotopyhmlt SO CS(D’ _/Fro”.
pec

Definition 2.4.16. We then consider the corresponding quasipresheaves of the corresponding ind-Banach

or monomorphic ind-Banach modules from [BBK], [KKM]:
Quasicoherentpresheaves, IndBanach,

where * is one of the following spaces:

o BK(D*,_ / FroZ,
Spec

0 BKd)*,_ /Fro?,
Spec

0 BXo, _/Fro”.
Spec

(2.4.97)

(2.4.98)

(2.4.99)

(2.4.100)

(2.4.101)

(2.4.102)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohmlt 0 BRgr — homotopyhmlt 0 BRo!
Spec Spec ’

homotopycohmlt O PRy _ homotopyl1m1t 0 PRl
Spec Spec

homotopycohmlt o BK(D’ homotopyl1m1t 0 BKo! _.

Spec Spec

homotopycohmlt O BK(D’ _/Fro” homotopyhmlt 0 BKd)’ _/Fro?,

Spec Spec

homotopycolimit O BX¥®” _/Fro%, homotopylimit O BX®! _/Fro?,
r Spec ’ I Spec ’

homotopycohmlt SO BK(D’ _/Fro” homotopyhmlt sO BK(I)’ _/Fro?.
ec pec
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Definition 2.4.17. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (2.4.103)

where * is one of the following spaces:

O SSA,_/Fro?, O SV, _/Fro%, 0 0, _/Fro?, O A} _/Fro?, (2.4.104)
Spec Spec Spec Spec ’
0 SV _/Fro?, 0 SA!_/Fro%, O ®V!_/Fro?, (2.4.105)
Spec ’ Spec ’ Spec ’
(2.4.106)
O SA._/Fro%, V. _[Fro%, O S, _[Fro?, O A_/[Fro?, (2.4.107)
Spec Spec Spec ’
O SSVI_/Fro?, 0 “SA!_/Fro?, O V! _/Fro?, (2.4.108)
Spec ’ Spec ’ Spec ’
(2.4.109)
O SA._/Fro%, 0 SV, _/Fro%, 0 0, _/Fro%, O ©A!_/Fro”, (2.4.110)
Spec Spec Spec Spec ’
O SVI_/Fro?, 0 Al _/Fro%, 0 V! _/Fro”. (2.4.111)
Spec ’ Spec ’ Spec ’

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycohmlt 0 Csd)’ homotopyhmlt 0 Csd),{ -
Spec Spec

homotopycohmlt o CSCD’ homotopyhmlt o CSCDi -
Spec Spec

homotopycohmlt o Csd)’ homotopyhmlt o Csd)i’_.

Spec Spec

homotopycohmlt O CS(Dr _/Fro” homotopyhmlt o CSCD’ _/Fro?,

Spec Spec

homotopycolimit SO CSCTDQ’_ /Fro”, homotopylimit dv)i’_ /Fro?,
r pec I

homotopycolimit O @’ _/Fro%, homotopylimit O ®! _/Fro”.
r Spec ’ I Spec ’

Proposition 2.4.18. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Condensed, (2.4.112)
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where * is one of the following spaces:

SO So, _/Fro?, (2.4.113)
pec

(2.4.114)
SO S, _/Fro?, (2.4.115)
pec

(2.4.116)
SO So, _/Fro?, (2.4.117)
pec

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopycolimit O CSCD’ homotopyhmlt o CSCDi -
r Spec Spec

homotopycolimit O CSq)’ homotopyhmlt o qu)i -
r Spec Spec

homotopycohmlt o CS@’ homotopyhmlt 0 ol _.

Spec Spec

homotopycohmlt () CS(D” _/Fro” homotopyhmlt SO Csd)’ _/Fro?,
pec

homotopyc011m1t O CS@’ _/Fro” homotopyl1m1t CI)’ _/Fro?,

Spec

homotopycohm1t SO Csd)’ _/Fro” homotopyl1m1t SO CSQ)’ _/Fro?,
pec
In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (2.4.118)

r

homotopylimit M, (2.4.119)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.
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Proposition 2.4.19. Similar proposition holds for

Quasicoherentsheaves, IndBanach,.

(2.4.120)

Definition 2.4.20. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach,

where * is one of the following spaces:

o BKED*,_/FroZ,

Spec

o BK(i)*,_/FroZ,

Spec

0 BXo, _/Fro”.

Spec

(2.4.121)

(2.4.122)

(2.4.123)

(2.4.124)

(2.4.125)

(2.4.126)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopycohmlt sO BK<AI5’
pec

homotopycohmlt 0 BKCD’
Spec

homotopycolimit O BK(D’
r Spec

BK(DI

*,

homotopyhmlt 0
Spec

homotopyhmlt 0 BKp!
Spec

homotopyhmlt 0
Spec

-9

*’—’

BK(I)i .

homotopycohmlt O BK(I)r _/Fro” homotopyhmlt 0 BKd)’ _/Fro?,

Spec

homotopycolimit O BX®’ _ /Fro%, homotopylimit O BX®! _/FroZ,
r Spec ’ I Spec ?

homotopycolimit O BX®’ _/Fro%, homotopylimit O BX®! _/FroZ.
r Spec ’ I Spec ’

Spec

Definition 2.4.21. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed,
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where * is one of the following spaces:

0 SSA,_/Fro?, O SV, _/Fro%, O S0, _[Fro%, O SA!_/Fro?, (2.4.128)
Spec Spec Spec Spec ’
0 SV _/Fro?, 0 SA!_/Fro%, O “V!_/Fro?, (2.4.129)
Spec ’ Spec ’ Spec ’
(2.4.130)
O SA._[Fro® V. _[Fro?, O ®, _/Fro%, 0 ©SAf_[Fro?, (2.4.131)
Spec Spec Spec ’
0 SV _/Fro?, 0 SA!_/Fro%, 0 ®V!_/Fro?, (2.4.132)
Spec ’ pec ’ Spec ’
(2.4.133)
O “®A._/[Fro?, O V., _/Fro*, O “®,_/Fro%, 0 “A!_/Fro?, (2.4.134)
Spec Spec Spec Spec ’
0 SV _/Fro?, 0 SA!l_/Fro?, 0 V! _/Fro”. (2.4.135)
Spec ’ Spec ’ Spec ’

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopycohmlt SO Sy _ homotopyhmlt SO Sl _,
pec pec

homotopycohmlt 0 S _ homotopyhmlt 0 Sl _,
Spec Spec

homotopycohmlt o Csd)’ homotopyhmlt 0 !

Spec

Spec

homotopycolimit O “S®’ _/Fro%, homotopylimit O S®! _/Fro?,
r Spec ’ I Spec ’
homotopycolimit SO CSCT);,_ /Fro%, homotopylimit (i)i_ /FroZ,
r pec 1
homotopycohmlt O CS(I)’ _/Fro” homotopyl1m1t SO CS(I)’ _/Fro”.
Spec pec

Proposition 2.4.22. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Perfectcomplex, Condensed, (2.4.136)
where * is one of the following spaces:
0 S0, _/Fro?, (2.4.137)
Spec
(2.4.138)
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0 S, _/Fro?, (2.4.139)

Spec

(2.4.140)
0 S, _/Fro?, (2.4.141)
pec

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CSq, q)l

®,—9

homotopycohmlt SO CSaSr homotopyl1m1t SO
pec pec

CS (DI

*,—

homotopycohmlt o Csci)r homotopyhmlt o
Spec Spec

homotopycohmlt (@] Csd)’ homotopyhmlt 0 Sl _

Spec Spec

homotopycohmlt O CSCI)’ _/Fro” homotopyhmlt SO CSCI)I _/Fro?,
pec

homotopycolimit sO @ _ /Fro%, homotopylimit ®! _ /FroZ,
r pec I

hornotopycohmlt O CS(I)’ _/Fro” homotopyhmlt SO CSQ)I _/Fro”.
pec

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M, (2.4.142)

homotopylimit M/, (2.4.143)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 2.4.23. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (2.4.144)
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Chapter 3

Over General Stacks

3.1 Over Preadic Spaces

This chapter follows closely [T1], [T2], [T3], [KPX], [KP], [KL1], [KL2], [BK], [BBBK], [BBM],
[KKM], [CS1], [CS2], [CKZ], [PZ], [BCM], [LBV]. All the preadic spaces will be those defined as in
[Hul], [Hu2], [KL1], [KL2], [SW], while we regard them as the corresponding co-ringed co-toposes in
the sense of Bambozzi-Kremnizer and Clausen-Scholze as in [BK], [BBBK], [BBM], [KKM], [CS1],
[CS2] by directly animating the corresponding presheaves in the previous categories to reach the en-
hancement.

3.1.1 Multivariate Hodge Iwasawa Modules
Frobenius Quasicoherent Modules 1

Definition 3.1.1. Let ¢ be a toric tower over Q, as in [KL2, Chapter 7] with base Q, <X1J—’l, ey X;{-”).
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power:

R v/ Hd At vt AT YT & !
Al//,r’ V(//,l“, (Dl//,l", Awr, Vlﬂ,r’ Al//,r’ Vgﬁ,r’ (I)lrﬁ’r, (Dw,ra

9]

Al//,r’ Vd/’l", (D,’[,’I", Ai,r, V;,F’ Al'//,r’

+ + T T 1
Alﬂ,r5 V(ﬁ,l—" q)lﬁ,r9 A(//,l"’ VL//,F’ Aw’l"s Vl/,’r’ (I):/-/’l'w (D¢’r°

Here in the following we have X a preadic space over Q,. Taking the product we have:

Y T Y
chﬁ,r,X’ D (D;D,r,X’

-
yLX

. . Wy
Dy.rx, @y r x> Py rxo

(DI

Dy r.x, P Yy X

-
y X

They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.
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Definition 3.1.2. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of

those in the above from [BK] by taking derived rational localization:

BK('i')r

Spec® ®y 1 x, Spec AW SPCCBKCDLF,X’

BKq“)r

X SpecBRd!

SpeCBKCT),/,,r, X Spec UILX

Spec®*®, 1y, SpecBK(Drw’r’ x> SpeCBK(I){b’r’ x-

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBK(T)l/,,r, x/ Fro?,

SpecBKd)w,r, x/ FroZ,

Spec®X®,, 1 x /Fro”.

(3.1.1)

(3.1.2)

(3.1.3)

(3.1.4)
(3.1.5)

(3.1.6)
(3.1.7)

(3.1.8)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BK G BK g/
q)w,r,x’ D

homotopylimit Spec YIX
. L

homotopycolimit Spec
I

BK " BK ,/
®¢,r,x’ D

homotopylimit Spec w.LX
- L

homotopycolimit Spec
I

homot(:pylimit SpecBK(I)l’ﬁ’R X homoto;;ycolimit SpecBK(Dl;’r’ X

homot(ipylimit SpecBKEIv)’w’n ¥/ FroZ, homoto;;ycolimit SpecBK(PI'){b’R ¥/ FroZ,

homot(:pylimit SpecBKd)’w’r, ¥/ Fro?, homotop;ycolimit SpecBK(i)Z[/’r’ i Fro?,

BK(Dr

homotopylimit Spec wTX
r

/Fro?, homotol;ycolimit SpecBKGD{M, ¥/ Fro”.

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-

ing their construction we have:
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Definition 3.1.3. Here we define the following products by using the solidified tensor product from

[CS1] and [CS2]. Then we take solidified tensor product é of any of the following

A v D A+ vt AT o9t @ !
Al//,F? Vd/,l", (Dl,[/,r, A(//,r’ Vl{/,r’ Al//,r’ Vw,ra q):.b’l"a (Dl//,r’

A Y ¥ At vt AT vt § %1
Alﬁ,r’ Vw,l“» q)lﬂ,ra Ad/,r’ Vl//,r’ A[[/,F’ V(/,’I“’ (D://’l'w q),’[/’l"a

CI)I

Ay, Vyr Oy, A V7 ATV e

U8 SR8 B/ RS R A

with X. Then we have the notations:

A v D A+ v+ AT ot B 0!
A(//,F,Xa V(//,F,Xa (D(,b,r,X’ Al//,r,X’ Vl//,r,X’ AW,F,X’ Vl//,F,X’ (Dl//,r,X’ (Dd/,l",X’

A 5 i R 2 A Y L
Ay x> Vur X Pyt Ay e Vyre Ayre Vure Py Pure

i i I
Aprxs Vot @l A 13 Vi AL L VT @ @

v LX Ty LLX "y LX Ty LX

Definition 3.1.4. First we consider the Clausen-Scholze spectrum Spec®>(x) attached to any of those in

the above from [CS2] by taking derived rational localization:

Speccslw,r, Xs Speccsgw,r, Xs Speccsa)w,r, Xs SpecCSZlZI’ +» Spec®® i‘;x e

CSZT CS%T

CSx CSx1
Spec UIX Spec JIX Spec (Drw,r, x> Spec (I)w-’ ¥

CS¢+

Speccsﬁw,r, x> Vy.I.x, Speccsdv)w,r’ X» Speccsﬁf;’r’ x> Spec w.L,X>

CSAT CSﬁT

CS & r
VAW & VAW E @

Spec Spec Spec w.LX0 d)i,r, x>

Spec“®Ay r.x,» SpecVy r x, Spec @y r x, SpecCSAlZ,r, +» Spec™® Vi rx

CSAT CSVT

cs CS el
Spec UIX Spec JIX Spec d)’w,r,x, Spec™>®,, 1 x.

Then we take the corresponding quotients by using the corresponding Frobenius operators:

Speccsgw,r, x/ Fro?, Speccsg,/,,r, x/ Fro?, SpecCSCT)l/,,r, x/ Fro?, SpecCSZ:;’r’ x/ Fro?,

Spec®® ﬁ;j’n +/Fro”, SpecCSPA'L rx/ Fro?, Speccsﬂj rx/ Fro?,

Spec“SA, r.x /Fro%, V, r.x /Fro”, Spec> ®,, 1 x /Fro?, SpecCSA(ZL +/Fro”,
Spec®s 6;,1“, x/ FroZ, SpecCSAZ/ rx/ FroZ, Spec®® ?;j rx/ FroZ,
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(3.1.9)
(3.1.10)
(3.1.11)

(3.1.12)
(3.1.13)
(3.1.14)

(3.1.15)
(3.1.16)

(3.1.17)
(3.1.18)
(3.1.19)

(3.1.20)
(3.1.21)
(3.1.22)



SpecCS Ayrx/ FroZ, SpecCS Vyrx/ FroZ, SpecCS(Dl/,,r, x/ Fro?, SpecCS A;;,r’ x/ FroZ, (3.1.23)
Spec®® V:;,r, x/ FroZ, Spec®® AL’F’ ¥/ FroZ, Spec® V;;,r, ¥/ Fro®. (3.1.24)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS Ef)r

CSq/
v X @

homotopylimit Spec U.LX°
r

homotopycolimit Spec
1

CSG“DI

y.rLX

homot(zpylimit Spec®® é@,r,x’

homotopycolimit Spec
1

CS(DI

homot(;pylimit Spec“Sad” UI.X"

YIX homotopycolimit Spec
e I

homot(;pylimit Speccsa)’w,r, ¥/ FroZ, homotogycolimit SpecCS(T)IIﬁ’R ¥/ Fro?,

homotc;pylimit SpecCde):[/’r’ ¥/ FroZ, homotogycolimit é)i’r’ v/ FroZ,

homotcipylimit Spec®® (D’w,r’ ¥/ FroZ, homoto;;ycolimit Spec®® (D;Iz,,r, ¥/ Fro”.

Definition 3.1.5. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (3.1.25)

where * is one of the following spaces:

SpecBKéw,r, x/Fro?, (3.1.26)
(3.1.27)
Spec®¥d, 1 x /Fro?, (3.1.28)
(3.1.29)
Spec®*®, 1 x /Fro”. (3.1.30)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BKa')r

BK g/
wLX o

homotopylimit Spec YIX
- .

homotopycolimit Spec
1

BK(I")r

BK /7
w,I.X° @

homotopylimit Spec w.LX
- L

homotopycolimit Spec
1
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BK(DI

homotopylimit SpecEX®” homotopycolimit Spec yI.X"
r I e

AN

homotopylimit SpecBK&);,n %/ Fro?, homotogycolimit SpecBKadD{[/,r’ v/ Fro?,
r

homotopylimit SpecBKdv);,r, i FroZ, homotogycolimit SpecBK(i)f[/’ry v/ Fro?,
r

homot(ipylimit SpecBKCD&,F, %/ FroZ, homoto;;ycolimit SpecBK(Dé/’ry v/ Fro”.

Definition 3.1.6. We then consider the corresponding quasisheaves of the corresponding condensed solid
topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (3.1.31)

where * is one of the following spaces:

Spec®S Zw,r, x/Fro?, Speccsgw,r, x/Fro?, SpecCS;ISw,r, x/Fro%, Spec®® Z:Z,F, x/Fro%, (3.1.32)
Spec®S %:I, x/Fro%, SpecCSZZ/,R ¥/ FroZ, Speccsﬁlz’r’ ¥/ FroZ, (3.1.33)
(3.1.34)

SpecCS Aw,r, x/ FroZ, wn x/ FroZ, SpecCS du)w,r, x/ FroZ, Speccsﬁ;j’n x/ FroZ, (3.1.35)
SpecCS v;’r’ x/ FroZ, SpecCSAZ/ rx / FroZ, SpecCS w rx / FroZ, (3.1.36)
(3.1.37)

SpecCSAl/,,r, x/ FroZ, SpecCSVl/,,r, x/ FroZ, SpecCSCDl/,,r, x/ FroZ, SpecCSA:,;’l-’ x/ FroZ, (3.1.38)
Spec®® th,F, x/ Fro?, SpecCSA; rx/ FroZ, SpecCSVL rx/ Fro”. (3.1.39)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS a)r

CS g/
AW & o

homotopylimit Spec YI.X
- .

homotopycolimit Spec
1

CSq")I

homot(;pylimit SpecSd” w.LX

YIX homotopycolimit Spec
T I

CS(DI

AP

homotopylimit Spec®® (D:”’ ¥ homotoeycolimit Spec

homotc;pylimit Speccsa)’w,r, ¥/ Fro?, homoto;;ycolimit SpecCS(T);’R v/ Fro?,
homot(;pylimit Spec®® GVD’IM’ %/ Fro?, homoto;;ycolimit (i){//,r, %/ FroZ,

homotopylimit SpecCSCD’w,F, %/ FroZ, homoto;;ycolimit SpecCS(Dé/’R v/ Fro”.
r
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Proposition 3.1.7. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed, (3.1.40)

where * is one of the following spaces:

Speccsaw,r, x /Fro?, (3.1.41)
(3.1.42)
Spec“®®, . x /Fro”, (3.1.43)
(3.1.44)
Spec“®,, . x /Fro”, (3.1.45)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients'. Here for those space without notation related to the radius and the corresponding interval
we consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS ('f)r

CSq/
v, I, X° U

homotopylimit Spec WX
- L

homotopycolimit Spec
1

CS(T)I

yILx

homotopylimit Spec®® (i)l’ﬁ 1 x> homotopycolimit Spec
r ” I

CSq)I

homot(zpylimit SpecS @’ homotolz;ycolimit Spec YIX:

y.rLX

CS ('Er

homotopylimit Spec A

/Fro?, homoto;;ycolimit Spec® (B;I’ ¥/ FroZ,

homotopylimit Spec®® CTD’IM’ x/Fro%, homotogycolimit (T)i,r’ x/Fro%,
r

homot(:pylimit SpecCSCD’w,r, ¥/ Fro?, homotogycolimit SpecCS(D{p’r’ ¥/ Fro”.

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding

"'When we are considering at current generality the corresponding deformation over general preadic stacks, we will further
consider the corresponding Frobenius modules over period sheaves (not rings though we talk about rings if it is not too
confusing) carrying coefficients in preadic stacks.
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quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.46)

r

homotopylimit M, (3.1.47)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 3.1.8. Similar proposition holds for

Quasicoherentsheaves, IndBanach,. (3.1.48)

Definition 3.1.9. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (3.1.49)

where * is one of the following spaces:

SpecBKEIVDI/,,r, x/Fro”, (3.1.50)
(3.1.51)
Spec®¥d, 1 x /Fro?, (3.1.52)
(3.1.53)
Spec®® @y,  x /Fro”. (3.1.54)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK('IBI

BK 57
® VAW &

homotopylimit Spec WX
r

homotopycolimit Spec
I

BKq”)r

BK §/
v, ILX° @

homotopylimit Spec WX
. L

homotopycolimit Spec
1

BKq)r

BK g/
v, ILX° @

homotopylimit Spec UI.X"
r

homotopycolimit Spec
1
homotcipylimit SpecBKEIv);I’ %/ Fro?, homoto;;ycolimit SpeCBK(FIV)(’%R v/ FroZ,

homot(ipylimit SpecBK(T);I’ %/ Fro?, homoto;;ycolimit SpecBK(f){”’R v/ FroZ,

homot(ipylimit SpecBK(D;I’ %/ Fro?, homoto;;ycolimit SpecBK(Dl’p’r’ v/ Fro”.
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Definition 3.1.10. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (3.1.55)

where * is one of the following spaces:

SpecCS PA'l/,,r, x/ FroZ, Speccsﬁl/,,r, x/ FroZ, SpecCSEIv)l/,,r, x/ FroZ, specCSZ;,R x/ FroZ, (3.1.56)
Spec:CS %,n x/ FroZ, SpecCSAATp Iy / FroZ, Speccsﬂl Iy / FroZ, (3.1.57)
(3.1.58)

Spec“SA, r.x /Fro%, V, r.x /Fro”, Spec> ®,, 1 x /Fro?, SpecCSA(ZL +/Fro”, (3.1.59)
SpecCS 6;,1“, x/ Fro?, SpecCS AZ/,R %/ Fro?, SpecCS 6;/,1“, %/ Fro”, (3.1.60)
(3.1.61)

SpecCSAw—, x/ Fro”, Speccsvw,r, x/ Fro”, SpecCS(Dl/,,r’ x/ Fro”, SpecCSAJ’r’ x/ FroZ, (3.1.62)
Spec®s V«Z,R x/ Fro?, SpeCCSA; rx/ Fro?, SpecCSV; rx/ Fro”. (3.1.63)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS a)r

CS g/
AN @

homotopylimit Spec UI.X
- .L

homotopycolimit Spec
1

CS(T)I

AN

homotopylimit Speccs(i)(’// 1 x> homotopycolimit Spec
r ” 1

CS(DI

homot(:pylimit SpecS @’ homoto;;ycolimit Spec yI.X"

wILX
homotopylimit Spec®® Ef)’w,r’ +/Fro”, homoto;;ycolimit Spec®® (Bi,r, x/Fro”,
r

CS (I“)r

homotopylimit Spec WX
) L

/Fro”, homotopycolimit (i){ﬁ rx/ Fro?,
: .

homot(:pylimit SpecCSCD’w,F, %! Fro?, homoto;;ycolimit SpecCS(D{ﬂ,r’ i Fro”.

Proposition 3.1.11. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (3.1.64)
where * is one of the following spaces:
SpecCSEIv)l/,,r, x/Fro”, (3.1.65)
(3.1.66)
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Spec“®®,, . x /Fro”, (3.1.67)
(3.1.68)

Spec®® Dyrx/ FroZ, (3.1.69)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (1),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS &3}’

CSq/
v, ILX° \

homotopylimit Spec ULX
. T

homotopycolimit Spec
1

CS(T)I

homotopylimit Spec®> @’ homotopycolimit Spec UIX
r 1 e

y.rLX

CS D"

CSp!
VA& i\

homotopylimit Spec yIrX:
. L

homotopycolimit Spec
1
homot(ipylimit Spec®® &)rl//,r, ¥/ Fro?, homotoeycolimit Spec®® a)i,r, x/ Fro?,
homotczpylimit Spec®s (i)rw,r, ¥/ Fro?, homotogycolimit (i)llp,r, ¥/ Fro?,

homotc;pylimit Spec®® CI)’I//I’ ¥/ FroZ, homotogycolimit Spec®® q);lp,r, ¥/ Fro”.

In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M, (3.1.70)

r

homotopylimit M, (3.1.71)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 3.1.12. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (3.1.72)
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Frobenius Quasicoherent Modules II: Deformation in Preadic Spaces

Definition 3.1.13. Let ¢ be a toric tower over Q, as in [KL2, Chapter 7] with base Q, <X1J—’l, ey Xlz—“1>.
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power:

N v 5 A+ v+ AT Ot & Bl
At[/,Fa Vw,l", (Dl//,l", Al/,,r, Vl//,r’ Aw’r’ V(//,F’ (D;/’r, (I)l//,r’

A v, 5 A+ v+ AT vt § 57
AL//,F’ Vw,l", (Dl//,l", Awr, VW,F’ Al/,’r’ Vl//,r’ (Dlrﬁ’lw q)l%r,

+ + T T I
Al//,r’ Vw,r, q)(//,ra Aw’r, Vl//,r, Aw’r, Vl//,r’ (Drl//’r’ @wr.
We now consider o being deforming preadic space over Q,. Taking the product we have:
!

(Dlﬁ,r,o, ® AN

,
Y.l

Dyro, @ . DL

y.L0? “ylo
r I
Dy.r0s @ 1o Py o

They carry multi Frobenius action ¢r and multi Lier := Z;,(F action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Definition 3.1.14. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of
those in the above from [BK] by taking derived rational localization:

SpecBK&)w,r,o, SpeCBKEIv);,,F’O, SpecBK&)é,r,o, (3.1.73)
SpecBK<i)¢,r,o, SpecBKdv);’Ro, SpecBK(i)i,r,o, (3.1.74)
Spec® @y, 1., Spec® @y, -, Spec® D], - . (3.1.75)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBX®,, 1, /Fro”, (3.1.76)
(3.1.77)
Spec®Xdy, o /Fro”, (3.1.78)
(3.1.79)
Spec®* @, o /Fro”. (3.1.80)
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Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BKa')r

BKF/
y.Lo ®

homotopylimit Spec w.T,o
. T

homotopycolimit Spec
1

BK(i)r

BK /7
Y.l o

homotopylimit Spec Lo
. A

homotopycolimit Spec
I

homot(zpylimit SpecBK(I)(’//,RO, homoto;;ycolimit SpecBK(D(’//’RO.

homotopylimit SpecBK(FIv)’w rof FroZ, homotopycolimit Spec® K(FIV)(’ﬂ rof Fro?,
r e 1 e

homotopylimit SpecBK(I)rw rof Fro”, homotopycolimit SpecBK(i){b Lol FroZ,
r o 1 7

homot(;pylimit SpecBKCI)’l//,F,O /FroZ, homoto;;ycolimit SpecBK(I)(I//’RO /Fro”.
Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-

ing their construction we have:

Definition 3.1.15. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Then we take solidified tensor product é of any of the following

A v D A+ v+t ATt @ !
Al//,F? Vd/,l", (Dl,[/,r, A(I/I" Vl{/,r’ Al//,r’ Vw,ra q):.b’ra (Dl//,r’

A Y ¥ A+t v+ AT vt § H1
Al//,r7 V(//,r, (D;//,F, A(//’r, Vl//,lw Al//,r’ Vw,ra (D;’Iﬁ (I)(//I,

+ + T T I
All/,r’ Vw,l", (Dl//,l", Awr, VW,F’ Al//,r’ V(//,F’ (Dlrﬁ’r, (Dlﬁ,r’

with o. Then we have the notations:

v+ Al il D" @/

Aw,l",o, Vw,l“,o, (Dl//,r,o, A o Byo YyLo ~ o ~yI0

+
y.I0?

TSR A A

Aw,r,o’ V(ﬂ,r,o’ (Dl{/,r,o, A o By o YyLo ~ o ~yIo0

+
y,I0?

+ + t T 1
Al//,r,09 V(//,F,O9 qDl//,F,O» Aw,r,cp Vl//,l"’o, Aw’I“’o, Vl//’r’o9 (Drl//,r,o’ q)l,[/,F,O'

Definition 3.1.16. First we consider the Clausen-Scholze spectrum Spec®>(x) attached to any of those
in the above from [CS2] by taking derived rational localization:

Spec®SAy 1.0, Spec®SV, 1o, SpecSdy 1o, SpecCSZ(};RO, Spec®s gl/t,r,o’ (3.1.81)
SpeCCSZ;nO, Speccsﬁz’r’o, Speccscf)fb’l-’o, Speccsgﬁl’//’r’o, (3.1.82)
(3.1.83)
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CSy+
le,r,o’

-y
Dy 1o

Spec“*Ay 1o, V.0, SpecSdy 1o, Speccsﬁl’no, Spec

CSAT CS?T

CS &7
Y.l /8 ey ®

Spec Spec Spec®y, o,

CSAJ,r,o’ Spec™ VLo
CS w1
®l//,r,o .

SpecCSAw,no, Spec®® V.o SpecCSd)w,r,o, Spec

CSAT CSVT

CS g1
Y,I0° y,INo ®

Spec Spec Spec®y, -, Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

Speccslw,r,o /Fro”, Spec®® ﬁw,r,o /Fro”, Spec®® &>¢,r,o /Fro”, SpecCSZ;j’r’o /Fro”,
SpecCS ﬁz,no / FroZ, SpecCSZZI o / FroZ, Speccsgll o / FroZ,

Speccsﬁw,r,o / FroZ, %,,1—,0 / FroZ, Speccs(f)l/,,r,o / Fro?, SpecCSAJr / FroZ,

W, Io
SV 1o/Fro”, SpecCSA;f’r’O /Fro”, Speccsvzf’no /FroZ,

Spec o

Spec“®Ay 1.0 /Fro”, Spec®®V,, .o /Fro”, Spec > ®,, 1., /Fro”, Spec™ A:/',’RO /Fro?,

CSVJJ—,O /Fro”, SpecCSALI’o /FroZ, Spec®SV! __/Fro”.

Spec Lo

(3.1.84)
(3.1.85)
(3.1.86)

(3.1.87)
(3.1.88)

(3.1.89)
(3.1.90)
(3.1.91)

(3.1.92)
(3.1.93)
(3.1.94)

(3.1.95)
(3.1.96)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS EISr

CSp!
UARCY ®

homotopylimit Spec Yo
. .

homotopycolimit Spec
I

CSq”)I

Y.l

homotopylimit Spec®® (i)(r// I.o» homotopycolimit Spec
r o 1

homotopylimit Spec®® Cl)’w [.o» homotopycolimit Spec®s d)fb For
r e 1 e
homot(zpylimit SpecCS(PI')’L//I’o /Fro?, homoto;;ycolimit Spec®® E’fp,r,o /Fro?,

homotopylimit Spec®® QVD’w - o/Fro% homotopycolimit (i)é/ o /Fro?,
r T 1 T

homotopylimit Spec®® d)rl// rof FroZ, homotopycolimit Spec® d)fb ro/ Fro”.
r T 1 o
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Definition 3.1.17. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (3.1.97)

where * is one of the following spaces:

SpecBX®, 1, /Fro?, (3.1.98)
(3.1.99)

Spec®*d, o /Fro%, (3.1.100)
(3.1.101)

Spec®Xdy, o /Fro”. (3.1.102)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK('I')I

homotopylimit SpecBK(T)’ homotopycolimit Spec yT.o
r 1 e

Y.l

BK("I')r

BK §/
Y.l @

homotopylimit Spec L0
r

homotopycolimit Spec
I

BK(DI

homotopylimit SpecBX®” . homotopycolimit Spec Yo
r 1 7

w7r7o,

homotopylimit SpecBKEIu)’l// rof Fro”, homotopycolimit SpecBKE)l{,/ rol Fro?,
r e 1 e

homotopylimit SpecBK(i)’w rof Fro”, homotopycolimit SpecBK(i)({,/ rof FroZ,
r T 1 e

homotopylimit SpecBK(Drw rof Fro”, homotopycolimit SpecBK(be rof Fro”.
r T 1 7

Definition 3.1.18. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (3.1.103)

where * is one of the following spaces:

Speccszw,r,o /Fro”, Speccsﬁp,r,o /Fro”, Speccsa)w,r,o /Fro”, SpecCSZFZI’O /FroZ, (3.1.104)
Spec®® 6;1-’0 /FroZ, Spec®® Z;r,o /Fro”, Spec®® 65/,1‘,0 /FroZ, (3.1.105)
(3.1.106)
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Speccsﬁw,r,o /Fro”, m,no /Fro”, SpecCS(i)l/,,r,o /Fro”, SpecCSAlz’r’o /Fro”,
Spec®® v;j,r,o /Fro”, SpecCSAZ/ ro/ FroZ, Spec® v; ro/ Fro?,

SpecCS Ayro/ FroZ, SpeCCSV;,,,r,o / FroZ, SpecCS Dyro/ FroZ, SpecCS A;’RO / FroZ,
Spec®s V;:,r,o /Fro%, Spec® A;RO /Fro%, Spec® V(Z,Ro /Fro”.

(3.1.107)
(3.1.108)
(3.1.109)

(3.1.110)
(3.1.111)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS a)r

CSqp!
Y.l o

homotopylimit Spec Lo
r

homotopycolimit Spec
1

CS C‘I’)r

CSH!
UARCY ®

homotopylimit Spec Lo
. )L

homotopycolimit Spec
I

CS(DI

homotopylimit Spec“S®” . homotopycolimit Spec Yo
r 1 e

w7r7o’
homotopylimit Speccsa)rw rof FroZ, homotopycolimit Spec® (AISQ rof Fro?,
r T 1 e

homotopylimit Spec®® Ci)’w rof FroZ, homotopycolimit (i){ﬁ rof FroZ,
r Y I e

homotopylimit Spec®® d)rl// rof Fro?, homotopycolimit Spec® d)fb ro/ Fro”.
r T 1 e

Proposition 3.1.19. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed,
where * is one of the following spaces:

Spec®® <A15,/,,r,o /Fro”,
Spec®® Oyro/ Fro”,

Spec®® Dyro/ Fro”,

(3.1.112)

(3.1.113)
(3.1.114)

(3.1.115)
(3.1.116)

(3.1.117)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we

202



consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS a)r

CS g/
w,I0° %

homotopylimit Spec Lo
r

homotopycolimit Spec
1

CS&)I

homotopylimit Spec“>®” .  homotopycolimit Spec Lo
r I 7

Y.l

CS(DI

/A NCH

homot(;pylimit Spec®s (D:[/I’o,

homotopycolimit Spec
I
homotopylimit specCSEf); rof FroZ, homotopycolimit Spec® (AISQ rof Fro?,
r T 1 e

homotopylimit SpecCSCTD’l// - o/Fro%, homotopycolimit (i){p ro/Fro?,
r Y I T

CS(DI

lpro/FroZ.

homotopylimit SpecCSCD’l// rol Fro%, homotopycolimit Spec
r ” I

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.118)

r

homotopylimit M/, (3.1.119)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 3.1.20. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (3.1.120)

Definition 3.1.21. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (3.1.121)
where * is one of the following spaces:

SpecBX®,, 1, /Fro?, (3.1.122)
(3.1.123)
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SpecBK(i)wyr,o /FroZ,

Spec®* @y, o /Fro”.

(3.1.124)
(3.1.125)

(3.1.126)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BKa)r

BK 5/
W,I,0° @

homotopylimit Spec w.L00
r

homotopycolimit Spec
1

BK(I")r

BK /7
Y.l o

homotopylimit Spec .00
. L

homotopycolimit Spec
1

BKcDr

BK g/
¥l @

homotopylimit Spec YL
r

homotopycolimit Spec
I
homotopylimit SpecBK&); - /Fro%, homotopycolimit SpecBKa)i o /Fro?,
r T 1 7

homotopylimit SpecBKfi)rw - o/Fro%, homotopycolimit SpecBK(i)fb 1o /Fro?,
r T 1 e

BK(I)I

M_O/Froz.

homotopylimit SpecBKd)’w rof Fro”, homotopycolimit Spec
r e 1

Definition 3.1.22. We then consider the corresponding quasisheaves of perfect complexes of the corre-

sponding condensed solid topological modules from [CS2]:
Quasicoherentsheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

Speccszw,r,o /FroZ, Speccsﬁp,r,o /FroZ, Speccs(f)w,r,o /Fro”, Spec®SA* . /Fro?,

,Io
SV - o /Fro”, Spec ZZ/,RO /FroZ, Spec®® ﬂ/,l“,o /FroZ,

Spec YT

Spec“Ay 1. /Fro”, V,, 1. /Fro”, Spec®®,, 1. /Fro”, Spec“A} .. /Fro”,

w’r’o
/ FroZ, SpecCSAT / FroZ, SpecCS ﬁ; Lo / FroZ,

CSyg+
v Y.l

SpecV .,

SpecCSAw,r,o /FroZ, SpecCSle,r,o /Fro”, Spec®>®y, 1, /Fro”, SpecCSAlZ,nO /FroZ,
Spec®® V:Z,r,o /Fro”, Spec®® AZ/ rof FroZ, Spec®® VZ; rof Fro”.
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(3.1.127)

(3.1.128)
(3.1.129)
(3.1.130)

(3.1.131)
(3.1.132)
(3.1.133)

(3.1.134)
(3.1.135)



Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS a')r

CSx1
y.Lo @

homotopylimit Spec yT.o
. L

homotopycolimit Spec
1

CS (i)r

CSH/
y.Ie ¢

homotopylimit Spec yT.o
- L

homotopycolimit Spec
1

CS(DI

VA RCH

homotopylimit Spec®® (I)(’%Ro, homoto;;ycolimit Spec

homotopylimit Speccsa)’w rof Fro?, homotopycolimit Spec® EIH)LIb rof Fro?,
. L S T
homotopylimit Spec®® CT)’M, rof Fro”, homotopycolimit (i)é, rof Fro?,
. L ; .,

homotopylimit Spec®® (D’w rof Fro?, homotopycolimit Spec®® (Dé, rof Fro”.
r ” 1 ”

Proposition 3.1.23. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (3.1.136)

where * is one of the following spaces:

SpecS®,, o /Fro?, (3.1.137)
(3.1.138)
SpecSd,, 1o /Fro?, (3.1.139)
(3.1.140)
SpecS®, o /Fro?, (3.1.141)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS ('I‘Sr

CS g/
y.I0? @

homotopylimit Spec .o
- L

homotopycolimit Spec
1

CS(T)I

homotopylimit Spec“S®” ., homotopycolimit Spec o
r 1 e

AR
homotopylimit SpecCSQ)(’M’o, homoto;;ycolimit SpecCS(D;’RO.
,
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homotopylimit Spec®> (T)’l// rof Fro%, homotopycolimit Spec®® (55/ rof FroZ,
r ” I T

homotopylimit Spec®® CT)’M, rol Fro”, homotopycolimit (i)é, rof Fro?,
r T 1 T

CS(DI

wro/FmZ-

homot(:pylimit Speccsd)’w,r,o /Fro?, homoto;;ycolimit Spec
In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.142)

homotopylimit M, (3.1.143)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 3.1.24. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (3.1.144)

Frobenius Quasicoherent Modules III: Deformation in (oo, 1)-Ind-Preadic Spaces

Definition 3.1.25. Let ¢ be a toric tower over Q, as in [KL2, Chapter 7] with base Q, (X =X l;-”)
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power:

N v F A+ v+t AT 9t & Y
Al//,r’ Vw,l", q)l//,l", A(ﬁ’r, VW,F’ Al//,r’ Vl//’p (Dlrﬁ’lw q)lﬁ,r’

A v, 5 A+ v+ AT vt § I
Al[/,ra Vgﬂ,r’ q)l//,ra A(//,F’ Vl//,l'" Al//,ra V(l/’r’ (D:;,’l", q)l!/’l“a

+ + T T I
Ay Vo @y, Ay 0 Vi 0 Ay 0 V0 @ 0 @ e
We now consider the following rings with X5 being a homotopy colimit

homotopycolimitXp, (3.1.145)

1

in the co-categories of analytic stacks from [BBBK] and [CS2]. Taking the product we have:

Y Y Tl
(DI/I,F,XD, () (Dl//’r’xm,

-
Y.L Xw

0 0 ol
Pyrxe @ Py rxe

.
¥.ILXe?

206



q)l

Dy rx,. O .

-
¥.ILXe?

They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (co, 1)-modules.

Definition 3.1.26. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of
those in the above from [BK] by taking derived rational localization:

Spec®* Dy, 1. x, Spec® @], |- ¢ . Spec® D] .\ | (3.1.146)
Spec®*d, r x., SpeCBK(i)rw,r’ Xo? SpecBK(i){,/’r’ Xy (3.1.147)

Spec®*®, rx., SpecBK(Df/,,r, Xo? SpecBK(I)éjyr, Xy (3.1.148)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

Spec®X®, 1 x_ /Fro?, (3.1.149)
(3.1.150)
SpecBK(T)l/,,r,XD /Fro?, (3.1.151)
(3.1.152)
Spec®*®, r x, /Fro”. (3.1.153)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BKEISr

BK g/
(J/’F,X\:’ @

homotopylimit Spec WXy
. )L

homotopycolimit Spec
I

BK(T)I

homotopylimit SpecBXd” homotopycolimit Spec WXy
r I 7 an

v Xe®

BK(DI

VAR Gl Y.L Xg

homotopylimit SpecBX®” homotopycolimit Spec

r 1
homot(;pylimit SpecBK&);,r, X, /Fro?, homotogycolimit SpecBKEﬁQI’ X, /Fro”,
homot(:pylimit SpecBKdv)rw’r’ Xq /Fro?, homoto;;ycolimit SpecBKdv){b’r’ Xs /Fro?,

homotopylimit SpecBK(I);’n Xq /Fro?, homoto;;ycolimit SpecBK(I)l’p’r’ Xe /Fro”.
r

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:
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Definition 3.1.27. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Then we take solidified tensor product é of any of the following

A v £ A+ v+ AT Ot & Al
Al//,l", Vw,l“, (I)l//,ra Ad/,r, Vl/,,r’ Al//’ra V(//’r’ (DZ/’F, (D(//,F’

A v, 5 A+ v+ AT vt § I
Al[/,ra Vgﬂ,r’ q)(//,ra A(//,F’ Vl//,l'" Al//,ra ng]"’ (D:;,’l", q)l!/’l“a

q)l

AW,F’ Vl//,r’ q)l/hr’ ALV AT VT D W,

U8 SR8 A /S R A

with Xg. Then we have the notations:

A v Y ~+ ~+ AT ~T ~r ~1
Alﬁ,r,XEp VW,F,XD’ q)(ﬁ,r,XDa Al//,l",Xu’ V'J/’RXD’ AW’F’XEI’ Vw,r,xu’ (D(//,F,XD’ (DI/I,F,XD’

(‘I’)I

A v 5 A+ 7+ AT val 7
Ay.rXe» VoI Xor PurXes By oy Vyrx, A Y (0 YIX

. UXe "y Xy X

+ + T T r I
AL//,F,XD, Vl//,F,XD’ q)(,//,r,XD’ Al//,r,xm’ le’r,x‘j’ Al//,F,XD’ V%qua (DW»RXD’ (Dd/’r’XD .

Definition 3.1.28. First we consider the Clausen-Scholze spectrum Spec®S () attached to any of those
in the above from [CS2] by taking derived rational localization:

Spec®SAy r.x., Spec®SVy r x.., SpecS Dy r x., Speccsz:j,’n Xo» Speccsjz,r, Xy (3.1.154)
SpecCSAA-Z/I’ X Speccsgln X Speccsaa,r, Xy Speccszlw)l;’r’ Xo? (3.1.155)

(3.1.156)

Spec“>Ay r.x,» Vu.r.x, Specdy rx,, SpecCSAJ/’R X Spec® W,R Xy (3.1.157)
SpecCS Afp,r, Xy SpecCS ?;’R Xy SpecCS d);’n Xy? (bél,r, Xo? (3.1.158)

(3.1.159)

Spec™ Ay x> SPec SV 1 x. Spec S Dy 1 x,, SpecSAS [ SpecSVy (3.1.160)
SpecCSAZ/’R X Spec® VZ/,R Xy SpecCS(IDQ’R Xy Speccsd)é,r, Xy (3.1.161)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

Speccszw,r, X,/ Fro?, Speccsﬁp,r, X,/ FroZ, Speccsa)(p,r, X,/ Fro?, specCSZ;,n X, / Fro?, (3.1.162)

Spec® %t,r, x,/ FroZ, Spec® ZZ/ X, /Fro%, Spec®® W!L/,F X, /Fro?, (3.1.163)
(3.1.164)

Speccsﬁw,r, X,/ FroZ, V/,,r, X,/ FroZ, Spec® QVDIM, X,/ FroZ, Spec®® AtZ,R X,/ Fro”, (3.1.165)
Spec®s WI’ x,/ FroZ, Speccsﬁ;r’ Xs /Fro”, Spec®® v;r’ Xs /FroZ, (3.1.166)
(3.1.167)
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SpecCSAl/,,r, X,/ Fro?, SpecCSVl/,,r, X,/ FroZ, SpecCS(I)(/,,r, X,/ FroZ, SpeCCSAJ’r’ X, / Fro?, (3.1.168)
Spec® VIZ’R x,/ Fro?, SpecCSAL X, /Fro?, SpecCSVL X, /Fro”. (3.1.169)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS(BI

VAN CY

homotopylimit Spec®® &)l’p I x.» homotopycolimit Spec
r e I

CS(I")I

.l Xw?

homot(ipylimit Speccsqv)(r//,r,xu’

homotopycolimit Spec
I

CS(D]

homot(;pylimit SpecCS @’ UIXy"

I Xy homotopycolimit Spec
s1,A0 1

homotopylimit SpecCS(B’w’F’ X, /Fro?, homoto;;ycolimit SpecCS(T)l’l,’R X, /Fro?,
r
homotopylimit Speccs(i)’w,r, Xs /Fro?, homoto;;ycolimit (i)tlﬁ,F, X /Fro?,
r

homotopylimit SpecCS(D’w,F’ X, /Fro?, homoto;;ycolimit SpecCS(Dé,’R X, /Fro”.
r

Definition 3.1.29. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]?:

Quasicoherentpresheaves, IndBanach, (3.1.170)

where * is one of the following spaces:

Spec®X®,, 1 x_ /Fro?, (3.1.171)
(3.1.172)
Spec®Xd,, 1y, /Fro?, (3.1.173)
(3.1.174)
Spec®*®, 1 x, /Fro”. (3.1.175)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK g BK g/
(D(//,F,XD’ d

homotopylimit Spec WXy
. L

homotopycolimit Spec
1

Here the categories are defined to be the corresponding homotopy colimits of the corresponding categories with respect
to each O;.
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BKq")r

BK/
v, Xe’ o

homotopylimit Spec Xy
r sLsAD

homotopycolimit Spec
I

BK(I)r

BK g/
(rllvr’XD, (I)

homotopylimit Spec WXy
r oL AD

homotopycolimit Spec
1
homotopylimit SpecBK(T)’w,r’ X, /Fro?, homoto;;ycolimit SpecBK(T)IIﬁ’R Xo /Fro?,
r
homotopylimit SpecBKCT)’w’F, Xq /Fro?, homoto;;ycolimit SpecBKdv)g’[/’r’ Xq /Fro?,
r

homotopylimit SpecBK(D;’r’ s /Fro?, homotogycolimit SpecBK(I)(’p’r’ Xq /Fro”.
r

Definition 3.1.30. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (3.1.176)

where * is one of the following spaces:

Spec®® Zw,r, x, /Fro%, Spec® ﬁw,r, x, /Fro%, Spec® Eﬁ;,p x, /FroZ, Spec® Z;j,r, x,/ FroZ, (3.1.177)
SpecCS %r X, / FroZ, SpecCSZZI I.Xq / FroZ, SpecCS§; I.Xq / FroZ, (3.1.178)
(3.1.179)

Spec“SA, r.x, /Fro?, Vy.r.x,/Fro”, Spec®Sd,, . x, /Fro”, Spec® Al,r, x,/ FroZ, (3.1.180)
Speccsv:;’r’ X,/ FroZ, Speccsﬁa,r, Xs /Fro”, Spec®® v;r, Xs /FroZ, (3.1.181)
(3.1.182)

Spec®® Ayrx,/ FroZ, SpecCSV¢,r, x, /Fro%, Spec® Dy rx,/ FroZ, Spec®® A;/,r, x,/ FroZ, (3.1.183)
Spec™Vy -y [Fro”, Spec®Al 1\ /Fro?, SpecSV] . /Fro”. (3.1.184)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS a)r

CS !
I Xy’ o

homotopylimit Spec U I.Xy?
r sL,A0

homotopycolimit Spec
I

CS q“)r

CSH!
U, X @

homotopylimit Spec Xy
r sL,AD0

homotopycolimit Spec
1

CS(DI

UAP.CH

homotopylimit SpecCS(I)l’p r x.» homotopycolimit Spec
r e I

homot(;pylimit Spec®® &)rz//,ﬂ X, /Fro?, homotoI;ycolimit Spec®® @M, X, /Fro”,
homotopylimit Spec>®” .. /FroZ homotopycolimit &/ . /Fro?,
r I

%.T.Xo Y.l X

homotopylimit SpecCS(D’l//’F’ Xq /Fro?, homoto;;ycolimit SpecCS(Dl]ﬂ’r’ Xq /Fro”.
r
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Proposition 3.1.31. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed, (3.1.185)

where * is one of the following spaces:

Spec®S®y, 1 x, /Fro?, (3.1.186)
(3.1.187)
Spec®Sdy 1 x, /Fro”, (3.1.188)
(3.1.189)
Spec“®, r.x, /Fro”, (3.1.190)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS a)r

CSqpl
d/’r’XD’ (D

homotopylimit Spec I Xy
r sL,An0

homotopycolimit Spec
I

CSG“DI

VAR Gl

homotopylimit Speccsci)f// I x.» homotopycolimit Spec
r e I

CS(DI

homot(;pylimit SpecCS @, UIXy"

I Xy homotopycolimit Spec
s1 A0 I

homotopylimit Spec®® (Aﬁ’w’r’ x,/Fro”, homotopycolimit Spec®® <AI3ZH’ x./Fro%,
r I
homotopylimit Spec® (brw,r, x,/ Fro?, homoto;;ycolimit &){ﬁ,n x./ Fro?,
r

homotopylimit Spec®® (Drw’r’ X /Fro?, homotogycolimit Spec®® d)fb’r’ Xq /Fro”.
r

In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.191)

homotopylimit M, (3.1.192)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
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Proposition 3.1.32. Similar proposition holds for

Quasicoherentsheaves, IndBanach,. (3.1.193)

Definition 3.1.33. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (3.1.194)

where * is one of the following spaces:

Spec®X®,, 1 x, /Fro?, (3.1.195)
(3.1.196)
Spec®Xd,, 1 x, /Fro?, (3.1.197)
(3.1.198)
Spec®*®,, 1 x, /Fro”. (3.1.199)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BKa)r

BK g/
L Xw @

homotopylimit Spec UI.Xy?
. )L

homotopycolimit Spec
1

BKq")r

BK/
v Xe’ o

homotopylimit Spec UIXy?
. )L

homotopycolimit Spec
I

BKcDr

BK g/
d/’r’XD, @

homotopylimit Spec WXy
r sLsA0

homoto;;ycolimit Spec
homot(;pylimit SpecBKa)rw’r’ X, /Fro?, homoto;;ycolimit SpecBKﬁqu"b’r’ Xs /Fro?,
homot(;pylimit SpecBKdv)’w’r’ X /Fro?, homotogycolimit SpecBthJél’r’ Xq /Fro”,
homot(:pylimit SpecBK(D’w,r, X, /Fro?, homotogycolimit SpecBK(I){M’ X, /Fro”.

Definition 3.1.34. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (3.1.200)
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where * is one of the following spaces:

Spec®® Z,/,,r, x, /Fro%, Spec® 61/,71“7 x, /Fro%, Spec® qu)d,’r, x, /Fro%, Spec®® ZI-Z,F, x,/ Fro”,

Spec®® 6;1- X,/ FroZ, SpecCSZZ/ I.Xq /FroZ, SpecCS§; I.Xq /FroZ,

SpeCCSA¢’F’ x,/FroZ, 61//,1", x, /FroZ, Speccsci)l/,,r, x,/FroZ, Speccsﬁlz,r, x,/ Fro”,

Speccsﬁ:;,r’ X/ Fro?, SpecCSA; rx./ FroZ, Spec® ﬁ; rx./ Fro?,

SpecCSAw,r, X,/ Fro?, Speccsvw,r, X,/ Fro?, Speccsd)w,r, X,/ Fro?, SpecCSAlZ,r, X, / Fro?,

Spec®® V(,/t,r, x,/ FroZ, SpecCSAZ/ rX. /FroZ, SpecCSVZ/ IXo /Fro”.

(3.1.201)
(3.1.202)
(3.1.203)

(3.1.204)
(3.1.205)
(3.1.206)

(3.1.207)
(3.1.208)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS a)r

CS g/
L X @

homotopylimit Spec WXy
. L

homotopycolimit Spec
1

CS q")r

CSH!
d/’rvxﬂ, (D

homotopylimit Spec UIXy?
. L

homotopycolimit Spec
1

CS(DI

homotcipylimit SpecCSd”, UIXy

I .Xo homotopycolimit Spec
sl A0 1

homotopylimit SpecCS(T)’w,r, X, /Fro?, homotogycolimit SpecCS&)lI//’R X, /Fro?,
r

CS (i)r

homot(:pylimit Spec . Xo

/Fro”, homotopycolimit dv)éj re/ Fro?,
I s1 A0

homotopylimit Speccs(l)’l//,r, X, /Fro?, homoto;;ycolimit SpecCS(be,R X, /Fro”.
r

Proposition 3.1.35. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

SpecCSEIVDI/,,r, X/ FroZ,

Speccs(ﬁ/,,n X/ FroZ,
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(3.1.211)

(3.1.212)
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Spec“®, r.x, /Fro”, (3.1.214)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS a)r

CSq!
¥l Xe @

homotopylimit Spec U I.Xy
r sLsA0

homotopycolimit Spec
1

CSq”)I

homotc;pylimit SpecCSd”, homotoI;ycolimit Spec™®) 1y .

X

CS(DI

homotopylimit Spec®S ®” homotopycolimit Spec UIXo"
r 1 w0

Y.L X

homotopylimit Spec®® &)Q/I’ x./Fro”, homotogycolimit Spec®® 6{0,r, x,/Fro”,
r
homotopylimit SpecCS(T)’WI, x,/Fro”, homoto;;ycolimit CT){M’ x,/Fro%,
r

homotopylimit SpecCS(D’w,F’ X, /Fro?, homoto;;ycolimit SpecCS(Dl;’r’ X, /Fro”.
r

In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.215)

r

homotopylimit M/, (3.1.216)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 3.1.36. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (3.1.217)

3.1.2 Univariate Hodge Iwasawa Modules
Frobenius Quasicoherent Modules I

Definition 3.1.37. Let ¢ be a toric tower over Q, as in [KL2, Chapter 7] with base Q, (X £l X/:—“1>.
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
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the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power*:

A VY. D At VVtAT U B B
Ay Vg, @y, A, VI ALV @)

(%) 2 v

e
Ry V. &y AV

Ay Vi @y, A, V5, ALV, O, DY
Now consider X being preadic space over Q,. Taking the product we have:

D D o/
q)lﬂ,X, (Drl//’xa q)w7xa

)

by x, D ., D

r 1
vX T YX0

Dyx, D o, D

r 1
v.X TyX"
They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]

and [PZ] we consider the following (oo, 1)-categories of (co, 1)-modules.

Definition 3.1.38. First we consider the Bambozzi-Kremnizer spectrum Spec®X(x) attached to any of
those in the above from [BK] by taking derived rational localization:

SpecBK&)¢, X SpeCBKEIV)’w’ ¥ SpecBKa)i, X (3.1.218)
Spec®*dy, x, Spec® @], +, Spec® P ,, (3.1.219)
Spec®* @y, x, Spec® @], |, Spec® @] . (3.1.220)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBX®, x /Fro?, (3.1.221)
(3.1.222)
Spec®Xdy, x /Fro?, (3.1.223)
(3.1.224)
Spec®X®y, x /Fro”. (3.1.225)

3Here |T| = 1.
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Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK&)I

D&

homotopylimit SpecBK(T)(’ﬁ > homotopycolimit Spec
r ’ I

BKq")r

BK !
X ®

homotopylimit Spec v
. s

homotopycolimit Spec
I

homotopylimit SpecBK(I); x» homotopycolimit SpecBK(D(Iﬂ X
r ’ I ’

homotopylimit SpecBKa)rw +/Fro”, homotopycolimit SpeCBK(PI'){b x/Fro%,
r ’ I >

homotopylimit SpecBK(i)’w %! Fro”, homotopycolimit SpecBKdv)fb i Fro?,
r ’ Ji ’

homotopylimit SpecBK(I); +/Fro”, homotopycolimit SpecBK(Dl’p +/Fro”.
r ’ I >

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:
Definition 3.1.39. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Then we take solidified tensor product <§> of any of the following

A Y. D AT UrAT T B D
Ay V. @y, AL V3 ALV @D
X Y & A v AT YT & B
Ry Yy, By, K3, V3 ALV & B

+ v+ AT vl & &l
AW’V‘ﬁ’(D‘/”Al//’Vl//’Alﬁ’V(ﬁ’q)l//’q)l//’

with X. Then we have the notations:

A v 5 A+ U+t AT TT & B!
A(ﬁ,Xa Vl//,X9 (Dlﬂ,X» Aw’)p Vw,)p A(ﬂ,X’ V(//,X’ (Drl//,X’ ch,[/,X’

T T Ol T O A e
A(ﬁ,Xa Vl//,X9 (Dlp,X» Aw,)p Vw,)p AW,X’ le’xw (Drl//,X’ ch,[/,X’

+ + T T !
Ad/,X’ V(ﬁ,X’ q)l//,Xa Aw’)p V(//’X, Al/I,X’ Vlﬁ,X’ q)rl/,’xa (Dl//,X'

Definition 3.1.40. First we consider the Clausen-Scholze spectrum Spec®S(x) attached to any of those
in the above from [CS2] by taking derived rational localization:

Spec®S Ay x, SpecSV,, x, Spec Dy, x, SpecCSZ(Z’ e Speccsiz, e (3.1.226)
SpecCSA; ¥ Spec®® V:Z’ e Speccsa);’ e Speccsa)éj’ % (3.1.227)
(3.1.228)
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Speccsﬁll,, X %, X Speccsci)l/,, X Speccsﬁl’ e Speccsv;’ ¥ (3.1.229)
SpecCSA; v Speccs v;’ s SpecCS (T);,’ ¥ du)i, ¥ (3.1.230)

(3.1.231)

Spec™ Ay, x, Spec>Vy, x, Spec™ Dy, x, Spec™ Ay +, SpecV; 4, (3.1.232)
Spec®A; y, Spec™V] o, SpecS @], ., SpecS D) . (3.1.233)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

Spec® Zl/,, x/Fro%, Spec® %,, x/Fro%, Spec® @, x /FroZ, Spec®® Z;’ x/ Fro”, (3.1.234)
Spec®S 6; x/ FroZ, Spec®® ZZ/ 5/ FroZ, Spec®® 6;} 5/ Fro?, (3.1.235)
(3.1.236)

Spec® Ad,, x /Fro?, W,, x/FroZ, Spec®® Ci)l/,, x /Fro?, Speccsﬁlz, x/ Fro?, (3.1.237)
Spec®s V;’ x/ Fro?, Speccsﬁjﬁ «/ FroZ, Spec® 6; ¥/ Fro?, (3.1.238)
(3.1.239)

SpecCSAl/,, x/ FroZ, SpecCSVl/,, x/ FroZ, SpecCSCI)w, x/ FroZ, SpecCSAlZ’ x/ Fro?, (3.1.240)
Spec® V:;’ x/ FroZ, Spec® AZ/’ ¥/ Fro”, SpecCSVZ/’ ¥/ Fro”. (3.1.241)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS a)r

CSq/
v.X° @

homotopylimit Spec vX
- s

homotopycolimit Spec
I

CS C‘I’)r

CSH!
X0 ®

homotopylimit Spec vX
. s

homotopycolimit Spec
1
homotopylimit SpecCSCDf// > homotopycolimit SpecCSQi X
r ’ Ji K
homot(ipylimit SpecCSCT)’l/j, ¥/ Fro?, homotop;ycolimit Spec®® (512 ¥/ Fro?,

homotopylimit Speccsdv):[, i Fro”, homotopycolimit dv)é/ i Fro?,
r ’ 1 ’

homotopylimit Spec®® (Drl// %/ Fro?, homotopycolimit Spec® <be x/ Fro”.
r ’ Ji ’
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Definition 3.1.41. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (3.1.242)

where * is one of the following spaces:

SpecBX®, x /Fro?, (3.1.243)
(3.1.244)
Spec®*dy, x /Fro”, (3.1.245)
(3.1.246)
Spec®X®,,  /Fro”. (3.1.247)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK('IBr

BK g/
D& o

homotopylimit Spec vX0
- s

homotopycolimit Spec
I

BKd')r

BK &/
X o

homotopylimit Spec vX
r

homotopycolimit Spec
I

BK(I)r

homotopylimit Spec vX

homotopycolimit SpecBK(Déj X
: .

r

homotopylimit Spec®X® X /Fro?, homoto;;ycolimit SpecBK’dw)i’ i Fro?,

r

homotopylimit SpecBKdv)’w ¥/ Fro”, homotopycolimit SpecBK(f)({,l %/ FroZ,
r ’ 1 ’

homotopylimit SpecBKde «/ Fro”, homotopycolimit SpeCBK(I){b %/ Fro”.
r ’ 1 ’

Definition 3.1.42. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (3.1.248)

where * is one of the following spaces:

Spec®® Zw, x/FroZ, Spec®® ﬁﬁ, x/FroZ, Spec®® Fdw)(ﬁ, x/FroZ, Spec®® ZJI, x/ Fro?, (3.1.249)
SpecCS 6; x/ Fro?, SpecCS ZZ/ v/ Fro”, SpecCS 6:2 v/ Fro”, (3.1.250)
(3.1.251)
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Speccsﬁd,, x/ FroZ, m, x/ Fro?, SpecCS(i)l/,, x/ FroZ, Speccsﬁ;j’ x/ Fro?,
Spec® v;, +/Fro”, Spec® AL, ¥/ FroZ, Spec® v;’ ¥/ Fro?,

Spec® Ay x/ FroZ, Spec®® Vyx/ FroZ, Spec®® Dy x/ FroZ, Spec® AIZ’ x/ Fro?,
Spec®® VJ’ x/ FroZ, SpecCSAZ/ 5/ Fro?, SpecCSVZ/ 5/ FroZ.

(3.1.252)
(3.1.253)
(3.1.254)

(3.1.255)
(3.1.256)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CSqyr CSqpl
@ 5 @

homotopylimit Spec B
r

homotopycolimit Spec
1

CSr CS ¢!
D), xo iy

homot(;pylimit Spec vX

homotopycolimit Spec
1

homotopylimit SpecCSCI)(’p > homotopycolimit SpecCS(Di X
r ’ 1 ’

homotopylimit Speccs(f)’w ¥/ Fro”, homotopycolimit Speccsff)é, ¥/ Fro?,
r ’ 1 i

homotopylimit SpecCS(T); +/Fro”, homotopycolimit Ci)él +/Fro”,
r ’ )i ’

homotopylimit Speccsd)’w </ Fro”, homotopycolimit SpecCS(I)Zb %/ Fro”.
r ’ Ji i

Proposition 3.1.43. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed,
where * is one of the following spaces:

SpecCS 5¢, x/ FroZ,

SpecCS <i)¢,, x/ FroZ,

SpecCS Dy x/ FroZ,

(3.1.257)

(3.1.258)
(3.1.259)

(3.1.260)
(3.1.261)

(3.1.262)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
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consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS Ef)r

CSqp!
¥.X @

homotopylimit Spec B
r

homotopycolimit Spec
1

CS&)I

D&

homotopylimit Speccsci)fp «» homotopycolimit Spec
r ’ 1

homotopylimit SpecCS(I);/ > homotopycolimit SpecCS(Dle X
r ’ 1 ’

homotopylimit Speccstfbrw ¥/ FroZ, homotopycolimit SpecCS(AISZb ¥/ Fro?,
r ’ Ji >
homotopylimit SpecCSCTDQ +/Fro”, homotopycolimit (i){p +/Fro”,
r ’ 1 >

homotopylimit SpecCS(D’w ¥/ Fro%, homotopycolimit SpecCS(Dé, ¥/ Fro”.
r ’ 1 ’

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.263)

r

homotopylimit M/, (3.1.264)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 3.1.44. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (3.1.265)

Definition 3.1.45. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (3.1.266)
where * is one of the following spaces:

SpecBX®y, x /Fro?, (3.1.267)
(3.1.268)
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SpecBK(i)% x/ Fro?,

Spec®* @y, x /Fro”.

(3.1.269)
(3.1.270)

(3.1.271)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BKa)r

BK g/
9. & @

homotopylimit Spec vX
r

homotopycolimit Spec
1

BK(I")r

BK §/
2% ®

homotopylimit Spec wx
r

homotopycolimit Spec
1

BKq)r

homotopylimit Spec wx
r

homotopycolimit SpecBKd)fb .
; :
homotc;pylimit SpecBKEIv)’w! ¥/ FroZ, homoto;;ycolimit SpecBK(PI'){b’ ¥/ FroZ,

homotopylimit SpecBKd); +/Fro”, homotopycolimit SpecBK(f){b +/Fro?,
r ’ I ’

homotopylimit SpecBK(D; ¥/ FroZ, homotopycolimit SpecBKd)fb x/ Fro”.
r ’ I ’

Definition 3.1.46. We then consider the corresponding quasisheaves of perfect complexes of the corre-

sponding condensed solid topological modules from [CS2]:
Quasicoherentsheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

SpecCS Zw, x/ FroZ, SpecCS gw, x/ FroZ, SpecCS @, x/ FroZ, SpecCS Z;’ x/ FroZ,
Spec®® 6; x/ FroZ, SpecCSZZ/ 5/ Fro?, Speccsel 5/ Fro?,

Speccs&l,, x/ FroZ, %,, x/ Fro?, Speccsci)w, x/ FroZ, SpeCCSA;j, x/ Fro?,
Spec® ?IZ’ 5 /Fro”, Speccsﬁ; ¥/ FroZ, Spec® ?L, ¥/ Fro?,

SpecCSAw, x/ FroZ, SpecCSVw, x/ FroZ, Speccsd)w, x/ FroZ, SpecCSAlZ, x/ FroZ,
Spec®® V:;’ x/ FroZ, SpeCCSA:Z v/ FroZ, SpecCSV:Z v/ Fro”.
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(3.1.272)

(3.1.273)
(3.1.274)
(3.1.275)

(3.1.276)
(3.1.277)
(3.1.278)

(3.1.279)
(3.1.280)



Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS a')r

CS g/
D& o

homot(zpylimit Spec v

homotopycolimit Spec
1

CS (i)r

CSH/
U.X ¢

homotopylimit Spec v
- s

homotogycolimit Spec
homot(ipylimit SpecCS(I)(’% x> homoto;;ycolimit SpecCS(DL X
homot(ipylimit Speccsa)’w, i Fro?, homotogycolimit Spec®® EIH)LIL %/ Fro?,
homot(ipylimit Speccscb’w, i Fro?, homoto;;ycolimit (i)é,, i Fro?,

homotopylimit SpecCS(D; %/ Fro”, homotopycolimit SpecCS(Dé/ x/ Fro”.
r ’ I ’

Proposition 3.1.47. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (3.1.281)

where * is one of the following spaces:

Spec®® (PI')w, x/Fro?, (3.1.282)
(3.1.283)
SpecSd,, x /Fro?, (3.1.284)
(3.1.285)
SpecS®,, x /Fro?, (3.1.286)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS ('IBr

CS g/
D& o

homotopylimit Spec vX
- s

homotopycolimit Spec
1

CS(T)I

D&

homotopylimit Speccs(i)(’ﬁ x» homotopycolimit Spec
r ’ I

homotopylimit Speccsd); x» homotopycolimit SpecCSCD; x-
r ’ I ’
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homotopylimit Speccs&)’w i Fro”, homotopycolimit Speccsff)éf i FroZ,
r ’ I >
homotopylimit Speccsdvfw +/Fro”, homotopycolimit (i)(; /Fro?,
. . S .

homotopylimit SpecCS(D’w </ Fro”, homotopycolimit SpecCS(Dél i Fro”.
r ’ 1 ’

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.287)
r

homotopylimit M, (3.1.288)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 3.1.48. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (3.1.289)

Frobenius Quasicoherent Modules II: Deformation in Preadic Spaces

Definition 3.1.49. Let ¢ be a toric tower over Q, as in [KL2, Chapter 7] with base Q, (Xli', v X ,fl >
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with

the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in

the sense of self I'-th power*:

A Y d A+t It AT 9 ® Bl
Ay, Vi, @y, A VAV, § D
A Y b A+ v AT YT G Bl
Al//a Vl{/’ (Dw’ Al//’ Vd,v AW’ V(//, (1):}/, (Dl/,a
+ v+ AT ot I
Ay, Vy, @y, A, V5 ALY, @, O
We now consider o being deforming preadic space over Q,. Taking the product we have:

Y T T/
Dy o, T, . D,

T 7 T/
q)(//,oa (Dw’o’ q)l//,o’

r 1
Dy o, O, D .

“Here |T'| = 1.
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They carry multi Frobenius action ¢r and multi Lier := Z;,(F action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (co, 1)-modules.

Definition 3.1.50. First we consider the Bambozzi-Kremnizer spectrum Spec®X(x) attached to any of
those in the above from [BK] by taking derived rational localization:

Spec®X @y, o, Spec®* @), , Spec® @), , (3.1.290)
Spec®®dy o, Spec®* ), , Spec® D], (3.1.291)
SpecBK(Dw,o, SpecBKd)’w’o, SpecBK(Dého. (3.1.292)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBX®y, . /Fro”, (3.1.293)
(3.1.294)
Spec®¥d, . /Fro?, (3.1.295)
(3.1.296)
Spec®*®, . /Fro”. (3.1.297)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK&')V

BK R/
b0 @

homotopylimit Spec .00

homotopycolimit Spec
1

BKq")I

homotopylimit SpecBKdv); .» homotopycolimit Spec o
r ’ I ’

homotc;pylimit SpecBKd)(’//,o, homotogycolimit SpecBK(I)(’ﬂ’o.
homotc;pylimit SpecBKEIv)’w’o /Fro?, homoto;;ycolimit SpecBKEIv)llﬁ’o /Fro?,
homot(;pylimit SpecBK(T)’w’o /Fro?, homoto;;ycolimit SpecBK(f)él’o /Fro?,
homot(ipylimit SpecBK(ID’w’O /Fro?, homotogycolimit SpecBKC[)l’%o /Fro”.

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:
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Definition 3.1.51. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Then we take solidified tensor product é of any of the following

AN Y. D, AT VAT I B D!
Al//’ Vl,ba (D(,//a AJ’ V;7 Awa Vl://’ q)rw, (Dw’
A v, &, A+t v+ AT

Ry, Ny, &y, K3, V2 AT VT,

Ay Vi @y, A V5, ALV, 07, DY,
with o. Then we have the notations:

A v Y A+ v+ AT vt Fwr &
Ayor Vior Oy A VAT VI DL D,

A v 0 A+ v+t AT v F B
Al/,,o, VW,O’ q)lﬂ,o’ Al//,o’ V¢,o’ Alp,o’ le,o’ q)(//,o’ (Dl//,o’

Npor Vo Dy AL L VE AT V@7

1
(//,o’ ¢,o’ (//,o’ (//,o’ w,o’ (D(//,o *

Definition 3.1.52. First we consider the Clausen-Scholze spectrum Spec®>(x) attached to any of those
in the above from [CS2] by taking derived rational localization:

specCSZ¢,o, SpecCSFVVg,,,o, Speccsa)w,o, SpecCSpAd;j’O, Speccsﬁg’o, (3.1.298)
SpecCSZ;O, Speccsﬂl,o, Speccsa);,o, Speccsifiél’o, (3.1.299)

(3.1.300)

Spec“®Ay 0, V.o, Spec dy ., Speccsﬁj;,o, Spec®® WZ,O, (3.1.301)
SpecSA] , Spec™V] , SpecSdy, , b , (3.1.302)

(3.1.303)

Spec“SAy.0, Spec™Vy, o, Spec D, ., SpecCSA;j,o, Spec®® Vio (3.1.304)
Spec®SA; . Spec™V] _, SpecSd], , SpecSd], . (3.1.305)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

specCSZW /FroZ, Speccsﬁp,o /FroZ, Speccsa)w,o /FroZ, specCSZ;,,o /FroZ, (3.1.306)
Spec®® 6;0 /Fro”, Spec®® ZZ{O /Fro”, Spec®® 6;0 /FroZ, (3.1.307)
(3.1.308)

SpecCSAl/,,O /Fro?, m,o /Fro?, Speccscf)l/,,o /FroZ, Speccsﬁ;j’o /FroZ, (3.1.309)

Spec®® Wj’o /FroZ, SpecCSAZ/’O /FroZ, Speccsﬁ;o /FroZ, (3.1.310)
(3.1.311)

225



Spec®® Ayo/ FroZ, Spec®® Vol FroZ, Spec®® D/ FroZ, Spec®® AIZ’O /FroZ, (3.1.312)
Spec® VJ’O /FroZ, SpecCSAZ/’O /FroZ, SpecCSV;/,o /Fro”. (3.1.313)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS Ef)r

CSx1
v.o U

homotopylimit Spec .0
r

homotopycolimit Spec
1

CSq”)I

homotopylimit Speccsci)’w » homotopycolimit Spec o
r ’ 1 ’

homotopylimit Spec®> ®”

.o homotopycolimit SpecCS(Dl; o
. ; s

homotopylimit SpecCS (B’lﬁ o/ FroZ, homotopycolimit SpecCS (512 ./ FroZ,
r ’ 1 ’
homotopylimit Speccsd)’l// o/ Fro”, homotopycolimit & o/ Fro?,
. , i ,

homotopylimit Spec®® d)f// . /Fro”, homotopycolimit Spec®® d){p ,/Fro”.
r ’ I ’

Definition 3.1.53. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (3.1.314)

where * is one of the following spaces:

Spec®k®,, . /Fro?, (3.1.315)
(3.1.316)
Spec®¥d, . /Fro?, (3.1.317)
(3.1.318)
Spec®*®, . /Fro”. (3.1.319)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BKa')r

BK 3/
.0 @

homotopylimit Spec .0

homotopycolimit Spec
1

BK(i)I

homotopylimit SpecBKd)’w .» homotopycolimit Spec o
r ’ 1 ’
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homotopylimit SpecBK(I)(’l/ .» homotopycolimit SpecBK(D{l/ o
r ’ I >

homotopylimit SpecBK(T)’w’o /Fro?, homotop[ycolimit SpecBK(T)él’o /Fro?,
r

homotopylimit SpecBK(T)f//’o /Fro?, homoto;;ycolimit SpecBK(f)(’%O /Fro?,
r

homotopylimit SpecBKd)’w’O /Fro?, homotogycolimit SpecBKd){b’O /Fro”.
r

Definition 3.1.54. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (3.1.320)

where * is one of the following spaces:

specCSZW /FroZ, Speccsﬁﬁ,o /FroZ, Speccsad)w,o /FroZ, SpecCSZf/j’O /FroZ, (3.1.321)
Spec®s 6;0 /Fro”, Spec®® ZZ{O /Fro”, Spec®® 63;/0 /FroZ, (3.1.322)
(3.1.323)

Speccs&/,,o /FroZ, ﬁwgo /FroZ, Speccs(i)l{,,O /FroZ, Speccsﬁ:g,o /FroZ, (3.1.324)

Spec®® Wj,o /Fro”, Spec®® AZ/’O /Fro%, Spec®® W;/’o /FroZ, (3.1.325)
(3.1.326)

Spec®S Ayo/ FroZ, SpecCSV,/,,o /Fro”, Spec®® Dy o/ FroZ, Spec®® AJ’O /FroZ, (3.1.327)
Spec®® V;j,o /Fro”, Spec®® A;O /FroZ, SpeCCSV;/,o /Fro”. (3.1.328)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (), |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS &)r

CSp!
¥, @

homotopylimit Spec 0,0
r

homotopycolimit Spec
I

CS(I“)I

homotopylimit Spec“>®” _ homotopycolimit Spec o
r 1 ’

.0

homotopylimit Speccsd)&/ .» homotopycolimit Speccsd)fﬁ o
r ’ I ’

homotopylimit Spec®® 213; . /Fro?, homotopycolimit Spec® 5{2 ,/FroZ,
r ’ I ’
homotopylimit Speccsd% o/ FroZ, homotopycolimit (T)(’ﬁ o/ FroZ,
r ’ I ’

homotopylimit Speccs(D; o/ Fro%, homotopycolimit SpecCS(D{ﬁ o/ Fro”.
r ’ I ’
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Proposition 3.1.55. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed, (3.1.329)

where * is one of the following spaces:

Spec®S®y, . /Fro?, (3.1.330)
(3.1.331)
Spec®Sdy, . /Fro”, (3.1.332)
(3.1.333)
Speccscbw,o /Fro?, (3.1.334)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-

ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over

global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-

quotients. Here for those space without notation related to the radius and the corresponding interval we

consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopylimit Speccsa); .» homotopycolimit SpecCS(AIS{ﬁ o

r ’ I ’
homotopylimit Speccsﬁ)’w » homotopycolimit Speccsdubél o
r ’ 1 ’

homotopylimit Spec®> d); .» homotopycolimit Spec®® (be o
r ’ I ’

homotopylimit SpecCS&); o/ Fro?, homotopycolimit SpecCS(AI;{b o/ Fro?,
r ’ 1 ’
homotopylimit Spec®® (i)’w o/ Fro”, homotopycolimit (i){ﬁ ./ Fro?,
r ’ 1 ’

homotopylimit Spec®® d)rw . /Fro”, homotopycolimit Spec®® d)fb ,/Fro”.
r ’ 1 ’

In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.335)

homotopylimit M, (3.1.336)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
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Proposition 3.1.56. Similar proposition holds for

Quasicoherentsheaves, IndBanach,. (3.1.337)

Definition 3.1.57. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (3.1.338)

where * is one of the following spaces:

Spec®X®,, . /Fro?, (3.1.339)
(3.1.340)
SpecBXd,, . /Fro?, (3.1.341)
(3.1.342)
Spec®*®, . /Fro”. (3.1.343)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BKa)r

BK g/
W, ®

homotopylimit Spec .0
r

homotopycolimit Spec
1

BK(i)I

homotopylimit SpecBKdv):b .» homotopycolimit Spec o
r ’ I ?

homotopylimit SpecBKd)(’// .» homotopycolimit SpecBKd)LIb o

. , ; .
homotopylimit SpecBK&)’w o/ Fro”, homotopycolimit SpecBKﬁdv){ﬂ o/ Fro?,

r ’ I >
homotopylimit SpecBKdv)’(// o/ Fro”, homotopycolimit SpecBK(f){b o/ Fro?,

r ’ 1 ’
homotopylimit SpecBKd)’w o/ Fro”, homotopycolimit SpecBK(D{b o/ Fro”.

. , ; .

Definition 3.1.58. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (3.1.344)
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where * is one of the following spaces:

specCSZW /FroZ, Speccsﬁp,o /FroZ, Speccsa)¢,o /FroZ, SpecCSZlZ,o /FroZ,
Spec®® 6;0 /Fro”, Spec®® ZZ{O /Fro”, Spec®® 63/0 /FroZ,

Speccs&/,,O /FroZ, m,o /FroZ, Speccscf)l/,,o /FroZ, Speccsﬁg’o /FroZ,
Spec® v;j’o /Fro”, Spec®® AZ/’O /Fro%, Spec® ?Z/’O /FroZ,

SpecCSAl/,,o /FroZ, SpecCSVl/,,o /FroZ, SpecCS(I)(r/,,o /FroZ, SpecCSA;,’o /FroZ,
Spec® V;j,o /Fro”, Spec®® A;j’o /FroZ, SpecCSV:Z’o /Fro”.

(3.1.345)
(3.1.346)
(3.1.347)

(3.1.348)
(3.1.349)
(3.1.350)

(3.1.351)
(3.1.352)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CSEI')I

homotopylimit Spec®> 5&/ .» homotopycolimit Spec o
r ’ Ji ’

CS(T)I

¥,0°

homotopylimit Spec®® (i)(’/, .» homotopycolimit Spec
r ’ 1

homotopylimit SpecCS(I)(’/, .» homotopycolimit SpecCS(Di, o
r ’ 1 ’

homotopylimit Spec®® &)’w . /Fro?, homotopycolimit Spec® (5(2 ,/Fro?,
r ’ I ’

homotopylimit Speccsdu)rw . /Fro”, homotopycolimit &/, | /Fro®,
r ? Ji ’

homotopylimit Speccsd)’w . /Fro”, homotopycolimit Spec®® (D{p ,/Fro”.
r ’ I ’

Proposition 3.1.59. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

SpecCSEDI/,,O / FroZ,

Speccs(i)l/,,o / FroZ,
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(3.1.353)

(3.1.354)
(3.1.355)

(3.1.356)
(3.1.357)



Spec“®®, . /Fro?, (3.1.358)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS (5r

CSq/
.0 @

homotopylimit Spec .00
r

homotopycolimit Spec
1

CS(i)I

homotopylimit Speccsd)’w » homotopycolimit Spec Yo
r ’ 1 K

homotopylimit SpecCS(I)fl/ .» homotopycolimit SpecCS(DIIﬁ o
. , i .
homotopylimit SpecCS&); o/ Fro”, homotopycolimit Speccsa)i o/ Fro?,
. ) : s
homotopylimit Speccscb’w o/ Fro”, homotopycolimit (i)&/ o/ Fro?,
r ’ I >

homotopylimit Spec®® d)’w . /Fro%, homotopycolimit Spec® (Dé, . /FroZ,
r ’ 1 ’

In this situation we will have the target category being family parametrized by r or / in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.359)

r

homotopylimit M;, (3.1.360)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 3.1.60. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (3.1.361)

3.1.3 Multivariate Hodge Iwasawa Prestacks
Frobenius Quasicoherent Prestacks I
Definition 3.1.61. We now consider the pro-étale site of SpaQ,, <X = X]:—’1> from [Sch], denote that by

*. To be more accurate we replace one component for I" with the pro-étale site of SpaQ, (X fl, e X ,;—*1 >
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And we treat then all the functor to be prestacks for this site>. Then from [KL1] and [KL2, Definition
5.2.1] we have the following class of Kedlaya-Liu rings (with the following replacement: A stands for
A, V stands for B, while @ stands for C) by taking product in the sense of self I'-th power:

v D A+ U+ ~T VAl o ol
A*,r’ V*,F, q)*,l“, A*!I“a V*’I“’ A*,F’ V*,l'" q);r" (D*’I“,

9 v

A*ar’ V*sr’ (I)*’r’ A*,F’ V*,F’ A*,F’ V*,F’ (D;,F’ q)*,r’

Aur, Var, @ur, AT VAT VT

r
£ T ™ I *,F’q)

1
%, (D*,l"'

Taking the product we have:

Y
q)*,F,X, q):’r’X, (D*,F,X’

v v

ol
(D*,F,X, (D:,F,X’ q)*,l“,X’

(I)I

(D*,F,Xy d #*X*

,
0, X

They carry multi Frobenius action ¢r and multi Lier := Z;F action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Definition 3.1.62. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of
those in the above from [BK] by taking derived rational localization:

Spec®X®, 1., Spec®X @’ | Spec®K@! |, (3.1.362)
SpecBXd, r x, SpeCBK(i);R ¥ SpecBKCT)iI, % (3.1.363)
Spec® @, - x, Spec®* @7 . . Spec® @l . . (3.1.364)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBX®, 1 x /Fro?, (3.1.365)
(3.1.366)
SpecBXd, 1 x /Fro?, (3.1.367)
(3.1.368)
SpecBX@, 1 /Fro”. (3.1.369)

SHere for those imperfect rings, the notation will mean that the specific component forming the pro-étale site will be the
perfect version of the corresponding ring. Certainly if we have |I'| = 1 then we have that all the rings are perfect in [KL1] and
[KL2].
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Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

. BK %r BK g/
homotopylimit Spec®*®’” D, 1 x>

r

Ly homotogycolimit Spec

homot(ipylimit SpecBK(i): Y homoto;;ycolimit SpecBK(f)i Ly

homot(ipylimit SpecBKQ)ZI’ ¥ homotogycolimit SpecBKCDi,r, X

homot(;pylimit SpecBKa): rx/ Fro?, homoto;;ycolimit SpecBK(Y)i rx/ Fro?,

]

BK(T)I

*’

homot(;pylimit SpecBK(f)fk,r, i Fro?, homotogycolimit Spec

homot?pylimit SpecBK(I)fk rx /Fro?, homoto;;ycolimit SpecBKd)i,r, x/ Fro”.

>

rx /FroZ,

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-

ing their construction we have:

Definition 3.1.63. Here we define the following products by using the solidified tensor product from

[CS1] and [CS2]. Then we take solidified tensor product é of any of the following

A+ vt AT v oo @
A*,F’ V*,F, q)*,l“, A*,l"’ V*’l‘" A*,r’ V*,l'" (I);’ra q)*’r’

v

9 v X + <+ VT & f %, g7
A*,F’ V*,F’ (D*,r9 A*,l"’ V*’l"’ A*’r’ V*’I“’ (I)*’l"’ ®*’1"9

CI)I

-
D D

A*,F’ V*,F’ (D*,r9 A+ V+ AT VT % r’

£ IR I L

with X. Then we have the notations:

+ v+ AT Val o’ ol
A*,F,X’ V*,F,Xa (I)*,F,X, A*,F,X’ V*,F,X’ A*’r’xw V*,r’x, (D*,F,X’ (I)*,F,X’

v 9 ) v v

+ T+ AT vl oYy
A*,F,Xa V*,F,X, (D*,F,X, A*,F,X’ V*,F,X’ A*,F,X’ V*,F,X’ (I):,F,X’ (I)*,F,X’

+ + T T r I
Aur s Varxs @urxs Alp o Vir x Aurxe Varx @orp Purx:

Definition 3.1.64. First we consider the Clausen-Scholze spectrum Spec®S(x) attached to any of those

in the above from [CS2] by taking derived rational localization:

CSPA':,F, ¥ Speccsifr’ e

CSgy!
(D*,F X

SpeCCSZ*,F,Xa Speccsﬁ*,r,X, SPeCCS(B*,F,X, SpeC

SpecCSZI rx Speccsﬂ Cx SpecS "

wL.X0 Spec
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(3.1.370)
(3.1.371)
(3.1.372)



Speccsﬁ*,r,x, V. T.X SpecCS(ilk r.X> SpecCSA:r e SpecCSV:r ¥ (3.1.373)
SpecSAT | . Spec™SV | . SpecSd, [\ DL 1. (3.1.374)

(3.1.375)

Spec®A..r.x, Spec®V..r.x, Spec D, I x, Spec Al v, SpecS V. . (3.1.376)
Spec Al | 1. Spec™S V! | 1. SpecS Y |-, SpecS D! 1 ¢ (3.1.377)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecCSZ* T, X/FroZ Speccsﬁ* T, X/FroZ SpecCSCT)* T, X/FroZ SpecCSA+r X/Fro (3.1.378)
SpecCSV+rX/Fro SpecCSATF X/Fro SpecCSVTF X/Fro (3.1.379)
(3.1.380)

Speccsﬁ* rX/FroZ v* r, X/FroZ SpeCCSQVD* rX/FroZ SpecCSA‘Lr X/Fro (3.1.381)
SpecSV} 1. ¢ /Fro”, SpecSAT . | /Fro”, Spec™V! .| /Fro”, (3.1.382)
(3.1.383)

SpecCSA*,r, x/ Fro?, SpeCCSV*,r, x/ FroZ, SpecCSCI)*,r, x/ FroZ, SpecCSA:,R x/ Fro?, (3.1.384)
SpeCCSV:’R +/Fro”, SpecCSAiR ¥/ Fro”, SpecCSVI’R «/ Fro”. (3.1.385)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CSCI)r CS(I)I
# [, X°

homotopylimit Spec «TLX°
r

homotopycolimit Spec
I

homotopyhmlt SpecS @’ Sl

WLX homoto;;ycolimit Spec

CS(DI

CS
homotopyhmlt Spec>®” «L.X*

W LX homoto;;ycolimit Spec

homotopylimit Spec®® (f):r ¥/ Fro?, homoto;;ycolimit Speccsa)i,r’ ¥/ Fro?,

r

homotopylimit Spec“®” 1. /Fro?, homotogycolimit @ . /Fro”,
r

CS(DI

homotopylimit Spec®® Q1 x/ Fro”, homoto;;ycolimit Spec=®, -/ FroZ.

r

234



Definition 3.1.65. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (3.1.386)

where * is one of the following spaces:

Spec®*®, 1 x /Fro”, (3.1.387)
(3.1.388)
SpecBXd, 1 x /Fro”, (3.1.389)
(3.1.390)
SpecXd, -y /Fro”. (3.1.391)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK&SI

BKq)r My

homotopylimit Spec «T.X°
) .,

homotopycolimit Spec
1

BK(I")r

BK &,/
ER 09, & o

homotopylimit Spec «T.X°
. T

homotopycolimit Spec
1

BKCI)r

BK g/
%, X° O

homotopylimit Spec WX
. .

homotopycolimit Spec
I

homot(;pylimit SpecBK&):, r.x /Fro?, homoto;;ycolimit SpecBKE)i, rx /Fro”,

BK&)I

*,

homot(;pylimit SpecBK(f)i,r, i Fro?, homotogycolimit Spec T %/ Fro?,

homotc;pylimit SpecBXar rx/ Fro?, homoto;;ycolimit SpecBXa! rx/ Fro”.

*, *1

Definition 3.1.66. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (3.1.392)

where * is one of the following spaces:

SpecCS Z*,p, x/ FroZ, Speccsg*,r, x/ FroZ, Speccsa)*,r, x/ FroZ, SpecCSZ:’R x/ FroZ, (3.1.393)
SpecCS 6*}’ x/ FroZ, SpecCSZI’R ¥ / FroZ, Speccsﬂ,n " / FroZ, (3.1.394)
(3.1.395)
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SpeCCSA*L x/ FroZ, ?*,1—, x/ Fro?, SpecCS(i)*,r, x/ FroZ, Speccsﬁﬂa’ x/ Fro?,

CSAT rx /Fro?, SpecCS 4 rx /Fro?,

*? *!

CS§+

Spec AT.X / Fro?, Spec

SpecS A, 1 x /FroZ, SpecSV., 1 x /Fro”, Spec®®, 1 x /FroZ, SpecCSAJ’R +/Fro?,

CSAT rx /Fro”, Spec:CSVJr rx /Fro”.

*7 *7

CSV+

Spec™Virx/ Fro”, Spec

(3.1.396)
(3.1.397)
(3.1.398)

(3.1.399)
(3.1.400)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

r

. CSG
homotcipyhmlt Spec @ 1 .

homoto;;ycolimit Speccs(f)i’r’ X

r

CS &/
I, X° o

homot(zpylimit SpecSd «L.X°

homotopycolimit Spec
I

CSq)I

homotc;pyhmlt Spec>®” ALX-

CLXC homotogycolimit Spec

homotopylimit Spec“S®” . /Fro”, homotolz;ycolimit SpectS ! rx/Fro%,

*!
;
homot(;pylimit Speccsd):’n ¥/ Fro?, homotogycolimit (i)i,r, ¥/ Fro?,

homotopylimit Spec®® @ 5/ FroZ, homotogycolimit SpecS ! rx/ Fro”.

*S
r

Proposition 3.1.67. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed,
where * is one of the following spaces:

Spec®® &)*,r, x/Fro?,
Spec®Sd, - x /Fro?,

SpecCS D.ryx/ FroZ,

(3.1.401)

(3.1.402)
(3.1.403)

(3.1.404)
(3.1.405)

(3.1.4006)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
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consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS a)r

CSq/
=, X° o

homotopylimit Spec «I.X°
) A

homotopycolimit Spec
1

homot(ipylimit Spec®® ﬁ)i X homoto;;ycolimit Speccs(f)i Ly

CS(DI

#,X°

P CS gy
homot(;pyhmlt Spec> @ - ,

homotopycolimit Spec
1

homotopylimit Speccszly):’r, ¥/ Fro?, homoto;;ycolimit SpecCS(AIS’ X /Fro?,

%
r

homotopylimit Spec“®’ 1. /Fro?, homoto;;ycolimit @ . /Fro”,
r

homot(;pylimit SpeCCS(D:,F, ¥/ FroZ, homoto;;ycolimit Speccsd)i,r’ ¥/ Fro”.

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.407)

r

homotopylimit M/, (3.1.408)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 3.1.68. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (3.1.409)

Definition 3.1.69. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (3.1.410)

where * is one of the following spaces:

BK®, 1 x /Fro?, (3.1.411)

(3.1.412)

Spec
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SpecBK(i)*,r, x/ Fro?,

BK(D

Spec® @, - x /Fro”.

(3.1.413)
(3.1.414)

(3.1.415)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homot(;pylimit SpecBKCT)f BKEﬁin X

WL homoto;;ycolimit Spec

BK BK /
D 1y ()

homotopylimit Spec T3
- L,

homotopycolimit Spec
1

BKq)r BKq)I
: I, X°

homotopylimit Spec «T.X°
) L

homotopycolimit Spec
1

homot(:pylimit SpecBK&;: rx/ Fro?, homoto;;ycolimit SpecBKE)i rx/ Fro?,

BK(i)r

*,

homot(;pylimit Spec X /Fro?, homotol;ycolimit SpecBXd! rx /Fro?,

*’

BKq)r

*, *,

hornot(;pylimit Spec rx/ FroZ, homotogycolimit SpecBXa! rx/ Fro”.

Definition 3.1.70. We then consider the corresponding quasisheaves of perfect complexes of the corre-

sponding condensed solid topological modules from [CS2]:
Quasicoherentsheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

Spec:CS Z*,r, x/ Fro?, SpecCSFVV*,r, x/ Fro?, SpecCSEIv)*’r, x/ FroZ, SpecCSZJr rx / Fro?,

rx/ FroZ, Spec®SA’ cx/ FroZ, Spec®SV'! cx/ Fro?,

*7 *’

CS §+

*’

Spec

SpecCSA*,r, x/Fro?, V.rx/ FroZ, SpecCSCT)*,p, x/Fro?, SpecCSAJrF, ¥/ FroZ,

*’
SpecCSVFF’ < /FroZ, SpecSA’ rx/ FroZ, SpecSV! rx/ Fro?,

*’

SpecCSA*,r, x/ FroZ, SpecCSV*,r, x/ FroZ, SpecCSd)*’r, x/ FroZ, SpecCSA;R x/ FroZ,

SpecCSV:’r’ x/ Fro?, SpecCSAz rx/ Fro?, SpeCCSVZ rx/ Fro®.
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(3.1.416)

(3.1.417)
(3.1.418)
(3.1.419)

(3.1.420)
(3.1.421)
(3.1.422)

(3.1.423)
(3.1.424)



Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

s . CS g7
homot(zpyhmr[ Spec> @ - ,

homotogycolimit Speccsai’r’ X

CS(I")I

* I, X°

P CS&r
homot(ipyhmr[ Spec> @ - ,

homotopycolimit Spec
1

CS(DI

«[,X° «T,X"

homotopylimit Spec“S®” _ ., homotopycolimit Spec
r 1
homot(zpylimit SpecCS&):,r’ i Fro?, homotogycolimit Speccszf)i,r’ %/ Fro?,
homot(ipylimit Speccsci):x i Fro?, homoto;;ycolimit (i)i,r, ¥/ Fro?,

homot(:pylimit SpecCS(D: X /Fro?, homoto;;ycolimit SpecCS(Di X /Fro”.

Proposition 3.1.71. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (3.1.425)

where * is one of the following spaces:

Spec®S @, 1 x /FroZ, (3.1.426)
(3.1.427)
SpecSSd, 1 x /Fro?, (3.1.428)
(3.1.429)
SpecSS®, 1 x /Fro?, (3.1.430)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopylimit Spec®S®”
r

. CSq!
WLX homotol;ycohmlt Spec @, -y,

homot(ipylimit SpecS @’ homotogycolimit Speccs(i)i Y

%X
homotopylimit Spec®> D 1 x> homoto;;ycolimit SpecCSCDi rx-
r
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homot(;pylimit SpecCS(T):,F, i Fro?, homotogycolimit SpecCS(T)i X /Fro?,

homotopylimit Speccsci)i rx/ Fro?, homoto;;ycolimit (i)i rx/ FroZ,
r

homotc;pylimit Spec®® @ x/ Fro?, homoto;;ycolimit SpecCS(Di rx/ Fro”.

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.431)

r

homotopylimit M/, (3.1.432)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 3.1.72. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (3.1.433)

Frobenius Quasicoherent Prestacks II: Deformation in Preadic Spaces

Definition 3.1.73. We now consider the pro-étale site of SpaQ, <X1i1, v X kil>, denote that by *. To be
more accurate we replace one component for I' with the pro-étale site of SpaQ, <X Ho.X kil > And we
treat then all the functor to be prestacks for this site. Then from [KL1] and [KL2, Definition 5.2.1] we
have the following class of Kedlaya-Liu rings (with the following replacement: A stands for A, V stands
for B, while @ stands for C) by taking product in the sense of self I'-th power:

A+ vt AT 9T oo @
A*,F, V*,F, q)*,l“, A*,l"’ V*’I" A*,r’ V*,l'" (I);’ra q)*’r’

“ ~/ v \./+ ~/ + uT ~/ T v v I
A*,F, V*,r’ q)*,l“, A*,l’" V*’I" A*,r’ V*,l'" (I);’ra q)*’r’

Aty Var, @, AT VE AT VT

I
EN AN S S AN B q)*,r'

Taking the product we have:
E)*,F,o’ (5: .o’ EBI

%,I",0°

D, ro, @ ., D

x,07 7 I ,0°
Q0. O, D!
w100 o o

They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (co, 1)-modules.
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Definition 3.1.74. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of
those in the above from [BK] by taking derived rational localization:

Spec® @, 1o, SpecPX D ., SpecBX D! . | (3.1.434)
SpecBXd, 1., SpecBKdv)i,r’o, SpecBK(i)i’Ro, (3.1.435)
Spec®Xa, -, SpecBK(D;l—’o, SpecBK(Di’r’o. (3.1.436)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBX®, 1, /Fro?, (3.1.437)
(3.1.438)
SpecBXd, -, /Fro?, (3.1.439)
(3.1.440)
Spec®X®, 1, /Fro”. (3.1.441)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BKEf)r

%,I7,0%

BK&')I

%,I7,0%

homotopylimit Spec homotopycolimit Spec
r 1

BK(i)I

+,I,0%

homotopylimit SpeCBKGVD’* I.o» homotopycolimit Spec
r w7 1

BK(Dr

%,I7,0%

BKq)I

x],0°

homotopylimit Spec homotopycolimit Spec
r 1

homot(;pylimit SpecBKE); To /Fro?, homoto;;ycolimit SpecBK&)i To JFro?,

homot(:pylimit SpecBK(f)i,r’o JFro?, homoto;;ycolimit SpecBKd)i To /Fro?,

homot(;pylimit SpecBK(I)i,r,c> /Fro?, homoto;;ycolimit SpecBK(Di’r’o /Fro”.

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:
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Definition 3.1.75. Here we define the following products by using the solidified tensor product from

[CS1] and [CS2]. Then we take solidified tensor product é of any of the following

A v o A+ v+ AT VAl o Y
A*,F, V*,F, q)*,l“, A*,I" V*’r’ A*,r’ V*,l'" q);’ra q)*’r’
A*,F, V*,F, (D*,l“, A*’ra V*,I‘a A*,F’ V*,l"a q)i,r’ ®*’r,
+ + T T I
A*,F, V*,l“, (D*,l“, A*,F’ V*,F’ A*’r’ V*’ra (Di’r’ (D*,r’
with o. Then we have the notations:
A v o G V2 A val o’ O!
A*’I“,o, V*,F,o, (I)*,F,o, A*,F,o’ V*,F,o’ A*,F,o’ V*,F,o’ (D*,F,o’ (D*,F,O’
“ - v v+ . + v—;— v—’- v v I
A*,l",o, V*srso’ (D*,l",o, A*,F,o’ V*,F,o’ A>x<,l",o’ V*,F,o’ (D:,F,o’ (I)*,F,O’
+ + T T I
A*,r,o’ V*,F’O’ q)*,r,o’ A>x<,I",o’ V*,F,o’ A*,F,o’ V*,F,o’ (D:,F,o’ CI)>s<,l",o'

Definition 3.1.76. First we consider the Clausen-Scholze spectrum Spec®>(x) attached to any of those

in the above from [CS2] by taking derived rational localization:
CSZ:F,O, Spec

CS&r
@, .. Spec

CSg+
V*,F,o’
CS&')I

+,I,07

SpecCSZ*,r,o, Speccsﬁk,r,o, SpecCSa)*,r,o, Spec

CS ZT . CS ﬁT

Spec™ A, -, Spec>V_ ., Spec

CSA+

+I,07

SpeCCSA*,F,o, V*,F,o, SPCCCS(D*,F,o, SPCC CSV:’]"’Oa
CS KT CSyi
A*,F,o’ Spec V*,F,o’ Spec

Spec

CS (i)r

¥/
Spec #,I,0 (D*,F,o’

CS A+ CSy+
At Spec Vi,
CS gy CS g/
@, 1., Spec D, o

SpecCSA*,r,o, SpecCSV*,r,o, SpecCS(D*,r,o, Spec
CSAT CS VT

Spec™ A, ., SpecV_ ., Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

Speccs&,r’o /Fro”, Speccsﬁ,k,l—,o /Fro”, Speccsflv)*,r,o /Fro”, SpecCSZ:’l—’o /Fro”,

Speccsﬁzr’o /FroZ, SpecCSZZ rof FroZ, Speccsﬁi Lol FroZ,

Spec®SA, 1o /Fro%, V. 1o /Fro%, Spec®>d, -, /FroZ, SpeCCSA:I’O /Fro”,

Speccsﬁj,r’o /Fro?, SpecCSAI,RO /FroZ, Speccsﬁi’r’o /Fro?,
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(3.1.442)
(3.1.443)
(3.1.444)

(3.1.445)
(3.1.446)
(3.1.447)

(3.1.448)
(3.1.449)

(3.1.450)
(3.1.451)
(3.1.452)

(3.1.453)
(3.1.454)
(3.1.455)



Spec® A, 1. /Fro%, Spec™ V., 1, /Fro”, Spec®> @, -, /Fro?, SpecCSA:’r’o /Fro”, (3.1.456)

CSV:’RO /FroZ, SpecSAT ro/ Fro?, SpecCSV;r rof Fro”. (3.1.457)

*7

Spec

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CSEISV

+,I,07

CS(BI

#1707

homotopylimit Spec homotopycolimit Spec
r 1

CSG“DI

*,I,0°

homotopylimit Speccsci>: r.» Nomotopycolimit Spec
r e 1

CS(DI

#1,0°

homotopylimit Spec®> "
r

+,I,07

homotopycolimit Spec
1
homot(:pylimit SpecCS(Bi,F’O /Fro?, homoto;;ycolimit Speccs(f)i To /Fro?,
homot(:pylimit Speccsdbi’r,o /Fro?, homoto;;ycolimit ci)i’l_’o /Fro?,

homot(:pylimit Spec®® @,/ FroZ, homotogycolimit Speccsd)i o/ Fro”.

Definition 3.1.77. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (3.1.458)

where * is one of the following spaces:

SpecBX @, -, /Fro?, (3.1.459)
(3.1.460)
SpecBXd, 1, /Fro?, (3.1.461)
(3.1.462)
SpecBX@, -, /Fro”. (3.1.463)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK&SI

+I,0%

.. BKFr
homot(;pyhmlt Spec™ O] - ,

homotopycolimit Spec
I

BK(i)I

%,I7,0%

homotopylimit SpecBKde* I.o» homotopycolimit Spec
r w7 1
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BK(DI

%],0°

homotopylimit SpecBK(I)g Lo homoto;;ycolimit Spec
r

BKEISI‘

*’

homotopylimit Spec rof Fro”, homotopycolimit SpecBK(PI')i rof Fro?,
r ’ I i

homot(ipylimit SpecBKi):,r’o /Fro”, homotogycolimit SpecBKdVJi,r’o /Fro”,
homotc;pylimit SpecBK(D;,r,o /Fro?, homoto;;ycolimit SpCCBK(Di To /Fro”.

Definition 3.1.78. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:
Quasicoherentsheaves, Condensed, (3.1.464)

where * is one of the following spaces:

Spec®® PA'*,F,O /FroZ, Spec®® 5*;,0 /Fro?, Spec®S®, 1, /FroZ, SpecCSZZRO /FroZ, (3.1.465)
Spec®® ﬁj’no /Fro?, SpecCSZZ’RO /Fro?, Speccsﬁi’no /Fro?, (3.1.466)
(3.1.467)

Spec® A, 1o /Fro, V. r.0/Fro”, Spec®®, 1. /Fro”, Spec“S Al . . /Fro”, (3.1.468)
SpecCS v:f’r’o / FroZ, SpecCSAI’RO / FroZ, SpecCS ﬂ’no / FroZ, (3.1.469)
(3.1.470)

Spec® A, 1o /Fro%, Spec™V, 1, /Fro?, Spec®> @, -, /FroZ, SpecCSA:,Ro /FroZ, (3.1.471)
Spec®S Vire/ FroZ, SpecCSAZ’RO /FroZ, SpecCSVI’r’o /Fro”. (3.1.472)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CSEI')I

+,I",0%

homotopylimit Speccsa): Io» homotopycolimit Spec
r w 1

CS(T)I

x,[7,07

homotopylimit Spec“>®” .  homotopycolimit Spec
r I

%,[7,0%

CS(DI

#I0 #[,0°

homotopylimit Spec“>®” . homotopycolimit Spec
r 1

homotorpylimit Spec®® &): o/ Fro?, homoto;;ycolimit SpeCCS(PI')i o/ Fro?,

homot(ipylimit Speccscf)fk,r,o /Fro?, homoto;;ycolimit (i)i To /Fro?,

CS(DI

homotopylimit SpecCS(D; rof Fro%, homotopycolimit Spec Lol Fro”.
r ” 1 Y
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Proposition 3.1.79. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed, (3.1.473)

where * is one of the following spaces:

Spec®S®, 1, /Fro?, (3.1.474)
(3.1.475)
Specd, 1, /Fro?, (3.1.476)
(3.1.477)
SpecS®, 1, /FroZ, (3.1.478)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

Csp!

%,[7,0%

homotopylimit Spec®® &): I.o» homotopycolimit Spec
r e I

CSG“DI

*I,0°

homotopylimit Speccség I.o» homotopycolimit Spec
r e 1

CS(DI

%] 0°

homotopylimit Spec®> @’ - ., homotopycolimit Spec
r w 1

homot(ipylimit Spec®® 5: o/ Fro?, homotogycolimit SpecCS(AI;i o/ Fro?,

hornot(;pylimit Spec® (T):,r,o /Fro?, homoto;;ycolimit Ci)i o/ Fro?,

homot(:pylimit Spec®® @,/ FroZ, homotogycolimit Speccsd)i o/ Fro”.

In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.479)

homotopylimit M, (3.1.480)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
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Proposition 3.1.80. Similar proposition holds for

Quasicoherentsheaves, IndBanach,. (3.1.481)

Definition 3.1.81. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (3.1.482)

where * is one of the following spaces:

SpecPXd, 1, /Fro?, (3.1.483)
(3.1.484)
SpecBXd, -, /Fro?, (3.1.485)
(3.1.486)
SpecBX®, -, /Fro”. (3.1.487)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK(DLRO,

homotopylimit SpecBKﬂdv)fk [ o» Nomotopycolimit Spec
r o 1

BK(i)I

%,I7,0%

homotopylimit SpeCBKd): [ o» Nomotopycolimit Spec
r o I

BKCI)r

+I,0°

BK(DI

%] ,0°

homotopylimit Spec homotopycolimit Spec
r 1

BKa')r

*!

homotopylimit Spec . /Fro%, homotopycolimit SpecBX®! . /FroZ,
r ’ 1 i

homot(;pylimit SpecBKdV): o/ Fro?, homotogycolimit SpeCBK(f)i o/ Fro?,
homot(:pylimit SpecBKd)i’r’o /Fro?, homotogycolimit SpecBK(Di’r’o /Fro”.

Definition 3.1.82. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (3.1.488)
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where * is one of the following spaces:

Spec®® PA'*,F,O /FroZ, SpecCSFVV*,r,O /FroZ, SpecCS&)*,r,o /Fro”, SpecCSZ:’RO /FroZ,

Speccsﬁ,f’r’o /FroZ, specCSZj ro/ Fro?, Speccsﬂ ro/ Fro?,

Spec®SA, 1o /Fro%, V. 1o /Fro%, Spec®>d, -, /FroZ, Speccsﬁj,r’o /Fro”,

SV /Fro%, Spec™AT . /Fro? Spec™SV! | /Fro?,

*,I,0

Spec

SpecSA, 1o /Fro%, Spec®V, 1, /Fro?, Spec®S®, -, /Fro?, SpecCSA:I’o /Fro”,

SpecCSV“LRo /FroZ, SpecCSAI rof Fro?, SpecCSV;r rol Fro”.

*
]

(3.1.489)
(3.1.490)
(3.1.491)

(3.1.492)
(3.1.493)
(3.1.494)

(3.1.495)
(3.1.496)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS 57
(D*,F,o’

CS(BI

#[,0°

homotopylimit Spec homotopycolimit Spec
r 1

CSq")I

%,I7,0%

homotopylimit Spec®® dv)i I.o» Nomotopycolimit Spec
r ” I

homot(ipylimit SpecS @’ CS(Di,RO.

“Lo homoto;;ycolimit Spec

homotopylimit Spec®® 6i,r,o /Fro”, homotogycolimit Speccszf)i,r’o /Fro?,

r

homot(ipylimit Speccscb;r,o /Fro?, homoto;;ycolimit (i)i,r,o /Fro?,

*’

homot(:pylimit SpecCSCI)fk,F,c> /Fro?, homoto;;ycolimit SpecS ! To /Fro”.

Proposition 3.1.83. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

Spec®S®, 1, /Fro?,

SpecSd, 1, /FroZ,
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(3.1.497)

(3.1.498)
(3.1.499)

(3.1.500)
(3.1.501)



Spec“S®, 1, /FroZ, (3.1.502)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CSEISV

%,[7,0°

CS(BI

*,I,0°

homotopylimit Spec homotopycolimit Spec
r 1

CS(i)I

+,I,0%

homotopylimit SpecCSQVDZ .- homotopycolimit Spec
r T 1

CS(DI

*I,0°

homotopylimit Speccsd): I.o» homotopycolimit Spec
r o 1
homot(ipylimit SpecCS(T):,r,o /Fro?, homotogycolimit Speccs(f)i,r’o /Fro?,
homotopylimit SpecCSCT)i rof Fro”, homotopycolimit &/ rof Fro?,
r T 1 e

homotopylimit Spec®S®”
r

“Lo /Fro”, homotopycolimit SpecCS(Di’r,o /Fro”.
1

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M, (3.1.503)

r

homotopylimit M, (3.1.504)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 3.1.84. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (3.1.505)

Frobenius Quasicoherent Prestacks III: Deformation in (oo, 1)-Ind-Preadic Spaces

Definition 3.1.85. We now consider the pro-étale site of SpaQ, (Xlil, - X,:—'1>, denote that by *. To be
more accurate we replace one component for I with the pro-€tale site of SpaQ, (X HoLX kil > And we
treat then all the functor to be prestacks for this site. Then from [KL1] and [KL2, Definition 5.2.1] we
have the following class of Kedlaya-Liu rings (with the following replacement: A stands for A, V stands
for B, while @ stands for C) by taking product in the sense of self I'-th power:
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Taking the product we have:

YV . d A+ Ut AT @& Hl
A*,F, V*,l“, (D*,l“, A*,F’ V*,F’ A*’r’ V*’ra (D;’r’ (D*’r’

(v 2 (v} ~ . “ VT - -
A Vo, @ AL VL AT VT L D0 B

w2 Vs I N i
+ + i i !
A*’r’ V*’I" q)*’l"’ A*,r, V*’l—, A*’]—*’ V*’l—*’ mi’l—" (D*,F.
— ~. =4
D, r x. ‘D*,r,xg’ (D*,F X’
o ‘. £l
(D*,F,XD’ (I)*,F,XD’ (D*,F,XD’
r 1
(I)*,F,XD’ CD*,F,XD’ (I)*,F,XD ’

They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (co, 1)-modules.

Definition 3.1.86. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of
those in the above from [BK] by taking derived rational localization:

Then we take the corresponding quotients by using the corresponding Frobenius operators:

Spec®*d, 1y, SpeCBKCDQR Xy? SpecX !

SpecBXd, 1 x_, SpecBXd’

BK BK BK g,/
Spec”™®, r x.,, Spec (I);l-’XD, Spec”™ @

SpecBX®, 1 x_/Fro?,

BK(i)

SpecBXd, 1 x_ /Fro?,

BK(I)

SpecBX@, 1y /Fro”.

#1, Xg’

BK §,/
w[Xp SPEC "D, by

# I, Xg"

(3.1.506)

(3.1.507)

(3.1.508)

(3.1.509)
(3.1.510)

(3.1.511)
(3.1.512)

(3.1.513)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopylimit Spec

homotopylimit Spec

BKEI')r

T, Xo? homotogycolimit Spec

BK &
(D*,F,X\:\’
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BKE[SI

homoto;;ycolimit SpecBK(f)i’n

I, Xp’

Xo’



BK(DI

homotopylimit SpecBX®” homotopycolimit Spec wLX.*
r I T8

1, X"

BK&')r

*5

BK('ISI

*S

homotopylimit Spec rx./ Fro”, homotopycolimit Spec rx./ Fro?,
r A0 l A0

homotopylimit SpecBK(f); X, /Fro?, homoto;;ycolimit SpecBK(f)i X, /Fro?,
r

BK(DI

*

Xy / FroZ.

homotopylimit SpecBKCka rx./ Fro”, homotopycolimit Spec
r w0 I
Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 3.1.87. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Then we take solidified tensor product 6.9 of any of the following

A+t v+t AT vt o d Pl
A*,F, V*,F, q)*,l“, A*,lﬂ V*’l"’ A*,F’ V*’l'" (I):’l", CD*’I'W

v

A>k,l"a 6*’“ CD*,F» A+ v-'— AI,I“’ vz,l“’ q")r cbl

EN L EN el
+ + T i I
A*,F’ V*,l‘, CD*,F$ A*,l'" V*’l'" A*,l"’ V*,F’ q):;’l'" CD*’I'W
with Xg. Then we have the notations:
N v & A+ v+ AT \Val 5" !
Al Xor ViliXos PulXor A x Varxg Aerxy Vorxe Perxy Purxy

v [

A v + o+ AT T 3 51
A*,F,XD, V*,F,XD’ (D*,F,XD’ A*,F,XD’ V*,F,XD’ A*,F,XD’ V*,F,XD’ (D*’qua (I)*,F,XD’

v

+ + i i r 1
A« Xos Vil Xe» Pl Xos A*,F,XD’ V*,r,xu’ A*,F,XD’ V*,F,XE.’ (D*,RXD’ (D*,r,xu'

Definition 3.1.88. First we consider the Clausen-Scholze spectrum Spec®S(x) attached to any of those
in the above from [CS2] by taking derived rational localization:

Spec™SA..r.x.» Spec SV, 1 x,., Spec™S®, 1. x,, Spec ALy Spec™SVI L | (3.1.514)
SpecCSZiF Xy SpecSV! X SpeCCSCPI')Q,R Xo? SpeCCSEIV)in Xy (3.1.515)

(3.1.516)

SpecSA.rx., Varx., SpecSd, r x., Speccsﬁj’r’ X Speccsv:’r’ X (3.1.517)
Speccsﬁfk I Xy Speccsvz rXy Speccs(f);l-’xn, &)i,r,xu’ (3.1.518)

(3.1.519)

Spec® A. 1 x., Spec V.. 1 x,, Spec D, 1 x., Spec ALy, SpecSVI Ly (3.1.520)
SpecSAl L, Spec™VI L\ Spec®S DLy SpecSD! Ly . (3.1.521)
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Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecSA, rx, /Fro?, SpecSV, r x_ /Fro%, Spec®S®, 1 x_ /Fro?, SpecCSZ:R X,/ FroZ, (3.1.522)
Speccsitn X / FroZ, SpecCSZZ I'.Xq / FroZ, Speccsﬁr I'.Xq / FroZ, (3.1.523)
(3.1.524)

SpecCSA*,r, X,/ Fro?, v*,r, X/ Fro?, SpecCSCi)*,r, X,/ Fro?, SpecCSA:’R X / Fro?, (3.1.525)
SpeCCSv:’r’ x,/ Fro, Speccsﬁj;r’ x,/ Fro”, Speccsvi,r’ X,/ Fro®, (3.1.526)
(3.1.527)

Spec® A, r x, /Fro”, Spec>V, r x_ /Fro%, Spec®> @, - x_ /Fro”, SpecCSA:F’ x,/ FroZ, (3.1.528)
Spec SV . /Fro”, Spec™Al | /Fro?, Spec™V! . /Fro”. (3.1.529)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

r

CS g/
# I, Xg’ o

P CSq
homot(ipyhmn Spec>® wT.Xo

homotopycolimit Spec
1

r

CS &/
# 1, Xg’ o

. . CS ¥
homotcipyhmlt Specd «T.Xy’

homotopycolimit Spec
I

CS(DI

L. G

homotcipylimit SPCCCS(D;,F,XD’

homotopycolimit Spec
I
homotczpylimit Spec®® (T): I.Xe /Fro?, homoto;;ycolimit Speccs(ii I.Xe /Fro?,

homotopylimit Speccs(f)fk X /Fro?, homoto;;ycolimit (i)i X, /Fro?,
r

CS(DI
*

homot(ipylimit SpecCS(D:,F, X /Fro?, homoto;;ycolimit Spec

X, / FroZ.

Definition 3.1.89. We then consider the corresponding quasipresheaves of the corresponding ind-Banach
or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (3.1.530)

where * is one of the following spaces:

SpecBX®, 1 x_ /Fro?, (3.1.531)
(3.1.532)
SpecBXd, 1 x_/Fro?, (3.1.533)
(3.1.534)
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SpecBX@, 1 x_ /Fro”.

(3.1.535)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BK 5 BK 5/
(D*FX’ o

homotopylimit Spec <Xy
r

homotopycolimit Spec
1

homotopylimit Spec®Xd” BK(Di I.X.
r

X homoto;;ycolimit Spec

BK BK g,/
homotopyhmlt Spec”*®” Q. rx. -

* Xy homoto;;ycolimit Spec

homot(:pylimit SpecBKEﬁ; X, /Fro?, homoto;;ycolimit SpecBKa)i X /Fro?,

BKCI)I

homot(ipylimit SpecBK(f)i’r, X, /Fro?, homoto;;ycolimit Spec «[.Xq /Fro?,

homotopylimit SpecBKd):
r

rx /Fro”, homotopycolimit SpecBKd)i rx./ Fro”.
a [ Ly A0

Definition 3.1.90. We then consider the corresponding quasisheaves of the corresponding condensed

solid topological modules from [CS2]:
Quasicoherentsheaves, Condensed,

where * is one of the following spaces:

SpecCSK* rx,/ FroZ, Speccsﬁ* rx,/ FroZ, SpecCS&)* r.x,/ FroZ, SpeCCSZ;R Xy / FroZ,

SpecCSV+FX /FroZ, SpecCSATFX /FroZ, SpecCSVTrX /FroZ,

Speccsﬁ*rx /FroZ v*rx /FroZ Speccsci). r.X, /FroZ SpecCSA+rX /Fro

SpeCCSV+rX /FroZ, SpecCSATFX /FroZ, SpecCSVTFX /Fro?,

SpecCSA* rx,/ Fro?, SpecCSV* rx,/ FroZ, Speccs(l)* r.x,/ FroZ, SpecCSA;R Xy / FroZ,

SpecCSV+FX /FroZ, SpecCSATFX /Fro”, SpecCSVTFX /Fro”.

(3.1.536)

(3.1.537)
(3.1.538)
(3.1.539)

(3.1.540)
(3.1.541)
(3.1.542)

(3.1.543)
(3.1.544)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS(I)I

# [, X’

hornot(;pylimit SpecCSd>: Xy

homotopycolimit Spec
1
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CS(T)I

homotopylimit Spec“>®” homotopycolimit Spec>®;, - , ,
r I »-4n

# I, Xg’

CSq)I

[, Xp "

homotc;pylimit Spec®s O Xy homoto;;ycolimit Spec

CS('BI

*’

homot(zpylimit SpecCS(T)i X, /Fro?, homoto;;ycolimit Spec rx. /Fro?,

homotopylimit Spec“®’ . x,/Fro”, homoto;;ycolimit @ . [Fro%,
r

homot(ipylimit SpecCS(D:’F’ X, /Fro?, homoto;;ycolimit Speccsfl)i’l_’ Xq /Fro”.

Proposition 3.1.91. There is a well-defined functor from the co-category

Quasicoherentpresheaves, Condensed, (3.1.545)
where * is one of the following spaces:

Spec®S®, 1 x_ /Fro?, (3.1.546)
(3.1.547)
Spec®Sd, - x_ /Fro”, (3.1.548)
(3.1.549)
Spec®S®, 1 x_ /Fro?, (3.1.550)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

r

CSx/
# I, Xg? @

homotczpylimit SpecCS(T) «T.Xo’

homotopycolimit Spec
1

P CS CS !
homotc;pyhmn Spec—>®’ D, 1 x.

Xy homotoI;ycolimit Spec

r

CS !
# [, X0’ i\

homot(zpylimit Spec®S® +LXy"

homotopycolimit Spec
I

homot(ipylimit Spec®® &): Xy /Fro?, homotoeycolimit Speccsa)i X /Fro”,

CS(‘I’)r

>k,

homotopylimit Spec Xy /Fro?, homotolzycolimit dv)ir’ Xq /Fro?,
r
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CS(DI

*5

homot(;pylimit Spec®® Dy /Fro?, homoto;;ycolimit Spec r.Xy /Fro”.

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of oco-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.551)

r

homotopylimit M/, (3.1.552)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 3.1.92. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (3.1.553)

Definition 3.1.93. We then consider the corresponding quasipresheaves of perfect complexes the corre-
sponding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (3.1.554)

where * is one of the following spaces:

SpecBX®, 1 x_ /Fro?, (3.1.555)
(3.1.556)
SpecBXd, 1 x_ /Fro”, (3.1.557)
(3.1.558)
SpecBX@, 1y /Fro”. (3.1.559)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK&)I

#1,Xn’

homotcipylimit SpecBKEISQ Xy homoto;;ycolimit Spec

BKq)r BK(Di,RXD,

homotopylimit Spec X
. T

homotopycolimit Spec
I

P BK BK g,/
homot(ipyhmlt Spec”™ @ Q. rx -

CLX homoto;;ycolimit Spec
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homot(:pylimit SpecBK(T);F, X, /FroZ, homotol;ycolimit SpecBK(T)i X, /Fro?,

By x./Fro”, homotopycollmlt SpecBXd!

homotopylimit Spec X, /Fro?,

homot(:pylimit SpecBK(D:,F, X, /Fro?, homoto;;ycolimit SpecBK(Di X, /Fro”.

Definition 3.1.94. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (3.1.560)

where * is one of the following spaces:

SpecCSZ* X, /FroZ Speccsi X, /FroZ SpecCS(T)* r.X, /FroZ SpecCSA+l—X /Fro (3.1.561)
SpeCCSV+FX /FroZ, SpecCSATFX /FroZ, SpeCCSVTFX /FroZ, (3.1.562)
(3.1.563)

SpecCSA* X, /FroZ V* r XD/FroZ SpeCCSCIJ* X, /FroZ SpecCSA+r X /Fro (3.1.564)
SpecCSV+1—X /FroZ, SpecCSATrX /FroZ, SpecCSVTrX /FroZ, (3.1.565)
(3.1.566)

SpecCSA* I.X, /FroZ SpecCSV* r.x,/ Fro?, SpecCSCI)* rx,/ FroZ, SpeCCSA+l— X / FroZ, (3.1.567)
SpecCSV“}X /FroZ, SpecCSATFX /FroZ, SpecCSVTFX /Fro”. (3.1.568)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS(DI

CSq
homotopyhmlt Spec>®" «T.Xo?

LXy? homotogycolimit Spec

CS(T)I

CS &
homotopy11m1t Spec>®” «IXo

WLX homotolzjycolimit Spec

CS(DI

CS
homotopy11m1t Spec>®" «T.Xy"

WLX ,homoto;;ycolimit Spec

CS(DI

homotopylimit SpecCSE): Xy /Fro?, homotoI;ycolimit Spec™ @, - /Fro?,

r

homotopylimit Spec“®’ . x,/Fro”, homoto;;ycolimit ®! x,/Fro”,
r

CS(DI

homotopylimit Spec®® Dy /Fro?, homoto;;ycolimit Spec™ @, - /Fro”.

r
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Proposition 3.1.95. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (3.1.569)

where * is one of the following spaces:

Spec®S®, 1 x_ /Fro”, (3.1.570)
(3.1.571)
SpecSd, 1 x_ /Fro”, (3.1.572)
(3.1.573)
Spec®S®, - x_ /Fro”, (3.1.574)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

r

. CSG,
homotc;pyhmlt Spec q)*,r,xg’

homotoI;ycolimit SPGCCS(Bi,r,XD’

r

- CS
homotopylimit Spec (D*,r,xg’
r

homotolz;ycolimit Speccs(f)ir’ X

r

CSg/
# I, Xg’ @

homotc;pylimit SpecSd ALXg"

homotopycolimit Spec
1
CS 6}’

*,

CSEfJI

*

homotopylimit Spec rx./ Fro”, homotopycolimit Spec rx./ Fro?,
r s A0 1 sLsA0

homot(zpylimit Speccs(i);n Xs /Fro?, homotogycolimit dv)i’r’ X, /Fro”,

CS "

3k,

CS(DI

*

homotopylimit Spec rx./ Fro”, homotopycolimit Spec rx./ Fro”.
r sL,A0 I s A0

In this situation we will have the target category being family parametrized by r or / in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.575)

r

homotopylimit M, (3.1.576)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Proposition 3.1.96. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (3.1.577)
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3.1.4 Univariate Hodge Iwasawa Prestacks
Frobenius Quasicoherent Prestacks I

Definition 3.1.97. We now consider the pro-€étale site of SpaQ, (Xlil, .4 lz—"l>, denote that by *. To be
more accurate we replace one component for I' with the pro-étale site of SpaQ, <X1’—'1, v X kil ) And we
treat then all the functor to be prestacks for this site. Then from [KL1] and [KL2, Definition 5.2.1] we
have the following class of Kedlaya-Liu rings (with the following replacement: A stands for A, V stands
for B, while ®@ stands for C) by taking product in the sense of self I'-th power®:

A*’ 6*9 (5*9 Z:’ 6:’ ZI’ 61‘:’ 6;’ &)I

%9

o v v

A*’ V*9 (I)*’ A:’ ﬁ:a AI» vjk-’ é;a éi’

A*’ V*» ®*7 A:’ V:’ Aia VI’ QZ’ ®>1[<

Taking the product we have:

& Dl
(I)*,X’ ®*’Xa (I)*7X’

v

v v
(D*,X’ (I):,X’ (D*,X’

r 1
D, x, (D*’X, (D*7X.

They carry multi Frobenius action ¢r and multi Lier := Z;F action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Definition 3.1.98. First we consider the Bambozzi-Kremnizer spectrum SpecBX(x) attached to any of
those in the above from [BK] by taking derived rational localization:

SpecBKEIv)*, X, SpecBKEIv)i, % SpeCBKEIVJi’ ¥ (3.1.578)
SpecBKCT)*, X, SpecBKdu); X SpecBK(f)i’ ¥ (3.1.579)
SpecBXa, x, SpecBKd):, ¥ SpecBKd)i’ X (3.1.580)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBR®, y /Fro”, (3.1.581)
(3.1.582)
SpecBXd, x /Fro?, (3.1.583)
(3.1.584)

%Here || = 1.
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SpecBX®, x /Fro”. (3.1.585)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK&)I

homotopylimit SpecBK&); +» homotopycolimit Spec X
r ’ I ’

BKq")r

BK &/
# X O

homotopylimit Spec homotopycolimit Spec X
r 1 ’

homot(zpylimit SpeCBK(I)’* X homotogycolimit SpecBKd)i X

homot(;pylimit SpecBK(Bi X /Fro?, homoto;;ycolimit SpecBK&)i X /Fro?,

homot(;pylimit SpecBK(f):, ¥/ Fro?, homotogycolimit SpecBK(i)i’ ¥/ Fro?,

homot(;pylimit SpecBK(I):’ %/ Fro?, homoto;;ycolimit SpecBKd)i, %/ Fro”.

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 3.1.99. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Then we take solidified tensor product é of any of the following

A*’ 6*9 (B*’ Z:’ AVd:’ ZI’ 61‘5 (515 (5i’

:’ AI» vi’ (VD;, (VDL

<«

A*’ V*9 CD*9 A:,

A*’ V*9 (1)*9 A:’ V:a AI’ VI’ ®:<’ Qi’

with X. Then we have the notations:

AoV od oAt vt AT v o @
A*,X’ V*,X’ (D*,Xa A*,X’ V*,X’ A*,X’ V*,X’ (D:,X’ (I)*,X’

¥ 9 v

A+ v+ AT f
A*,Xa V*,X’ (D*,Xa A*,X’ V*,X’ A*,X’ V*,X’

+ + T T I
Asx, Vi x, Qs x» A*,X’ V*,X’ A*,X’ V*,X’ (D:,X’ q)*,X'

Definition 3.1.100. First we consider the Clausen-Scholze spectrum Spec®S () attached to any of those
in the above from [CS2] by taking derived rational localization:

SpecCSZ*,X, Speccsg*,x, Speccs(f)*, X SpecCSZI,X, Speccsgj, ¥ (3.1.586)
SpecCSZI e Speccsgi e SpecCSCAISZ, Y Speccsa)i, ¥ (3.1.587)
(3.1.588)
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Spec“ A, x, V.. x, SpecSd, x, Speccsﬁlx, Speccsﬁj’x, (3.1.589)

Speccsﬁl s Speccsv:x, Speccsd):’ ¥ (i)i ¥ (3.1.590)

(3.1.591)

Spec® A, x, Spec™SV. x, Spec™®, x, Spec ATy, SpecS VY, (3.1.592)
SpecSA! . Spec™V! |, SpecS @ , SpecSd! ;. (3.1.593)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecCSZ*, x /Fro?, Speccsﬁ*, x /Fro?, SpecCS(T)*, x/Fro?, SpecCSZ:’ i FroZ, (3.1.594)
Speccsez x/ FroZ, SpecCSZZ ¥ / FroZ, specCSﬁf X / FroZ, (3.1.595)
(3.1.596)

SpecCSﬁ*, x/ FroZ, ?*’ x/ FroZ, Speccsé)*,x / FroZ, SpecCSA:’ x/ FroZ, (3.1.597)
Speccs?:, x/ FroZ, Speccsﬁi, ¥ / FroZ, Speccs?i, ¥ / FroZ, (3.1.598)
(3.1.599)

SpecS A, x /Fro”, Spec®V., x /Fro%, Spec®> @, x /Fro?, SpecCSA:’ +/Fro”, (3.1.600)
SpecCSV:’ +/Fro”, SpecCSAi ¥/ FroZ, SpecSv! ¥/ Fro”. (3.1.601)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS Eﬁr

X homotop;ycolimit SpecCS&;I

homotc;pylimit Spec X0
homot(ipylimit Speccsci)fﬁ X homoto;;ycolimit Speccs(i)i X
homot(ipylimit Speccsd);’ X homoto;;ycolimit SpecCS(Di, X
homotopylimit SpecCS(AIS: ¥/ FroZ, homotopycolimit SpecCS(AISi ¥/ Fro?,
r ’ I ’

homot(zpylimit Speccs(f): X /Fro?, homotogycolimit dVJi X /Fro?,

homot(;pylimit SpecCS(Di X /Fro?, homoto;;ycolimit SpeCCS(Di X /Fro”.
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Definition 3.1.101. We then consider the corresponding quasipresheaves of the corresponding ind-
Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (3.1.602)

where * is one of the following spaces:

SpecBR®, y /Fro”, (3.1.603)
(3.1.604)
SpecBXd, x /Fro?, (3.1.605)
(3.1.606)
Spec®X @, x /Fro”. (3.1.607)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK@Z’ ¥ homoto;;ycolimit SpecBKE)I

homotopylimit Spec X
. :

SRy, homoto;;ycolimit SpecBX!

homotopylimit Spec « X0
r

BKCI)r

homotopylimit Spec « X0
r

homoto;;ycolimit Spec® @/ .

homot(zpylimit SpecBK(Id):, i Fro?, homoto;;ycolimit SpecBKE)i, x/ Fro?,

homot(;pylimit SpecBK(T):, i Fro?, homotogycolimit SpecBK(f)i’ i Fro?,

BK(Dr

*7

homotopylimit Spec %/ Fro”, homotopycolimit SpecBK(Di %/ Fro”.
r 1 ’

Definition 3.1.102. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (3.1.608)

where * is one of the following spaces:

Spec®SA, x /Fro?, Spec®SV, x /Fro%, Spec®S®, x /Fro?, SpecCSZI +/Fro”, (3.1.609)
Speccsﬁt x/ FroZ, SpecCS Zi ¥ / FroZ, Speccsﬂ " / FroZ, (3.1.610)
(3.1.611)
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Speccsﬁ*,x/ Fro?, v*, x/Fro?, Speccs(f)*, x/FroZ, SpecSA* </ Fro?,

Spec®SVT x/ FroZ, SpecCSAZ 5/ FroZ, SpecCSVI 5/ FroZ,

*7

SpecCSA*, x/ FroZ, SpeCCSV*, x/ FroZ, SpecCSd)*, x/ FroZ, SpecCSA+ x/ FroZ,

SpecSv* x/ Fro?, SpecCSAZ ¥/ Fro?, SpeCCSVZ ¥/ Fro”.

*7

(3.1.612)
(3.1.613)
(3.1.614)

(3.1.615)
(3.1.616)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homot(ipylimit Speccscf)fﬁ X homoto;;ycolimit Speccsa)i X

CS(I")I

homotopylimit Spec®® (i{: > homotopycolimit Spec=> @,
r ’ I ’

homotc;pylimit Spec®® D . homotogycolimit Speccsd)i X

homotopylimit SpecS®” x/Fro”, homotolz;ycolimit SpecSS@! x/Fro?,

r

homot(;pylimit Speccs(f):, ¥/ Fro?, homotogycolimit (i)i’ ¥/ Fro?,

homotopylimit Spec®® @,/ FroZ, homotogycolimit Speccsd)i x/ Fro”.

r

Proposition 3.1.103. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed,
where * is one of the following spaces:

SpecS®, x /Fro”,

SpecSd, x /Fro”,

SpecCS(D*, x/Fro?,

(3.1.617)

(3.1.618)
(3.1.619)

(3.1.620)
(3.1.621)

(3.1.622)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
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consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS&')I

homotopylimit SpecCSEI;fk x> homotopycolimit Spec>®, ,,
r ’ )4 K

homot(;pylimit Spec®s CTDQ X homoto;;ycolimit Speccs(f)i X
homot(;pylimit Speccsd);, ¥ homotogycolimit SpecCS(Di, X

homotopylimit SpecCS&); ¥/ Fro?, homoto;;ycolimit SpecCS(AISi, ¥/ Fro?,

r

homot(;pylimit SpecCS(T): X /Fro?, homoto;;ycolimit (i)i ’ ¥/ Fro?,

homot(;pylimit SpecCS(D:, ¥/ FroZ, homoto;;ycolimit SpecCS(Di, x/ Fro”.

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.623)

r

homotopylimit M/, (3.1.624)
1

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 3.1.104. Similar proposition holds for

Quasicoherentsheaves, IndBanach, . (3.1.625)

Definition 3.1.105. We then consider the corresponding quasipresheaves of perfect complexes the cor-
responding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, Perfectcomplex, IndBanach, (3.1.626)
where * is one of the following spaces:

SpecBR®, y /Fro, (3.1.627)
(3.1.628)
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SpecBKCT)*, x/ Fro?,

SpecBX®, x /Fro”.

(3.1.629)
(3.1.630)

(3.1.631)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BKEISI

homotopylimit SpecBKa)i > homotopycolimit Spec X
r ’ I i

BKq“)I

homotopylimit SpecBKCi)g «» homotopycolimit Spec X
r ’ 1 ’

homot(zpylimit SpeCBKd)’* X homotogycolimit SpecBKd)i X

homot(zpylimit SpecBK;I;i x/ Fro?, homoto;;ycolimit SpecBKE)i x/ Fro?,

homot(;pylimit SpecBK(T):, ¥/ Fro?, homotol;ycolimit SpecBK(f)i X /Fro?,

*!

homot(;pylirnit SpecBXar ¥/ FroZ, homotogycolimit SpecBKd)i x/ Fro”.

Definition 3.1.106. We then consider the corresponding quasisheaves of perfect complexes of the corre-

sponding condensed solid topological modules from [CS2]:
Quasicoherentsheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:
SpecCSZ*, x /Fro?, SpecCSFVV*, x/Fro?, SpecCSEIv)*’ x/Fro?, SpecCSZ:’ x/ Fro”,
Speccsﬁ+ ¥/ FroZ, Spec® Zz’ ¥/ Fro?, Speccsﬁi’ ¥/ FroZ,

*’

Spec®A, x /Fro”, V. x /Fro”, Spec® ®, x /Fro”, Spec®> A’ /Fro?,

*’

Spec“SV}, /Fro?, Speccsﬁi ¥/ FroZ, SpecSV! ¥/ Fro?,

*7

SpecCSA*, x/Fro?, SpeCCSV*, x/Fro?, SpecCSd)*’ x /FroZ, SpecCSA:, x/ Fro?,

SpeCCSV:, x/ Fro?, SpecCSAZ ¥/ Fro?, SpeCCSVZ ¥/ Fro”.
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(3.1.632)

(3.1.633)
(3.1.634)
(3.1.635)

(3.1.636)
(3.1.637)
(3.1.638)

(3.1.639)
(3.1.640)



Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS@I

*, X

homot(ipylimit SpecCS(T)i’ X homotogycolimit Spec

CS(I")I

homotopylimit Speccscbi > homotopycolimit Spec™>®, ,
r ’ I ’

homotopylimit SpecCS(DZ x» homotopycolimit SpeCCS(Di X
r ’ I ’
homot(zpylimit Spec®® 5:, i Fro?, homotogycolimit Speccszf)i, %! Fro?,
homotopylimit SpecCS(f): i FroZ, homotopycolimit @’ i Fro?,
r ’ 1 >
homot(:pylimit SpecCS(D: X /Fro?, homoto;;ycolimit SpecCS(Di X /Fro”.

Proposition 3.1.107. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (3.1.641)

where * is one of the following spaces:

Speccsa)*, x /Fro?, (3.1.642)
(3.1.643)
SpecSd, x /Fro”, (3.1.644)
(3.1.645)
Spec®S @, x /Fro”, (3.1.646)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homot(zpylimit SpecCS(T); x> homotol;ycolimit SpecCS(T)i X
homot(ipylimit SpecCS(T); x> homotogycolimit Speccs(i)i X

homotcipylimit Spec®® D . homoto;;ycolimit SpecCSCDi X
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homot(zpylimit SpecCS(T); i Fro?, homotol;ycolimit SpecCS(T)i X /Fro?,
homot(:pylimit Speccs(fbi’ %/ Fro?, homotolzycolimit Cbi x/ Fro?,

homot(ipylimit SpecCS(D: X /Fro?, homoto;;ycolimit SpeCCS(Di X /FroZ.

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of oco-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.647)

homotopylimit M, (3.1.648)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval 1.

Proposition 3.1.108. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (3.1.649)

Frobenius Quasicoherent Prestacks II: Deformation in Preadic Spaces

Definition 3.1.109. We now consider the pro-étale site of SpaQ,, <X li', v X ,f] >, denote that by *. To be
more accurate we replace one component for I' with the pro-€tale site of SpaQ), (X = inl > And we
treat then all the functor to be prestacks for this site. Then from [KL1] and [KL2, Definition 5.2.1] we
have the following class of Kedlaya-Liu rings (with the following replacement: A stands for A, V stands
for B, while @ stands for C) by taking product in the sense of self I'-th power’:

A*’ 6>l<9 EIS*» Z:’ 6:9 ZI» §I’ (513 (AISL
A*’ V*, q)*, A:’ v:’ AI? 61, (UD:;, (uDi’

A V., @, AL VE AL VL 0, D1
Taking the product we have:
@, ., V., D!

#,0% 3,09
v v, N
®*so’ (D*,o’ (D*,oa

r 1
(D*,O’ (D*,o’ (D*,o .

They carry multi Frobenius action ¢r and multi Lier := Z;r action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

"Here |T'| = 1.
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Definition 3.1.110. First we consider the Bambozzi-Kremnizer spectrum Spec®X(x) attached to any of
those in the above from [BK] by taking derived rational localization:

SpecBK&)*,o, SpecBKCBQO, SpecBK(Bi,o, (3.1.650)
SpecBXd, SpecBK(i)fﬁ’o, SpecBK(T)i’o, (3.1.651)
Spec®*®, ., Spec® @’ , Spec®K ! . (3.1.652)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

SpecBR®, , /Fro?, (3.1.653)
(3.1.654)
SpecBXd, , /Fro?, (3.1.655)
(3.1.656)
Spec®Xd, , /Fro”. (3.1.657)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK('I‘Sr

homotopylimit Spec %.0» homotopycolimit SpecBK&)’
r 1

*,09
homotopylimit SpecBKCTDQ,O, homotopycolimit SpecBKCUDi’O,
r 1
BK(Dr

homotopylimit Spec .- homotopycolimit SpecBKd)i’o.
r I

homotopylimit Spec®X®’, | /Fro%, homotopycolimit Spec®X®! _ /FroZ,
r 1

homotopylimit Spec®*®’, , /Fro” homotopycolimit Spec®*®! _ /Fro?,
r 1

homotopylimit SpecBK(I)Q,c> /Fro”, homotopycolimit SpecBK(Di’o /Fro”.
r 1

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:
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Definition 3.1.111. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Then we take solidified tensor product é of any of the following

A*a 6*, a)*, Z:7 6:’ ZI’ 61’ (5:." &)I

3

o v

A*, V*’ (D*’ A:—a v:—’ AI’ via (i):o (i)ia

A*’ V*7 q)*? A:7 V:a AI7 VI’ mi’ ®I

%9
with o. Then we have the notations:

S A+ v+t AT vl & B!
A*,O’ V*,O’ ®*,09 A*,o, V*,o$ A*,m V*703 ®r (D*’o’

*,09

v

v ~ ~ + ~ + UT ~/ T v r - I
A*,O’ V*,O’ (D*,O’ A*,o’ V*,o, A*,oa V*,ov (D*,oa (D*,o’

+ + AT T r I
A*,O, V*,Oa q)*,09 A*’cw V*,o7 A*,m V*,oa q)*,o9 q)*’o'

Definition 3.1.112. First we consider the Clausen-Scholze spectrum Spec®S () attached to any of those
in the above from [CS2] by taking derived rational localization:

SpecCSZ*,o, Speccsg*,o, SpecCSCAIS*,O, SpecCSZI,O, Speccsifo, (3.1.658)
SpecCSZLO, Speccsgi’o, Speccsa);’o, Speccsa)io, (3.1.659)

(3.1.660)

SpeCCSA*,O, V.o SpecCSCTD*,O, Speccsﬁlo, SpecCS?:,O, (3.1.661)
Spec®SAT ., Spec™SV! ,, SpecSdr , &, (3.1.662)

(3.1.663)

SpecCSA*,o, SpecCSV*,o, Speccsd)*,o, SpecCSA:f,o, SpecCSV:’o, (3.1.664)
Spec®SA!l ., Spec™S V!, Spec®S @, Spec™Sd! . (3.1.665)

Then we take the corresponding quotients by using the corresponding Frobenius operators:

Speccsz*,O /FroZ, Speccsi,o /FroZ, Speccsa),k,O /FroZ, SpecCSZ:O /Fro”, (3.1.666)
SpecCSFVV;Lo /Fro”, Spec®® Z};o /Fro?, Speccsﬂ,o /Fro?, (3.1.667)
’ (3.1.668)
Speccsﬁ*,o / FroZ, ?*,o / FroZ, Speccs(f)*,o / FroZ, SpecCSA:’O / Fro?, (3.1.669)
Speccsﬁj’ ,/Fro”, Speccsﬁi,o /Fro?, SpeccsvlO /Fro?, (3.1.670)
(3.1.671)
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SpecCSA*,o /FroZ, SpecCSV*,O /FroZ, SpecCS(I)*’o /Fro?, SpecCSA::,o /FroZ, (3.1.672)
SpecCSVi0 /Fro?, SpecCSA};o /Fro?, SpecCSV:.[,o /Fro”. (3.1.673)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS EISr

%.0» homotopycolimit Speccsa)]
I

*,07

homotopylimit Spec
r

homotopylimit Speccsci);o, homotol;ycolimit Speccs(i)i’o,
r

homotopylimit SpecCSq)Qo, homoto;;ycolimit SpecCSCDi,O.
r

homotopylimit Speccsa)i’o /Fro?, homoto;;ycolimit Speccsa)i’o /Fro?,
r

homotopylimit Spec“®”, , /Fro”, homotopycolimit &/ , /Fro?,
r I

homotopylimit Spec®® o,/ FroZ, homotopycolimit Speccsd)i’o /Fro”.
r 1

Definition 3.1.113. We then consider the corresponding quasipresheaves of the corresponding ind-
Banach or monomorphic ind-Banach modules from [BBK], [KKM]:

Quasicoherentpresheaves, IndBanach, (3.1.674)

where * is one of the following spaces:

SpecBX®, , /Fro?, (3.1.675)
(3.1.676)
SpecBXd, , /Fro?, (3.1.677)
(3.1.678)
SpecBX @, , /Fro”. (3.1.679)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

BK&)r

" - homotopycolimit SpecBX®!
I

*,09

homotopylimit Spec
r
BK §yr BK §/

homotopylimit Spec %.0» homotopycolimit Spec 500
r 1
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homotopylimit SpecBKd);o, homoto;;ycolimit SpecBK(Di’o.
r

homotopylimit SpecBK(T)Q’O /Fro?, homoto;;ycolimit SpecBK(T)i’o /Fro?,
r

homotopylimit SpecBK(i)QO /Fro?, homoto;;ycolimit SpecBK(f)i’o /Fro?,
r

homotopylimit SpecBK(I)fﬁo /Fro?, homoto;;ycolimit SpecBKCDLo /Fro”.
r

Definition 3.1.114. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:
Quasicoherentsheaves, Condensed, (3.1.680)

where * is one of the following spaces:

SpecCSZ*,c> /Fro?, SpecCSﬁk,o /Fro?, Speccsa)*,o /Fro”, SpecCSZ:’o /Fro?, (3.1.681)
Speccsg*fo / FroZ, SpecCSZlo / FroZ, SpecCSAVdio / FroZ, (3.1.682)
(3.1.683)

SpecCSA*,O /Fro%, V, . /Fro”, Speccs(b*,o /FroZ, Speccsﬁjf,o /FroZ, (3.1.684)
Speccsﬁj, ,/Fro”, Speccsﬁio /Fro?, SpeccsﬁiO /Fro?, (3.1.685)
(3.1.686)

SpecSA. o /Fro”, Spec®SV, . /Fro%, Spec™S®, , /Fro%, Spec™S A}, /Fro?, (3.1.687)
SpecCSV:,o /Fro?, SpecCSAlo /Fro?, SpecCSVLO /Fro”. (3.1.688)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

homotopylimit SpecCSEIv)fﬁ’O, homotopycolimit SpeCCS(T)i’O,
r 1

CS(i)I

*,0%

homotopylimit SpecCSQVDQ,O, homotogycolimit Spec
r
homotopylimit SpecCSCDQO, homoto;;ycolimit SpecCS(Di’o.
r
homotopylimit Speccsff)i’o /Fro?, homotogycolimit SpecCS&)i’o /Fro?,
r
homotopylimit Speccsdv);’O /Fro?, homotol;;ycolimit Ci)i,o /Fro”,
r
homotopylimit Speccsq)i’O /Fro?, homoto;;ycolimit Speccsd)iO /Fro”.
r
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Proposition 3.1.115. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed, (3.1.689)

where * is one of the following spaces:

Spec®S®, , /Fro?, (3.1.690)
(3.1.691)
SpecSSd, , /Fro?, (3.1.692)
(3.1.693)
SpecCS D,/ Fro, (3.1.694)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS EISr

.0» homotopycolimit SpecCS(AIS[
I

*,09

homotopylimit Spec
r

homotopylimit SpecCSCT):’O, homotopycolimit Speccsdubi’o,
r 1

homotopylimit SpecCSQ:,o, homotopycolimit SpecCS(Di,o.
r 1
homotopylimit Spec“S®’, , /Fro, homotopycolimit Spec*S®! _ /Fro?,
r 1
homotopylimit Spec®® (f)i,o /Fro”, homotopycolimit Ci)i,o /Fro?,
r 1

homotopylimit Spec®® o,/ FroZ, homotopycolimit Speccsd)i,o /Fro”.
r 1

In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.695)

homotopylimit M, (3.1.696)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
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Proposition 3.1.116. Similar proposition holds for

Quasicoherentsheaves, IndBanach,.

(3.1.697)

Definition 3.1.117. We then consider the corresponding quasipresheaves of perfect complexes the cor-

responding ind-Banach or monomorphic ind-Banach modules from [BBK], [KKM]:
Quasicoherentpresheaves, Perfectcomplex, IndBanach,
where * is one of the following spaces:

SpecBXd, . /Fro?,

SpecBXd, , /Fro?,

SpeCBK(D*,o /Fro”.

(3.1.698)

(3.1.699)
(3.1.700)

(3.1.701)
(3.1.702)

(3.1.703)

Here for those space without notation related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

BR@7 _, homotopycolimit Spec®X®!
I

%,09

homotopylimit Spec

PR@’ , homotopycolimit Spec®*®!
I

*,0%

homotopylimit Spec

homotopylimit SpeCBKQDQO, homotopycolimit SpecBKq)i,o.
r 1

homotopylimit Spec®X @’ | /Fro% homotopycolimit Spec®X®! _ /Fro?,
r I

homotopylimit Spec®*®’, , /Fro”, homotopycolimit Spec®*®! , /Fro”,
r I

homotopylimit SpecBKd“);o /Fro”, homotopycolimit SpecBK(I)i,O /Fro”.
r 1

Definition 3.1.118. We then consider the corresponding quasisheaves of perfect complexes of the corre-

sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed,
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where * is one of the following spaces:

SpecCSZ*,o /Fro”, Speccsﬁk,O /FroZ, SpecCSEIV)*,o /Fro”, SpecCSZ:o /FroZ,
Speccsifo /Fro”, Spec®® Zlo /Fro”, Speccsﬂ,O /Fro”,

SpecCSA*,o /Fro?, Vk,o /Fro”, Speccs(ib*,o /Fro?, SpeCCSA:,o /Fro?,
Speccsv;to /Fro?, Speccsﬁio /Fro”, Speccsvio /Fro”,

Spec®® Aio/ Fro?, SpecCSV*,o /Fro”, Speccsd)*,o /Fro”, SpecCSA:,O /Fro”,
SpecCSV;:o /Fro”, Spe:cCSAi,O /Fro”, SpecCSVlo /Fro”.

(3.1.705)

(3.1.706)
(3.1.707)

(3.1.708)

(3.1.709)
(3.1.710)

(3.1.711)
(3.1.712)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

homotopylimit SpeCCSFdS:,O, homotopycolimit SpeCCS(PI')i,O,
r 1

homotopylimit SpecCSCT)QO, homotogycolimit SpecCSCVDi’O,
r
homotopylimit SpecCSCD;,O, homotogycolimit SpecCSd)i,o.
r
homotopylimit Spec®® &)Q,o /Fro?, homotogycolimit Speccsif)i,o /Fro?,
r
homotopylimit Spec“>®, , /Fro”, homoto;;ycolimit ®!  /Fro”,
r
homotopylimit SpecCS(I)QO /Fro?, homoto;;ycolimit SpecCS(DiO /Fro”.
r

Proposition 3.1.119. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

Spec®S®, , /Fro?,

Spec®d, , /Fro”,
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(3.1.713)

(3.1.714)
(3.1.715)

(3.1.716)
(3.1.717)



Spec®S @, ,/Fro?, (3.1.718)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (1),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

homotopylimit SpecCSEIS;,O, homotopycolimit Spec®® de)i’o,
r 1

homotopylimit Speccséi’o, homotopycolimit Spec®® dv)i’o,
r 1

homotopylimit Speccsd);,o, homotopycolimit SpeCCS(Di,O.
r 1
homotopylimit Spec®® E]VDQO /Fro”, homotopycolimit Spec® E]vbi,o /Fro”,
r 1
homotopylimit Spec“>®’,, /Fro”, homotopycolimit &’ _ /FroZ,
r 1

homotopylimit Spec®® o,/ Fro”, homotopycolimit SpecCS(I)i,O /Fro”.
r 1

In this situation we will have the target category being family parametrized by r or /I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 12.18]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.1.719)

r

homotopylimit M/, (3.1.720)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
Proposition 3.1.120. Similar proposition holds for

Quasicoherentsheaves, Perfectcomplex, IndBanach, . (3.1.721)

3.2 Over Affinoid Analytic Spaces

This chapter follows closely [T1], [T2], [T3], [KPX], [KP], [KL1], [KL2], [BK], [BBBK], [BBM],
[KKM], [CS1], [CS2], [CKZ], [PZ], [BCM], [LBV], [T3], [He], [PR], [SW], [FS], [RZ], [Sch2], where
along one direction we will have the goal in mind to study the moduli stacks of Frobenius modules in
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some sense. 8 All the corresponding affinoid analytic spaces will be Clausen-Scholze spectra of analytic
rings in [CS1] and [CS2], in the notation of X, o, Xp.

Frobenius Quasicoherent Modules I

Definition 3.2.1. Let ¢ be a toric tower over Q, as in [KL2, Chapter 7] with base Q, <X1J—", ey X]fl).
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
the following replacement: A stands for A, V stands for B, while @ stands for C) by taking product in
the sense of self I'-th power:

a')l

B Vs By B V51 B 1 ¥ 8 LB

U2 RERA S a4 R A S A

A v ¥ A+ v+ kT owt & 5/
Alﬁ,r5 V(//,l_’ q)l//,r9 A(r//’l"’ th/,F’ Al//,rw Vw’r’ (I):/-/’l"’ q)l//’l"’

Ay, Vyr Oy AL LV AT VT

1
v, Ty Ty Ty Ty I (D(//,F‘

Taking the product we have:

5 5 5!
Oy r.x, P D) rxo

.
AW.&

Dyrx, @ -y @

r 1
X Ty X

(DI

’
(D(//,F,X7 (Dl//,F,X’ WX

They carry multi Frobenius action ¢r and multi Lier := Z;jr action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:
Definition 3.2.2. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Then we take solidified tensor product 6-9 of any of the following

E)I

le,r, 6Lp,r,a)l//,r,ZJr Voo AL Vi w,I”

W, Yy, 78 SRR i VAN

A Y ¥ A+t v+ AT vt § oY
Al//,ra V¢,F7 (I)(//,F, A(//,F’ Vl//’l'W A%F, Vlﬁ,r’ (D;’Fa q)l//,r,

+ + T T I
Al//,r’ V(//,F7 q)l//,r, Awr, Vw,r, Aw’ra Vlﬂ,r’ (Dlrﬁ’r’ q)l%r’

with X. Then we have the notations:

N v 0 A+ v+ AT \Val D ol
A(//,F,X, V(//,F,X, (D(ﬁ,r,X’ Al//,r,X’ V(//,F,X’ Aw,r,)p VL/J,F,X’ (Drl//,r’xa q)(//,F,X’

8The consideration will be essentially after the work [EG-2], the work [HHS] and the work [EGH]. See [EGH, Con-
jecture 5.1.18, Section 5.2, Theorem, 5.2.4] for the detail of Emerton-Gee-Hellmann conjecture on the moduli stack of
(¢, I')-modules.
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VIR T Y O T S I L ¥
A(!/,F,X’ V(//,F,Xa q)l,b,r,X’ Al//,r,X’ Vl,b,l",X’ AW,F,X’ VW,F,X’ q)l//’r’xa (Dw’r’xa

+ + T t 1
A(ﬁ,r,X, Vlﬁ,r,X’ (DIII,F,X’ Al//,F,X’ V(//,F,X’ Aw’r,x, Vl//’r’x» q):},’nx’ (I)(//,F,X'

Definition 3.2.3. First we consider the Clausen-Scholze spectrum Spec®>(x) attached to any of those in

the above from [CS2] by taking derived rational localization:

SpecSAyrx, Spec SV, rx, Spec™S Dy 1 x, SpecCSpAd;j,r’ > Spec™ ﬁi,n e

CSZT CS gT CS &')1

CSH
Spec UIX Spec ST Spec @’w’r’ x:Spec Dy 1 x,

Speccs&/,,r, X W,,r, X Speccsfi),/,,r, X SpecCSAJ’r’ e Speccsvlz’n s

CSXt CSyt 51
A \% YIX D, xs

CSx7r
VA& @

Spec Spec Spec> Dy, 1 x,

CSV+

SpecCSAw,r, X» SpeCCSVl/,,r, X» Speccsdbw,r, X» SpecCSAlZI’ x> Spec JIX

CSAT CSVT

CS CS 1/
Spec™ A, 1 x> Spec™V,, 1 . Spec™ Dy, - . Spec Dy, - x .

Then we take the corresponding quotients by using the corresponding Frobenius operators:

specCSZ¢,r, x/FroZ, Spec®® %,,r, x/FroZ, Spec®® (PI')(M, x /FroZ, Spec® Z;j’r’ x/ FroZ,
SpecCS gir x/ FroZ, SpecCSZ;R ¥ / FroZ, SpecCS Wpr ¥ / FroZ,

Speccsﬁw,r, x/ FroZ, ﬁw,n x/ FroZ, Speccs(i)lp,r, x/ FroZ, Speccsﬁz’l—’ x/ FroZ,
Spec®® v;j’r’ x/Fro%, SpecCSAZ/ rx/ Fro?, Spec®® W/ rx/ Fro?,

SpecSAy r.x /Fro%, Spec®>V,, r.x /Fro%, Spec“> @,  x /Fro”, Spec A:Z,F, +/Fro”,
Spec®s V(Z’l—’ x/ FroZ, Spec®® AZ/,R «/ FroZ, Spec®® V;,F, ¥/ Fro”.

(3.2.1)
(3.2.2)
(3.2.3)

(3.2.4)
(3.2.5)
(3.2.6)

(3.2.7)
(3.2.8)

(3.2.9)
(3.2.10)
(3.2.11)

(3.2.12)
(3.2.13)
(3.2.14)

(3.2.15)
(3.2.16)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS E)r

CS !
AW @

homotopylimit Spec YIX
. L

homotopycolimit Spec
I

CS q")r

CS§/
v, IX° o

homotopylimit Spec YIX
. L

homotopycolimit Spec
I
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CSq)I

homotopylimit SpecS @’ homotopycolimit Spec UIX:
r I 7

y.rLx

homot(ipylimit Speccsﬁv);’r’ %/ Fro?, homotogycolimit Spec®® (Aﬁfb’r’ x/ FroZ,

homotcipylimit Speccsci)’w,r, ¥/ Fro?, homoto;;ycolimit (i)tlﬁ,ﬂ v/ Fro?,

CS(DI

UIX / FroZ.

homotopylimit Spec*>®”,
r

WX /Fro”, homotopycolimit Spec
w I

Definition 3.2.4. We then consider the corresponding quasisheaves of the corresponding condensed solid
topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (3.2.17)

where * is one of the following spaces:

Spec®® Zw,r, x/Fro%, Spec® gw,r, x/Fro?, SpecCS&)w,r, x/Fro%, Spec® Z(Z,R x/Fro%, (3.2.18)
Spec®S AVd(‘;r x/ FroZ, Spec®® ZZ/F ¥/ FroZ, Spec®® 62/1" ¥/ FroZ, (3.2.19)
(3.2.20)

SpecCS Az//,r, x/ FroZ, m,r’ x/ FroZ, SpecCs (i)z//,l", x/ FroZ, Speccsﬁl;’l-’ x/ Fro?, (3.2.21)
SpecCS v;,r’ x/ FroZ, SpecCS A;”r’ ¥ / FroZ, SpecCS w/,l", ¥ / FroZ, (3.2.22)
(3.2.23)

Spec“SAy r.x /Fro”, Spec®>V,, r.x /Fro%, Spec“> @,  x /Fro”, Spec A:[j’r’ x/Fro%, (3.2.24)
Spec®s V«Z,F, x/ Fro?, SpecCSA;’r’ vl Fro?, SpecCSV;’r’ vl Fro”. (3.2.25)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS (Sr

CS g/
yILX @

homotopylimit Spec UI.X
- .

homotopycolimit Spec
I

CS("DI

homot(ipylimit SpecSd” w.LX

YIX homotopycolimit Spec
" I

CS(I)I

/AW.&

homot(:pylimit Spec® (I)://,F,X’

homotopycolimit Spec
I
homot(:pylimit SpecCS&);,r, %/ Fro?, homotogycolimit Spec®® (ilp,r, ¢/ FroZ,

homotopylimit Spec®® d)’w,r’ x/Fro”, homotoeycolimit du){//’r’ x/Fro”,
r

homotopylimit SpecCSCD’w,F, %/ FroZ, homoto;;ycolimit SpecCS(Dé/’R v/ Fro”.
r
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Proposition 3.2.5. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed, (3.2.26)

where * is one of the following spaces:

Spec®S®y, 1 x /Fro?, (3.2.27)
(3.2.28)
Spec®S®y, 1 x /Fro”, (3.2.29)
(3.2.30)
SpecCSCDw,r, x /Fro?, (3.2.31)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions ()., | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS EISr

CSqpl
v, I, X° i\

homotopylimit Spec YIX
. .

homotopycolimit Spec
I

CSG“DI

y.LX

homotopylimit Spec®® CT)Q 1 x> homotopycolimit Spec
r e I

CS(DI

homot(;pylimit SpectSar YIX:

YIX homotopycolimit Spec
e I

homot(;pylimit Speccsflv)rw’r’ %/ Fro?, homotogycolimit Spec®® <AI3ZH’ x/ Fro?,
homot(ipylimit Spec®® Ci)’w,n x/ Fro?, homoto;;ycolimit &){ﬁ,n x/ Fro?,

homotc;pylimit SpecCSdeL ¥/ FroZ, homotogycolimit Spec®® d)fb’r’ x/ Fro”.

In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.2.32)

homotopylimit M, (3.2.33)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
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Definition 3.2.6. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (3.2.34)

where * is one of the following spaces:

SpecCS le,r, x/ FroZ, SpecCS ﬁw,r, x/ FroZ, Speccsa)l/,,r, x/ FroZ, SpecCS Z:;l" x/ FroZ, (3.2.35)
SpecCS %f,n x/ FroZ, SpecCSPA';’F, " / FroZ, Speccsﬂj’r’ " / FroZ, (3.2.36)
(3.2.37)

SpecCS Aw,r, x/ Fro?, %,r, x/ FroZ, SpecCS dv)w,r, x/ FroZ, SpecCS AIZ,R x/ FroZ, (3.2.38)
SpecCS ?IZ’R x/ FroZ, SpecCS A;r’ ¥ / FroZ, SpecCS ?Lr’ ¥ / FroZ, (3.2.39)
(3.2.40)

SpecCS Ayrx/ FroZ, SpecCS Vyrx/ FroZ, SpecCSCDl/,,r, x/ FroZ, SpecCS A(Z’R x/ FroZ, (3.2.41)
Spec®® V«Z,F, x/ Fro?, SpecCSA;r’ v/ Fro?, SpecCSVTM, v/ Fro”. (3.2.42)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS E)r

CS !
AW @

homotopylimit Spec YIX
. L

homotopycolimit Spec
I

CS(T)I

AN

homotopylimit Speccsdu)l’ﬁ 1 x> homotopycolimit Spec
r e 1

CSq)I

homotorpylimit SpecS @’ homotolz;ycolimit Spec YIX:

y.rLx

homot(;pylimit Speccsa)’w,r, ¥/ Fro?, homotogycolimit Speccs(f);j’r’ ¥/ Fro?,
homot(ipylimit Speccsci)’l//,n x/ Fro?, homoto;;ycolimit du){mn x/ Fro?,

homotc;pylimit Speccsd);’r, ¥/ FroZ, homotolz;ycolimit Spec®® q);lp,r, ¥/ Fro”.

Proposition 3.2.7. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (3.2.43)
where * is one of the following spaces:

Spec®S®,,  x /Fro?, (3.2.44)
(3.2.45)
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Spec“®®,, . x /Fro”, (3.2.46)
(3.2.47)

Spec“®®, . x /Fro”, (3.2.48)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS('IV)I

yILx

homotopylimit Spec®® &)l’ﬁ 1 x> homotopycolimit Spec
r ” I

CS(T)I

y.rLX

homotopylimit Spec®® CUD; 1 x> homotopycolimit Spec
r e 1

CSq)I

homot(zpylimit SpecS @’ homotogycolimit Spec YIX:

y.rLX

homot(:pylimit Speccsa)’w,r, ¥/ Fro?, homoto;;ycolimit Spec®® (5121_ ¥/ Fro?,
homotczpylimit Spec®s d)rw,r, ¥/ Fro?, homoto;;ycolimit (i){p,r, ¥/ Fro?,

homotopylimit SpecCS(D’w’F’ x/ Fro”, homoto;;ycolimit SpeCCS(DILR ¥/ Fro”.
r

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. Here the corresponding quasicoherent Frobenius modules
are defined to be the corresponding homotopy colimits and limits of Frobenius modules:

homotopycolimit M,, (3.2.49)

r

homotopylimit M/, (3.2.50)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each M is a Frobenius-equivariant module over the period ring with respect to some interval /.

Frobenius Quasicoherent Modules II: Moduli Stacks of Frobenius Modules

Definition 3.2.8. Let ¢ be a toric tower over Q,, as in [KL2, Chapter 7] with base Q, (Xi!, ..., X*!).
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power:

vt ATV o @l

A v Y AN+
Alﬂ,ra V(ﬁ,r’ q)lﬁ,r9 A(//,l"’ l//,r’ w,r9 l/,’ra w’r" w’l'w
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A Y 5 A+ v+ AT 9T § 3
Al//,r’ V(//,F, (D;z/,l“, Awr, Vl//,r, A'J/I’ Vw,r’ (Dlrﬁ’r, (DI%F’

+ + T T I
Al//,ra V(ﬁ,l", CD(//,F, AL//,F’ Vl//,p Aw’r, VW,F’ (D:b,r, q)(//71"~

Taking the product we have:

D D i
q)lﬁ,r,m q) (I)L//,F,O’

,
Y.l

o < v
(Dl//,l",o’ (Dw,r,o’ (Dw,r,o’

(I)I

@l//,r,o, @ (//’l—\’o.

AN
They carry multi Frobenius action ¢r and multi Lier := Z;F action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (oo, 1)-modules.

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 3.2.9. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Then we take solidified tensor product <§> of any of the following

A v o A+ v+t AT T OB O!
Alﬁ,r5 V(//,l_’ q)l//,r9 A(r//’l"’ th/,F’ Al//,rw Vw’r’ (I):/-/’l"’ q)l//’l"’

A v ¥ A+t v+ AT vt § %1
Al{/,r’ VL//,F’ (I)l//,ra A(,//,F’ Vl//,r’ Aw’r’ Vl//,r’ (D:;/’l'" (I)l//,r’

+ + T T I
Al//,r’ V(//,F, (D;z/,l“, Awr, Vw,[‘, Aw’ra Vw,r’ (Dlrﬁ’r’ (I)wra

with o. Then we have the notations:

v AT vl D !
Vi o A o Vi @ L

AW,F,O’ Vl//,F,Oa q)l//,r,o, A Lo 2y o Y y,Lo Lo

+
Y.l

A v 5 A+ 7+ AT val 5 I
A(ﬂ,r,o’ Vw,l",o, (I)l//,r,o, Az//,l“,o’ Vz//,r,o’ Ad/’r’o’ V(ﬁ’r’o’ q)rl/,’r’w (Dl//,r,o’

+ + T i I
Azﬁ,l",o, Vlﬂ,l—,o’ q)l//,r,o’ Aw’l’"o’ Vll/,r,o’ A(//,F,O’ Vl//’l'"c)’ q)rw’l'"oy q)z//,F,o'

Definition 3.2.10. First we consider the Clausen-Scholze spectrum Spec®>(x) attached to any of those
in the above from [CS2] by taking derived rational localization:

SpecCSZl/,,r,o, Speccsﬁw’no, SpeCCSEIv)(/,,r,O, SpecCSZ(}j’RO, Speccsﬁ;j,r,o, (3.2.51)
SpecCSZZ/ o Spec®® 63; o specCS@,r,O, Speccsa)él’no, (3.2.52)
(3.2.53)
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CSy+
le,r,o’

-y
Dy 1o

Spec“*Ay 1o, V.0, SpecSdy 1o, Speccsﬁl’no, Spec

CSAT CS?T

CS &7
Y.l /8 ey ®

Spec Spec Spec®y, o,

CSAJ,r,o’ Spec™ VLo
CS w1
®l//,r,o .

SpecCSAw,no, Spec®® V.o SpecCSd)w,r,o, Spec

CSAT CSVT

CS g1
Y,I0° y,INo ®

Spec Spec Spec®y, -, Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

Speccslw,r,o /Fro”, Spec®® ﬁw,r,o /Fro”, Spec®® &>¢,r,o /Fro”, SpecCSZ;j’r’o /Fro”,
SpecCS ﬁz,no / FroZ, SpecCSZZI o / FroZ, Speccsgll o / FroZ,

Speccsﬁw,r,o / FroZ, %,,1—,0 / FroZ, Speccs(f)l/,,r,o / Fro?, SpecCSAJr / FroZ,

W, Io
SV 1o/Fro”, SpecCSA;f’r’O /Fro”, Speccsvzf’no /FroZ,

Spec o

Spec“®Ay 1.0 /Fro”, Spec®®V,, .o /Fro”, Spec > ®,, 1., /Fro”, Spec™ A:/',’RO /Fro?,

CSVJJ—,O /Fro”, SpecCSALI’o /FroZ, Spec®SV! __/Fro”.

Spec Lo

(3.2.54)
(3.2.55)
(3.2.56)

(3.2.57)
(3.2.58)

(3.2.59)
(3.2.60)
(3.2.61)

(3.2.62)
(3.2.63)
(3.2.64)

(3.2.65)
(3.2.66)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS EISr

CSp!
UARCY ®

homotopylimit Spec Yo
. .

homotopycolimit Spec
I

CSq”)I

Y.l

homotopylimit Spec®® (i)(r// I.o» homotopycolimit Spec
r o 1

homotopylimit Spec®® Cl)’w [.o» homotopycolimit Spec®s d)fb For
r e 1 e
homot(zpylimit SpecCS(PI')’L//I’o /Fro?, homoto;;ycolimit Spec®® E’fp,r,o /Fro?,

homotopylimit Spec®® QVD’w - o/Fro% homotopycolimit (i)é/ o /Fro?,
r T 1 T

homotopylimit Spec®® d)rl// rof FroZ, homotopycolimit Spec® d)fb ro/ Fro”.
r T 1 o
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Definition 3.2.11. We then consider the corresponding quasisheaves of the corresponding condensed

solid topological modules from [CS2]:
Quasicoherentsheaves, Condensed,
where * is one of the following spaces:

SpeCCSZ¢,r’O /Fro”, Speccsew,r,o /Fro”, Speccsabw,r,o /Fro”, Spec®® Z(Z’Ro /Fro”,

Spec®® W;I,o /FroZ, specCSij rol FroZ, Speccsgl ro/ FroZ,

Spec®® A,/,,r,o /FroZ, m,no /FroZ, Spec®® (T)L/,,r,o /FroZ, Speccsﬁdt’r,o
Spec® v;’no /Fro”, Spec®® AZ/ ro/ FroZ, Spec®® V;’/ ro/ Fro?,

Spec“®Ay 1.0 /Fro”, Spec“V,, o /Fro?, Speccsd)w,r,O /Fro”, SpeCCSA;’RO /Fro”,
Sy JFro?, SpecCSAZ/ o/ Fro”, SpecCSVZ/ ro/Fro”.

Spec Uil

/ FroZ,

(3.2.67)

(3.2.68)
(3.2.69)
(3.2.70)

(3.2.71)
(3.2.72)
(3.2.73)

(3.2.74)
(3.2.75)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CSqyr CSqp!
D) 1o D

homotopylimit Spec o
. L

homotopycolimit Spec
1

CS(T)I

y,I0?

homotopylimit Speccsé); I.o» Nomotopycolimit Spec
r T 1

homotopylimit Spec®® (I)(’ﬂ I.o» homotopycolimit Spec® d);/ Lo
r e 1 e

homotopylimit Speccs(frw rof FroZ, homotopycolimit Spec® (5(2 rof Fro?,
r T 1 e

homotopylimit Spec®® CT)’M, rol Fro”, homotopycolimit (i)é, rof Fro?,
r ” 1 e

VARS

homotopylimit SpecCSCD’w rol FroZ, homotopycolimit Spec®>®! _ /Fro”.
r ” 1

Proposition 3.2.12. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed,
where * is one of the following spaces:

Spec®® &)w,rp /Fro”,

282

(3.2.76)

(3.2.77)
(3.2.78)



SpecS®,, 1. /Fro?, (3.2.79)
(3.2.80)

SpecS®, . /Fro?, (3.2.81)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, | J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS a)r

CSqp!
Y.l o

homotopylimit Spec w.L00
r

homotopycolimit Spec
1

CSq")I

homotopylimit Spec®>®” .  homotopycolimit Spec Yo
r I e

Y.l

homot(ipylimit Spec® CD{’%RO, homotogycolimit Spec® (Di,r,o'

homotopylimit Speccsa)rw rof FroZ, homotopycolimit Spec® (AISQ rol Fro?,
r T 1 e

homotopylimit Speccsd)’w - o/Fro%, homotopycolimit Ci){ﬂ ro/Fro?,
r Y I T

CS(Dr

homotopylimit Spec w0
r

/Fro?, homotopycolimit Spec®> @fb’r’o /Fro”.
1

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.2.82)
r

homotopylimit M, (3.2.83)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Definition 3.2.13. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (3.2.84)
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where * is one of the following spaces:

Speccszw,r,o /Fro”, Spec®® gw,r,o /Fro”, SpecCS&)l/,,r,o /Fro”, Spec®® Z;/’RO /Fro?,

Spec®® ﬁz,r,o /FroZ, SpecCSZZ/ ro/ FroZ, Speccsﬁz ro/ FroZ,

SpeCCSAw’]—"o/ FroZ, m,no /Fro?, Speccs(f)ll,,r,o /Fro?, Speccsﬁdt’r’o
SV 1o /Fro”, Spec® AZ/,RO /FroZ, Spec®® %RO /FroZ,

Spec UTo

Spec“®Ay 1. /Fro”, Spec*®V,, .o /Fro”, Spec > ®,, 1. /Fro”, Spec AI-Z,F,O /Fro”,

CSVJ,RO /Fro”, SpecCSAZ/I’O JFro”, Spec®SV!  /Fro”.

Spec Lo

/Fro?,

(3.2.85)
(3.2.86)
(3.2.87)

(3.2.88)
(3.2.89)
(3.2.90)

(3.2.91)
(3.2.92)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CSEI;I

A RCY

homot(ipylimit SpeCCS&);,r,o’

homotopycolimit Spec
I

CS(i)I

Y.l

homot(ipylimit SpeCCqu)(r/,,r,o’

homotopycolimit Spec
I

homot(:pylimit Speccsd):,/’r’o, homotogycolimit SpecCSCDl’ﬂ’r’o.

homotopylimit Speccsa)’w ro/ FroZ, homotopycolimit Spec® (5(2 rol Fro?,
r e 1 e

homotopylimit Spec®® CID’l// rof FroZ, homotopycolimit dv)éj rof FroZ,
r T 1 T

homotopylimit SpecCS(D{// rof FroZ, homotopycolimit Spec® @(’p rof Fro”.
r e 1 7

Proposition 3.2.14. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed,
where * is one of the following spaces:

Spec®® (Fﬁw,r,o /Fro”,

Spec®® dyro/ Fro”,
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(3.2.94)
(3.2.95)

(3.2.96)
(3.2.97)



Spec“®,, 1o /Fro?, (3.2.98)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS&')I

homotorpylimit SpectS®” homotoI;ycolimit Spec™®), -,

Y.l

CSq”)I

Y.l

homotopylimit Spec®® CT)Z,/ I.o» homotopycolimit Spec
r w7 1

homot(;pylimit Spec® CD{’%RO, homoto;;ycolimit Spec® (DzIﬁ,F,O'

r

homot(;pylimit Speccsa) I /Fro?, homotogycolimit Speccs(f)é/’r’o /Fro?,

homotopylimit Spec®® d% - o/Fro% homotopycolimit dv){,/ ro/Fro?,
r T I T

hornot(zpylimit SpecCS(I)’W,F,c> /Fro?, homoto;;ycolimit SpeCCS(Dl;’F’O /Fro”.
In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. Here the corresponding quasicoherent Frobenius modules
are defined to be the corresponding homotopy colimits and limits of Frobenius modules:

homotopycolimit M,, (3.2.99)

r

homotopylimit M, (3.2.100)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Frobenius Quasicoherent Modules III: Deformation in (co, 1)-Analytic Spaces

Definition 3.2.15. Let ¢ be a toric tower over Q, as in [KL2, Chapter 7] with base Q, <X = X,fl>.
Then from [KL1] and [KL2, Definition 5.2.1] we have the following class of Kedlaya-Liu rings (with
the following replacement: A stands for A, V stands for B, while ® stands for C) by taking product in
the sense of self I'-th power:

A v D A+ vt AT 9t F Ol
Al//,r’ Vzﬁ,r, q)(//,r, Aw,ra VWI’ Aw’r, Vw,ra (Drl/,’r, q)l%r,

+ v+ AT 9T F $/
VAN Vl//,r’ Alﬂ,r’ V(//,F’ ch,rb,l"’ o

Ay, Vyr, Oyr, A e
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+ + T T I
Al//,r’ ng,l"7 (ng,l", Aw,r, Vw,ra A,J,’r’ Vl//’r’ (D;,F’ (I)w,r-

Taking the product we have:

yrx,, P )

r 1
U Xe ~ Xy

(I“)I

¥ Hr
DQyr.x0 Py r x Pyrx

(DI

.
DQy.1r.Xer Py 1 x> Pyrix,-

They carry multi Frobenius action ¢r and multi Lier := Z;F action. In our current situation after [CKZ]
and [PZ] we consider the following (oo, 1)-categories of (co, 1)-modules.

Meanwhile we have the corresponding Clausen-Scholze analytic stacks from [CS2], therefore apply-
ing their construction we have:

Definition 3.2.16. Here we define the following products by using the solidified tensor product from
[CS1] and [CS2]. Then we take solidified tensor product 6.9 of any of the following

N v 5 A+ v+ AT 9T & &l
Al//,r’ VW,F» q)lﬂ,ra A(//,F’ Vl//,l"’ Al//,ra V(//,F’ (DZ,’I"’ (I)I/I,F’

q")l

AL//,F’ vz//,I? qv)w,r, A+ v-'— AT vT qv)r [1/8

(78 B A S8 R VA R A
Ay, Vit @y, A 1 Vi 1 AL LV L0 LD
with Xg. Then we have the notations:
('i')l

_ _ _ _ _ — = ~
Ayrxo Vorxe Purxe Ay rxs Vyrx, A Y 0 UL Xy

Yy IXe Ty LLXe” "¢ LXe ¢ Xy

(v ~ v v + ~ + ~ .? VT v r 13 1
Ay.rXes VoI Xos Py I X Aw,r,xu’ Vw,r,xu’ Aw,r,xu’ Vw,r,xu’ (I’w,r,xu’ q)w,r,xm’

+ + T T r I
Al//,r,XEp VW,F,XD’ (D(ﬂ,r,XEp Al//,F,Xu’ Vlf/,F,Xg’ AI/I,F,XD’ Vl//,r,xg’ (Dl//,r,XD’ Qlﬂ,r,XD .

Definition 3.2.17. First we consider the Clausen-Scholze spectrum Spec®>(x) attached to any of those
in the above from [CS2] by taking derived rational localization:

SpecCSZ,/,,r, Xop Spec®S 6(/,71—, Xop Speccsa)w,r, Xop SpeCCSZ;R X Spec®® %1— X (3.2.101)
SpeCCSPA‘L,R X Spec® WM’ X SpecCSED’w,F, Xy Speccsa)i,r, Xo0 (3.2.102)

(3.2.103)

Speccsﬁlp,r, Xo» vw,r, Xo» SpecCS(T)l/,,r, Xop Speccsﬁlz’r’ Xy Spec®® ?;’r’ X (3.2.104)
Speccsﬁ;r’ Xy SpecCS v;’r’ Xy Speccsci);,n Xy? (f)fb,r’ Xo? (3.2.105)

(3.2.106)
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SpecCSAw,n Xos Spec® VI X0 SpecCSCDl/,,r, Xo SpecCSA;j,r’ Xy SpecCSV;’]—’ Xo» (3.2.107)

Spec®SA; sy S 1y . SpecSD) 1 . (3.2.108)

WXy SPECVy px s

Spec

Then we take the corresponding quotients by using the corresponding Frobenius operators:

Spec®® Z¢,r, x,/Fro%, Spec® %,,r, x,/Fro%, Spec® a)¢,r, x,/Fro”%, Spec® Z;zt,r, x,/ FroZ, (3.2.109)
Spec®s %t’r’ x,/ FroZ, Spec® Zip,r, Xs /Fro%, Spec® 6;@ X /Fro”, (3.2.110)
(3.2.111)

SpecCS A,/,,r, X,/ FroZ, W,,r, X,/ Fro?, SpecCS CTDL/,,R X,/ FroZ, SpecCS A;j’r, X, / Fro?, (3.2.112)
Spec™Vy -y /Fro”, Spec®A] |\ [Fro?, SpecSV] . /Fro”, (3.2.113)
(3.2.114)

Spec®® Ayrx,/ FroZ, SpecCSV¢,r, x, /Fro%, Spec® Dy rx,/ FroZ, Spec®® A;j,r, x,/ FroZ, (3.2.115)
Spec®s V;j’r’ x,/ FroZ, Spec® AL,r, Xs /Fro?, SpecCSV;,r, X /Fro”. (3.2.116)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, |J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS EI')r

CSp!
(I/’F’XD’ @

homotopylimit Spec I Xy
r sL,An0

homotopycolimit Spec
I

CS (i)r

CSH/
¥ Xe ¢

homotopylimit Spec U I.Xy?
r sLsAD0

homotopycolimit Spec
1

CS(DI

homot(;pylimit SpecCS @, UIXy"

I Xy homotopycolimit Spec
s1,A0 I

homotopylimit SpecCS(T)’w,r’ X, /Fro%, homotopycolimit SpecCS(T)IIﬁ’R X, /Fro?,
r 1
homotopylimit Speccsd)’w,r’ x,/ Fro”, homotopycolimit (i){[/,n %/ Fro?,
r 1

homotopylimit Spec®® (Drlp,r, X, /Fro?, homoto;;ycolimit Spec®® (I);Ib,l", X, /Fro”.
r

Definition 3.2.18. We then consider the corresponding quasisheaves of the corresponding condensed
solid topological modules from [CS2]:

Quasicoherentsheaves, Condensed, (3.2.117)

where * is one of the following spaces:
specCSZM, X,/ Fro?, Speccsﬁp,r, X,/ FroZ, Speccsa)w,r, X,/ FroZ, specCSZ;,n Xy / FroZ, (3.2.118)
Spec® ﬁl/t,r, x,/ Fro?, SpecCSZ;R Xs /Fro?, Speccsﬂm Xs /Fro?, (3.2.119)
(3.2.120)
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Speccs&l,,r, X/ FroZ, m,n X,/ Fro?, SpecCS(i)l/,,r, X,/ Fro?, Speccsﬁ;j’r’ X, / Fro?,
Spec® v;r’ X/ Fro?, Speccsﬁg rx./ FroZ, Spec® v; rx./ Fro?,

Spec“SAy r.x, /Fro%, Spec®V,, r.x, /Fro”, Spec S ®,, 1 x, /Fro%, Spec™ AIZ,F’ x,/ FroZ,

Spec®® V@ZR x./ FroZ, SpecCSAZ/ I.Xy /FroZ, SpecCSVZ/ X, /Fro”.

(3.2.121)
(3.2.122)
(3.2.123)

(3.2.124)
(3.2.125)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding

FF curves from [KL1], [KL2], [FF] for

CS a)r

CSq/
(r//vrvXD, @

homotopylimit Spec T Xey?
r sLsAn

homotopycolimit Spec
1

CS q")r

CSH!
v Xe ¢

homotopylimit Spec Xy
r sLsA0

homotopycolimit Spec
1

CS(DI

homotc;pylimit SpecS @’ homoto;;ycolimit Spec U Xy

Y.L Xy’

homot(;pylimit Spec®s (T)’wF X, /Fro?, homotol;ycolimit Spec®s &)é/r X, /Fro?,
homotopylimit Spec“>®” . /Fro”, homotopycolimit ®! . .. /Fro”,
r 1

AW v, X

homotopylimit SpecCS(D’l//’r, X, /Fro?, homoto;;ycolimit SpecCS(I){b,R X, /Fro”.
r

Proposition 3.2.19. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Condensed,
where * is one of the following spaces:

SpecCS &’w,n X,/ FroZ,
Speccséw,r, x,/FroZ,

Speccsfbw,r, X,/ FroZ,

(3.2.126)

(3.2.127)
(3.2.128)

(3.2.129)
(3.2.130)

(3.2.131)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
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consider the total unions (),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS a)r

CSq/
(rllvr’X\], @

homotopylimit Spec T Xey
r sLsAD

homotopycolimit Spec
1

CS("DI

A9 CY

homotopylimit Spec®® (i)l’ﬁ I x.» homotopycolimit Spec
r e I

CS(DI

homot(;pylimit SpecS @7 UIXy

I Xy homotopycolimit Spec
s1 A0 I

homotopylimit SpecCS(B’w’F’ X, /Fro?, homoto;;ycolimit SpeCCS(T)l’l,’R X, /Fro?,
r
homotopylimit Speccsd)’w,r, x./ Fro”, homotopycolimit (i)tIﬁ,F, X/ Fro?,
r 1

homotopylimit SpecCSCD’l/j,r, X, /Fro?, homoto;;ycolimit SpecCS(Dl’ﬁ’r’ X, /Fro”.
r

In this situation we will have the target category being family parametrized by r or I/ in compatible
glueing sense as in [KL2, Definition 5.4.10]. In this situation for modules parametrized by the intervals
we have the equivalence of co-categories by using [CS2, Proposition 13.8]. Here the corresponding
quasicoherent Frobenius modules are defined to be the corresponding homotopy colimits and limits of
Frobenius modules:

homotopycolimit M,, (3.2.132)

homotopylimit M, (3.2.133)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.

Definition 3.2.20. We then consider the corresponding quasisheaves of perfect complexes of the corre-
sponding condensed solid topological modules from [CS2]:

Quasicoherentsheaves, Perfectcomplex, Condensed, (3.2.134)
where * is one of the following spaces:

Speccszw,r, X,/ Fro?, Speccsﬁw,r, X,/ Fro?, SpecCS(T)(/,,r, X,/ FroZ, specCSZ;,r, Xo / Fro?, (3.2.135)

Spec® ei’n x,/ FroZ, Spec® Z; X, /Fro%, Spec® 5; X, /Fro?, (3.2.136)
(3.2.137)

Speccs&l,’r, X,/ FroZ, m,n X,/ Fro?, SpecCS(i)l/,,r, X,/ FroZ, Speccsﬁ;j’r’ X, / FroZ, (3.2.138)
Spec® v;’r’ x,/ FroZ, Spec® AL,F X /Fro”, Spec®® v; X, /Fro?, (3.2.139)
(3.2.140)
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SpecCSAl/,,r, X,/ Fro?, SpecCSVl/,,r, X,/ FroZ, SpecCS(I)(/,,r, X,/ FroZ, SpeCCSAJ’r’ X, / Fro?, (3.2.141)
Spec® VIZ’R x,/ Fro?, SpecCSAL X, /Fro”, SpecCSVL X, /Fro”. (3.2.142)

Here for those space with notations related to the radius and the corresponding interval we consider the
total unions (),, [J; in order to achieve the whole spaces to achieve the analogues of the corresponding
FF curves from [KL1], [KL2], [FF] for

CS EISr

CSq/
(J/,F,Xn’ (I)

homotopylimit Spec Iy
r sLsAn

homotopycolimit Spec
I

CS q")r

CSH!
(I/’F’XD’ (D

homotopylimit Spec I Xy
r sL,AD0

homotopycolimit Spec
I

CSq)I

Y. Xg

homotopylimit Spec®® CI)(Z I x.» homotopycolimit Spec
r e 1

homotopylimit Spec®® EIVD’MII’ Xs /Fro”, homoto;;ycolimit Spec®® EIVDIIM’ X, /Fro?,
r
homotopylimit Speccsd)rw,r, X,/ Fro”, homotopycolimit (i)tl//,r, %/ Fro?,
r 1

homotopylimit Spec®® (Df//’r’ Xq /Fro?, homotolz;ycolimit Spec®® d)fb’r’ X, /Fro”.
r

Proposition 3.2.21. There is a well-defined functor from the co-category
Quasicoherentpresheaves, Perfectcomplex, Condensed, (3.2.143)

where * is one of the following spaces:

Spec®S®, 1 x_ /Fro?, (3.2.144)
(3.2.145)
Spec“®, r x, /Fro”, (3.2.146)
(3.2.147)
Spec“®®, r.x, /Fro%, (3.2.148)

to the co-category of Fro-equivariant quasicoherent presheaves over similar spaces above correspond-
ingly without the Fro-quotients, and to the co-category of Fro-equivariant quasicoherent modules over
global sections of the structure co-sheaves of the similar spaces above correspondingly without the Fro-
quotients. Here for those space without notation related to the radius and the corresponding interval we
consider the total unions (1),, [ J; in order to achieve the whole spaces to achieve the analogues of the
corresponding FF curves from [KL1], [KL2], [FF] for

CS air

CSq/
d’vrvXD, (I)

homotopylimit Spec T Xey?
r sLsAn

homotopycolimit Spec
1
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homot(ipylimit Speccsdu);r, Xoy hOHlO'EOI;}’COHmit SPCCCS&);,R Xy’

homot(ipylimit Spec®s d)(’//’r’ Xy? homotoeycolimit Spec®® <Df”’ Xy

homotopylimit Spec®® &)’w’r’ x,/Fro”, homotogycolimit Spec®® &)i,r, x,/Fro”,
r
homotopylimit Speccscbrw,r, X,/ Fro”, homotopycolimit (i)é/,r, x./ Fro?,
r I

homotopylimit Spec®® @;’r’ Xs /Fro”, homotol;ycolimit Spec®® d)fb’r’ X, /Fro”.
r

In this situation we will have the target category being family parametrized by r or I in compatible
glueing sense as in [KL2, Definition 5.4.10]. Here the corresponding quasicoherent Frobenius modules
are defined to be the corresponding homotopy colimits and limits of Frobenius modules:

homotopycolimit M,, (3.2.149)

r

homotopylimit M;, (3.2.150)
I

where each M, is a Frobenius-equivariant module over the period ring with respect to some radius r
while each Mj is a Frobenius-equivariant module over the period ring with respect to some interval /.
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