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Abstract

In this paper, we give the introduction to the Hodge-Iwasawa Theory introduced by
the author. After that we will give some well-defined extensions to the already shaped
framework established in our previous work.
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Chapter 1

Preliminary Discussion

1.1 Preliminary

1.1.1 Preliminary

This paper is a study of geometric and representation theoretic aspects of the corre-
sponding p-adic motives. We have the following foundational materials.

1. Noncommutative Motives: [NS], [Ta];

2. Noncommutative Harmonic Analysis, Noncommutative Microlocal Analysis and
Pseudodifferential Analysis: [LVO];

3. oo-Categorical Topological Analysis: [BK], [BBK], [BBBK], [KKM], [BBM], [CS1],
[CS2];

4. Topological Division Rings and Topological Vector Spaces: [Bou];

5. Topological Rings and Topological Modules: In general we need to consider very
general topological rings not necessarily commutative, for instance see [AGM], [CBCKSW],
[Hul], [Hu2], [SW], [TGI], [U], [W];

6. Functional Analytic Rings and Functional Analytic Modules: In general we need to
consider very general topological rings not necessarily commutative or archimedean,
for instance see [AGM], [BGR], [KL1], [KL2], [U], [W]. Much of the corresponding
discussion in [KL1] and [KL2] works for noncommutative seminormed rings, also see
[He];

7. Adic Rings: For commutative see [CBCKSW], [Hul], [Hu2], [KL1], [KL2], [SW], and
for noncommutative see [FK];

8. Distinguished Deformations of Rings: [BMS1], [BMS2], [BS1], [CBCKSW], [GR],
[KL1], [KL2], [Sch1];

9. Commutative Algebra: [AC], [Lu2], [Lu3], [R], [SP];

10. Schemes: [EGAI], [EGAII], [EGAIII1], [EGAIII2], [EGAIV1],

[EGAIV1], [EGAIV1], [EGAIV1], [SGAI], [SGAII], [SGAIII1], [SGAII2], [SGAIII3], [SGAIV1],
[SGAIV2], [SGAIV3], [SGAIV.5], [SGAV], [SGAVI], [SGAVII1],

[SGAVII2], [SP];

11. Huber Spaces: [CBCKSW], [Hul], [Hu2], [KL1], [KL2], [Sch1], [Sch2], [Sch3], [SW];
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12. Analytic Spaces: [BBBK], [BK], [BBK], [CBCKSW], [CS1], [CS2], [FS], [Hul], [Hu2],
[KL1], [KL2], [Sch1], [Sch2], [Sch3], [SW];

13. Algebraic Topology: [E], [M], [MP], [N];

14. co-Categories and Their Models: [Ber], [Ci], [J], [Lul];

15. Higher Algebra, Higher Toposes, Higher Geometries: [Lul], [Lu2], [Lu3], [TV1],
[TV2]. Actually the corresponding co-categories of Banach ring spectra as in [BBBK]
and the corresponding derived I-complete objects are really more relevant in the arith-
metic geometry in our mind such as the corresponding objects in [BMS2], [BS1], [BS2],
[Lu3], [NS], [Po] and [Ye]'. In fact on the oco-categorical level, [BMS2] and [NS] con-
sidered the I-completion in the co-category theory as in [Lu3, Chapter 7.3]. The cor-
responding derived Nygaard-complete, derived Hodge-complete or other derived fil-
tred complete objects are relevant while the corresponding derived Nygaard-incomplete,
derived Hodge-incomplete or other derived filtred incomplete objects may be also rel-
evant in certain situations.;

16. EC, TME, TAF, SAV, Sp-DG: [16-1], [16-2], [16-3], [16-4], [16-5], [16-6], [16-7]. This is

the part for elliptic cohomology, topological modular forms, the topological automor-
phic forms, spectral abelian varieties, spectral p-divisible groups. We treat this part as

a tiny degeneralization of the more general theory such as the chromatic homotopy,
with restriction to derived abelian varieties and derived modular varieties. We highly
recommend the reader to read Lurie’s materials on elliptic cohomologies;

17. Motives, Les Theories de Cohomologie d’aprés Weil, La Theorie de Cohomologie
d’apres Weil, Standard Conjectures: [Motivel]-[Motive33];

18. Homotopty, Model Categories: [Modell], [Model2], [Model3], [Model4], [Model5],
[Model6], [Model7], [Model8], [Model9], [Model10], [Model11], [Model12], [Model13],
[Model14], [Model15], [Model16], [Model17], [Model18], [Model19], [Model20], [Model21];
19. K, THH, TCH, TP, TAQ, ArK: [KTheory1]-[KTheory17];

20. Motivic Homotopy, A!'-Homotopy and B!-Homotopy: [MotivicHomotopy1], [MotivicHomotopy?
[MotivicHomotopy3], [MotivicHomotopy4], [MotivicHomotopy5], [MotivicHomotopy6],
[MotivicHomotopy?7], [MotivicHomotopy8], [MotivicHomotopy9], [MotivicHomotopy10],
[MotivicHomotopy11].

IThese already include many different types of I-adic completion in the derived sense, and the cor-
responding localization and completion in the algebraic topology and co-categorical theory. We would
believe that the corresponding noncommutative consideration as these will be robust enough to deal
with the main problems in Iwasawa theory and noncommutative derived analytic geometry.



1.1.2 Scholze’s v-Spaces and Six Formalism

Scholze’s v-stacks happen over the category of perfectoid space over IF,. We give the
introduction following closely [Sch3] and [SW]. Our presentation is also following
closely [Sch3].

Setting 1.1.1. v-sheaves and v-stacks carry the topology which is called the v-topology
which is finer than analytic topology, étale topology, pro-étale topology.

Example 1.1.2. The two important situations are the following. First is the situation
where the v-stack carries a basis of topological neighbourhoods consisting of perfec-
toids. The second situation is the key moduli of vector bundles over FF curves in [FS].

Definition 1.1.3. (Scholze [Sch3], Analytic Prestacks) Consider the following Grothendieck
sites:

Perfectoid]pplétale, Perfectoidpplproétale, Perfectoidp, o- (1.1.1)
We just define a (2, 1)-presheaf F over these sites to be any functor from
Perfectoid]lzplétale, Perfectoid]pp,proétale, Perfectoidp, o- (1.1.2)

to the groupoids.

Definition 1.1.4. (Scholze [Sch3], Analytic Stacks) Consider the following Grothendieck
sites:

Perfectoid]Fp,étale, PerfeCtOid]Fp’proétale, Perfectoid 0" (1.1.3)
We just define a (2, 1)-sheaf F over these sites to be any functor from
Perfectoidpp,étale, PerfeCtOid]F'p’proétale, Perfectoid PO (1.1.4)

to the groupoids, which is further a stack in groupoids.
We then have the morphisms and sites of analytic stacks in certain situations.

Definition 1.1.5. (Scholze [Sch3, Definition 1.20], Morphisms of Analytic Stacks) The
étale and quasi-pro-étale morphisms between small v-stacks are defined by using per-
fectoid coverings, and defining the corresponding étaleness and quasi-pro-étaleness
after taking base changes along such perfectoid coverings.

Definition 1.1.6. (Scholze [Sch3, Definition 26.1], Sites of Analytic Stacks) Let X be a
small v-stack, we have the v-site X,2. This then gives the co-category Dj(Xy, A) of de-
rived I-complete objects in co-category of all A-sheaves D(Xy, A) where A is a derived
I-commutative algebra object.

2In order to study the cohomology of any small v-stacks, the approach taken by Scholze in [Sch3]
and [FS] is not defining the particular étale or quasiproétale derived categories, instead the definition is
rather not straightforward by looking at the desired subcategory of v-derived categories. The solidified
derived category Dy in [FS] is also constructed in the same way.



Theorem 1.1.7. (Scholze [Sch3, Definition 26.1, Before the Remark 26.3]) This co-category
D1(Xo, A) as well as the corresponding sub co-categories D gsprost(Xo, A) and Dy g(Xo, A) of
the corresponding derived I-complete objects over the quasi-proétale and étale sites of small v-
stacks admit six formalism through: ®,Hom, f', fi, f*, f« as in [Sch3, Definition 26.1, Before
the Remark 26.3].

Then as in [FS] for the corresponding solid co-category we can say the parallel
things:

Theorem 1.1.8. (Fargues-Scholze [FS, Chapter VII.2]) This co-category Dm(Xo, A) admits
four formalism as in [FS, Chapter VIL.2]. Here the assumption on A will be definitely weaker
solid condensed ring as assumed in [FS, Beginning of Chapter VII.2].

Remark 1.1.9. In our situation, certainly what we have will be some derived I-completed
Iwasawa modules instead of the usual Iwasawa Theoretic I-adic versions. This is def-
initely weaker, but things become robust and more well-defined. For instance if A is
usual Iwasawa algebra, we have the following.

Theorem 1.1.10. (Scholze [Sch3, Definition 26.1, Before the Remark 26.3]) This co-category
D;(Xy, A) as well as the corresponding sub co-categories D gsprost(Xo, A) and Dy g(Xo, A) of
the corresponding derived I-complete objects over the quasi-proétale and étale sites of small v-
stacks admit six formalism through: ®,Hom, f*, fi, f*, fs as in [Sch3, Definition 26.1, Before
the Remark 26.3]. Here we assume A be an Iwasawa algebra attached to some {-adic Lie group.

Then as in [FS] for the corresponding solid co-category we can say the parallel
things:

Theorem 1.1.11. (Fargues-Scholze [FS, Chapter VII.2]) This oo-category Dm(Xy, A) ad-
mits four formalism as in [FS, Chapter VII.2]. Here we assume A be an Iwasawa algebra
attached to some (-adic Lie group.



1.1.3 Introduction to the Dissertation [XT]
1.1.4 The Motivation

Noncommutative Tamagawa number conjectures and noncommutative Iwasawa
main conjectures are main topics in the field of arithmetic geometry. They give us
the explicit approaches to study the motives after we take the realizations®. The asso-
ciated Galois representations for instance could be used to define the corresponding
L-functions, as well as local factors. Roughly speaking, the conjectures mention the
following style isomorphism up to certain factor?:

Determinanty (RT (71 (), pLieDef4(V))) — Determinant4(0) (1.1.5)

when taking some possibly trivial Iwasawa deformation along some p-adic Lie group
tower and one could achieve the zero homotopy from the determinant of the coho-
mology in certain categories®, which should be closely related to special values of L-
function and generalized functional equation.

Our study was significantly inspired by the pictures of [BF1], [BF2], [FK], [Nal],
[Witl], [Wit2], [Wit3]®. On the other hand, work of Kedlaya-Liu [KL1], [KL2] and
work of Kedlaya-Pottharst [KP] also significantly inspired us to consider at least the
geometrization or generalization of the work of [BF1], [BF2], [FK], [Nal], [Witl], [Wit2],
[Wit3]. In fact we have other important p-adic cohomology theories, especially in the
integral setting we have the prismatic cohomology from Bhatt-Scholze [BS1]. There-
fore one might want to ask if we could have a well-posed prismatic Iwasawa deforma-
tion theory. To be more precise, whenever we have a well-defined p-adic cohomology
theory, we should be able to consider some interesting Iwasawa deformation theory,
possibly carrying some Banach coefficients as in [Nal]. It is actually very straight-
forward to first consider the integral picture, and it is very confusing to actually first
understand the picture given certain Fréchet-Stein algebra in [ST] since the classical
Iwasawa main conjecture happens over integral Iwasawa algebra A as in [Iw].

30One might want to consider motives over Z after some reasonable p-adic cohomology theories are
established such as in [Ked3] and [Sch5]. Doing so might be relevant in some p-adic cohomological
approach to Riemann Hypothesis over Z after [Ked2] which is parallel to [Del], [De2], [Wei].

4711 (*) is the profinite fundamental group of certain arithmetic scheme or analytic space.

5 As those categories in [De3], [FK], [MT], [Wit3].

6The commutative picture was already in [Kal], [Ka2], [PR1], [PR2].



1.1.5 The Results of [XT]

In fact our study is just as described in the consideration above, namely we actually
study some non-étale objects which will happen over certain period sheaves over an-
alytic spaces carrying Frobenius actions. And then we can take the corresponding
Banach deformation as well as the Iwasawa deformation. Note that the previous de-
formation will be very crucial such as in [KPX] and [Nal]. Meanwhile we can regard
them as some certain sheaves over Fargues-Fontaine stacks in some deformed way
after [FF], [KL1] and [KL2]. And we need to work with noncommutative rings as in
[BF1], [BF2], [FK], [Witl], [Wit2], [Wit3], [Z]. These are reflected in the following of
[XT]:

e 1. Hodge-Iwasawa Deformation: corollary7.6, proposition2.3.10, propsition3.4.25,
propsition3.4.26 and proposition3.5.51.

e 2. Multidimensional Frobenius Modules: theorem4.1.5 and theorem4.1.6.

e 3. Hodge-Iwasawa Cohomology: proposition6.3, proposition6.4.26, proposition6.4.27,
proposition6.4.28, proposition4.42, proposition6.4.45, proposition4.45, proposition6.4.51.

e 4. Noncommutative Hodge-Iwasawa Deformation: theorem3.10, theorem3.11, corol-
lary3.12, theorem?7.3.18, theorem?7.3.21, theorem4.12, proposition5.13, theorem8.1.1,
theorem8.1.2, theorem8.1.3, theorem8.1.4, theorem8.1.5, theorem8.1.6, theorem8.1.7,
theorem9.1.1, theorem9.1.2.

e 5. Derived Noncommutative Hodge-Iwasawa Deformation: theorem10.1.1, theo-
rem10.1.2, theorem10.1.3, theorem10.1.4, theorem10.5.10.

Remark 1.1.12. Our goal is to find certain derived Iwasawa co-categories as in [De3],
[FK], [MT], [Wit3] in analytic geometry over certain deformed sheaves or rings. Note
that this is very complicated and particularly far beyond Iwasawa deformation of reg-
ular motives. We believe Clausen-Scholze derived category D(Modj condensed) Of con-
densed modules over centain condensed ring I1 in [CS1] could be more robust consid-
eration. Here in our mind IT should be some deformed period ring such as deforma-
tion I:Ifa @LSolidified A of the Robba ring in [KL1] and [KL2]. Also the derived category
Dslidified (X) C D(Xy) of Fargues-Scholze in [FS] carrying condensed coefficients” and
the work [BBK] could be more robust consideration as well. What we have achieved

7As well as those Dg(X) C D(Xy) and Dgprot(X) C D(Xo) in [Sch3], with application in mind to
seminormal rigid analytic spaces being regarded as small v-stacks.



is literally some generalization of Kedlaya-Liu abelian categories of pseudocoherent
sheaves in [KL2].

We now discuss some examples of the spaces and local charts in our study. As men-
tion above, they at least will be some spaces over or attached to some period rings or
sheaves, which sometimes are the corresponding local charts of some stacks such as
the Fargues-Fontaine spaces or the spaces before taking the quotients by equivariance
coming from the motivic structures.

e 1(co-Categorical Rings and co-Categorical Spaces). The rigid analytic affinoids and
spaces in [Ta] are some key examples, which is actually some initial goal in our main
consideration mentioned above inspired by [BF1], [BF2], [FK], [Wit1], [Wit2], [Wit3],
[Z];

e 2(co-Categorical Rings and co-Categorical Spaces). The pseudorigid analytic affinoids
and spaces over Z, are also interesting to study, which is a geometric version of the
arithmetic family in [Bell] and [Bel2];

e 3(co-Categorical Rings and co-Categorical Spaces). We will consider the noncommu-
tative I-adically complete rings as in [FK] in the Iwasawa consideration, as well as
simplicial commutative rings which are derived I-adically complete rings over any
interesting period rings, such as the prisms in [BS1], for instance the Ainf((’)@ ), W(FE ) [[u]], Zp[[q -

1]] and Robba rings in [KL1] and [KL2]. One can consider for instance the topological
rings over these period rings carrying the topology induced from the period rings.
Tate adic Banach rings in [KL1] and [KL2] produce certain topological adic rings sat-
isfying the open mapping property as in [CBCKSW].

Remark 1.1.13. Both the foundations in Bambozzi-Ben-Bassat-Kremnizer and Clausen-
Scholze [BBBK], [CS1] and [CS2] have noncommutative categories of noncommutative
associative analytic rings and noncommutative associative Banach rings. Therefore
this may allow one to study certain co-stacks in co-groupoids fibered over these cate-
gories under some descent consideration for instance after [KR1] and [KR2].

e Inchapter 2 and 3 of [XT], we study the Frobenius modules over Robba rings carrying
rigid analytic coefficients and Fréchet-Stein coefficients, in both equal-characteristic
situation and mixed-characteristic situation. We call the theory Hodge-Iwasawa since
the study of the Frobenius modules over the Robba rings and sheaves are signif-
icant in Galois deformation theory, deformation of representations of fundamental
groups of analytic spaces and our generalizations of the picture in [BF1], [BF2], [FK],



[KP], [Nal], [Witl], [Wit2], [Wit3]. We show the equivalence between categories of
finite projective or pseudocoherent (¢, I')-modules over Robba rings with rigid ana-
lytic coefficients and Fréchet-Stein coefficients, which also are compared to sheaves
over schematic and adic Fargues-Fontaine curves in some deformed sense. Espe-
cially when we are working over analytic fields, the picture is already interesting and
significant enough in the Galois representation theory and Galois deformation theory.

In chapter 4 and 5 of [XT], we study multidimensional Robba rings and multidi-
mensional (¢, I')-modules. This point of view of taking multidimensional analogs
of the Robba rings and multidimensional (¢, I')-modules is actually motivated from
some programs in making progress of the local Tamagawa number conjecture of
Nakamura in [Nal] literally proposed in [PZ]. Following [CKZ] and [PZ], we de-
fine the corresponding multidimensional Robba rings and multidimensional (¢, T')-
modules by taking analytic function rings over p-adic rigid affinoids in rigid geom-
etry. And we define the multidimensional (¢, I')-cohomologies, multidimensional
(1, T')-cohomologies and multidimensional -cohomologies. We carefully study the
complexes of the multidimensional (¢, I')-cohomologies, multidimensional (¢, T)-
cohomologies and multidimensional ¢-cohomologies, and show that they are ac-
tually living in the derived category of the bounded perfect complexes. Chapter 4
mainly focuses on imperfect Robba rings, while in chapter 5 we define perfection
of Robba rings in several variables and study the comparison of multidimensional
(¢,T)-modules in certain situations carefully, which is literally following [KL1], [KL2],
[KPX] and [Ked1].

In chapter 6 of [XT], we apply the main results in chapter 3 to study the cohomologies
and categories of relative (¢, I')-modules over Robba sheaves over certain analytic
spaces. We mainly discuss three applications which are crucial in our project of Iwa-
sawa deformation of motivic structures over some higher dimensional spaces. The
first is the study of abelian property of the categories of relative (¢, I')-modules over
Robba sheaves over rigid analytic spaces after [KL2], which is important whenever
one would like to construct some K-theoretic objects to formulate Iwasawa main con-
jectures as in [Witl], [Wit2], [Wit3]. The second is the study of families of Riemann-
Hilbert correspondences after [LZ] which is crucial in further application to the arith-
metic geometry along our consideration. The last one is the consideration of the
equivariant version of the Iwasawa main conjecture of Nakamura [NaZ2].

In chapter 7, 8 and 9 of [XT], we consider generalization of our work of the gener-
alization of the work of Kedlaya-Liu presented in chapter 2, 3 and 6, which is also
motivated by our consideration in chapter 4 and 5 after [CKZ], [Nal], [PZ] and [Z]
in order to make further progress. We consider the deformation in possibly non-
commutative general Banach rings such as perfectoid rings, preperfectoid rings, gen-
eral quotient of the noncommutative free Tate rings and so on. Certainly one thing



we have to deal with is the sheafiness of the deformed rings, which will produce
some difficulty to apply Kedlaya-Liu’s descent in [KL1], [KL2] for vector bundles and
stably-pseudocoherent sheaves. Even in the noncommutative coefficient situation we
have not worked out a theory on the noncommutative analytic toposes, which implies
there is no geometric method for us to study and apply. So finding new ideas is very
important. In fact, we on the representation theoretic level have the result due to Ked-
laya to have the descent for vector bundles. And one can in the commutative situation
use Clausen-Scholze space [CS2] to achieve the similar result by embedding Huber
spaces to Clausen-Scholze spaces in [CS2] and apply Clausen-Scholze descent. Also
we could consider the derived analytic spaces from Bambozzi-Kremnizer in [BK]. In
the noncommutative situation we generalize results in [KL1], [KL2] and [CBCKSW]
to deform the structure sheaves directly in analytic topology, étale topology and pro-
étale but not v-topology, which allows us to compare certain stably-pseudocoherent
sheaves and modules carrying Banach deformed coefficients even if they are noncom-
mutative, which certainly provides possibility to make further progress in the study
of the noncommutative situation in chapter 4 and 5.

In chapter 10 of [XT], we initiate the project on some topics on the geometric and rep-
resentation theoretic aspects of period rings. In this first paper, we consider more gen-
eral base spaces. To be more precise we discuss more general perfectoid rings. Distin-
guished deformation of rings is a generalization notion of the Fontaine-Wintenberger
idempotent correspondence. For instance in [BS1], for any quasiregular semiperfec-
toid ring A one can canonically associate a prism (P4, I4). This is a very general
correspondence generalized from the notions in [BMS1] and [GR]. Therefore in our
consideration we will consider the adic Banach rings in [KL1], [KL2] which are not
necessarily analytic in the sense of Kedlaya’s AWS lecture notes in [CBCKSW]. As-
suming certain perfectoidness after [KL1] and [KL2] we study the deformed Robba
rings associated. Also after [KL1] and [KL2] we studied derived deformation of the
Robba rings and the descent of finite projective module spectra over them, which we
will believe has some application to conjectural derived eigenvarieties and derived
Galois deformation for instance in [GV].

In chapter 11 and 12 of [XT], we consider more widely the process of taking topo-
logical and functional analytic completions, in the derived sense coming from [B1],
[BBBK], [BK], [BMS2], [BS1], [CS1]. Maybe this derived consideration will let us see
the hidden co-categorical structures of the representations of the Iwasawa algebras
in our Iwasawa-Prismatic theory, since we are taking the deformations in some de-
rived sense. Besides the application in mind to the prismatic or derived de Rham
Iwasawa theory, chapter 11 and chapter 12 initiate also the study of some relative
p-adic motive and Hodge theory over general derived I-adic spaces after [B1], [B2],
[BMS2], [BS1], [CBCKSW], [DLLZ1], [DLLZ2], [Dr1], [GL], [G1], [Hu2], [1II1], [III2],
[KL1], [KL2], [NS], [O], [Ro], [Sch2] such as the pseudorigid analytic spaces and more



general spaces carrying some derived I-adic topology, as well as the prelog simplicial
commutative rings in [B1] carrying some derived I-adic topology as well.



1.1.6 The Picture and The Future Consideration

Let us try to discuss a little bit how one should think about our main motivation. We
start from the following two settings of possible geometrizations of Iwasawa theory.

e 1. co-Categorical Iwasawa-Prismatic Theory®: After Bhatt-Lurie, Bhatt-Scholze and
Drinfeld [BS1], [Dr], [Sch4];

e 2. co-Categorical Hodge-Iwasawa Theory’: After Kedlaya-Liu and Kedlaya-Pottharst
[KL1], [KL2], [KP].

o (co-Categorical Iwasawa-Prismatic Theory) Just like in [KP], [Witl], [Wit2], [Wit3],
and by using prismatic cohomology theory in [BS1], [Sch4] we can take a quasisyn-
tomic formal ring R1? over Z,, and have two sites of SpfR. The first site is the cor-
responding prismatic site (Xprim, OXprim)' The second site is the quasisyntomic site
(Xgsyns OXyyn)- Recall for the second one, for any quasiregular semiperfectoid affi-
noid A in Xgsyn we have that one can canonically associate a prism (P4, I4) to A
where we have O qsym (A) := P4. Now by Bhatt-Scholze [Sch4] we have more sheaves
from the structure sheaves here namely we have:

O%n 1/ 103, 13+ O 1/ 10, 1D 1/ ) O 1/ T 5, Oty [1 T I3/
(1.1.6)

Carrying some integral Iwasawa algebra Z,[[G]] for some compact p-adic Lie group,
and after taking the derived completion!! we have:

Jy@tomz,[[G]], (1.1.7)
, (1.1.8)

, (1.1.9)
(1.1.10)

OXPrim [1/ IOXprim
Oy 1/ 105, [y @ Z, (G [1/ P
Oxgon[1/T0y ., 15 @2, [[C]

|
|
|
Oxpual1/ Toy, 12, [(GII[1/ ).

8This should be slightly more relevant in the geometrization of integral Iwasawa theory, but one can
invert p as well.

9This should be slightly more relevant in the geometrization of rational Iwasawa theory, but one can
not invert p as well.

19As in [Sch4], one can take a p-adic fornal scheme which is quasisyntomic. Certainly this is already
a type of spaces which is interesting enough including a point situation and many situations where
motivic comparisons could happen as in [BMS2], [BS1].

11 At this moment we are assuming that the derived completion is possible in our current setting. One
may also consider the solidification of Clausen-Scholze. We want to mention that in the noncommutative
setting there are many ways to do the completion in the derived sense, which is already subtle in the
commutative setting.



Then one might want to ask if one can use such style deformation to establish the
parallel story in [BF1], [BF2], [FK], [KP], [Wit1], [Wit2], [Wit3]. For instance taking the
] C Z,[[G]]-adic quotient we have the Koszul complexes parametrized by such J:

KosjOxpm 1/ 10y, 1y ®Zp[(G]], (1.1.11)
KosjOxyu[1/10y ] »®Zp[[G]]. (1.1.12)
(1.1.13)

Then one may define the co-category of pro-systems of the Iwasawa complexes over
these [E;-rings, and consider the associated Waldhausen categories as in [Wit1], [Wit2],
[Wit3].

o (co-Categorical Iwasawa-Prismatic Theory) Within the same framework we take R
to be Ok for some p-adic local field K. Bhatt-Scholze [BS1], [Sch4] showed that we
have the category of Galois representations of Z,-coefficients of Gal is equivalent to
the category of prismatic F-crystals over

(Xprim/ OXprim[]'/IOX ];7\)/

prim
while the category of Galois representations of Q,-coefficients of Galy is equivalent

to the category of prismatic F-crystals over (Xprim, Ox, 1/ loy ]Q[l/ p]). Then
prim

one could ask if we could consider some Iwasawa deformation through the some p-
adic Lie quotient of Galg to establish the parallel story in [KP], [Wit1], [Wit2], [Wit3].
Namely for any such F-crystal M with associated representation V over Z, or Q,
we take the Iwasawa deformation pDfLie(M) by some Iwasawa F-crystal'? through
the quotient from Gk to some compact p-adic Lie group G, then we can ask if the
following;:

RT (Xprim, pDfLie(M)), RT (Xgsyn, pDfLie(M)) (1.1.14)
recover the classical Iwasawa theory by using the Galois cohomology

RT (Galg, pDfLie(V))

of pDfLie(V), as well as the étale cohomology RI'(SpecK, pDfLie(V)) of the local
system pDfLie(V) attached to pDfLie(V).

Beyond the somehow étale situations in the above picture, one could consider the
corresponding category of prismatic crystals, which will be beyond the Galois rep-
resentation theoretic consideration. Also one could regard these objects as certain

12How one should define this crystal will be determined by how one forms the completed tensor
product in the Iwasawa deformation.



sheaves over the prismatic stacks in [Dr].

In our study, we have the following picture. We will consider picture beyond étale
situation, and we will study the Frobenius sheaves and Frobenius modules in the very
general situation. And we will have the chance to regard the sheaves and modules with
Frobenius actions as certain sheaves over Fargues-Fontaine stacks after [FF], [KL1] and
[KL2]. Actually we conjecture that the quasisyntomic descent and étale comparison re-
sults of Bhatt-Scholze [BS1] will imply equivalence in some accurate sense beyond the
vague similarity.






Chapter 2

Hodge-Iwasawa Theory

2.1 MotivationI

2.1.1 Motivation I: Dememorization and Memorization

e <1-> Consider the cyclotomic tower {Q,({,) }n of Qp.

e <2->The infinite level of this tower is kind of special after the corresponding comple-
tion.

e <3->Over Q,, we could consider Spa(Q,, UQp)proét due to Scholze [Sch], although the
infinite level of the towers above participates in this topology but the corresponding
pro-étale site forgets the corresponding cyclotomic tower while it is defined by using
pro-systems of étale morphisms.

e <4-> Work of Pottharst [P1], Kedlaya-Pottharst-Xiao [KPX], Kedlaya-Pottharst [KP]
implies one may see the corresponding cyclotomic tower back by considering the
corresponding cyclotomic deformation as below.

e <5-> One has the so-called 1-cohomology originally dated back to Fontaine (see [CC,
I1.1.3]) attached to a (¢, I')-module M (you could regarded this as a Galois represen-
tation):

Hy(M) (2.1.1)
by using the operator .

e <6-> And we have the corresponding (¢, I')-module after Herr, but we consider the
cyclotomic deformation as in Kedlaya-Pottharst-Xiao over the Robba ring RES,, (I'):

H,r(CycDef(M)). (2.1.2)
Motivation I: Dememorization and Memorization
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e <1-> This is defined by taking the corresponding external tensor product of M with
the corresponding module coming from the quotient I'. This dates back to Pottharst
on his analytic Iwasawa cohomology [P1].

e <2-> Work of Kedlaya-Pottharst [KP] observes that we can have the following sheaf
version of the construction:

Hpro-ctale(SPa(Qy, 0g, ), CycDef(M)), (2.1.3)

which is defined by taking the corresponding external product of Kedlaya-Liu’s sheaf
M [KL1] with the one defined by using the quotient I'.

e <3-> The point is that we have the following comparison:

Hl/J(M) - qu,l"(CyCDef(M)) - Hpro-étale(spa(Qp/ UQP)/CyCDef(M))- (2.1.4)

e <4-> Suppose M(V) comes from a Galois representation V of Gg, we even have the
following comparison after Perrin-Riou [PR]:
OSPRBP(F)®AHIW(GQPIV) = (2.1.5)
— Hy((M(V)) = Hy,r(CycDef((M(V))) = Hpro-ctale(Spa(Qp, 0q, ), CycDef((M(V))).
(2.1.6)

e <5-> Natural questions come:
I. How about the Lubin-Tate Iwasawa theory in Berger-Fourquaux-Schneider-Venjakob’s
work, observed by Kedlaya-Pottharst [KP], [BF], [SV].
II. How about higher dimensional toric towers and more general towers of rigid ana-
lytic spaces for instance.

Motivation I: Dememorization and Memorization

e <1->These need us to generalize the corresponding framework to higher dimensional
situation and more general deformed version. The problem is challenging, since we
have some rigidized objects combined together.

e <2-> Rational coefficients are very complicated comparing to algebraic geometry,
since sometimes we do not have the integral lattices over the étale sites. This is al-
ready a problem in the context of Kedlaya-Liu [KL1], [KL2].

e <3->Itis not surprising much for us to consider generalizing the frame work of non-
étale objects since even in the usual situations over a point work of Nakamura [?],
Kedlaya-Pottharst-Xiao [KPX] and Kedlaya-Liu [KL1], [KL2] implies that all kinds of
families of Galois representations will be more conveniently studied by using B-pairs
and (¢, T')-modules.



e <4->If we only have some abelian group G the corresponding deformation happens
along the algebra Q,[G] which gives rise to Galois representation of Gal(Q,/Qy)

with coefficient in Q,[G] along the quotient Gal(Q,/Qp) — G. One can then regard
this as a sheave of module over some sheaf with deformed coefficient in Q,[G].

e <5-> Note that we can also consider some deformation over an affinoid algebra in the
rigid analytic geometry, which amounts to the p-adic families of special values. This
is not available at once in archimedean functional analysis.



2.2 Motivation II: Higher Dimensional modeling of the Weil Conje

e <1-> The corresponding equivariant consideration could be obviously generalized to
the relative p-adic Hodge theory which is aimed at the study of the étale local systems
over rigid analytic spaces.

e <2->This amounts to higher dimensional modeling of the generalized Weil conjecture
after the work due to many people, to name a few Deligne [Del], [De2] (¢-adic étale
sheaves), Kedlaya [Ked1] (p-adic differential modules), Abe and Caro [AC] (p-adic
arithmetic D-modules) and so on.

e <3-> The invariance comes from the quotient of étale fundamental groups of rigid
analytic spaces, or the corresponding profinite fundamental groups of rigid analytic
spaces.

e <4->(Example) One can consider the corresponding Fréchet-Stein algebras associated
to the group Z,, x Zj; which is Galois group (quotient of the corresponding profinite
fundamental group) of a local chart of smooth proper rigid analytic spaces. Note that
the top of this local chart in the smooth proper setting naturally participates in some
nice topology.

e <5->(Example) One can consider the local systems in more general sense, for instance
the locally constant sheaf A attached to a topological ring, for instance an affinoid al-
gebra in the rigid analytic geometry after Tate. This is somewhat special in the p-adic
setting due to the fact the corresponding Hodge structures could achieve variation in
p-adic rigid family.



2.3 What can be learnt from noncommutative Iwasawa
Theory

2.3.1 Integral Etale Noncommutative Iwasawa Theory

e <1-> Following some idea in the noncommutative Tamagawa Number conjecture af-
ter Fukaya-Kato [FK] and the noncommutative Iwasawa theory over a scheme over
finite field after Witte we would like to consider the following picture after Witte
[Witl].

e <2-> Let T be an adic ring in the sense of Fukaya-Kato [FK], which is a compact ring
with two sided ideal I such that we have each T/I" is finite for n > 0 and taking
the inverse limit we recover the ring T itself. This ring could be noncommutative, for
instance the Iwasawa algebra attached to some p-adic Lie group.

o <3-> (Definition, after Witte [Wit1, Definition 5.4.1]) Consider a rigid analytic space
or a scheme X/Q, separated and of finite type we consider the category Dpers( X, T)
(f = ét, proét) which is the category of the inverse limit of perfect complexes of
abelian sheaves of left modules over quotients of T by open two-sided ideals of T
which are DG-flat, parametrized by open two-sided ideals of T.

o <4-> (Theorem, Witte [Wit1, Proposition 6.1.5]) Let p be a unit in T. The category
defined above could be endowed with the structure of Waldhausen category! and
the total direct image functor induces a well defined functor in the situation where X
is a scheme and f = ét:

RT(X;,.)

IDperf(Xti/ T) leerf(T)

which induces the corresponding map on the K-theory space:

KRT(X;,.)
KID pert(X;, T) ”

]KDperf ( T) :

Then this map is homotopic to zero in some canonical way.

IStrictly Speaking, these are the complicial biWaldhausen ones.



2.4 Introduction to the Interactions among Motives

2.4.1 Equivariant relative p-adic Hodge Theory

e <1->Things discussed so far have motivated the corresponding equivariant relative
p-adic Hodge Theory in the following sense. Witte [Witl] considered general frame-
work of Grothendieck abelian categories, for instance one can consider the following
categories:

e <1-> 1. The category of all the abelian sheaves over the étale or pro-étale sites of
schemes of finite type over a field k after Grothendieck, Scholze, Bhatt [SGA4], [BS1]
and etc;

e <2-> 2. The category of all the abelian sheaves over the étale or pro-étale sites of
adic spaces of finite type over a field k after Huber, Scholze, Kedlaya-Liu [Hu], [Sch],
[KL1], [KL2];

e <3-> 3. The ind-category of the abelian category of the pseudocoherent Frobenius ¢-
sheaves over a rigid analytic space over a complete discrete valued field with perfect
residue field k after Kedlaya-Liu [KL1], [KL2].

e <4->4. The category of abelian sheaves over the syntonic site by covering of quasireg-
ular semiperfect algebras, as in the work of Bhatt-Morrow-Scholze [BMS].

e <5-> One can naturally consider the corresponding P-objects throughout the cate-
gories listed above, where P is noetherian for instance. For instance one can consider
the third category and consider the corresponding local systems over A where A is
an affinoid algebra in rigid analytic geometry after Tate [Tal], which are the A-objects
in the corresponding category of all the abelian sheaves.

Equivariant relative p-adic Hodge Theory

e <1-> The corresponding P-objects are interesting, but in general are not that easy to
study, especially we consider for instance those ring defined over Q,, let it alone if
one would like to consider the categories of the complexes of such objects.

e <2-> We choose to consider the corresponding embedding of such objects into the
categories of Frobenius sheaves with coefficients in P after Kedlaya-Liu [KL1], [KL2].
Again we expect everything will be more convenient to handle in the category of
(¢, T')-modules.



e <3-> Working over R now a uniform Banach algebra with further structure of an

adic ring over IF,. And we assume that R is perfect. Let Robba#"#¢? be the Robba
sheaves defined by Kedlaya-Liu [KL1], [KL2], with respect to some interval I C
(0,00), which are Fréchet completions of the ring of Witt vector of R with respect
to the Gauss norms induced from the norm on R.

e <4->Taking suitable interval one can define the corresponding Robba rings Robba;
Robb:sxe"tend’Sd and the corresponding full Robba ring Robba&ended,

e <5-> We work in the category of Banach and ind-Fréchet spaces, which are commu-
tative. Our generalization comes from those Banach reduced affinoid algebras A.

Equivariant relative p-adic Hodge Theory

e <1-> The p-adic functional analysis produces us some manageable structures within
our study of relative p-adic Hodge theory, generalizing the original p-adic functional
analytic framework of Kedlaya-Liu [KL1], [KL2].

e <2-> Starting from Kedlaya-Liu's period rings,

Robb aextende(:l Robb aex’cended Robb aextended Robb aex’cended Robb aerftte/n;{ied, (2.4.1)
Robb afr):tt%lded Robb aex’cended R Obb extended (2.4.2)

we can form the corresponding A-relative of the period rings:
Robba2 5", Robba{§*4**?, Robbaf 44, Robba !"4°?, Robbaiy et  (2.4.3)
RobbaZiended, Robbaﬁ’g’f}gf, Robbaﬁ’ét,‘}{}ied. (24.4)
e <3-> (Remark) There should be also many interesting contexts, for instance consider

a finitely generated abelian group G, one can consider the group rings:

Robba§gended(G]. (2.4.5)

e <4-> And then consider the completion living inside the corresponding infinite direct
sum Banach modules

P Robbafended, (2.4.6)

over the corresponding period rings:

Robbafeded|[G]. (2.4.7)

Then we take suitable intersection and union one can have possibly some interesting
period rings Robbante“ded [G] and Robba&*ended[G].

extended

7



Equivariant relative p-adic Hodge Theory

<1-> The equivariant period rings in the situations we mentioned above carry relative
Frobenius action ¢ induced from the Witt vectors.

<2-> They carry the corresponding Banach or (ind-)Fréchet spaces structures. So we
can generalize the corresponding Kedlaya-Liu’s construction to the following situa-
tions (here let G be finite):

<3-> We can then consider the corresponding completed Frobenius modules over the
rings in the equivariant setting. To be more precise over:

Robbaf*"¢4[G], Qiny 4, QO 4, Robbaf "4, Robbaf{ged (2.4.8)
one considers the Frobenius modules finite locally free.

<4-> With the corresponding finite locally free models over

Robbafl’}gended [G], Robbafﬁ/e;{ded, Robbaf;’ét,if}gifl, (2.4.9)

again carrying the corresponding semilinear Frobenius structures, where r could be
00,

<5-> One also consider families of Frobenius modules over

Robba$e"¢d[G], Robba{ieded, (2.4.10)

in glueing fashion with obvious cocycle condition with respect to three intervals I C
] C K. These are called the corresponding Frobenius bundles.



2.5 The Key Deformation

2.5.1 Deformation of Schemes

e <1->One can consider the corresponding schemes attached to the above commutative
rings, for instance

SpecRobbaZieaded, SpecRobbaZe" 4G, (2.5.1)
And consider the corresponding categories:
Mod ( OSpeCRobbaf/X[gleXdEd ), Mod ( OSpecm) . (252)

e <2-> These are very straightforward and even crucial especially when we consider

¢ —Mod(O ,¢ —Mod (O (2.5.3)

SpecRobbaZ§{! ) SpecRobbaXended [G] )

in some Frobenius equivariant way.

e <3-> But on the other hand it is also very convenient to encode the Frobenius action
inside the spaces themselves, which leads to Fargues-Fontaine Schemes as those in
the work of Kedlaya-Liu [KL1], [KL2], [FF].

Deformation of Schemes

e <1-> Roughly one takes the corresponding ¢ = p" equivariant elements in the full
Robba ring, and putting them to be a commutative graded ring @ Pr 4 ,, and then
glueing them through the Proj construction by glueing subschemes taking the form
of SpecPr a1/ flo-

e <2-> Roughly one takes the corresponding ¢ = p" equivariant elements in the full

Robba ring Robba$'"¢d[G], and putting them to be a commutative graded ring
@ Pr G, and then glueing them through the Proj construction by glueing subschemes
taking the form of SpecPg g[1/ f]o-

e <3-> Therefore we have the natural functor:

MOdOPI‘OjR,A —— ModO

SpecRobbalyiendeds
defined by using the corresponding pullbacks.

o <4-> (Theorem, Tong [T, Theorem 1.3]) We have the following categories are equiva-
lent (generalizing the work of Kedlaya-Liu [KL1], Kedlaya-Pottharst [KP]):
L. The category of all the quasicoherent finite locally free sheaves over Proj @ Pr 4 ;
II. The category of all the Frobenius modules of the global sections of all the ¢-

equivariant quasicoherent finite locally free sheaves over SpecRobbaZg"{ed,;

III. The category of all the Frobenius modules over Robba%’ffffnded ;

extended

IV. The category of all the Frobenius bundles over Robbaj; 4



e <5-> For the rings for general G, we expect one should also be able to establish some
results parallel to this once the structures are more literally investigated. We are also
interested in the noncommutative coefficients as in Zahringer’s thesis [Z], but we
need to use noncommutative topos.

Deformation of Schemes

e <1->(Theorem, Tong [T, Proposition 3.16, Corollary 3.17]) We have the following cat-
egories are equivalent (generalizing the work of Kedlaya-Liu [KL1], Kedlaya-Pottharst
[KP]):

I. The category of pro-systems of all the quasicoherent finite locally free sheaves over

Proj @ PR, Ac,n;
II. The category of pro-systems of all the Frobenius modules coming from the global

sections of all the p-equivariant quasicoherent finite locally free sheaves over SpecRobba‘;’f,tﬁffid ;
I1I. The category of pro-systems of all the Frobenius modules over Robba‘f{’ffgded ;
extended

IV. The category of pro-systems of all the Frobenius bundles over Robbaj 4’

Here A is a Fréchet-Stein algebra attached to a compact p-adic Lie group such that
the algebra is limit of (commutative) reduced affinoid algebras. And the finiteness is
put on the infinite level of ind-scheme, actually one can also just put on each level.

Deformation of Schemes

e <1-> (Outline) Following Kedlaya-Liu [KL1]:

1. Construct the glueing process over the scheme SpecRobbaﬁ,?‘fEf‘EEd ;

2. The functors could be read off from the corresponding diagram above, namely one
glues the resulting sheaves over each SpecRobbagg‘,tﬁffed[l / f] for each suitable ele-
ment f in the graded ring, then takes the corresponding global section;

3. Then from the last category back to the quasicoherent sheaves over the Fargues-
Fontaine scheme we need to solve some Frobenius algebraic equation by p-adic an-
alytic method to show that taking Frobenius invariance over each affine subspace is
exact, where one uses Kedlaya-Liu’s approach which could be dated back to Ked-
laya’s approach to slope filtration over extended Robba rings [Ked2].

o <2-> Let us look back the functor:

MOdOijp Ra T @ MOdOSpecRobbagg‘fﬁf‘ged - 9= MOdOSpecRobba%’f'fndEd’

obviously one might want to generalize the picture above, which was also considered
by Kedlaya-Liu in their original work [KL1], [KL2].

o <3-> (Theorem, Tong [T, Theorem 1.4]) We have the following categories are equiva-
lent (generalizing the work of Kedlaya-Liu [KL1], [KL2], Kedlaya-Pottharst [KP]):
I. The category of all the pseudocoherent sheaves over Proj @ Pr 4 ;
II. The category of all the pseudocoherent ¢-equivariant modules over Robba%’ffnded.



2.6 K-Theoretic Consideration

2.6.1 The K-theory of Algebraic Relative Hodge-Iwasawa Modules

<1-> Based on the study we did above, it should be very natural to consider more
general pseudocoherent complexes in some higher categorical sense. Note that pseu-
docoherent objects were naturally emerging in SGA [SGAVI] from some K-theoretic
point of view. Also more importantly Hodge-Iwasawa theory to some extent will
behave better if we forget the derived category, when we would like to study the
K-theoretic aspects.

<2-> (Definition) Let ChModOpyjp, denote the category of all the complexes of ob-
jects in ModOprojR.

<3-> (Definition) We now use the notations:
DperfProjPR, DpseudOPrOjPR (261)
to denote the category of all the perfect and pseudocoherent complexes.

<4-> (Definition) One also has the following subcategories:

dg—flat

Dies  ProjPR, (2.6.2)
DiperfProjPr. (2.6.3)

<5-> (Proposition, after Thomason-Trobaugh [TT]) These categories admit Waldhausen
structure.

<6-> (Question) In the situation where R = ﬁlp attached to the cyclotomic tower, we

would like to know if Dpe¢ProjPr and D;grfProjPR admit Waldhausen exact functors

to Dperf(Qp) or D;té”rf(@p), which induce maps on the associated K-theory spaces.



2.7 Analytic co-Categorical Functional Analytic Hodge-
Iwasawa Modules

2.7.1 oo-Categorical Analytic Stacks and Descents I

We now make the corresponding discussion after our previous work [T2] on the ho-
motopical functional analysis after many projects [BBBK], [BBK], [BBM], [BK], [CS1],
[CS2], [KKM]. We choose to work over the Bambozzi-Kremnizer space [BK] attached to
the corresponding Banach rings in our work after [BBBK], [BBK], [BBM], [BK], [KKM].
Note that what is happening is that attached to any Banach ring over Q,, say B, we
attach a (oo, 1) —stack X'(B) fibered over (in the sense of co-groupoid, and up to taking
the corresponding opposite categories) after [BBBK], [BBK], [BBM], [BK], [KKM]:

sCommSimpIndBanQp, (2.7.1)
with
sCommSimpInd™Bang,. (2.7.2)

associated with a (oo, 1)-ring object O y (), such that we have the corresponding under
the basic derived rational localization co-Grothendieck site

(X(B), Ox(B),dn)

carrying the homotopical epimorphisms as the corresponding topology.

e <1-> By using this framework (certainly one can also consider [CS1] and [CS2] as the
foundations, as in [LBV]), we have the co-stack after Kedlaya-Liu [KL1], [KL2]. Here
in the following let A be any Banach ring over Q.

e <2-> Generalizing Kedlaya-Liu’s construction in [KL1], [KL2] of the adic Fargues-
Fontaine space we have a quotient (by using powers of the Frobenius operator) X 4
of the space

Yea:= J & (Robbaf(eish). (2.7.3)

O<s<r

e <3-> This is a locally ringed space (Xg 4, Ox; ,), s0 one can consider the stable oco-
category IndBanach(Oyx, ,) which is the co-category of all the O, ,-sheaves of in-
ductive Banach modules over X 4. We have the parallel categories for YR A, namely
¢IndBanach(Ox, ,) and so on. Here we will consider presheaves.

e <4-> This is a locally ringed space (Xg 4, Ox, ,), s0 one can consider the stable co-
category Ind"Banach(Ox, ,) which is the co-category of all the Ox,, ,-sheaves of in-
ductive monomorphic Banach modules over Xy 4. We have the parallel categories
for Yg 4, namely ¢Ind™Banach(Ox, ,) and so on. Here we will consider presheaves.



<5-> In this context one can consider the K-theory as in the scheme situation by using
the ideas and constructions from Blumberg-Gepner-Tabuada [BGT]. Moreover we
can study the Hodge Theory.

<6-> We expect that one can study among these big categories to find interesting
relationships, since this should give us the right understanding of the p-adic Hodge
theory. The corresponding pseudocoherent version comparison could be expected to
be deduced as in Kedlaya-Liu’s work [KL1], [KL2].

Assumption 2.7.1. All the functors of modules or algebras below are presheaves.

(Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent presheaves:

IndBanach(Ox, ,) ey ¢IndBanach(Oy, , ).

(Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent presheaves:

equi

Ind"Banach(Ox, ,) — ¢Ind"Banach(Oy, , ).

(Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent presheaves:

IndBanach(Ox, ,) el ¢IndBanach(Oy, , ).

(Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent presheaves:

Ind"Banach(Ox, ,) e ¢Ind"Banach(Oy, ,).

(Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra E., objects:

equi
sCommSimphdalIndBanach((9 Xk ) el sCommg;mplicial pIndBanach( (’)yR/ -

(Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent commutative algebra E., objects:

equi
sCommg;jmpjiciallndBanach(Ox, ) e sCommygimplicial Ind " Banach(Oy, , ).



e Then parallel as in [LBV] we have the equivalence of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]:

equi

deRham —— deRham

sCommgjmpliciallndBanach(Ox, ,) ( - ) sCommgjmplicial pIndBanach(Oy, , ) ( - )/

equi

deRham —— deRham

sCommyjmplicialInd" Banach (O Xg A) ( - ) sCommygimplicial PInd™ Banach(Oyy ,) ( - ) .

e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]:

BGT ) a4l L BGT _
sCommygjmpjiciallndBanach(Ox, ,) ) KsCommsimphcial(pIndBanach(OyR A) ’
BGT 9 equi L BGT

sCommSimphCialIndmBanach(OXR a) sCommSimphCia](pInd"lBanaCh(OyR ) o

0 00 (o] (o] b
Now let R = Q,(p'/#™)" and Ry = Q,(p'/7")" <Tlil/f’ L Tkﬂ/p > we have the fol-

00 o (o) b
lowing Galois theoretic results with naturality along f : Spa(Q,(p*/P™)" <Tlﬂ/ P, TkjE L > ) —

Spa(Q,(p!/P™)"):

e (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent presheaves:

IndBanach(Ox s ) e pIndBanach(Oy

b
(e8] 00 4 (e8] + [e¢]
Qp(pl/poo)A<T1ﬂ/p """ Tkﬂ/p > A Qp(Pl/”oc)/\<T1 e, T v > A

)

equi

IndBanach(Ox

Qp(pl/Foo)/\b,A)

pIndBanach(Oy

Qp(pl/”m)/\“ﬁ)'

e (Proposition) There is an equivalence between the co-categories of monomorphic in-



ductive Banach quasicoherent presheaves:

equi

Ind”Banach(O Xk, 4 ) ¢Ind™ Banach(OyRk, 2)

) g @Ind”Banach(Oy

Qu(pt/P*)N,A Qp(pl/”oo)Ab,A)'

Ind"Banach(Ox

e (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra E., objects:

equi

sCommyjmpliciallndBanach (O Xk a ) sCommyimplicialpIndBanach OyRk/ 4)

equi

—— sCommg;mplicialpIndBanach (Oy

sCommygimplicia IndBanach (O .
simplicial ( X ) Qp(pl/P )/\b’A)

Q (pl/’”oo)/\b,f\)

e (Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent commutative algebra E., objects:

equi
sCommg;mpliciallnd ™ Banach (O Xk, 4 ) sCommg;mplicialInd " Banach OyRk/ 4)
equi m
sCommy; molicialInd” Banach (O sCommyg;molicia]@Ind” Banach(O
simplicial ( XQp(pl/Poo)/\b,A) —— s1mphc1a1§0 ( YQp(pl/Poo)m,A)

e Then parallel as in [LBV] we have the equivalence of the de Rham complex after



[KKM, Definition 5.9, Section 5.2.1]:

equi
deRhamsCommSimphcialIndBanach((’) XR,,A ) ( - ) deRhamsCommSimphCial (pIndBanach(OyRk’ N ) ( - )
deRh ) % 4eRh (-)
e am S — ) ——aqae am S -
sCommy;implicial IndBanach(O XQp RV ) sCommgimplicial q)IndBanaCh(OyQp BV )
equi
deRhamsCommSimphcialInd'"Banach((9 X, A ) ( - ) deRhamsCommsimphdal ¢Ind™ Banach((’)yRk’ ) ( - )
equi

deRham ) ( - ) i deRhamsCommSimphCial ¢Ind"Banach(Oy ) ( - )

sCommyg;jmpliciallnd™ Banach (O
simplicial ( Qp(pl/poo)/\b,A Qp(pl/poo)A7/A

e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]:

BGT ( _ ) equi KBGT ( . )
sCommygjmpliciallndBanach(Ox Ry A ) sCommSimphCialgoIndBanach(OyRk, A )
BGT _ ) 894 L BGT _
sCommygjmplicialIndBanach(Ox ) ( ) KsCommSimphCial ¢IndBanach(Oy ) ( )

Qp(pl/ P74 Qp(pl/P¥ )N ,A



BGT ; (— equi  gBGT _
sCommygimplicialnd Banach(OXRk, ) sCommsimplidalgoIndeanaCh(OyRk/ )

BGT (_)i‘ﬂ)KBGT (—)
o m L m
sCommygjmplicialnd l3anach((’)>(©p(p1 /p“)Ab,A) sCommygjmplicia #Ind Banach((’)leﬂ(p1 /P°°)/\7,A)

Then we consider further equivariance by considering the arithmetic profinite

fundamental groups I'q, and Gal(Q, <T1ﬂ, s Tkﬂ> /Ry) through the following dia-
gram:

7k = Gal(Ry./Qp(p"/7™)" <T1i1,..., Tkﬂ>) — T} == Gal(R(/Q, <T1i1, Tkﬂ>) ——Tq,

o (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent presheaves:

equi

IndBanachr, (Ox ) — ¢IndBanachr, (Oy
T (g S e (Y
IndBanach(O ) e IndBanach (0 )
ndBanac ndBanac _
Xap(p1/r2),a ¢ Yop (/P 4

e (Proposition) There is an equivalence between the co-categories of monomorphic in-



ductive Banach quasicoherent presheaves:

equi

Ind"Banachr, (O X, 4 ) ¢Ind"Banachr, (OYRk, 4)

i ¢Ind"Banachr, (Oy

Qp(

Ind"Banachr, (Ox

pl/Poo)/\b/A) pl/pw)/\b,A)'

Qp(

e (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra E., objects:

equi

sCommyg;mplicial INndBanachr, (O Xk a ) sCommyg;mplicialpIndBanachr, (OYRk, 4)

equi

—— sCommyjmplicial pIndBanachr, (Oy )

sCommgimpliciallndBanachr, (Ox X SRV )

Q (pl/pm)Ab/A)

e (Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent commutative algebra E., objects:

equi

sCommg;mplicialInd " Banachr, (O Xk 4 ) sCommg;mplicialInd " Banachr, (OYRk, 2)

equi
) e sCommygimplicial @Ind" Banachr, (Oy
p

Q (pl/Poo)/\b,A)

m
sCommg;mpliciallnd”Banachr, (OXQW U0 4

e Then parallel as in [LBV] we have the equivalence of the de Rham complex after



[KKM, Definition 5.9, Section 5.2.1]:

equi
deRhamscommsimplicia]IndBanaChrk (OXRk,A ) ( — ) deRhamSCOmmsimpliCial ¢IndBanachr, (OYRk' ) ( - )
deRham ) *44 deRham (—)
. —) — S _
sCommygjmplicialIndBanachr, (O XQp(p 1500 4 ) sCommygimpjicial 9IndBanachr, (OYQp (/PP A )
equi

deRhamsCommSimpliciallndm Banachr, (Ox R A ) ( - ) deRhamsCommSimphcial eInd™ Banachr, (OYRk, ) ( - )

equi

—) —— deRham N "
) )( ) sCommMgimplicia PInd Banachro((91/‘Qp(pl Iy 4

deRhamsCommsimphCialInd’"Banachro (OXQ (1P ) (_)
p 7

e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]:

BGT ( _ ) equi KBGT ( . )
sCommgjmplicialIndBanachr, (O XR,, A ) sCommyjmplicial IndBanachr, (OYRk/ a)

BGT (_ ) equi KBGT ( . )
sCommyjmpjiciallndBanachr (Ox 1 /p°°)/\b,A) sCommygjmplicial 9IndBanachr (Oy . /p°°)/\b/A)

Qp( Qp(



KBGT (— equi_ L BGT
sCommsimphCialInd’”Banachrk (OXRk, a)

BGT ) 89U BGT
sCommSimphCialIndmBanachro(OXQ Y A)( ) sCommgjimplicia @Ind" Banachr, (Oy
plp ,

Furthermore we have the corresponding pro-étale version without the correspond-
ing fundamental group equivariances.

(Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent presheaves:

IndBanach(O X, ) _ea goIndBanach((’)y(D
P p

<T1i1 ,...,Tkil > ,proétale, A < Tlitl,...,Tkil > proétale, A

IndBanach( . @IndBanach (

OXQ p.proétale, A ) OYQ p,proétale,A ) :

(Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent presheaves:

Ind"Banach(O X, ) e (/)Indeanac:h(OyQ
p P

<T:t1,.,.,Tkil > ,proétale, A

1 <Ti1,...,Til >,pr0étale,A

1 k

Ind"Banach( S @Ind"Banach(

OXQ p.proétale, A ) OYQ p.proétale, A ) :

sCommg;implicial (pInd'”Banachrk (OyRk a)

Qp(pl/pw)/\b,A

)(_)-



o (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra E, objects:

equi

sCommg;mpliciallndBanach (O X, ) — sCommyjmplicial PIndBanach Oy@
P

< Tli1 ,,,,, Tl?: 1 > ,proétale, A

+1 +1 p
p<Tl ’“"Tk >,pr0etale,A

equi

sCommyjppliciallndBanach (O XQpprotale.A ) sCommg;mplicial (pIndBanaCh(OyQplprOétale, 4

o (Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent commutative algebra E., objects:

equi
sCommg;mpliciallndBanach(Ox ) — sCommyjmplicial PInd™ Banach((’)yQ
4 P

Q <Til ..... Tkil > ,proétale, A <T1i1 ..... T]EH >,proétale,A

equi

sCommg;mpjiciallnd " Banach ( sCommg;mpicialInd" Banach(

OXQ p,proétale,A ) OYQ P ,proétale, A )

e Then parallel as in [LBV] we have the equivalence of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]:

) (—) 1% deRham
Qp <T1:tl,‘..,Tkil>,pr0étale,A

deRham

sCommygimplicial pIndBanach(Oy ) ( -

Qp <Ti1 ..... T];ﬂ >,pr0étale,A

sCommygjmpliciallndBanach(Ox

equi

deRhamsCommsimphcialIndBanaCh( ) ( - ) deRhamsCommSimphdal ¢IndBanach( ) ( - )

OXQ p,proétale,A OYQp,proétale,A



equi

sComMgjmplicial Ind" Banach(Ox I ) ) ( - ) i deRhamsCommSimplicial @Ind"Banach(Oy I ) ) ( ’
Qp <Tl ""’Tk >,proetale,A Qp <T1 ..... Tk >,proetale,A

deRham

equi

deRhamsCommsimphCiallnd’" Banach( ( - ) deRhamsCommsimpﬁcial @Ind"Banach( ( - )

OXQp,proétale,A ) OYQ p,proétale,A )

e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]:

BGT ) W L BGT _
sCommygimpliciallndBanach(Ox ( ) KsCommSimphcia](pIndBanaCh((’)y ( )

Qp <Til ..... Tkil > ,proétale, A Qp <Ti1 ..... Tkil > ,proétale, A

OYQ p,proétale,A )

KBGT (—) equi KBGT

sCommSimphCialIndBanach(OXQp/proé fale. A ) sCommygjmplicial pIndBanach(

BGT _) o9 BGT —
sCommygjmpliciallnd” Banach(Ox IR ) ( ) sCommyimplicial ¢Ind"Banach(Oy I ) ( )
Qp <T1 ""’Tk >,proeta1e,A Qp <T1 rrrrr Tk >,pr0etale,A
BGT _ equi KBGT _

sComMgjmpliciaInd" Banach( sComMgjmplicial Ind" Banach(

OXQ p,proétale,A ) OYQ p,proétale,A )

Now we consider [CS1] and [CS2, Proposition 13.8, Theorem 14.9, Remark 14.10]3,
and study the corresponding solid perfect complexes, solid quasicoherent sheaves and
solid vector bundles. Here we are going to use different formalism, therefore we

2Note that we are motivated as well from [LBV].



will have different categories and functors. We use the notation ©® to denote any el-
ement of {solid perfect complexes, solid quasicoherent sheaves, solid vector bundles}
from [CS2] with the corresponding descent results of [CS2, Proposition 13.8, Theorem
14.9, Remark 14.10]. Then we have the following;:

e Generalizing Kedlaya-Liu's construction in [KL1], [KL2] of the adic Fargues-Fontaine
space we have a quotient (by using powers of the Frobenius operator) Xg 4 of the
space by using [CS2]:

Ypa:= |J A“(Robba eXfe“]ded). (2.7.4)

0<s<r

e This is a locally ringed space (Xg 4, Oxy ,), S0 one can consider the stable co-category
Modulecs quasicoherent (Oxj 4) Which is the co- category of all the Ox, ,-sheaves of solid
modules over Xg 4. We have the parallel categories for Yg 4, namely pModulecg quasmoherent((’) Xg, )
and so on. Here we will consider sheaves.

Assumption 2.7.2. All the functors of modules or algebras below are Clausen-Scholze
sheaves [CS2, Proposition 13.8, Theorem 14.9, Remark 14.10].

o (Proposition) There is an equivalence between the co-categories of inductive solid

sheaves:
equi

Modules (O, ,) — ¢Moduleg (Oy, ,)-

o (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra E objects:

equi
ScommsimplicialM0dulesolidquasicoherentsheaves (Ox RA ) — sCommygimplicial ¢Modulesolidquasicoherentshea

e Then as in [LBV] we have the equivalence of the de Rham complex after [KKM, Defi-
nition 5.9, Section 5.2.1]3:

equi
deRhamsCommSimphcia]Module@ (Ox RA ) ( - ) ’ deRhamsCommSImplidal ¢Moduleg (OYR, A ) ( - ) .

e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]*:

BGT _) 894 BGT _
SCOn'ln'lsimplicialN[Odule@ (OX R,A ) ) scommsimplicial GDMOdUIe@ (OYR/ A ) (

3Here ® = solidquasicoherentsheaves.
“Here © = solidquasicoherentsheaves.



00 00 (o] (o] b
Now let R = Q,(p'/? )"’ and Ry = Q, (pM/ PN <T1i1/P L Tkil/p > we have the fol-

00 o (o) b
lowing Galois theoretic results with naturality along f : Spa(Q,(p*/P™)" <T1i1/ P, TklL L > ) —

Spa(Q, (p'/7")"):

(Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent presheaves’:

equi
Modulesg (Ox . ) b pModulesg (Oy X
1/p®\A +1/p® +1/p® 1/p®\A +1/p® +1/p®
Qp(p Wit P, T, A Qp(p Wit P, T, A
Modulesg (O ) caul Modulesg (O )
© XQp(P]/”OO)Ab/A ¢ © YQp(pl/”oo)/\b,A '

(Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra Eq objects®:

equi

ScommsimplicialMOdlﬂes@ (OX Ry, A ) Scommsimplicial (PMOdU1eS@ (OYRk, A )

equi
— sCommg;jmplicia pModulesg (Oy@ ey
4 ’

)-

SCOmmSimpliCialMOduleS@ (C)Xch(pl/p00 )>,A )

e Then as in [LBV] we have the equivalence of the de Rham complex after [KKM, Defi-

SHere ® = solidquasicoherentsheaves.
®Here ® = solidquasicoherentsheaves.



nition 5.9, Section 5.2.1]":

equi

deRhamsCommsimplicialMOdUIes@ (OXRk,A ) ( o )

equi

deRhamsCommsimphcialModules@ (Ox ) ( - ) ’ deRhamsCommsimphcial pModulesg (Oy

e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]®:

BGT equi KBGT

sCommg;mpliciaModuless (Ox R A ) sCommy;mplicialpModuless (OyRk )

equi  poT
KBGT (-) —K (—).
sCommygjmpiiciaModulese (OXQp RV ) sCommyimplicial PModules ( OYQp RV )

Then we consider further equivariance by considering the arithmetic profinite

fundamental groups I'q, and Gal(Q, <T1i1, e Tkﬂ> /Ry) through the following dia-
gram:

7k = Gal(Ry/Qy(p/7™)" <:r1ﬂ,..., Tkﬂ>) — Ty := Gal(R/Q, <T1i1, Tkﬂ>) ——Tq,

(Proposition) There is an equivalence between the co-categories of inductive Banach

"Here ® = solidquasicoherentsheaves.
8Here © = solidquasicoherentsheaves.

Qp(pl/P*)N,4 Qp(p!/ PP )N, A

deRhamscommsimplicial gModuless (O, 4 ) (=)

) (=)



quasicoherent presheaves’:

equi
Modulesg r, (Ox N _., ) —¢Modulesg r, (Oy . .
QPN L) QPN (L)

equi

Modulesg r,(Ox

@Modulesg 1, (Oy

Qp(pl/”w)M,A> Qp(ﬁ””m)”’ﬁ)'

o (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra Eo, objects!®:

equi

ScommsimplicialMOdUIes@,Fk (OX ) ) SC()I-T'mf'lsimplicial q)MOdUIES@/rk (OYRk, A )

equi

sCommyjmpliciaiModulesg 1 — sCommyimplicialpModulesg r, (OYQ
P

(OXQp(pl/P“’W,A) (pl/v“’)A‘D,A)'

e Then as in [LBV] we have the equivalence of the de Rham complex after [KKM, Defi-
nition 5.9, Section 5.2.1]*!:

equi

deRham deRham

sCommygjmpliciatModulesg,r, (OXka a) ( - ) sCommygjmplicial pModulese,r, (OYka ) ( - )

equi

deRhamycomm ) ( - ) —— deRhamycomm

simplicialModules@,ro (OXQ pl/poo)/\b A ) (_ ) :

( simplicial®Modules, r (Oy
p

Qp(pl/PT)N,4

9Here ® = solidquasicoherentsheaves.
19Here © = solidquasicoherentsheaves.
Here © = solidquasicoherentsheaves.



e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]'?:

BGT equi BGT

) — s K —
sCommgjmpliciatModuless r, (Ox Ry A ) sCommgimplicialpModules r, (OYRI« a) (

equi _ poT
Ko (=) —K (=)
sCommgimpiicialModulese, r (OXQP RV ) sCommyimplicialpModules (OYQP PP /\b,A)

Furthermore we have the corresponding pro-étale version without the correspond-
ing fundamental group equivariances.

(Proposition) There is an equivalence between the co-categories of inductive Banach

quasicoherent presheaves'®:

equi

Modulesg (O —— @Modulesg (O
© ( XQp <T1:t1,‘..,Tkil >,pr0éta1e,A ) (P © ( YQp <T1:H,--~,T2:1 > ,proétale, A
dules (O cqu! Modules (O
MO u eS@( XQp,proétale,A) (P odu eS@( YQp,proétale,A )

(Proposition) There is an equivalence between the co-categories of inductive Banach

12Here © = solidquasicoherentsheaves.
13Here ® = solidquasicoherentsheaves.



quasicoherent commutative algebra E, objects'4:

equi
sCommy;mpliciaModuless (O —— sComm.: mpliciaj®Moduless (O
simplicial @( XQp<T1:t1 _____ Tkﬂ>,proétale, A) simplicial ¢ @( YQ,,<T1i1 ,,,,, Tkﬂ>,proétale,A
equi
sCommyjpplicialModuless (O Xy proétale A ) sCommgimplicialpModulesg (OYQp,proétale, -

e Then as in [LBV] we have the equivalence of the de Rham complex after [KKM, Defi-
nition 5.9, Section 5.2.1]°:

equi

deRhamsCommsimplicialModules@ (Ox P ) ( - ) ’ deRhamsCommSimphdal ¢Modulesg (Oy I ) ( -
Qp (Ti,. TEL) proctale, A Qp(TiL,... TEL) proctale, 4

equi

deRhamsCommsimplidalModules@ ( OXQp,pmétale’ A ) ( o ) deRhamsCommsimphCial ¢Modulesg, (OYQp,proétale, A ) ( - ) .

e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]'®:

equi BGT
KBGT VUK -
SCOl'nrnsimplicialN[Odules@ (Ox 41 1 . ( ) ScommSimPhCial ¢Modulese (Oy +1 1 . ( )
Q p <Tl ..... Tk > ,proétale, A Q p <T1 ,,,,, Tk > ,proétale, A
KBGT ) equi KBGT _

SCOInrnsimplicialNIOdules@ (OXQp,proétale, A ) SCOl'nrnsimplicial q’MOdUIeS@ (OYQp proétale, A )

4Here © = solidquasicoherentsheaves.
I5Here © = solidquasicoherentsheaves.
16Here © = solidquasicoherentsheaves.



2.7.2 oco-Categorical Analytic Stacks and Descents II

Then by the corresponding Cech oo-descent in [KKM, Section 9.3] and [BBM] we have
the following objects by directly taking the corresponding Cech co-descent. In the fol-
lowing the right had of each row in each diagram will be the corresponding quasico-
herent Robba bundles over the Robba ring carrying the corresponding action from the
Frobenius or the fundamental groups, defined by directly applying [KKM, Section 9.3]
and [BBM]. We then have the following global section functors:

o (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent presheaves:

IndBanach(Ox, , ) glOb?ndBanach ({Robbagrdedy ).

o (Proposition) There is a functor (global section) between the co-categories of monomor-
phic inductive Banach quasicoherent presheaves:

glob
Ind"Banach(Ox, ,) —>0g0?ndeanaCh({Robba%xfgf}ded ).

o (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent presheaves:

IndBanach(O Xp A ) glOb?ndBanach ({Robba %Xff}ded -

o (Proposition) There is a functor (global section) between the co-categories of monomor-
phic inductive Banach quasicoherent presheaves:

Ind"Banach(Ox, ,) glOb?nd Banach( {Robbae"tencled 7).

o (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent commutative algebra E., objects:

lobal
sCommg;mpliciallndBanach(Ox,, , ) B ommSImphClalq)IndBanach({Robba%xff}ded I)-

o (Proposition) There is a functor (global section) between the co-categories of monomor-
phic inductive Banach quasicoherent commutative algebra E« objects:

global
sCommSlmphClalInd Banach(OXR 2) — &5 ommSlmphClalq)Ind Banach({Robba %ngf}ded} 1)



e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex
after [KKM, Definition 5.9, Section 5.2.1]:

global
deRhamsCommsimphcialIndBanach(OXR/ A) (_) ’ CieRham

sCommy;mplicial pIndBanach( {Robbai’ffg/‘}ded 1) ( o )’

global
deRhamsCommsimphcialIndmBanach((’)XR/ a) (_) ’ 3eRha

msCommSimphcial @Ind™ Banach({Robba%’fff}ded ) ( B ) :

e Then we have the following a functor (global section) of K-group (co,1)-spectrum
from [BGT]:

globalsr
KBGT _ 5 _
sCommg;mpliciallndBanach(Ox RA ) ( ) sCommygimplicial9IndBanach ({ Robba%’fff/’}de‘j ) ( ) !

KBGT | ) globalpcr

sCommyjmplicialInd" Banach(Ox RA sCommyjmplicial Ind"™ Banach( {Robbaj‘}’fft}ded 1) ( n ) '

o o o0 oo\ b
Now let R = Q,(p!/*")"” and Ry = Q,(p'/P")" <T1jﬂ/’[J e Tkﬂ/p > we have the fol-

00 o0 (oo} b
lowing Galois theoretic results with naturality along f : Spa(Q,(p/P™)" <Tlil/ LA Tki L > ) —
Spa(Qp(p'/7")"):

o (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent presheaves:

bal
IndBanach(Ox B IndBanach({Robbageded} )
= s
lobal
IndBanach((’)XQp(p ) /pw)Ab,A) gk (pIndBanaCh({Robba%’;t,‘;{‘f}ed ).

e (Proposition) There is a functor (global section) between the co-categories of monomor-



phic inductive Banach quasicoherent presheaves:

global

Indeanach(OXRk, L) — goIndeanach({Robba%’;t,?clied )

global

m
Ind BanaCh(OXQp(pl/pc’o)/\blA)

—— ¢Ind"Banach( {Robba‘fgxotfq]“f}‘?‘i ).

e (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent commutative algebra Ex objects:

global

sCommyjppliciallndBanach (O Xg,, L) ——— sCommSimphcial(pIndBanach({Robba‘f{’:f{t?ed 1)

sCommyg;mnliciallndBanach (O
simplicial ( XQp(pl/Pw)/\b,A)

global
extended } I ) )

—— sCommyg;jicial IndBanach ({Robbaf %'

e (Proposition) There is a functor (global section) between the co-categories of monomor-
phic inductive Banach quasicoherent commutative algebra E« objects:

sCommygjmpliciallnd"Banach (O X, 4 )

m
sCommg;mpliciallnd”Banach (O Xy /9 )Ab,A)

lobal
8 sCommyimplicial pInd" Banach ( {Robba%’g%}ied 1)

lobal
£ sCommyjmplicialpInd™ Banach ( {Robba%’:)tf‘\nj1ed 1)

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex



after [KKM, Definition 5.9, Section 5.2.1]:

global

deRhamsCommsimphcialIndBanach(0 XR,,A ) ( - ) >deRham extended ) ( — )

sCommygimplicial 9IndBanach({Robba Ry A

global
deRhamsCommsimphcialIndBanach( Ox ) ( o ) deRhamsCommsimphcial ¢IndBanach( {Robba'f{giffﬂe‘i 1) ( o )’

Qp(p!/ P74

global

deRham ——— s> deRham

extended I) ( - )

sCommgimplicialInd™ Banach(Ox R4 ) ( - ) sCommygimplicia @Ind " Banach({Robba Ry Al

global

deRham )(—) = deRham

extended I) ( - ) .

sCommyjmpliciallnd” Banach(Ox sComMgimplicia Ind" Banach({Robbaj AT

Qp(p/ PN A

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum

from [BGT]:
lobal
BGT _ 6009 KBGT —
SCommsimplicialIndBanach(Oka, A)( sCommsimphcialgoIndBanach({Robba%’;:,e}l‘ged 1)( )
lobal
BGT _) BT KBGT —
sCommSimphCiallndBanaCh(OXQP(pl /™) /\b,A)( ) sCommSimplicial(pIndBanaCh({Robba%’gfgf}ed} 1)( ) !



extended

lobal
BGT ) EPTKBGT —
sCommgimplicialInd" Banach(Ox R, a) sComMmgjmplicial Ind" Banach({Robba R Al )( )

lobal
BGT _ ) BT BGT _
scommsimpliciallndmBanaCh(OX Q (p1/P®)N 4 ) ( ) sCommyimplicial ¢Ind" Banach( {RObba‘l?gig,c}ed 1) ( )

Then we consider further equivariance by considering the arithmetic profinite

fundamental groups I'q, and Gal(Q, <T1i1, e Tkil> /Ry) through the following dia-
gram:

7 = Gal(R/Qy(p"/7™)" <T1i1, T,;'ﬂ>) — T := Gal(R/Q, <T1ﬂ, Tkﬂ>) ——Tq,

o (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent presheaves:

global

IndBanachr, (Ox . O —>cpIndBanachrk({Robba‘f{g‘i{t‘}ed 1)
QPN (T L)

lobal
globa (pIndBanach({Robba%’f’%?ed ).

IndBanach(Oyx

Qp(p!/ P°°W,A)

e (Proposition) There is a functor (global section) between the co-categories of monomor-



phic inductive Banach quasicoherent presheaves:

lobal
Ind"Banachr, (Ox,_,) — 2 pInd"Banachr, ({Robbafeded} )

global

Ind™Banachr, (Ox —— ¢Ind"Banachr, ({Robba}*{;t/%‘}ed 1)

Qp(pl/pw)/\v/A)

e (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent commutative algebra E., objects:

global

sCommSImphClalIndBanachrk(OXR ) —>sCommSlmphClalq)IndBanachrk({Robbantended} )

global

sCommgimpliciallndBanachr, (Ox —— sCommyg;pjicia1 IndBanachr, ({Robbaextendecl I)-

Qp(pl/pw)m/A)

e (Proposition) There is a functor (global section) between the co-categories of monomor-
phic inductive Banach quasicoherent commutative algebra E. objects:

eq

ded I)

sCommSimphd al Ind™ Banachr . ( @) X RpA ) scomm51mpl1c1al gDII'Id Ban. aChrk ( { Robb aexten e

eq
sCommg;impliciallnd " Banachr, (Ox sCommSlmphml(pInd Banachro({Robbanten‘}ed I)-

Qp(pl/poo)/\b,fi)

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex



after [KKM, Definition 5.9, Section 5.2.1]:

global
deRhamsCommsimphciallndBanachrk (Oxg A ) ( o ) deRhamsCommsimphdal ¢IndBanachr, ( {Robba'f{;:if“/‘#d 1) ( o )
global
deRhamsCommsimphcialIndBanachro (@] XQp(P 1504 ) ( - ) - deRhamSC(’mmsimphcial gIndBanachr, ({Robb a?g’e[r{/c}ed 1) ( - ) ’
global
deRhamscommsimpliciallndm Banachr, (Oxg A ) ( o ) deRhamsCommsimphCial @Ind™ Banachr, ( {Robba‘f{’;:if“g‘fd 1) ( B )
global

deRham

. e m B
sCommgimpiiciatInd™ Banachr, (OXQ p(pL/P7)Ab,A ) =)

deRham

sCommygjmplicial Ind" Banachr, ( {Robba%’g,eg“}ed

(=)

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum

from [BGT]:
lobal
BGT _ 81002 KBGT —
sCommgjmpliciallndBanachr, (Ox, b A)( ) sCommsimphCialq)IndBanaChrk({Robba%’:/exl‘}ed} 1)( )

BGT
sCommsimphciallndBanachro((’)X (
Qp

)

pl/p°°)/\b,A

global
(=) =K

BGT ( _ )
sCommyimplicial qundBanachr0 ( {Robba%’gif{f}ed 1) ’



BGT global L Gt
_ > _
sCommSimphcialIndmBanachrk (OXRk,A) Scommmmphmalq’lnd Banachrk ({RObbantenc}Ed I) ( )
lobal
BGT _ ) BOPLKBGT —
sCommyjpplicialInd™ Banachr (Ox ) ( ) sCommyjmplicial Ind " Banachr, ({Robbae"tem}ecl 1) ( ) )

Qp(p!/P™)N0,4

Remark 2.7.3. We can certainly consider the quasicoherent sheaves in [BBK, Lemma
7.11, Remark 7.12], therefore all the quasicoherent presheaves and modules will be
those satisfying [BBK, Lemma 7.11, Remark 7.12] if one would like to consider the
the quasicoherent sheaves. That being all as this said, we would believe that the big
quasicoherent presheaves are automatically quasicoherent sheaves (namely satisfying
the corresponding Cech co-descent as in [KKM, Section 9.3] and [BBK, Lemma 7.11,
Remark 7.12]) and the corresponding global section functors are automatically equiv-
alence of co-categories.

In Clausen-Scholze formalism we have the following:

(Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent sheaves:

Moduleg (O Xga ) —JO(:;?\AOdule o({ Robba%xfglr}ded ).

(Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent sheaves:

Moduleg (Ox ,) —JO(BT\/IOdule@( {Robba%xfg,r}ded ).

(Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent commutative algebra E«, objects!”

global extended
sCommSImphaalModule@((’)XR L) —=s ommSImphClalqoModule@({RobbaR Al I)-

7Here © = solidquasicoherentsheaves.



e Then as in [LBV] we have a functor (global section) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]'8:

lobal
— —g><ieRham

sCommg;mpliciaModules (Ox RA ) ( sCommg;mplicial pModuleg ({Robbae’(te’nded 1) ( o ) :

deRham

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum
from [BGT]'?:

BGT _ 8lobdlgar

sCommygjmpliciaModules (Ox RA ) sCommygimplicia PModules ({RobbaeXtenCIECl ) ( N ) ’

00 00 (o] (o] b
Now let R = Q,(p'/*™)"> and Ry = Q,(p!/7")" <T1i1/P L Tkﬂ/p > we have the fol-

00 (e 9] (o) b
lowing Galois theoretic results with naturality along f : Spa(Q,(p*/P™)" <T1i1/ P, TklL 1p > ) —
Spa(Qy(p'/#")"):

o (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent sheaves?:

bal
Modules (Ox B2, pModules ({Robbagtepdedy )

Qp(pl/P“)A<Tlﬂ/’”o° ,,,,, Tfl/”m> A

global

Moduleg (O X, eModuleg ( {RobbaeXterlclecl I)-

1/p )/\b,A)

o (Proposition) There is a functor (global section) between the co-categories of inductive

8Here © = solidquasicoherentsheaves.
YHere © = solidquasicoherentsheaves.
20Here © = solidquasicoherentsheaves.



Banach quasicoherent commutative algebra Eo objects?!:

global extended
Scommsimplicial GDMOdUle@ ( {RObbaRk,A,I I )

sCommg;jmpliciaModules (O Xk, 4 )

global extended
ScommsimplicialMOdule@) (OXQp(pl/Pm b4 ) - Scommsimplicial QDMOdUIe© ({RObbaRO,A,I }1) .

e Then as in [LBV] we have a functor (global section) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]%%:

global

deRhamsCommsimphcialModule@ (OXR A ) ( - ) - deRham extended I) ( _)

sCommyimplicia pModuleg ({Robba Rp Al

global

deRhamsCommSimplicialModule@ (Ox A ) deRhamsCommsimphdal ¢Moduleg ({Robba%’gig‘,‘}ed ) (=)

Qp(pl/Poo)/\b,A

e Then we have the following a functor (global section) of K-group (co,1)-spectrum
from [BGT]%:

lobal
KBGT . & KBGT

sCommg;mpliciaModuleg (Ox Ry, A ) sCommy;mplicial pModuleg ( {Robba‘fg;:fg‘f}ed

global g~

KBGT —)2—K —).

ScommsimplicialMOdule@ (OXQ (;71 / poo) Ab A) ( ) Scommsimplicial <pModule@ ({Robba%’giﬁed ) ( )
P ’

2lHere ©® = solidquasicoherentsheaves.
22Here © = solidquasicoherentsheaves.
ZHere ® = solidquasicoherentsheaves.



Then we consider further equivariance by considering the arithmetic profinite

fundamental groups I'q, and Gal(Q, <T1i1, s Tkﬂ> /Ry) through the following dia-
gram:

7k = Gal(Ry/Qy(p/7™)" <T1ﬂ,..., Tkﬂ>) — Ty := Gal(R/Q, <T1i1, Tkﬂ>) ——Tq,

(Proposition) There is a functor (global section) between the co-categories of inductive

Banach quasicoherent sheaves?*:

global

extended
Modulesr, (Ox sty argpb — ¢Moduleg, ({Robbag 7" }1)
Qp(p/P )/\<T1 e T >,A

global

Moduleg (Ox @Moduleg ( {Robba?{’;tfqn,?ed 1)

Qp(pl/pw>A7,A )

(Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent commutative algebra Eo objects?’:

global extended I)

sCommg;implicialpModuleg ({Robbaf, '}

ScommsimplicialMOdUIe@)F X (OX Ry A )

global extended
sCommyg;jmplicialModulegr, (OXQP A, ) = sCommyimplicia pModulesor, ({Robbag, %7 }1).

e Then as in [LBV] we have a functor (global section) of the de Rham complex after

24Here © = solidquasicoherentsheaves.
ZHere © = solidquasicoherentsheaves.



[KKM, Definition 5.9, Section 5.2.1]%:

global
deRhamSCOmmsimplicialMOdUIeS©rk (Oxg A ) ( o ) - deRhamsCommSimphdal ¢Modulese 3 ({Robba‘;{’:ﬂ,‘}ed ) ( B )
global

deRha‘rnscOmmsimpliciall\/[()dlﬂes@r0 (Ox ) ( o ) deRhamsCommsimpﬁCial ¢Modulesor, ({Robba?{’ge}‘w}ed ) ( o ) :
. A,

Q (pl/poo)/\b,A

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum

from [BGT]%:
lobal
BGT _ & KBGT _
sCommSimPhCialModuleS@rk(Oka, a) ) sCommSimphCialgoModules@rk({Robba‘f{:ig‘ged )( )

lobal
BGT _) BT BGT
ScommsimplicialMOdules@)F 0 (OX ) ( )

ded (_ )
Qp (pl/p°° )yAb A Scommsimplicial (PMOduleS@FO ({RObba%)gig,Ie }1)

Proposition 2.7.4. All the global functors from [CS2, Proposition 13.8, Theorem 14.9, Remark
14.10] achieve the equivalences on both sides.

26Here © = solidquasicoherentsheaves.
?’Here ® = solidquasicoherentsheaves.



2.7.3 oo-Categorical Analytic Stacks and Descents III

In the following the right had of each row in each diagram will be the corresponding
quasicoherent Robba bundles over the Robba ring carrying the corresponding action
from the Frobenius or the fundamental groups, defined by directly applying [KKM,
Section 9.3] and [BBM]. We now let A be any commutative algebra objects in the cor-
responding co-toposes over ind-Banach commutative algebra objects over Q, or the
corresponding borné commutative algebra objects over Q, carrying the Grothendieck
topology defined by essentially the corresponding monomorphism homotopy in the
opposite category. Then we promote the construction to the corresponding oco-stack
over the same oo-categories of affinoids. Let A vary in the category of all the Banach
algebras over Q, we have the following.

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

IndBanach(Ox, ) — (p?ndBanach({Robbae"tended} ).

e (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent presheaves:

lob
Ind"Banach(Ox, ) — ey ?nd Banach({Robba§*ded} ).

e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

IndBanach(Ox; )—> goindBanach({Robbantended 1)

e (Proposition) There is a functor (global section) between the co-stacks of monomor-
phic inductive Banach quasicoherent presheaves:

Ind"Banach(Ox, _ )—Joggindeanach({Robbantended 1)

e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra E., objects:

glob

sCommg;jmpliciallndBanach(Ox, ) — sélommsmphaalq)IndBanaCh({Robbantended} ).

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent commutative algebra Eo, objects:

lobal
sCommygimplicialInd"Banach (Ox;, - )—g>s OMMyjmplicial PINd Banach({Robbae’(ter}ded 1)



e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex
after [KKM, Definition 5.9, Section 5.2.1]:

lobal
deRhamsCommsimphcialIndBanach( Ox R— ) ( o ) 3eRha scomm31mp11c1al ¢IndBanach( {Robbantended} ) ( o )’

lobal
deRham _82 cieRha

sComMgjmplicialInd" Banach(Ox R_ ) ( o ) sCommSImphClal @Ind™Banach({ Robbae"tendecl ) ( ) :

e Then we have the following a functor (global section) of K-group (co,1)-spectrum
from [BGT]:

lo
BGT _y__8loBkcr _
sCommsimphcial IndBanach ( OXR,— ) ( ) Scomm51mpllc1al (pIndBanaCh ( {Robbaextended } ) ( ) ’

lobg
BT m ( - ) & ki(lBGT extended ( _ ) .
sCommgjmpliciallnd” Banach(Ox R— ) sComMgjmplicial Ind" Banach ({Robbaf ™ )

N oo\ b
Now let R = Q,(p!/*")"” and Ry = Q,(p'/?” )A< TP ,...,Tkil/p > we have the fol-

00 o0 (oo} b
lowing Galois theoretic results with naturality along f : Spa(Q,(p/P™)" <Tlil/ LA Tki L > ) —
Spa(Qp(p'/7")"):

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

bal
IndBanach(Ox B2 pIndBanach({Robbageded} )

+1/p®  _4+1/p®\”
Qp(pl/pw)A<Tl /p 5 /p >

,,,,,

global

IndBanach(O X, pIndBanach( {Robbaextended I)-

p(nl/”wW,—)

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-



phic inductive Banach quasicoherent presheaves:

lobal
Indeanach(OXRkﬁ) ;gof(plndeanach({Robba?{’;t,e_nf}ed 1)

global

Ind™Banach(Ox —— @Ind"Banach( {Robba%’;t,e_nf}ed 1)

Qp(pl/poo)/\717 )

e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra Ex objects:

lobal
sCommyjppliciallndBanach (O X, - ) &= sCommsimphCialq)IndBanach({Robbai’g‘f‘fed 1)

global

sCommyjmpliciallndBanach(Ox —— sCommyg;plicial IndBanach( {Robba%’;t,‘in,o}ed 1)

Qp(p!/P7), - )

e (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent commutative algebra E« objects:

lobal
sCommygjmpliciallnd" Banach (O X, ) M i sCommygimplicialpInd”™ Banach({Robba?{;t,e_n,‘}ed )

lobal
sCommyjmpliciallnd " Banach(Ox a sCommyjmplicialpInd™ Banach ( {Robba%’;t,e_nf}ed 1)

Qp(p"/ pmw,,)

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex



after [KKM, Definition 5.9, Section 5.2.1]:

global

deRham —— s> deRham

sCommygjmpliciallndBanach(Ox Ry~ ) ( o ) sCommg;mplicial q)IndBanach({Robbante"ded ) ( )

global
deRhamsCommsimplidalIndBanach((’)XQ ) ( ) deRhamSCOInmsmphaal ¢IndBanach( {Robbaextended p) (_)/
p{p
global
deRhamSCommsimphdalInd’"Banach((’)X Ry~ ) ( o ) deRhamsCommsmphml @Ind’ Banach({Robbae"tencled ) ( o )
global
deRhamscommsimplicialIndm Banach(Ox - ) ( ) — deRha InsCommsmphmlcplnclmBanach({Robbae’(tem}Ed 1) (_ ) ’

Qp(p/ PN

e Then we have the following a functor (global section) of K-group (co,1)-spectrum

from [BGT]:
global - pp
KBGT — L ¢ —
sCommgimpliciallndBanach(Ox - ) ( ) sCommy;mplicial (pIndBanach({Robbae"ter‘dea} ) ( )
BGT B global KBGT B
sCommSimphCialIndBanach((’)XQ (/P ) ( ) sCommyimplicial cpIndBanach({Robba%’gefdfd ) ( )'
P = 7



lobal
BGT ) &P KBGT
sComMmgimplicialInd" Banach(Ox Ry~ ) (=) sCommy;mplicial 9Ind" Banach ({Robba

extended} ) ( - )

BGT (=) glObalKBGT

sCommSimphCiaIInd'"Banach(OXQ (/PPN ) sCommSImphClalgoInd’"Banach({Robbantended} )(_)
p(p -

Then we consider further equivariance by considering the arithmetic profinite

fundamental groups I'q, and Gal(Q) <TjEl g T,jt1> /Ry) through the following dia-
gram:

7k = Gal(Ry./Qp(p"/P)" <T1ﬂ,..., T,;H>) — T := Gal(R/Q, <T1ﬂ, Tkﬂ>) ——Tq,

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

obal
IndBanachr, (Ox . . bg — q)IndBanachrk({Robbaextended )
L C L L O

global

IndBanach(Ox ¢IndBanach( {RobbaeXtenGled I)-

Qp(p/P7)M - )

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-



phic inductive Banach quasicoherent presheaves:

lobal
Ind"Banachr, (Ox,, ) — B pInd"Banachr, ({Robbageged} )

global

Ind™Banachr, (Ox ) — ¢Ind"Banachr, ({Robbaf"jed} ).

Qp(l’l/poo)/\bﬁ

o (Proposition) There is a functor (global section) between the co-stacks of inductive
Banach quasicoherent commutative algebra E. objects:

global tended
sCommSimphCialIndBanachrk((’)XRkl_) ————> sCommMgjmplicialpIndBanachr, ({Robbag *'7°" } 1)

global extended I )

sCommyimpliciallndBanachr, (O Xo,0 sCommyjmplicialpIndBanachr, ({Robbaj ™7

1/p )

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent commutative algebra E« objects:

global tended
sCommSimphCiaIIndmBanachrk(OXRkﬁ) ———— sCommygjmplicial Ind " Banachr, ({Robbaf, 7" } 1)

global tended
sCommsimphdalIndmBanachro((’) Xoy /5 ) Commsmphaalq)lnd Banachro({Robba%’;f’_n,le I)-

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex



after [KKM, Definition 5.9, Section 5.2.1]:

global

deRham —— > deRham

Commyg;plicial INdBanachr, (O ( ) extended (—)
— simplicia
s simplicial r, ( XR,, ) sCommy;jmp; lq)IndBanachrk({Robba )

global

deRham Z > deRham

(=) —

sCommg;mpliciallndBanachr, (Ox sCommg;mplicial pIndBanachr ({Robbae"tended ) ( o ) Y

Qp(Pl/pw)/\b,f

global

deRham —2 s> deRham

Scommsimpliciallndm Banachrk (OXRk,_ ) ( a ) Scommslmphaal ¢Ind™ BanaCth ( {RObbantendEd} ) ( B )

global

deRham Z - deRham

sCommygjmpliciaInd"™ Banachr, (Ox sCommg;mplicial Ind" Banachr,, ({Robbae"tem}ed 1) ( o ) :

(B

Qp(p/ PN

e Then we have the following a functor (global section) of K-group (co,1)-spectrum

from [BGT]:
global = p -t
KBGT )y g —
sCommSImphcmlIndBanachrk((’)XRk )( ) sCommSImphClal(pIndBanachrk({Robbae"te“c}ed 1)( )
lobal
BGT _) 8P KBGT —
sCommyjmpliciallndBanachr (Ox /9% A )( ) sCommypiicialIndBanachr, ({Robbagtended )( )'
Qp(p™ /PN p 0 0



BGT global L BGT
> —
sCommSimphdalInd”’Banachrk((’)XRk/_) ) sCommyjmplicial 9Ind"™ Banachrk({RobbantenC}ed 1)( )
lobal
BGT _) B KBGT —
sCommgjmplicialnd " Banachr  (Ox )( ) sCommyjmplicia @Ind’ Banachro({Robbantended} )( ) )

Qp(pl/}?oo)/\b,_

Remark 2.7.5. We can certainly consider the quasicoherent sheaves in [BBK, Lemma
7.11, Remark 7.12], therefore all the quasicoherent presheaves and modules will be
those satisfying [BBK, Lemma 7.11, Remark 7.12] if one would like to consider the
the quasicoherent sheaves. That being all as this said, we would believe that the big
quasicoherent presheaves are automatically quasicoherent sheaves (namely satisfying
the corresponding Cech co-descent as in [KKM, Section 9.3] and [BBK, Lemma 7.11,
Remark 7.12]) and the corresponding global section functors are automatically equiv-
alence of co-categories.

In Clausen-Scholze formalism we have the following;:

(Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent sheaves:

Moduless (Ox; ) IOb?\/Iodules@ ({Robb aextended ).

(Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent sheaves:

Modulesg (Ox; 1ObT\/Iodules@ ({Robbae"tended 7).

(Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra Eo objects?®

global tended
sCommygimpliciaModuless (Ox, ) — sCommyimpliciaipModules ({Robbay 1™ } ).

ZHere © = solidquasicoherentsheaves.



e Then as in [LBV] we have a functor (global section) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]%:

deRham ) (=) N eRham

sCommygimpliciaModulese (Ox R— sCommygimplicialpModuless ({Robbai’ftff}ded ) ( o ) :

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum
from [BGT]?:

glo a]BGT
KBGT oy B ).
sCommygjppliciaModulesg, (Ox R— ) ( ) sCommygjmplicial PModulese ( {Robba%’ft_ef}ded ) ( )

00 00 (o] (o] b
Now let R = Q,(p'/*™)"> and Ry = Q,(p!/7")" <T1i1/P L Tkﬂ/p > we have the fol-

00 (e 9] (o) b
lowing Galois theoretic results with naturality along f : Spa(Q,(p*/P™)" <T1i1/ P, TklL L > ) —

Spa(Q, (p'/7")"):

o (Proposition) There is a functor (global section) between the co-prestacks of inductive

Banach quasicoherent sheaves®!:

bal
Modulese (Ox X g50L> goModules@({Robba%’g‘inf}ed 1)

global

Modulese (Ox pModulesg ({Robba%’;t,‘f‘}ed 1)

Qp(p!/ P°°W,—)

e (Proposition) There is a functor (global section) between the co-prestacks of inductive

2Here © = solidquasicoherentsheaves.
3Here © = solidquasicoherentsheaves.
3Here ©® = solidquasicoherentsheaves.



Banach quasicoherent commutative algebra Eo objects?

lobal
sCommg;jmpliciaModulesg (O X, ) 5% sCommg;mplicialpModules ( {Robbae"tended 1)

global

sCommg;jmpliciaModulese (O X, ) — sCommygimplicia pModules ( {Robbae"tend'3d I)-

p(pl/}?m)/\b

e Then as in [LBV] we have a functor (global section) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]%3:

global
deRhamscommsimplicialMOdUﬂeS@ (Ox - ) ( o ) deRhamsCommSImphClal ¢Modulesg ({Robbae"te“ded} ) ( )

global

deRhamscommsimplicialMOdules@ ( OXQ ) ( B ) deRhamSCOl’nmSImPhClal (pModules@ ( {RObbantended} ) ( o ) .

p(pl/PZ)Ne -

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum
from [BGT]**:

global = pr
KBGT _ > . K —
SCOHu’nslm}:;hmalMOduIes@ ( OX Ry~ ) ( ) scomm51mp11c1al (pMOdHIES@ ( {RObbantended } ) ( )

global g~
KBGT )2 K —).
Scomm51mpllc1alM0duleS© (OXQ (pl / poo) Ab ) ( ) sCommSlmphC,a]q)Modules@ ({RObbantendEd} ) ( )
v —

32 Here © = solidquasicoherentsheaves.
3Here © = solidquasicoherentsheaves.
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Then we consider further equivariance by considering the arithmetic profinite

fundamental groups I'q, and Gal(Q) <T1i1, e Tkﬂ> /Ry) through the following dia-
gram:

7k = Gal(Ry/Qy(p/7™)" <T1ﬂ,..., Tkﬂ>) — Ty := Gal(R/Q, <T1i1, Tkﬂ>) ——Tq,

(Proposition) There is a functor (global section) between the co-prestacks of inductive

Banach quasicoherent sheaves®:

global

Moduleser, (Ox —> gModuleser, ({RobbaZ ¢4} )

b
+1/p® +1/p*®
QPN (L)

lobal
Modulesg (Ox g

Qp(p" P“)Abﬁ)

¢Modulese ( {Robba‘fg;f’e_n’clled ).

(Proposition) There is a functor (global section) between the co-stacks of inductive
Banach quasicoherent commutative algebra Eo objects>®:

global extended
sCommygimpiiciaiModuleser, (Ox, ) ———>sCommygimpiiciapModulesor, ({Robbag, ™7 }1)

global extended
sCommygimplicialModulesgr, (OXQP AP, ) — sCommgmpliciaipModulese r ({Robbai ™7 }1).

e Then as in [LBV] we have a functor (global section) of the de Rham complex after

% Here © = solidquasicoherentsheaves.
%Here © = solidquasicoherentsheaves.



[KKM, Definition 5.9, Section 5.2.1]%:

global
deRhamsCommsimphcialModules©rk (Ox Ry~ ) ( o ) deRhamsCommsimpﬁdal ¢Moduleser, ({Robba%’:,efl‘}ed 1) ( o )
global
deRhamscommsimplicialMOdules@ro (OXQ (Pl/poo )/\b ) ( - ) deRhamSCOmmsjmphcial (pMOduleS@ro ({RObba%)g,efged I) ( - ) .
P [

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum
from [BGT]8:

lobal
BGT _ 6009 KBGT —
sCommgimpliciatModulesor, (Ox Re— ) ) sCommgimplicial pModulesor, ({Robba%’;:lef,dfd ) ( )

lobal
BGT _) BT KBGT _
sCommgimpiicialModuless (OXQP PP ) ( ) sCommyg;mpiicial pModulese ({Robba%’gff%ed ) ( )

Proposition 2.7.6. All the global functors from [CS2, Proposition 13.8, Theorem 14.9, Remark
14.10] achieve the equivalences on both sides.

3Here © = solidquasicoherentsheaves.
3Here ® = solidquasicoherentsheaves.



2.7.4 oo-Categorical Analytic Stacks and Descents IV

In the following the right had of each row in each diagram will be the corresponding
quasicoherent Robba bundles over the Robba ring carrying the corresponding action
from the Frobenius or the fundamental groups, defined by directly applying [KKM,
Section 9.3] and [BBM]. We now let A be any commutative algebra objects in the cor-
responding co-toposes over ind-Banach commutative algebra objects over Q, or the
corresponding borné commutative algebra objects over Q, carrying the Grothendieck
topology defined by essentially the corresponding monomorphism homotopy in the
opposite category. Then we promote the construction to the corresponding oco-stack
over the same co-categories of affinoids. We now take the corresponding colimit through
all the (oo, 1)-categories. Therefore all the corresponding (oo, 1)-functors into (co,1)-
categories or (co,1)-groupoids are from the homotopy closure of Q, (Cy,...,Cp) £ =
1,2,...in sCommIndBanacth or Q, (Cy,...,Cp) £ =1,2,...in sCommIndeanacth as
in [BBM, Section 4.2]:

IndQP<C1""'Cf)’621'2""sCommIndBanachQ p (2.7.5)
Ind 2 {C1Ce >’Zzl'z""sCommIndBanachQ ” (2.7.6)

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

IndBanach(Ox, ) — 1Obi}ndBamach({Robba‘”“‘°-“ded} ).

The definition is given by the following:

lob
homotopycolimit; (IndBanach(Ox, _ )go—a> (,DIndBanach({RobbaextendEd ))(O;),

each O; isjustas Q, (Cy,...,Cp) , £ =1,2,....

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent presheaves:

Ind"Banach(Ox, ) —> 1Obindeanac:h( {Robbagerded} ).

The definition is given by the following:

lobal
homotopycolimit; (Ind"Banach(Ox, ) £ pInd™Banach({ Robbageided} 1)) (0),

each O; isjustas Q, (Cy,...,Cp) , £ = 1,2, ....

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

IndBanach(Ox, ) — 10bindBanach( {Robb a%Xt_ef}ded ).



The definition is given by the following:

homotopycolimit; (IndBanach(Ox, ) globa] pIndBanach( {Robba?{ftff}dEd 11))(O)),

each O; isjustas Q, (Cy,...,Cp) , £ = 1,2, ....

o (Proposition) There is a functor (global section) between the co-stacks of monomor-
phic inductive Banach quasicoherent presheaves:

lobal
Ind"Banach(Ox, ) —g>0go?ndeanach({Robba%’ftff}ded ).

The definition is given by the following:

lobal
homotopycolimit; (Ind"Banach(Ox; ) £ pInd"Banach( {Robbagended1 ))(0)),

each O; isjustas Q, (Cy,...,Cp) , £ = 1,2, ....

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra E. objects:

lobal
sCommygjmpliciallndBanach(Ox;, ) — &5 OMMimplicial PIndBanach( {Robba'f{’ft_ef}ded}l).

The definition is given by the following:

lobal
homotopycolimit; (sCommgjmpiiciaIndBanach(Ox;, ) ke sCOMMgjmplicial PIndBanach {Robba%’ftff}ded )

each O; isjustas Q, (Cy,...,Cp) , £ =1,2,....

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent commutative algebra Ee, objects:

lobal
sCommygimplicialInd"Banach(Ox;, ) S ommsimphdal(pIndeanach({Robba‘f{ft_ef}ded 1)

The definition is given by the following:

lobal
homotopycolimit; (sCommg;mpiciaInd" Banach(Ox; ) g% sCommyjmplicial @Ind" Banach ({Robbaf’

each O; isjustas Q, (Cy,...,Cy) , £ =1,2,....

e Then parallel as in [LBV] we have a functor (global section ) of the de Rham complex
after [KKM, Definition 5.9, Section 5.2.1]:

global
deRhamsCommsimphcialIndBanach( Ox R ) ( o ) c?eRhaInsCommsimphcial pIndBanach( {Robba&[?ftff}ded ) ( B )’



lobal
deRhamscommsimplicialIndm Banach(Ox R— ) ( - ) 3eRha SCommSImphaal @Ind"Banach( {Robbaemnded} ) ( N ) ’

The definition is given by the following:

homotopycolimit,

lobal
(deRhamsCommsimplidalIndBanach(OX R— ) ( o ) —-ae sCommSImphcml (pIndBanach({RobbantendEd} ) ( o ) ) (O’ ) /

homotopycolimit;

global
(deRhamscommsimplicialIndmBanaCh( Ox R— ) ( - ) eRhamsCommSImphClal ¢Ind"Banach( {Robbante“dEd} ) ( - ) ) (O

each O; isjustas Q, (Cy,...,Cp) , £ =1,2,....

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum
from [BGT]:

KBGT

globalgir
sCommy;jmpliciallndBanach(Ox R— ) ( B ) ki%

sCommygimplicial ¢IndBanach( {Robbaextendecl ) ( n )'

BGT

glO GT
sCommgimplicialInd"Banach(Ox, ) ( o ) %?B

sCommygjmpliciaInd™ Banach({Robba%’ftff}dEd ) ( N ) )

The definition is given by the following:

lobal
homotopycolimit, (KBGT —f——KBCT —))(O;
Py ( scommsxmpllcmlIndBanaCh(OXR )( )g sCommSlmphC,a]q)IndBanach({Robbae"tended} 1)( ) )( l) !
homotopycolimit, (KT (= )glObal BGT
|2 sComMgimplicial Ind™ Banach(Ox,

sCommS,mphml ¢Ind’ Banach({Robbae"te’rlcled ) ( B ) ) (Ol ) !

each O; isjustas Qp (Cy,...,Cp) , £ =1,2,....

o 0o = 0o\ D
Now let R = Q,(p!/*™)"> and Ry = Q,(p'/7")" <T1ﬂ/” . Tkﬂ/p > we have the fol-

00 o0 (o] b
lowing Galois theoretic results with naturality along f : Spa(Q, (p!/P™)" <T1i e T,jc L > ) —
Spa(Qy(p'/7")"):



o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

bal
IndBanach(Ox X gl)oa—> q)IndBanach({Robba?{g‘f‘}ed 1)

global

IndBanach(Ox ——~— pIndBanach({Robbag"$*!} ).

Qp(Pl/”w)A’,—)

The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cp) ,£ = 1,2,... and [ is the relative diagram of co-
functors.

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent presheaves:

lobal
Ind"Banach(Oy,, ) ——> ¢Ind"Banach({Robbaffi "’} )

global

Ind™Banach(Ox ) — ¢Ind"Banach( {Robba%’;t,e_nf}ed ).

Qp(p!/P7), -
The definition is given by the following:
homotopycolimit;((J) (O;),

each O; is just as Qp (Cy,...,Cyp) , ¢ = 1,2,... and [ is the relative diagram of co-
functors.



e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra E., objects:

lobal
sCommsimphdalIndBanach(OXRkﬁ) 8% sCommsimphcial(pIndBanaCh({Robba%’:‘f(}ed 1)

global

sCommg;mpliciallndBanach(Ox —— sCommy;jmplicial @IndBanach( {Robba%’;tle_rt‘}Ed I)-

Qp(p!/P7), - )
The definition is given by the following:
homotopycolimit;(()(O;),

each O; is just as Q, (Cy,...,Cy) , £ = 1,2,.. and [ is the relative diagram of oco-
functors.

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent commutative algebra Eo, objects:

lobal
sCommSimphciallndmBanach(OXRV) B sCommyimplicial (/)Indeanach({Robbzﬁ{;ff"_nfl1ed )

global

sCommygjmpliciallnd” Banach(Ox —— sCommyjmpliciai Ind "™ Banach ( {Robba%’;tl‘f‘}ed 1)
P

Q (pl/”w)/\b,—)
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Qp (Cy,...,Cy) , £ = 1,2,.. and [ is the relative diagram of oco-
functors.

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex



after [KKM, Definition 5.9, Section 5.2.1]:

global

deRham —— s> deRham

sCommygjmpliciallndBanach(Ox Ry~ ) ( o ) sCommg;mplicial q)IndBanach({Robbante"ded ) ( )

global
deRhamsCommsimplidalIndBanach((’)XQ ) ( ) deRhamSCOInmsmphaal ¢IndBanach( {Robbaextended p) (_)/
p{p
global
deRhamSCommsimphdalInd’"Banach((’)X Ry~ ) ( o ) deRhamsCommsmphml @Ind’ Banach({Robbae"tencled ) ( o )
global
deRhamscommsimplicialIndm Banach(Ox - ) ( ) — deRha InsCommsmphmlcplnclmBanach({Robbae’(tem}Ed 1) (_ ) ’

Qp(p/ PN

e Then we have the following a functor (global section) of K-group (co,1)-spectrum

from [BGT]:
global - pp
KBGT — L ¢ —
sCommgimpliciallndBanach(Ox - ) ( ) sCommy;mplicial (pIndBanach({Robbae"ter‘dea} ) ( )
BGT B global KBGT B
sCommSimphCialIndBanach((’)XQ (/P ) ( ) sCommyimplicial cpIndBanach({Robba%’gefdfd ) ( )'
P = 7



lobal
BGT _ 67009 KBGT _
Scommsimpliciallndm Banach ( Ox Ry, — ) ( ) SC01’1'11'1'15implicial (Plndm Banach ( {RObba%);:,eB,C}ed } I ) ( )

BGT (=) global, Gt

sCommygjmpliciallnd” Banach(Ox ) extenc}ed 1) ( - ) .

m
Qp(p1/ 7P - sCommygimplicial 9Ind " Banach({Robbaj o

The definition is given by the following:
homotopycolimit;((J)(O;),
each O; is just as Qp (Cy,...,Cyp) , ¢ = 1,2,... and [ is the relative diagram of co-
functors.
Then we consider further equivariance by considering the arithmetic profinite

fundamental groups I'q, and Gal(Q) <ch1, e Tkﬂ> /Ry) through the following dia-
gram:

7k = Gal(Ry/Qy(p/7™)" <T1i1,..., Tkﬂ>) — > Ty := Gal(R,/Q, <T;—“1, Tkﬂ>) ——Tq,.

e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

bal
IndBanachr, (Ox i ¢IndBanachr, ({Robba%’;t,e_n,‘}ed 1)

b
+1/p>® +1/p>®
Qp<p“”°°)A<T1 T >,7

global

IndBanach(Ox ———— gIndBanach({RobbaZ"¢4} ).

Qp(p!/ PN~ )
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Qp (Cy,...,Cp) , ¢ = 1,2,... and [ is the relative diagram of co-
functors.



e (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent presheaves:

lobal
Ind"Banachr, (Ox,, ) —E% pInd"Banachr, ({Robbage"ded} )

global

Ind™Banachr, (Ox —— ¢Ind"Banachr, ({Robba}?{;t,e_nf}e‘i 1)

Qp(p/PT) - )
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cy) , ¢ = 1,2,... and [ is the relative diagram of oco-
functors.

o (Proposition) There is a functor (global section) between the co-stacks of inductive
Banach quasicoherent commutative algebra E., objects:

global tended
sCommyimplicial pIndBanachr, ({Robbaf, =7 }1)

sCommyg;mplicial IndBanachr, (O X, - )

global extended ! )

sCommgimpliciallndBanachr, (Ox —— sCommyg;plicial PIndBanachr, ({Robbaf ™7
P

Q (p””wW/—)
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Qp (Cy,...,Cyp) , ¢ = 1,2,... and [ is the relative diagram of co-
functors.



o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent commutative algebra E. objects:

lobal
sCommSimphdallndmBanachrk(OXRkﬁ) —g>sCommsimphda1goInd Banachrk({RobbaeXtended 1)

global

Commsmphaal q)Ind Banachr, ({Robb antended ).

m
sCommg;mpliciallnd”Banachr, (Ox Xoy /5 )

The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cyp) ,£ = 1,2,... and [ is the relative diagram of oco-
functors.

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex
after [KKM, Definition 5.9, Section 5.2.1]:

global

deRham —= s> deRham

sCommyjmpliciallndBanachr, (Ox Ry~ ) ( o ) sCommyimplicial IndBanachr, ({Robbae"tenCIEd 1) ( o )

global

deRham 2 > deRham

(=) —

sCommgjpliciallndBanachr, (Ox sCommSlmphCla](pIndBanachrO({Robbantended} )( ),

Qp(Pl/pw)/\b/_

global

deRham —— s> deRham

sCommyjmpliciaInd"™ Banachr, (Oxg - ) ( o ) sCommgimplicia @Ind” Banachrk ( {Robbae"ten‘}eCl 1) ( o )

global slobal + Rh
sCommsimphCialInd’"Banachro(OXQ (/PPN )(_) € amSCommSImphaal(pInd Banachro({Robba‘”‘"endlecl 1)(_)'
pp -

deRham



The definition is given by the following:

homotopycolimit;((J)(O;),
each O; is just as Q, (Cy,...,Cyp) ,£ = 1,2,... and [ is the relative diagram of oco-
functors.

e Then we have the following a functor (global section) of K-group (co,1)-spectrum
from [BGT]:

BGT ( _ ) global KBGT | ( _ )

sCommgjmpliciaIndBanachr, (Ox Ry ) sCommgimplicial IndBanachr, ({Robba%’;:ffﬂed

lobal
BGT _) 8P KBGT —
sCommygimpliciallndBanachr, (OXQP PP ) ( ) sCommg;mplicia pIndBanachr {Robba%’g,efﬂed ) ( ) !
lobal
BGT _ 6002 KBGT _
sCommsimphdalInd"’Banachrk(OXRkﬁ)( ) sCommSimpliCialq)Indeanachrk({Robba?{;:fff}ed )( )

lobal
BGT _\ & BGT
sCommyjmplicialInd™ Banachr  (Ox ) ( ) K

extended ) ( - ) .
Qp( I

/P sCommyimplicial Ind " Banachr,, ({Robbaf Pyl

The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cy) , £ = 1,2,... and [ is the relative diagram of oco-
functors.

Remark 2.7.7. We can certainly consider the quasicoherent sheaves in [BBK, Lemma
7.11, Remark 7.12], therefore all the quasicoherent presheaves and modules will be
those satisfying [BBK, Lemma 7.11, Remark 7.12] if one would like to consider the



the quasicoherent sheaves. That being all as this said, we would believe that the big
quasicoherent presheaves are automatically quasicoherent sheaves (namely satisfying
the corresponding Cech co-descent as in [KKM, Section 9.3] and [BBK, Lemma 7.11,
Remark 7.12]) and the corresponding global section functors are automatically equiv-
alence of co-categories.

In Clausen-Scholze formalism we have the following>’:

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent sheaves:

lobal
Modulesg (Ox; ) _g>04)e1av[ oduless ( {Robba%’ftff}dEd 1.

The definition is given by the following:

lobal
homotopycolimit;(Moduless (Ox, ) £ pModuless ({ Robba%’ftff}ded 1))(0)),

each O; isjustas Q, (Cy,...,Cp) , £ =1,2,....

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent sheaves:

lobal
Moduless (Ox; ) _g>°¢"11v[ odules, ( {Robba%’ftff}dEd 1.

The definition is given by the following:

lobal
homotopycolimit;(Moduless (Ox, ) £ @Modulesg ({ Robba‘f{ftff}ded ))(O;),

each O; isjustas Q, (Cy,...,Cp) , £ =1,2,....

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra Eq, objects®":

lobal
sCommygjmpliciaModulesg (O Xz - ) — &5 OMMgjmplicial PModules ({Robba'f{ft_elr}ded} 1)

The definition is given by the following:

lobal
homotopycolimit; (sCommy;jmpiicialModulese (Ox, ) g sCommgimplicialpModulesg ({Robbay '}

each O; isjustas Q, (Cy,...,Cp) , £ =1,2,....

¥Certainly the homotopy colimit in the rings side will be within the condensed solid animated ana-
lytic rings from [CS2].
“Here © = solidquasicoherentsheaves.

extende



e Then as in [LBV] we have a functor (global section ) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]*!:

deRham glob(ieRham

sCommygjmpjicialModulese (Ox R— ) ( o ) sCommg;mplicial pModuless ({Robbae"te“ded} ) ( )’

The definition is given by the following:

homotopycolimit,

(deRham gdeRham

sCommygimpliciatModulese (Ox R — ) ( ) sComMyjmplicial PModulese ( {Robbantended} ) ( ) ) (Ol ) ’

each O;isjustas Q, (Cy,...,Cp) , £ =1,2,....

e Then we have the following a functor (global section) of K-group (co,1)-spectrum

from [BGT]*%:
BGT (—) B2 _ 8lodlpar (=)
sCommygimpliciatModuless (Ox R— ) sCormnSlmpl1Cl a®Modulesg ( {Robbaextended ) )

The definition is given by the following:

lobal
homotopycolimit, (KBGT — P— KBGT -N(O;),
py ( Scomm31mpllc1alM0duleS© ( OX R,— ) ( )g Scomm51mpllclal (pModuleSQ ({RObbantended} ) ( ) ) ( ! )

each O; isjustas Q, (Cy,...,Cp) , £ =1,2,....

oo 00 00 oo\ D
Now let R = Q,(p!/*™)" and Ry = Q,(p!/7")" <Tlil/p e Tkﬂ/p > we have the fol-

00 o0 {oe] b
lowing Galois theoretic results with naturality along f : Spa(Q, (p/P™)" <T1i1/ L Tki Ly > ) —
Spa(Qy(p'/7")"):

e (Proposition) There is a functor (global section) between the co-prestacks of inductive

“'Here ® = solidquasicoherentsheaves.
“Here © = solidquasicoherentsheaves.



Banach quasicoherent sheaves*3:

bal
Modulesg (Ox X gl)oa—> (pModules@({Robba%’;tle_“f}ed 1)

global

Modulesg (Ox

20! /p°°>/\7,_> pModulesg ({Robba%’;t"f‘}ed I)-
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Qp (Cy,...,Cp) , ¢ = 1,2,... and [ is the relative diagram of oco-
functors.

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra Es objects**:

global extended
sCommg;impliciapModulese ({Robbai =" } )

sCommygjppliciaModuless (O X, )

global extended I)

sCommyjpplicialModuless (Ox —— sCommyg;licial pModulesg ({ Robbaf ™'

Qp(}?l/pm )/\b,, )
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cyp) ,£ = 1,2,... and [ is the relative diagram of oco-
functors.

“SHere © = solidquasicoherentsheaves.
“Here © = solidquasicoherentsheaves.



e Then as in [LBV] we have a functor (global section) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]*:

global
deRhamscommsimplicialMOdUIeS@ (Ox Ry, ) ( o ) deRhamsCommSimpﬁdal ¢Modulesg ({Robba%’;(tf’fﬂed ) ( o )

global
deRhamscommsimplicialMOdUIeS@ (Ox B ) ( o ) deRhamsCommSimphdal ¢Modulesg ({Robba%’g,efﬂed ) ( o )’

Qp(p/ PN

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum

from [BGT]*:
global = por
KBGT — 2 K —
sCommSimplicialModules@(OXRkﬁ)( ) sCommSimphCial(pModules@({Robba‘f{;:fff}ed )( )

lobal
BGT 8O0 K BGT
scommsimplicialMOdules@(OXQ (/PP )( ) sCommSimpliCialq)Modules@({Robba’f{gefc}ed} 1)( )’
. — —

The definition is given by the following:

homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cy) ,£ = 1,2,... and [ is the relative diagram of oco-
functors.

Then we consider further equivariance by considering the arithmetic profinite

fundamental groups I'q, and Gal(Qy <T1ﬂ, e Tkil> /Ry) through the following dia-
gram:

7} = Gal(Ry/Qp(p!/ 7™ ) <T1ﬂ,..., Tkﬂ>) — T} = Gal(R/Q, <T1i1, :r,;tl>) —To,.

“Here © = solidquasicoherentsheaves.
4Here © = solidquasicoherentsheaves.



o (Proposition) There is a functor (global section) between the co-prestacks of inductive

Banach quasicoherent sheaves*’:

global

Moduleser, (Ox ~— ¢Modulese ., ({Robbag'®"jed} )

b
+1/p*®® +1/p>®
QPN (L)

lobal
g goModules@({Robba%’;t,‘fc}ed I)-

Modulesg (O X,

p(p/PT YN )
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cy) ,£ = 1,2,... and [ is the relative diagram of oco-
functors.

o (Proposition) There is a functor (global section) between the co-stacks of inductive
Banach quasicoherent commutative algebra Eq, objects*®:

global extended
scommsimplicial(PMOdU-leS@ Iy ({RObbaRkﬁ,I I)

ScommsimplicialMOdUIes(@Fk (OXRk,— )

global extended I )

sCommygjpplicialModuless (O X, —— sCommg;mpliciaipModulese ({Robba Ro, 1
P

(pl/Poo)/\b,_ )
The definition is given by the following:
homotopycolimit;((J) (O;),

each O; is just as Qp (Cy,...,Cy) , ¢ = 1,2,... and [ is the relative diagram of oco-
functors.

4’Here © = solidquasicoherentsheaves.
“8Here © = solidquasicoherentsheaves.



e Then as in [LBV] we have a functor (global section) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]%:

global

deRham —= s> deRham

extended I) ( - )

SCOrnrnsimplicialNIOdules@ Ty (OXRk/ ) ( o ) SCOHu'nsimplicial ¢Modulesg Ty ( {RObbaRk,—,I

global

deRham )(—) = deRham

sCommgimpiiciaModulesor, (Ox sCommyg;mplicial pModulese ({Robbafg’g,eff‘}ed ) ( o ) Y

Qp(Pl/Poo)Ab/_

The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Qp (Cy,...,Cp) , £ = 1,2,... and [ is the relative diagram of oco-
functors.

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum

from [BGT]:
global _ pt
KBGT ) —=2 <K —
sCommgimpliciatModulese r, (Ox Rk/_) ) sCommgimplicial pModulesor, ({Robba%’?ffﬂed}l) ( )

BGT | () global, Gt

o tended (_ )r
Scomm51mphc1alM0dUIes©FO (OXQP (pl/poo )/\‘D,, SCC’n'ln'lsimplicial goMOdUIeS@FO ({RObba%XO?B,Ie }1)

The definition is given by the following:
homotopycolimit;((J) (O;),

each O; is just as Q, (Cy,...,Cyp) ,£ = 1,2,... and [ is the relative diagram of oco-
functors.

“'Here © = solidquasicoherentsheaves.
*Here ©® = solidquasicoherentsheaves.



Proposition 2.7.8. All the global functors from [CS2, Proposition 13.8, Theorem 14.9, Remark
14.10] achieve the equivalences on both sides.



2.7.5 oo-Categorical Analytic Stacks and Descents V

Here we consider the corresponding archimedean picture, after [CBCKSW, Problem

A4, Kedlaya’s Lecture]. Recall for any algebraic variety R over R this Xz (C) is defined
to be the corresponding quotient:

Xg(C) := R(C) x PY(C) /g, (2.7.7)

Yr(C) := R(C) x P}(C). (2.7.8)

The Hodge structure is given by ¢. We define the relative version by considering a
further algebraic variety over C, say A as in the following:

X 4(C) := R(C) x P(C) x A(C)/ 9, (2.7.9)

Yg 4(C) := R(C) x P}(C) x A(C). (2.7.10)

Then by [BBK] and [CS2] we have the corresponding oo-category of co-sheaves of
simplicial ind-Banach quasicoherent modules which in our situation will be assumed

to the modules in [BBK], as well as the corresponding associated Clausen-Scholze
spaces:

Xg(C) := R(C) x P1(C)®/ ¢, (2.7.11)
Yz(C) := R(C) x P}(C)™. (2.7.12)

Xg 4(C) := R(C) x P}(C) x A(C)"/ g, (2.7.13)
Y A(C) := R(C) x PY(C) x A(C)W, (2.7.14)

with the co-category of co-sheaves of simplicial liquid quasicoherent modules, liquid
vector bundles and liquid perfect complexes, with further descent [CS2, Proposition
13.8, Theorem 14.9, Remark 14.10]. We call the resulting global sections are the corre-
sponding c-equivariant Hodge Modules. Then we have the following direct analogy:

e (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent presheaves:

equi

IndBanach(Ox; ,) — ¢IndBanach(Oy, , ).

e (Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent presheaves:

equi

Ind"Banach(Ox, ,) — ¢Ind"Banach(Oy, , ).

o (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent presheaves:

IndBanach(Ox, , ) Baly ¢IndBanach(Oy, , ).



(Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent presheaves:

Ind"Banach(Ox, ,) ey ¢Ind"Banach(Oy, ,).

(Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra E, objects:

equi
sCommg;mpliciallndBanach (O, , ) il sCommyinmplicialpIndBanach(Oy, , ).

(Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent commutative algebra E., objects:

equi
sCommg;mplicialInd " Banach(Ox, , ) i sCommygimplicial @Ind " Banach(Oy, , ).

Then parallel as in [LBV] we have the equivalence of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]:

equi
deRhamsCommsimphcialIndBanach((9 X A ) ( - ) ’ deRhamsCommsimphcial goIndBanach(OyR, N ) ( - )/

equi

deRham —— deRham

sCommg;mplicialInd" Banach(Ox, ) ( - ) sCommygimplicialInd™ Banach(Oyy ,) ( - ) .

e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]:

BGT _y 94l BGT _
sCommgjmpliciallndBanach(Ox, ,) ) KsCommsimphdalq)IndBanach((’)yR a) Y
BGT 9 equl L BGT

sCommsimplidalInd’”Banach((’)XR 2) sCommSimphdal(pIndeanach(OyR a) o

Assumption 2.7.9. All the functors of modules or algebras below are Clausen-Scholze
sheaves [CS2, Proposition 13.8, Theorem 14.9, Remark 14.10].

o (Proposition) There is an equivalence between the co-categories of inductive liquid
sheaves:

Moduleg (Ox ,) Baly ¢Moduleg (Oy, ,)-

e (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra E, objects:

equi
ScommsimplicialMOduleliquidquasicoherentsheaves (OX RA ) > Scommsimplicial (PMOdUIeliquidquasicoherentsheaves ( O



e Then as in [LBV] we have the equivalence of the de Rham complex after [KKM, Defi-
nition 5.9, Section 5.2.1]°%:

equi

deRham ——— deRham

sCommygjmpiiciaModules (Ox RA ) ( - ) sCommygimplicialpModuleg ((’)le ) ( - ) .

e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]>%:

BGT _) %94 BGT _
ScommsimplicialMOdule@ (OX R,A ) ( ) scommsimplicial 4’M0d1ﬂe© (OYR, A ) ( ) )

SHere © = liquidquasicoherentsheaves.
»2Here © = liquidquasicoherentsheaves.



Chapter 3

Hodge-Iwasawa Theory: The
Extensions

3.1 Introduction to the Interactions among Motives

3.1.1 Equivariant relative p-adic Hodge Theory
Equivariant relative p-adic Hodge Theory

e <1-> The corresponding P-objects are interesting, but in general are not that easy to
study, especially we consider for instance those ring defined over Qy, let it alone if
one would like to consider the categories of the complexes of such objects.

e <2-> We choose to consider the corresponding embedding of such objects into the
categories of Frobenius sheaves with coefficients in P after Kedlaya-Liu [KL1], [KL2].
Again we expect everything will be more convenient to handle in the category of
(¢, T')-modules.

e <3-> Working over R now a uniform Banach algebra with further structure of an
adic ring over IF,. And we assume that R is perfect. Let Robba{#*"4*® be the Robba
sheaves defined by Kedlaya-Liu [KL1], [KL2], with respect to some interval I C
(0,00), which are Fréchet completions of the ring of Witt vector of R with respect
to the Gauss norms induced from the norm on R. Here we consider the following
assumption:

Assumption 3.1.1. We now assume R comes from the local chart of a rigid space over

Q. ! This will give us the chance to consider the following period rings from [Sch2]
and [KL2, Definition 8.6.5]:

By qrs BRdr/ (3.1.1)

OBy v OBrdr (3.1.2)

IThis could be made more general, but at this moment let us be closer to classical p-adic Hodge
Theory.
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over:

ng(Pl/”w)A'b,dR’ Bo, (p117)n,are (3.1.3)

_l’_
OBQp(p”"”)A",dR’ OBQp(P]/pw)/\/b,dR (3.1.4)
where the smaller rings contain element t = log([1 + 7t]). As in [BCM] we can take the

corresponding self g-th power product. Then we have by taking the corresponding
self g-th power product following;:

BR ar g BrdR g (3.1.5)
OBIJ{,dR,q’ OBRdrg (3.1.6)
over:
J’_
BQp(Pl/pm YA ,AR,g7 BQp(Pl/poo )M, dR g7 (317)
+
OBQ;: (Pl/pw )A’b,dR,q' OBQp (Pl/pw )/\'b,dR,q' (318)

Here we have the action from the product of arithmetic profinite fundamental groups
and the product of Frobenius operators.

e <4->Pollowing Carter-Kedlaya-Zabradi and Pal-Zabradi [CKZ] and [PZ], taking suit-

able interval one can define the corresponding Robba rings Robba,
extended

and the corresponding full Robba ring Robbay
power product.

I by the corresponding self g-th

e <5-> We work in the category of Banach and ind-Fréchet spaces, which are commuta-
tive. Our generalization comes from those Banach reduced affinoid algebras A over

Qp.
Equivariant relative p-adic Hodge Theory

e <1-> The p-adic functional analysis produces us some manageable structures within
our study of relative p-adic Hodge theory, generalizing the original p-adic functional
analytic framework of Kedlaya-Liu [KL1], [KL2].

e <2-> Starting from Kedlaya-Liu’s period rings after taking product?,

extended,q extended,q extended,q extended,q extended,q
Robbaoo/ R ,Robba LR , Robbar/ R ,Robbajy , Robbaint’r, R
(3.1.9)

tended, tended, tended,
Robbal™ 0 4e, RobbatXededd Rophatiiendeds (3.1.10)

2When we are talking about g-th power as in this chapter, the radius 7 is then multiradius which
are allowed to be different in different components, and the interval I is then multiinterval which are
allowed to be different in different components.

extended,q extended,q
Robba
s oo, R



we can form the corresponding A-relative of the period rings®:

extended,q extended,q extended,q extended,q extended,q
Robbaoo,Rl A ,RobbaLR/ 4 ,Robbar/Rl ) ,RobbaR/ A ,Robbaint’r,R, u

(3.1.11)
Robbal % 5", Robbagy e, Robbagy 5 . (3.1.12)

e <3-> (Remark) There should be also many interesting contexts, for instance consider
a finitely generated abelian group G, one can consider the group rings:

Robba;z " **[G]. (3.1.13)

e <4-> And then consider the completion living inside the corresponding infinite direct
sum Banach modules

@ Robbaj ¢, (3.1.14)

over the corresponding period rings:

Robbaz " **[G]. (3.1.15)

Then we take suitable intersection and union one can have possibly some interesting
period rings Robbaf)gended’q [G] and Robba;Xtended’q [G].

Equivariant relative p-adic Hodge Theory

e <1->The equivariant period rings in the situations we mentioned above carry relative
multi-Frobenius action ¢, induced from the Witt vectors.

e <2-> They carry the corresponding Banach or (ind-)Fréchet spaces structures. So we
can generalize the corresponding Kedlaya-Liu’s construction to the following situa-
tions (here let G be finite):

e <3-> We can then consider the corresponding completed Frobenius modules over the
rings in the equivariant setting. To be more precise over:

extended, extended, extended,
Robbay 4 1G], Qiner A, Qg 4, Robbay 4 q,Robbabd/R,A 1 (3.1.16)

one considers the Frobenius modules finite locally free.

e <4-> With the corresponding finite locally free models over

tended, tended, tended,
Robba, " “““7[G], Robba, 4 ““"", Robbay 4 ¢ 4 7, (3.1.17)

again carrying the corresponding semilinear Frobenius structures, where r could be
00,

3Taking products over Q,.



e <5-> One also consider families of Frobenius modules over

Robba g 4 "**[G], Robbaf 5 3 !, (3.1.18)

in glueing fashion with obvious cocycle condition with respect to three multi-intervals
I C ] C K. These are called the corresponding Frobenius bundles.



3.2 Analytic co-Categorical Functional Analytic Hodge-
Iwasawa Modules

3.2.1 oco-Categorical Analytic Stacks and Descents I

We now make the corresponding discussion after our previous work [T2] on the ho-
motopical functional analysis after many projects [BBBK], [BBK], [BBM], [BK], [CS1],
[CS2], [KKM]. We choose to work over the Bambozzi-Kremnizer space [BK] attached to
the corresponding Banach rings in our work after [BBBK], [BBK], [BBM], [BK], [KKM].
Note that what is happening is that attached to any Banach ring over Q,, say B, we
attach a (oo, 1)—stack X'(B) fibered over (in the sense of co-groupoid, and up to taking
the corresponding opposite categories) after [BBBK], [BBK], [BBM], [BK], [KKM]:

sCommSimpIndBang, (3.2.1)
with
sCommSimpInd™Bang,. (3.2.2)

associated with a (oo, 1)-ring object O y ), such that we have the corresponding under
the basic derived rational localization co-Grothendieck site

(X(B), Ox(B),dr)

carrying the homotopical epimorphisms as the corresponding topology.

¢ By using this framework (certainly one can also consider [CS1] and [CS2] as the foun-
dations, as in [LBV]), we have the co-stack after Kedlaya-Liu [KL1], [KL2]. Here in
the following let A be any Banach ring over Q,.

e Generalizing Kedlaya-Liu's construction in [KL1], [KL2] of the adic Fargues-Fontaine
space we have a quotient (by using power ¢, of the Frobenius operator) X 4, of the
space

Yiaqi= J &(Robbag ™). (3.23)

I, multi

e This is a locally ringed space (Xg a4, Oxy A,q)’ so one can consider the stable co-
category IndBanach(Ox, A,q) which is the co-category of all the Ox, , -sheaves of
inductive Banach modules over Xg 4, We have the parallel categories for Yg 44,
namely gIndBanach(Ox, A,q) and so on. Here we only consider presheaves.

e This is a locally ringed space (Xg a4, Oxy A/q), so one can consider the stable co-
category Ind"'Banach(Ox, 4,) Which is the co-category of all the Oy, , -sheaves of
inductive monomorphic Banach modules over Xg 4, We have the parallel cate-
gories for Yg 4,4, namely ¢Ind"”Banach(Ox, 4,) and so on. Here we only consider
presheaves.



Assumption 3.2.1. All the functors of modules or algebras below are presheaves.

In this context one can consider the K-theory as in the scheme situation by using the
ideas and constructions from Blumberg-Gepner-Tabuada [BGT]. Moreover we can
study the Hodge Theory.

We expect that one can study among these big categories to find interesting relation-
ships, since this should give us the right understanding of the p-adic Hodge theory.
The corresponding pseudocoherent version comparison could be expected to be de-
duced as in Kedlaya-Liu’s work [KL1], [KL2].

(Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent presheaves:

equi

IndBanach(Oxy , , ) —— quIndBanaCh(OYR,A,q )-

(Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent presheaves:

equi

Ind"Banach(Ox, , q) — quIndeanaCh(OYR,A,q)-

(Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra E, objects:

equi
sCommg;mpliciallndBanach(Ox,, g ) — sCommyimplicial g IndBanach(Oy, g ).

(Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent commutative algebra E., objects:

equi
sCommygimpliciallnd" Banach(Ox, g ) — sCommygjmplicial PqInd " Banach (Oy, g ).

Then parallel as in [LBV] we have the equivalence of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]:

equi
deRhamSCommSimphdalIndBanach((’) XR, A ) ( - ) ? deRhamsCommsimphcialgoqIndBanaCh((’)yR/ A ) ( - )r

equi

deRhamsCommsimphciallnd’" Banach(Oyx RAg ) ( - ) i deRhamSCOmmsimpliCial (pqlnd’"Banach(Ole A ) ( - ) .



e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]:

BGT _y e BGT _
sCommSimpliciallndBanaCh((’)XR, A,q) ) sCommgimplicial goqIndBanaCh((’)yR/ A,q) /
BGT ) a4 gBGT (-

sCommSimphCiallnd’" Banach(O XR A ) sCommyimplicial Pq Indeanach((’)yR’ A )

0 00 (o] (o] b
Now let R = Q,(p'/*™)"> and Ry = Q,(p'/7")" <T1i1/P L Tfl/p > we have the fol-

00 (e 9] (e9) b
lowing Galois theoretic results with naturality along f : Spa(Q,(p*/P™)" <Tlﬂ/ P TkjE L > ) —

Spa(Q, (p!/P")"):

(Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent presheaves:

IndBanach(Ox ) el ¢qIndBanach(Oy )

b b
+1 o0 +1 00 00 +1 00 +1 o0
Qp(Pl/poo)/\<T1 L T, /v > A Qp(pl/? )/\<T1 sy i /p > Ag

IndBanach(Ox e

Qp(p/ Pw)Ab,A,q)

¢qIndBanach(Oy

Qp(pl/”w)Ab/A/q).

(Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent presheaves:

equi

Ind"Banach(O Xgyaq) (qundeanach((’)yRk, ag)

) _cagl ¢4Ind"Banach(Oy

Qp(p/ P74

Ind"Banach(Ox

Qp(pl/poo)/\b,A’q

).



o (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra E, objects:

equi

sCommyjppliciallndBanach(Ox Ry ) sCommygimplicial PqIndBanach OYRk, y )

equil

sCommyjmpliciallndBanach(Ox ) = sCommyjmplicialPqIndBanach(Oy

Qp(pl/ PPN, A4 p(Pl/Voo)Ab,A,q)

e (Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent commutative algebra E., objects:

equi

sCommg;mpliciallnd™Banach (O Xk g ) sCommgjmplicial (pqlndeanach(OyRk, g )

equ1

sCommygjmplicialInd" Banach (O Xo, — sCommyjmplicial PqInd " Banach( OYQ

1/]7 /\bAq p(pl/poo)/\b/A,q

e Then parallel as in [LBV] we have the equivalence of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]:

equi

deRhamsCommsimphcialIndBanach((9 XR,,Aq ) ( - ) deRhamsCommsimphcial ¢qIndBanach( OYRk/ Ag ) ( - )

equ1

C1eRhaInsCommsmphml @4IndBanach(Oy ( - )

deRhamSCommsimphcialIndBanach(OX (_) Qp(p!/ PN, A ‘])

Qp(p/ P70, 44



equi

deRham deRham,

sCommSimphdalIndmBanach(OXRk’ A ) ( - ) sComMgimplicial <qundeanach((’)yRk, A ) ( - )

equi
—) —— deRham . m —
Qp(pl/poo)/\b,/\,q)( ) sComMmyjmplicial g Ind BanaCh(OYQp(pl/Pw)/\b,A,q)( )

deRham

sCommygjmpliciallnd” Banach(Ox

e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]:

KBGT ) _equl | (BGT 9
sCommg;mplicialIlndBanach (Ox R Aq ) sCommygimplicial (qundBanach(OyR Ag )

equi BGT
KBGT —)—=K —
sCommSimphcialIndBanach(OXQ (pL/P®)N A g ( ) sCommsimplicial(qundBanach(OyQ (pl/l"”)/\vA,,)( )
P A p A,

BGT _y__ e BGT )
sCommygimplicialInd" Banach(O Xg,, A,q) sCommSimphcialgaqlnd’"Banach(OyRk/ A,q)
BGT (=) =34 gBGT (=)
. .. m . . m
sCommygjplicialnd Banach(OX‘D]g(p1 1910 g sCommygimplicial PqInd Banach(OyQp(p1 /pw)Ab,A,q)

Then we consider further equivariance by considering the arithmetic profinite fun-

damental group and actually its g-th power Gal(Q, <Tlﬂ, v TkjEl > /Rg)*1 through the
following diagram:




Z = Gal(Re/Qp(pM/7™)" (T, ., TEY)) Gal(Qy (T, .., TE ) /Ry)

(Zl, = Gal(R/Qp(p"/ 7™ )" <:r1i1,..., Tkﬂ>))xq — T := Gal(R;/Q, <T1i1, Tkil>)xq — rgz.

We then have the correspond arithmetic profinite fundamental groups equivariant
versions:

o (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent presheaves:

equi
) — q)qIndBanachrkxq(OyQ ( 1/p°°)/\<Til/P°° T¢1/17°">b A
p\p 1 reer kg 4,4

)

IndBanach, 4 (Ox
k

b
o [ AL /p® 1/ p®
Qp(pl/P )A<T1 A >,A,q

equi

IndBanachrqu (Ox p ) )

Qp(p/P*)N, A4

¢qIndBanach < (Oy
0 p

Qp(p! /PN, A4

o (Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent presheaves:

equi

Indeanachrkxq (O XR,,Aq ) (qundeanachrkxq (OYRk,A,q )

equi m
) —> ¢4Ind Banachrgq((’)y@p(p1 190 p

Ind"™ Banachroxq (Ox ).

Qu(pt/P*), A4



Now we consider [CS1] and [CS2, Proposition 13.8, Theorem 14.9, Remark 14.10]%,
and study the corresponding solid perfect complexes, solid quasicoherent sheaves and
solid vector bundles. Here we are going to use different formalism, therefore we
will have different categories and functors. We use the notation © to denote any el-
ement of {solid perfect complexes, solid quasicoherent sheaves, solid vector bundles}
from [CS2] with the corresponding descent results of [CS2, Proposition 13.8, Theorem
14.9, Remark 14.10]. Then we have the following:

e Generalizing Kedlaya-Liu's construction in [KL1], [KL2] of the adic Fargues-Fontaine
space we have a quotient (by using powers of the Frobenius operator) Xg 4 4 of the
space by using [CS2]:

Yraq:= |J A“S(RobbaRihi?). (3.2.4)

e This is a locally ringed space (Xg a4, Ox, A/q), so one can consider the stable co-
category Modulecs,quasicoherent( Oxp A,q) which is the co-category of all the Ox, Ag -sheaves
of solid modules over Xg 4, We have the parallel categories for Yg 44, namely
(pModuleCS,quasicoherent((’) Xg, A,q) and so on. Here we will consider sheaves.

Assumption 3.2.2. All the functors of modules or algebras below are Clausen-Scholze
sheaves [CS2, Proposition 13.8, Theorem 14.9, Remark 14.10].

e (Proposition) There is an equivalence between the co-categories of inductive solid

sheaves:
equi

Modulesg (Oxy ,,,) —> ¢qModulesg (Oy, , ).

o (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra E., objects:

equi
ScommsimplicialM0duleSsolidquasicoherentsheaves (OX RAq ) ’ Scommsimplicial q)qMOduleSsolidquasicoherentsheaves (OYR, Aq ) .

e Then as in [LBV] we have the equivalence of the de Rham complex after [KKM, Defi-
nition 5.9, Section 5.2.1]°:

equi
deRhamsCommsimplicialModules@ (Ox RAg ) ( - ) ’ deRhamsCommsimplidal @gModules ( OYR, A ) ( - ) .

4Note that we are motivated as well from [LBV].
SHere ® = solidquasicoherentsheaves.



e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]°:

BGT equi L BGT
scommsimplicialMOdUIes@ (OXR,A,q ) SCOl'nrnsiml:wlicial q)qModules@ (OYR,A,q )

00 00 (o] (o] b
Now let R = Q,(p!/*™)" and Ry = Q,(p'/7")" <T1i1/p e Tkﬂ/lfJ > we have the fol-

00 oo {oe] b
lowing Galois theoretic results with naturality along f : Spa(Q,(p*/P™)" <T1i1/ L TkjE Ly > ) —

Spa(Q, (p'/7")"):

(Proposition) There is an equivalence between the co-categories of inductive Banach

quasicoherent presheaves’:

equi

Modulesg (O — @;Modulesg (O
o(Ox oo [ 1D ) ?q o(Oy s\ )
Qp(p )M Ty T JAq Qp(p ) T, T JAq
Modulesg (O ) caut Modulesg (O )
© XQp(pl/poo)/\b,A,q (Pq © YQp(pl/poo)/W,A/q '

(Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra Eo, objects®:

equi

sCommyjppliciaModuless (O Xk g ) sCommgimplicialPgModulese ((’)yRk, g )

equi

) — sCommyimplicial PgModulese (Oy

sCommyg;y,piiciaiModulesg (Ox .
simplicia ( ) Qp(pl/p‘”)Ab/A,q)

Qp(pl/ PP )N, A4

®Here © = solidquasicoherentsheaves.
"Here ® = solidquasicoherentsheaves.
8Here © = solidquasicoherentsheaves.



e Then as in [LBV] we have the equivalence of the de Rham complex after [KKM, Defi-
nition 5.9, Section 5.2.1]%:

equi

deRham deRham

sCommyjmpliciaModulese (O XR,, Aq ) ( - ) sCommy;jmplicial PgModulesg (OYRk/ Ag ) ( - )

equi

sCommyg;pliciaiModulesg (O (_) i deRhamsComm implicial PgModulesg (O
simplicial O( XQp(Pl/pw )/\b,A,q simplicial Pq O( Y‘Qp(pl/poo)/\b,/\,q

deRham ) (=)

e Then we have the following equivalence of K-group (o, 1)-spectrum from [BGT]'":

BGT -) _eal | BGT -)
SCOnunsirnplicialN[Odules@) ( OXRk,A,q ) Scommsimplicial ¢qModulesg (OYRk,A,q )
equi - por
KEGT () g ).
ScommsimplicialMOdules@ (OXQP (pl/poo )/\b,A,q SCOrnrnsimplicial (PqMOdlﬂes@ ( OYQp (pl /p® )/\b,A,q )

Then we consider further equivariance by considering the arithmetic profinite

fundamental groups I'q, and Gal(Q, <T1il, ceer Tkil> /Ry) through the following dia-
gram:

7k = Gal(Ry/Qp(p!/ 7™ ) <T1ﬂ,..., Tkﬂ>) — T} = Gal(R/Q, <T1i1, T,;H>) —Tq,.

o (Proposition) There is an equivalence between the co-categories of inductive Banach

9Here © = solidquasicoherentsheaves.
19Here © = solidquasicoherentsheaves.



quasicoherent presheaves!!:

equi
Modules_ _x;(Ox ) — @,;Modules _ _x;(Oy )
o,I 0o o\ P q o,I s oo 0o\ P
k Qp(ﬁl/pw)/\<T1ﬂ/” ..... /P >,A,q k Q(p!/P )/\<Tlil/p ..... /P >A,q
Modul (O ) caut Modules_ (O )
odau eS@’rgq XQp(pl/poo)/\b,A,q q)q odule @IFSUI YQp(Pl/poo)/\b,A,q .

e (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra Eo, objects'?:

equi
sCommyjppliciaModules oI (O Xr, g ) sCommyjmplicialPgModules oI (OyRk/ g )
CommygimpliciaModules (O )ﬂﬁs(:omm imolicial aModules (O )
sCommymprigaModules  a(Ox, e, simplicial PgModules o (Ox e,

e Then as in [LBV] we have the equivalence of the de Rham complex after [KKM, Defi-
nition 5.9, Section 5.2.1]'3:

equi

deRhamscommsimplicialMOdlﬂeS o (Ox Ty ) ( o ) deRhamsCommSimphcial ?q Moclules@/r xa (OYka 4a ) ( - )

equi
deRham - —) —— deRham -
sCommSlmphmlModules@ X (OXQ ) ( ) sCommygimplicial gquodules@,r xq (OY‘Qp(P 1 )/\b,A,q)

(o]
10 p(Pl/p )P, A9

Here © = solidquasicoherentsheaves.
12Here © = solidquasicoherentsheaves.
13Here ® = solidquasicoherentsheaves.



e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]':

KBGT equi KBGT

sCommSimphdalModules@lr < (Ox Iy ) sCommMygimplicial g Modules@,r < ( OYka A )

BGT (=) _equl P BGT
sCommSimp]icialModules@,r xq (O XQp U sCommygimplicial (quoclules@r xa ( OYQp PP A )

14Here © = solidquasicoherentsheaves.



3.2.2 oo-Categorical Analytic Stacks and Descents 11

As before, we have the following:

o (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent presheaves:

lob
IndBanach(Oxy, ) —g>0§03]IHdBanaCh( {RObba?{)ﬁiﬁf W)

e (Proposition) There is a functor (global section) between the co-categories of monomor-
phic inductive Banach quasicoherent presheaves:

global
Ind"Banach(O Xp g ) —>O(p31ndeanach ( {Robbaexfgr:]dled ).

o (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent presheaves:

globa
IndBanach(Ox, , ) —>O(pq]IndBanach({Robba%xfi‘ffd} I)-

e (Proposition) There is a functor (global section) between the co-categories of monomor-
phic inductive Banach quasicoherent presheaves:

global
Ind"Banach(O Xp i ) —>O(p31ndeanach ( {RObba%Xff,‘&ed ).

o (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent commutative algebra E. objects:

sCommyjppliciallndBanach (Ox, g ) — éommmmphaal(qundBanaCh({RobbalezX /ﬁ;f H)-

e (Proposition) There is a functor (global section) between the co-categories of monomor-
phic inductive Banach quasicoherent commutative algebra E. objects:

lobal
sCommygjmpliciallnd " Banach(Ox, A — &S OMMgimplicial P¢Ind" Banach({Robba %Xfff:]‘?fd} I)-

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex
after [KKM, Definition 5.9, Section 5.2.1]:

lobal
deRhamscommsimplicialIndBanaCh( OXK,A,q ) ( o ) éeRhamSCOl’nmsimplicial (qundBanach({Robba?{ff’r;]‘?fd [) ( B ) ¢

lob
deRham 8% eRham extended ) ) (—-).

sCommyjmpliciaInd™ Banach(Ox RAg ) ( - ) sComMgimplicial @ Ind" Banach({Robbaj 4 ol



e Then we have the following a functor (global section) of K-group (co,1)-spectrum
from [BGT]:

globalp ~
KBGT B _jig B
sCommygjmplicialIndBanach(Ox RAq ) ( ) sCommygimplicia g IndBanach {Robba%’fffffd ) ( )'

glo IBGT
KBGT _)__ 8ok Y
sCommSimplidallnd”'Banach((’)XR, A,q)( ) sCommSimphdal(qundmBanach({Robba%’ftX?,iIed )( )

0 00 (o] (oo} b
Now let R = Q,(p'/*™)"> and Ry = Q,(p!/7")" <T1i1/P e Tkﬂ/p > we have the fol-

00 oo o0 b
lowing Galois theoretic results with naturality along f : Spa(Qp( pl/ PN <TljE Vp S, TkjE Vp > ) —

Spa(Q, (p!/P™)"):

e (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent presheaves:

bal
IndBanach(Ox b gl)oa_> ¢,IndBanach({Robb a%xt?%d )
Qp(Pl/”oo)/\<T1ﬂ/p°°,...,Tkﬂ/”°°> Aq wAq,

global

IndBanach(Ox ) ———— ¢gIndBanach({Robbaf; 575" }1).

Qp(pl/poo)/\b,A,q

e (Proposition) There is a functor (global section) between the co-categories of monomor-
phic inductive Banach quasicoherent presheaves:

global ded
Ind"Banach(Oxy, ,,,) ——— @qInd"Banach({Robbaf 775"} 1)

lobal
Ind"Banach(Ox ) 2% pgInd" Banach ({Robbafd5d} ).

Qp(p1/P7)M, 4



e (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent commutative algebra E, objects:

global extended
sCommyjppliciallndBanach (O Xryaq ) ——— sCommgjmplicial PgIndBanach ({Robbaj, ' ¥

global

sCommg;jmpiiciallndBanach (Ox —— sCommyjmplicial PIndBanach ( {Robba?{’;t,%‘gﬁd

Qp(Pl/Pw)Ab,Alq)

o (Proposition) There is a functor (global section) between the co-categories of monomor-
phic inductive Banach quasicoherent commutative algebra E« objects:

global m tended
sCommyjmplicial PqInd " Banach({Robbay, 2'. 7" }1)

m
sCommgimpiicialnd"Banach(Ox,, ,,)

global

sCommygjmpliciallnd” Banach(Ox Xo —— sCommyjmplicial PqInd " Banach {Robba%f%j{e]d} 1)

1/p Y2 Ag

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex
after [KKM, Definition 5.9, Section 5.2.1]:

global

deRhamsCommSimphcialIndBanach(OX Ry, Ag ) ( B ) deRhamsCommsimphcial ¢4IndBanach({Robba Re Al

lobal
8 deRham

deRhamsCommsimplicialIndBanach( Ox - ) SCOMMyimpiicial P IndBanach({Robb a%)g,eg,%?fi )

Qp(p /P70,

extended } I) ( -

)

H)-

)

_),



global

deRham —— > deRham

extended

sCommg;mpliciallnd " Banach(Ox RpAq ) ( o ) sCommygimplicial g Ind" Banach ({Robba Ry A1 ) ( o )

lobal
(—)gdeRham

(o] |
Pl/p )b, Aq

deRham

sComMgjmplicialInd" Banach(Ox

o sCommMygimplicial Pg Ind"Banach({ Robba%)gi?fﬁi ) ( N ) ’

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum

from [BGT]:
lobal
BGT _ & KBGT _
sCommMgimpicialIndBanach(Ox . A,q) ) sCommSim]C,hCialq)qIndBanaCh({Robbz:ﬁf;{t,e,ffjl],ejd }1)( )

lobal
BGT (_) & KBGT }1)(_),

sCommgimplicial IndBanach(Ox sCommygimplicial g IndBanach ({ Robba%’g,eﬂfff

Qp(p! /PN,

global
KBGT (= ) KBGT ( _ )
)

o m m extended
sCommygimpliciaInd Banach(Oka/ Ag sCommgimpiicial ¢4 Ind" Banach({Robbaf, 72/

lobal
BGT (—) S—KECT ()

. .. m tended
sCommygimpliciallnd Banach(OXQp ( sCommyjmplicia P Ind" Banach( {Robbaf{éfﬂ/;,

00
/P, A,

Then we consider further equivariance by considering the arithmetic profinite

fundamental group and actually its g-th power Gal(Q, <Tlil, v TkjEl > /Rg)*1 through
the following diagram




7k = Gal(Ry./Qy(p!/ 7™ )" <T1ﬂ,..., Tkﬂ>) Gal(Q, <Tli1,..., T,;'ﬂ>/Rk)

(Z}, = Gal(R/Qp(p"/P™)" <T1i1,..., Tkﬂ>))xq — T := Gal(R;/Q, <T1i1,..., T,;tl>)xq . FBZ'

We then have the correspond arithmetic profinite fundamental groups equivariant
versions:

o (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent presheaves:

gl)obal extended )
b

IndBanachrkxq((’)X e a1 —>(pqlndBanachrkxq({RobbaRk,A,q'I
QM PN, Y

global extended
o (pl/%’°°w,A,q) — - goqIndBanachroxq({RobbaRO,A’q,I H)-

IndBanach .« (Ox
0 P

o (Proposition) There is a functor (global section) between the co-categories of monomor-
phic inductive Banach quasicoherent presheaves:

ded
Indeanachrkxq (O XR g ) ——— (qundeanachrkxq ({Robba%{t,%qﬁ )

m global m extended
Ind Banachrgq((’)X‘Dp(p1 /pm)Ab’A/q)—>q0qInd Banachroxq({RobbaRO, Agl 11)-



e (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent commutative algebra E., objects:

global extended
sCommsimphdalIndBanachrkxq (OXRk' A’q) — sCommSimphCialgoqIndBanachr;q ({Robbaf, A1 )

global

tended
sCommsimphdalIndBanachrOxq (Ox ) —— sCommSimphdalqoqlndBanachrgq ({Robbagy 4’07 })-

QPPN A4

e (Proposition) There is a functor (global section) between the co-categories of monomor-
phic inductive Banach quasicoherent commutative algebra E. objects:

global m tended
sCommSimpliCiallnd’"Banachrkxq((’)XRk/ A,q) ———— sCommgjmplicial PqInd Banachrkxq({Robba%’;f}{‘,qfl )

lobal
m & m extended
sCommg;mplicia Ind Banachrgq ( OXQp(pl /poo)/\b,A’q) —— sComMygjmplicial 7 Ind Banachrgq({RobbaRol Al +)-

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex
after [KKM, Definition 5.9, Section 5.2.1]:

global
deRharnsCommsimphcialIndBanachr xq ( ) ( - ) > deRham
k

tended -
Oka, Aq sCommSimphdalqoqIndBanachr :q({Robba%’;:j‘, il 1)( )

global

deRham Z > deRham

sCommSimphCialIndBanachr xq(Ox A )

o extended ( - ),
; QPN A sCornmsmnphml(p,]IndBanachr g p ({RobbaRO, Agl )



global

deRhamsCommSimphdal Ind™ Banachr kX 7(Ox R A ) ( - ) deRhamsCommsimphcial @qInd"™ Banav:hr xq ( {Robbaifg‘/‘;?f ) ( - )
k

global

deRham Z > deRham

extended}l) ( - ) .

m —
sCommygimpliciallnd Banachrxq (Ox ) ) sCommy;mplicial goqlndeanachl_ xa ({Robbaf oAl

o0
0 Qp(p/PT)N, A4

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum

from [BGT]:
lobal
BGT _ & KBGT _
sCommsimphcialIru:lBanachr kX 7(Ox Ry Aq ) ) sCoMMygimplicial Pg IndBanachr kX q( {Robba‘f{’;:j’%'/ﬂfi ) ( )

lobal
BGT _) 8P KBGT _
L ded
sCommsmphcmlIndBanachr 5 7(O XQp P A ( ) sCommg;mplicial Pq IndBanachr (>)< q( {Robbai’g/eg/q"fl ) ( ) ’
lobal
BGT & KBGT
R D _
sComMgimplicia Ind™ Banachr kX 7(Ox Ry Aq ) ) sCommyimplicial g Ind™ Banachr kX q( {Robba%’;:if“fffl ) ( )

lobal
BT (—) B ()

sCommyjmplicialind"Banach x4 (Ox sCommgimplicial @ Ind” Banach Robbagtended
simplicial Iy q ( Qp(ﬂl/pw)/\b,z‘\,q simplicial ¥q rgﬂ ({ Ro,Aq1

Remark 3.2.3. We can certainly consider the quasicoherent sheaves in [BBK, Lemma
7.11, Remark 7.12], therefore all the quasicoherent presheaves and modules will be
those satisfying [BBK, Lemma 7.11, Remark 7.12] if one would like to consider the



the quasicoherent sheaves. That being all as this said, we would believe that the big
quasicoherent presheaves are automatically quasicoherent sheaves (namely satisfying
the corresponding Cech co-descent as in [KKM, Section 9.3] and [BBK, Lemma 7.11,
Remark 7.12]) and the corresponding global section functors are automatically equiv-
alence of co-categories.

In Clausen-Scholze formalism we have the following:

(Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent sheaves:

lobal
Modulesg (O Xeag ) _ 8 (zp;Modules@ ({Robba;’f’;‘;’f}ded,q ).

(Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent sheaves:

lobal
Modulesg (O Xeag ) ¢ ?p;Modules@ ({Robba;’f’:f}ded,q ).

(Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent commutative algebra Eo objects!:

global extended,q
sCommygjppliciaModuless (Ox, A,q) — séommsimphdal(quodules@ ({Robbag 41 " }1).

Then as in [LBV] we have a functor (global section) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]1¢:

global
deRhamsCommsimphcialModules@(OXR’ A,q)( ) CfeRhamsCommsimphCial(quodules@({RobbaR Al

Then we have the following a functor (global section) of K-group (oo, 1)-spectrum
from [BGT]':

KBCT _y__8loWkar

SCOlTll’nsim]::licial1\/[0‘:1111('3@ (OX R,Aq ) sCommSimphcial Pq Moduleg ( {RObba?{XfI}ded'q } I ) ( ) '

0 00 o0 00 b
Now let R = Q,(p*/? )"> and Ry = Q,(p/ ™) <T1i1/lf’ L Tkﬂ/p > we have the fol-

lowing Galois theoretic results with naturality along f : Spa(Q,(p!/P™)" <T1i v Tki Ve

Spa(Q,(p!/P™)"):

I5Here © = solidquasicoherentsheaves.
16Here © = solidquasicoherentsheaves.
7Here © = solidquasicoherentsheaves.

extended,q } ; ) ( - ) .

)~



e (Proposition) There is a functor (global section) between the co-categories of inductive

Banach quasicoherent sheaves'®:

global ded,
i extende q}I)

Moduleg (O —— ¢p,Moduleg ({Robba
@( X 1/p®\A +1/p® +1/p® b qoq @({ Rk,A,I
QP (p P ) <T1 rrrrr Tk > Aq

global extended,q } ; )

¢gsModuleg ({Robbag ' ;

Moduleg (Ox
Qp

(pl/Poo)/\b,A,q)

o (Proposition) There is a functor (global section) between the co-categories of inductive
Banach quasicoherent commutative algebra Eo objects!”:

global extended,q
Scommsimplicialq)qMOdUIe@ ({RObba Ry, Al }1 )

SCOnfmnsimplic:ialNIOdule@ ( OXR A )

global extended,q
—— sCommy;mplicial gModuleg ({Robba Ro, Al -

ScommsimplicialMOdUIe@ (OXQp(pl/F’m VAo A g )
e Then as in [LBV] we have a functor (global section) of the de Rham complex after

[KKM, Definition 5.9, Section 5.2.1]%:

global
deRhamscommSimPhCialMOdUIe@ (OXRk,A,q ) ( ) deRhamSCOInmsimplicial (quOdLIIE@ ({RObba;):iZISEd'q } I ) ( )
global
deRham - —) —— deRham tended —).
sCOmm51mpllc1alMOdule@ (OXQP (pl /p® )/\b,A,q ) ( ) Scommsimplicial (quodule@ ( {Robba;);’eg,le A } 1) ( )

8Here © = solidquasicoherentsheaves.
q

YHere © = solidquasicoherentsheaves.

20Here © = solidquasicoherentsheaves.



e Then we have the following a functor (global section) of K-group (co,1)-spectrum
from [BGT]*!:

global BGT
KBGT ) 50K _
sCommgimpliciatModulee (Ox Ry Aq ) sCommy;implicial PgModules ( {Robba?;:e‘/?c}ed’q ) ( )
global  p~t
KBGT ) B ).
ScommsimplicialMOdUIe@(OXQp(pl/p“’)/\b Ag (=) SCOmmSimplicial(PqMOdule@({Robba;)gilied'q}l)( )

Then we consider further equivariance by considering the arithmetic profinite

fundamental groups I'q, and Gal(Q, <T1i1, e Tkﬂ> /Ry) through the following dia-
gram:

Z = Gal(Re/Qy(pM/7™) (T, ., TE ) — T := Gal(R/Q, (T, ., TE!)) —= T,

(Proposition) There is a functor (global section) between the co-categories of inductive

Banach quasicoherent sheaves??:

g}obal extended,q } : )
b

Modules 5 (Ox o s s —>(quodule@rxq({RobbaRk/A/I
k Qp(pt/¥ >A<T1 KA el >,A,q k

global

Moduleg (Ox ¢;Moduleg, ({Robbaiﬁﬁled’q H)-

Qp(p”’”oo)“’fA,q)

(Proposition) There is a functor (global section) between the co-categories of inductive

2lHere ©® = solidquasicoherentsheaves.
22Here © = solidquasicoherentsheaves.



Banach quasicoherent commutative algebra Eo objects?®

global extended,q
sCommSimphCialModule@rkxq (OXRk, A/q) ————> sCommy;jmplicial PgModule ({ Robba Ry Al )

globa extended,q } I)

1
sCommgjpliciaModuleg xq(ox sCommygimpjicialPgModulese xq({Robbay
p I, p T 0,4,

1/}7 /\bAq)

e Then as in [LBV] we have a functor (global section) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]%*:

global

—) ———>deRham —)
deRhamsCOH‘lmsimphdalMOdUIES@r : q (OXRk, A,q) ( ) deRha scommslmphclal ¢oModules L ({Robba ;xt?;:f}ed Q} ) ( J
global
deRham — deRham —
sCommimpliciatModulese 1"0X q (OXQP (P1/P°)N g ) ) sCommy;jmplicial (quodulesQ Xq ({Robba ;Xte:cied N ( )

e Then we have the following a functor (global section) of K-group (co,1)-spectrum

from [BGT]?:
lobal
BGT _ & KBGT _
SCOrnrnsimplicialIVIOdl-lleS@rlz< q (OXRk,A,q ) ) Scomm51mpllc1a1 (quodulesO >< q ({Robb ;Xtiw}ed A } 1) ( )

lobal
BGT _) 8P KBGT
SCOmmSimphdalModules@rXq((’)X ( )
0

extended, q} ) (_ ) .

QPN A sCommSlmphClalq)qModules@ Xq({Robb Ro.Al

ZHere © = solidquasicoherentsheaves.
24Here © = solidquasicoherentsheaves.
PHere ® = solidquasicoherentsheaves.



Proposition 3.2.4. All the global functors from [CS2, Proposition 13.8, Theorem 14.9, Remark
14.10] achieve the equivalences on both sides.



3.2.3 oo-Categorical Analytic Stacks and Descents III

As before, we have the following. Let A vary in the category of all the Banach algebras
over Q, we have the following.

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

IndBanach(Ox, ) — (qundBanach({Robbaextended 1)

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent presheaves:

globa
Indeanach(OXR’_,q) — qoqllndeanach({Robba%’ftff}‘jied 1)

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

globa

IndBanach ( (@) XR,f,q ) —Q qIndB anach( {Robb anteI}%ed . ) .

e (Proposition) There is a functor (global section) between the co-stacks of monomor-
phic inductive Banach quasicoherent presheaves:

lobal
Indeanach(OXR,_l )—g>0(p21nd Banach( {Robba%’ftff}‘i]ed ).

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra E., objects:

glob
sCommsimphdalIndBanaCh(OXRm ) 0(a.lommsmphaalgoqIndBanach({Robbantendqed I)-

e (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent commutative algebra E. objects:

glob
sCommSimphcialIndmBanach((”)XR,_I ) OéommSImphClaI(qund Banach( {Robba‘fgx"ff}%ed} 1)

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex
after [KKM, Definition 5.9, Section 5.2.1]:

deRham glOb(ieRham

sCommSimphCialIndBanach((’)XR/_/q)( ) sCommSlmphClal(qundBanach({RobbaEXtendEd} )( ) Y

lobal
deRham _82 3

sCommgimpiciaInd™ Banach(Ox R4 ) ( - ) sCommSlmphClal @qInd"" Banach( {Robbaex"ended ) ( ) :



e Then we have the following a functor (global section) of K-group (co,1)-spectrum
from [BGT]:

lobal
BGT ) __EORBGT -
sCommsimplidallndBanach(OXR/_Iq)( ) sCommSimplicial<qundBanach({Robba%’ft_ef}%ed 1)( )’

sCommygjmpliciallnd™ Banach(Ox R ) sCommyjmplicia P Ind" Banach( {Robba?{’ftff}‘i]ed

BGT globdBGT _
) ().
0 00 (o) 00 b
Now letR = Qp(pl/P )"> and Ry = Qp(pl/?’ )N <T1jd/7[J s Tkﬂ/p > we have the fol-

00 oo (o] b
lowing Galois theoretic results with naturality along f : Spa(Q,(p!/P™)" <T1i1/ LA Tki L > ) —

Spa(Q,(p'/7")"):

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

gl)obal extended )
b

IndBanach(Ox "2, p,IndBanach({Robbagended}
QPN TP g i k—iLq

lobal
,q) s goqIndBanach({Robba%’;t,e_n"}lzd 1)

IndBanach(Ox

Qp(Pl/poo)/\b,f

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent presheaves:

global ded
Ind""Banach (O, ,) ——— ¢yInd" Banach({Robbafi;5'} 1)

global tended
Ind"Banach(Ox ., ,, )~ pqind"Banach({Robbag {1} ).



e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra E., objects:

lobal
sCommSimpliCi alIndBanach ( Ox Ri - ) —g> sC OMMgimplicial Pg IndBanach ( { Robb aextem}zd I )
global

sCommy;mplicial PgIndBanach ( {Robbae"tenc}e‘l I)-

sCommyjppliciallndBanach(Ox p

Qp(p!/ P, )

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent commutative algebra E« objects:

lobal
sCommSimphdallndmBanach(OXRkﬁq) —g>sCommSImphaalq)qInd Banach({Robba%’;t’e_nf};d )

lobal
sCOMMgimpiicialInd " Banach (Ox & e’;te_m}lzd 1)

(1P ) sCOMMgimplicial P4Ind " Banach ({Robba

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex
after [KKM, Definition 5.9, Section 5.2.1]:

global

deRhamsCommsimphcialIndBanach(OX R ) ( o ) deRhamsCommSImphaal ?q IndBanach({Robba‘”‘ter‘d‘Ed ) ( o )

kr—M4 Lgq

global

)(—) = deRham

deRhamsCommsimphcialIndBanach( Ox extendedy ) ( - ) ’

sCommyimplicial g IndBanach({Robba} oI

Qp(pl/ PPN,y



global

deRhamscommsimplicialIndmBanaCh(OX R ) (=) deRhamsCommsimpndal<qund’” Banach( {Robbaf{fff}?f 1) (=)

global
deRhamsCommsimplidalIndmBanach(OXQ /P q)(_) _)deRhamsCommSimplicial?qIndeanaCh({RObba%)gffﬂft? I)(_)‘
14 7=
e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum
from [BGT]:
lobal
BGT _ & KBGT _
scommsimplicialIndBanaCh(OXRk,_/q)( ) sCommSimp]icialq)qlndBanaCh({Robba?{;:f’ff},eqCl 1)( )
lobal
BGT _) BT BGT -
sCommSimplicialIndBanach((’)XQp(pl ad /\b/_,q)( ) sCornrnSimI;,“Cialq)qIndBamach(~{Robba?{;)t/effiﬁ;i 1)( ),
lobal
BGT _ 8909 KBGT —
sCommsimpliciallndmBanach(OXRk/_’q)( ) Scormnsimphdal(pqInclmBanach({Robbale{’;:,‘“—j‘i‘}/e;i 1)( )

BGT _\ 8lobal por B
() B ()

. .. m tended
sCommyjmpliciallnd"” Banach (O XQp ( sComMgjmplicia P Ind " Banach( {Robba?{;f{‘, I?q I

pl/p°°)/\b/_,q
Then we consider further equivariance by considering the arithmetic profinite

fundamental groups and actually its g-th power Gal(Q, <Tlﬂ, v TkjEl > /Rg)*1 through
the following diagram:




7k = Gal(Ry/Qy(p"/7™)" <:r1ﬂ,..., Tkﬂ>) Gal(Q, <T1i1,..., Tkﬂ>/Rk)

(25 = Gal (Re/Q(p/7™) (TH, ., T ))) ¥ — T} = Gal(Re/Qp (T, ., T )1 —— T

We then have the correspond arithmetic profinite fundamental groups equivariant
versions:

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

obal
IndBanachy.; (Ox & —— ggIndBanach_«, ({Robbag9ed} )

Iy =~ £1/p®  _+1/p®\” T, =14
Qp(pl/P )/\<T1 4 T 4 >,7,q

global

IndBanach(Ox ¢qIndBanach({Robbag {1} ).

Qp(pl/”oo)“,—,q)
o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent presheaves:

lobal
IndeanacthXq (OXRk,f,q ) i)a quIndm Banachrkxq ({Robba%it,e_n’?zd I)

lobal
Indeanachroxq (Ox ) 222 (pqlndeanaChrox .({ Robba?{g‘,e_“f}zd ).

Qp(pl/ PPN,y



e (Proposition) There is a functor (global section) between the oco-stacks of inductive
Banach quasicoherent commutative algebra E., objects:

global tended
sCommyimplicial q)qIndBanaChrkxq ( {Robba‘ff;,e_n, If; )

sCommsimphdallndBanachrkxq (O XRy—q )

global extended )

sCommg;jmpliciallndBanach ., (Ox —— sCommy;mplicial g IndBanach . <; ({Robbaj ™' )
0 p 0 7 -7

Qp(p!/ P“)Ab,—,q)

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent commutative algebra E« objects:

global

tended
sCommsimphdalIndmBanachrkxq (O Xk, g ) ——— sCommgjmplicial goqIndeanachrkxq ({Robbaf, 5% }r)

lobal
m & m extended
sCommygjmpliciallnd Banachrgq(OXQP(p1 /p°°)/\b_q) —— sCommyimplicia P Ind Banachrgq({RobbaRO,_’Lq I)-

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex
after [KKM, Definition 5.9, Section 5.2.1]:

global

d-eRharnsCommsimplidalIndBanachr kX (O Xg,, ) ( - ) deRhamscommsimplicial zpqlndBanacth q ({RObba'lez);:,ef,c}?f 1) ( a
k

-4

lobal
(=) 27 deRham
-4

extended ) (_

deRhamsCommsimphcialIndBanaChrXq (Ox Rrender

; Q1 /P, sCommyimplicial q)qIndBanachr (T 7 ({Robba



global

deRham —— > deRham

extended I) ( - )

sCommygimpliciallnd” Banachr kx 1(Oxg P ) ( o ) sCommygimplicial g Ind" Banachr xq ({Robbaf Py
k

global

deRham )(—) = deRham

extended ) (_ ) .

sComMmgimplicia Ind™ Banachr xq(Ox sCommygimplicial g Ind"™ Banachr xq ({Robbaf o I
0

0 Qp(pl/ PPN,y

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum

from [BGT]:
lobal
BGT _ & KBGT _
sCommsimphcialIru:lBanachr kx 7(Ox Re g ) ( ) sComMgimplicial P IndBanachr kx q( {Robba%’;:/eff}‘i? 0 ( )

lobal
BGT _) B2 KBGT —
o ded
sCommsmphcmlIndBanachr gq (O XQp S )/\b,_/q)( ) sCommy;implicial Pq IndBanachr gq ({Robbai’gff/ I‘fq )( )/
lobal
BGT _ 6909 KBGT —
sCommMyimpjiciaInd” Banach xq (OXRk,_/q)( ) sCommsimphdalcqundeanachr X ({Robba?{;:ffie,; )( )

lobal

BGT (—) 6 0P K BGT (-)
NERTOR m ded .

Scomm51mpllc1allnd BanaChrg q ( OXQp (}71 /p® ) Ab - ) sCommSimplicial Pq Ind™ BanaCth q ( {Robba‘f{g?f, I?q )

Remark 3.2.5. We can certainly consider the quasicoherent sheaves in [BBK, Lemma
7.11, Remark 7.12], therefore all the quasicoherent presheaves and modules will be
those satisfying [BBK, Lemma 7.11, Remark 7.12] if one would like to consider the
the quasicoherent sheaves. That being all as this said, we would believe that the big



quasicoherent presheaves are automatically quasicoherent sheaves (namely satisfying
the corresponding Cech co-descent as in [KKM, Section 9.3] and [BBK, Lemma 7.11,
Remark 7.12]) and the corresponding global section functors are automatically equiv-
alence of co-categories.

In Clausen-Scholze formalism we have the following;:

e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent sheaves:

Modules@(OxRﬁ )_)1($qM0du1€S@( {Robba extended,q} )

e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent sheaves:

glob
Moduless (Ox, ) —= q aModules@({Robba;)ftff}ded’q} 1)

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra Eo objects?®

glob extended,
sCommgimplicialModulese (Ox,, ) —= éommsmphaalqquodules@( {Robbay .

e Then as in [LBV] we have a functor (global section) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]%:

global
deRhamsCommSimplicialModules@ (O XR,—JI) ( _) ’ CTeRhamsC OMMgippicial PgModules ({Robba; extended A1) (— ) .

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum
from [BGT]?8:

KBGT (=) __ slobhar

sCommSlmphaalModuleso(OXR q) SCoMMipmplicial @ Modules ({Robbal) extended a, )(_)
o SN
Now let R = Q,(p!/*")"” and Ry = Q,(p'/7")" < TV Tkil/p > we have the fol-

00 o0 (oo} b
lowing Galois theoretic results with naturality along f : Spa(Q,(p!/P™)" <Tlil/ LA Tki L > ) —

Spa(Q,(p!/P™)"):

26Here © = solidquasicoherentsheaves.
?’Here © = solidquasicoherentsheaves.
Z8Here © = solidquasicoherentsheaves.




e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent sheaves®:

bal
Moduless (Ox | g§0—>a @sModulesg ({Robba?{it,e_rtc}‘?d’q} 1)

0o +1/p®  _+1/p>®\”
Qp(pl/P )’\<Tl L el >,—,q

global

Modulesg (O X, @sModules ( {Robba;’;t,e_n,‘?lled,q ).

P(Pl/”w)/\b,—,q)

e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra Eo objects®

global

sCommsimplicialModules@ (O XRy, g ) CommSImphc1al quModul ese ( { Robba eXtended,q} )

global

CommSImpllclalq)qMOdLﬂeS©( {Robba eXtended,q} )

ScommsimplicialMOduleS@(OXQ (PP )
P ’

e Then as in [LBV] we have a functor (global section) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]3!:

global

deRhamscommsimplicialMOdlﬂes@ (OXRk,, ) ( o ) deRham Comm51mpl1c1al (quodulesO ( {Robb extended 4 } 1) ( - )

global

deRham )(—) = deRham extendedy ) (—).

S’ConunsimplicialN[Odules@ ( OXQp (pl/l’oo )/\b,*,q Scomm51mp11c1al (quodules@ ({RObb

2Here © = solidquasicoherentsheaves.
q

30Here © = solidquasicoherentsheaves.

3Here ©® = solidquasicoherentsheaves.



e Then we have the following a functor (global section) of K-group (co,1)-spectrum
from [BGT]*%:

global BGT
KBGT ) —2 K —
sCommygimpliciaModulese (O XRy, ) ) SCOmMyimplicial Py Moduless ( {Robba;):?fied’q ) ( )

BGT | (=) glObalKBGT

sCommygjmpiiciaModulese (Ox sCommy;mplicial 9sModulesg ( {Robbale{gefc}e‘i'q ) ( ) ’

Then we consider further equivariance by considering the arithmetic profinite

fundamental groups I'q, and Gal(Qy <T1i1, ey T,jt1> /Ry) through the following dia-
gram:

ZI; = Gal(Rk/Qp(pl/Pw)/\ <T1:t1,..., T]§|:1>) —)Fk = Gal(Rk/Qp <T1:|:1,..., Tl?:l>) —>er

(Proposition) There is a functor (global section) between the co-prestacks of inductive

Banach quasicoherent sheaves®:

Modulesg (Ox
k

gsobal
+1/p®  _£1/p®\’
QPN (LY

= q)qModules@rkxq ({Robba;):e_rtclled’q )

global

Modulese (Ox ¢psModules, ({Robba;);firt?ed’q H)-

Qp(pl/”oo)“’r—/ﬂ)

(Proposition) There is a functor (global section) between the co-stacks of inductive

32 Here © = solidquasicoherentsheaves.
3Here © = solidquasicoherentsheaves.



Banach quasicoherent commutative algebra Es, objects®*

global

extended,q
scommsimplicialMOdUIes@rkX'1 (OXRk,f,q) Comm51mp11c1al(PqMOduleS@rXﬂ ({RObb }I )

global extended,q
sComrnsimphdalModules@roxq(OXQP(p1 /P°°>A7,—,q) — sCommSimphdal(quodules@rqu({RobbaRO,_’I H)-

e Then as in [LBV] we have a functor (global section) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]%:

global

deRham —— s> deRham

SCOmmsimplicialMOdUleS@rkX q(Ox R4 ) ( - ) sCommg;mplicial (quodules@ X 7 ({Robbay eXtended D) ( - )

global

)(—) = deRham

deRhamsCOmmsimphCialModules@rxq (Ox

t dd - )
0 Qp(r,l/pc’")/\b/,r,7 Commmmphcml@qMOdUIesd Xq({RObb R ] q} )( )

e Then we have the following a functor (global section) of K-group (co,1)-spectrum
from [BGT]%¢:

lobal
BGT _ 81002 KBGT _
sCommSimphcialModuleS@r kxq (Oxg k/—'ﬂ) ) sCommsimphcialq)qModuleS@rXq ({Robbai’;::?i‘ied,q}l) ( )
k

BGT (=) globaly pGT

ScommsimplicialMOdules@r xa (OXQP PPV g ) sCommgimplicial q)qModulesO x ({Robbay

extended q} ) (_ ) :

34 Here © = solidquasicoherentsheaves.
%Here ©® = solidquasicoherentsheaves.
36Here ® = solidquasicoherentsheaves.



Proposition 3.2.6. All the global functors from [CS2, Proposition 13.8, Theorem 14.9, Remark
14.10] achieve the equivalences on both sides.



3.24 oo-Categorical Analytic Stacks and Descents IV

In the following the right had of each row in each diagram will be the corresponding
quasicoherent Robba bundles over the Robba ring carrying the corresponding action
from the Frobenius or the fundamental groups, defined by directly applying [KKM,
Section 9.3] and [BBM]. We now let A be any commutative algebra objects in the cor-
responding co-toposes over ind-Banach commutative algebra objects over Q, or the
corresponding borné commutative algebra objects over Q, carrying the Grothendieck
topology defined by essentially the corresponding monomorphism homotopy in the
opposite category. Then we promote the construction to the corresponding oco-stack
over the same co-categories of affinoids. We now take the corresponding colimit through
all the (oo, 1)-categories. Therefore all the corresponding (oo, 1)-functors into (co,1)-
categories or (co,1)-groupoids are from the homotopy closure of Q, (Cy,...,Cp) £ =
1,4, ... in sCommIndBanachg , Or Q, (Cy,..,Cp) £ =1,q,...in sCommIndeanacth as
in [BBM, Section 4.2]:

TndQr <C1,---,Cé>rlerblr-"sCommIndBanacth, (3.2.5)
IndQ <C1,-~-,Cz>/lef‘iw-sCommIndBanacth . (3.2.6)

e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

loba
IndBanach(Ox, _, )—g>0(pqIndBanach({Robbaexterldecl 7).

The definition is given by the following:

global

homotopycolimit;(IndBanach(Ox, _ ) = ¢4IndBanach( {Robbae’“endec1 1))(O;),

each O; isjustas Q, (Cy,...,Cp) , £ = 1,4, ....

e (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent presheaves:

lobal
Ind"Banach(Ox, _, )—g>o(p;IndeanaCh({Robbae"te“deCl 1)

The definition is given by the following:

homotopycolimit,(Ind"Banach(Ox, _, )@ @qInd™ Banach({Robbantended} 1))(0i),

each O; isjustas Qp (Cy,...,Cy) , £ = 1,4, ....

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

1
IndBanach(Ox; _ ) —g>0(pqllndBanaCh({Robbae"tended} 7).



The definition is given by the following:

lobal
homotopycolimit, (IndBanach(Ox, _ ) A qoqIndBanach({Robba%’ftff}‘i]ed} 1))(0)),

each O; isjustas Q, (Cy,...,Cp) , £ = 1,4, ....

(Proposition) There is a functor (global section) between the co-stacks of monomor-
phic inductive Banach quasicoherent presheaves:

global
Ind"Banach(Qx, ) —* @gInd"Banach({Robbag 4 } ).

The definition is given by the following:

lobal
homotopycolimit;(Ind"Banach(Ox, _ ) £ (qundeanach({Robba%’ftff}‘i]ed 11))(0)),

each O; isjustas Q, (Cy,...,Cp) , £ = 1,4, ....

(Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra E. objects:

glob
sCommsimphdalIndBanach ( O XR,—, ) y éomm simplicial (PqIHdB anach( { Robb aexteru:lecl } )

The definition is given by the following:

lobal
homotopycolimit; (sCommyjmplicia IndBanach (O Xk, ) v sCommg;implicial (qundBanach({RobbaextE

each O; isjustas Q, (Cy,...,Cp) , £ = 1,4, ....

(Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent commutative algebra Eo objects:

glob
SCOmmsimphdallndmBanach((’)XR/_I ) —= ¥ éommsmphmlq)qlndeanach({Robbaextended} ).

The definition is given by the following:

lobal
homotopycolimit; (sCommgjmplicia Ind" Banach (O Xg,—g) g% sCommg;mplicial P4Ind" Banach({Robba

each O; isjustas Q, (Cy,...,Cp) , £ = 1,4, ....

Then parallel as in [LBV] we have a functor (global section ) of the de Rham complex
after [KKM, Definition 5.9, Section 5.2.1]:

glob
deRhamsCommsimphcialIndBanaCh(OXR 3 q) ( ) éeRh am eXtenqud ) (_)/

sCommy;jmplicial 9qIndBanach({Robba



lobal
) (_) —g> 3eRham extended I) (—)

deRhamsCommsimphciallndmBanaCh(OX R, sCommyimplicia g Ind" Banach({Robbaf ™! Iq

q

The definition is given by the following:

homotopycolimit;

global
(deRhamsCommsimplidalIndBanach(OX R4 ) ( - ) geRhamsCommSimphcial @qIndBanach( {Robba‘f{’ftff}‘,i;d ) ( o ) ) ( O )’

homotopycolimit;

lobal
$ Rh extended 1)(_))(01)/

(deRhamscommsimplicialIndmBanaCh(OX R—, ) ( B ) e amsCommsimplicial @4Ind" Banach({Robbay"™" Iq

q
each O; isjustas Q, (Cy,...,Cp), £ = 1,4, ....

e Then we have the following a functor (global section) of K-group (co,1)-spectrum

from [BGT]:
BGT ( _ ) glObf’(lBGT ( _ )
sCommgimpliciallndBanach(Ox R—q ) sCommygimplicial g IndBanach({ Robba%’ftff}‘,iqed 1) ’
BGT ( . ) glObﬁlBGT ( _ )
sCommgimpliciallnd " Banach(Ox R ) sCommyjmplicia 9 Ind" Banach( {Robba%’fff}‘ifd 1) )

The definition is given by the following:

lobal
homotopycolimit. (KBGT _ P KBGT _
Py l( sCommSimplicialIndBanach((’)XR,_/[I)( )g sCommSimplicial(qundBanach({Robbafz’ftff}?qed 1)( )

lobal
homotopycolimit, (KBGT _ . KBGT Y
Py Z( ScommsimpliciallndmBanaCh(OXR,_/q)( )g sCommsimplicial(qund'”Banach({Robba?{’ftff}?;d 1)( ))( l)'

each O; isjustas Q, (Cy,...,Cp) , £ = 1,4, ....

o 0 = 0o\ D
Now let R = Q,(p!/*")"” and Ry = Q,(p'/P")" <Tlil/f’ - T,:H/p > we have the fol-

00 o0 (o] b
lowing Galois theoretic results with naturality along f : Spa(Q, (p!/P™)" <T1jE e Tki L > ) —

Spa(Qp(p"/7")""):



o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent presheaves:

bal
IndBanach(Ox . B2 o, IndBanach ({Robbagied} )

global extended

IndBanach(Ox ————— @gIndBanach({Robbaf ™" }1).

Qu(p! /PN,y )
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cy) ,¢ = 1,q,.. and [ is the relative diagram of co-
functors.

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent presheaves:

lobal
Ind"Banach(Ox,, ) —— ¢yInd"Banach({Robbaf; 5} 1)

global

Ind™Banach(Ox ) — (qundeanach({Robba%’;t"f‘}zd 1).

Qp(Pl/poo)/\br—/q
The definition is given by the following:
homotopycolimit;((J) (O;),

each O; is just as Qp (Cy,...,Cy) ,£ = 1,q,.. and [ is the relative diagram of oco-
functors.



e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra E., objects:

global

sCommg;jmpliciallndBanach (O Xkaq) ——— sComMyjnmplicial g INdBanach( {Robba%’;t’e_rt‘};d} 1)

global

sCommg;mpliciallndBanach(Ox —— sCommy;jmplicial PqIndBanach ( {Robba%’f)t,e_rtc};d ).

Qp(pt/ PN,y )
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cy) ,£ = 1,q,.. and [ is the relative diagram of oco-
functors.

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent commutative algebra E., objects:

lobal
sCommsimpliciallndmBanach(OXkaq) B S sCommSimpliCial(qundeanaCh({Robba%{f‘f‘f}zd )

global

sCommygjmpliciallnd" Banach(Ox —— sCommyjmplicial PqInd " Banach {Robba%’ge_nf}zd 1)

Qp(pl/”oo)’”,—,q)
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cy) ,£ = 1,q,.. and [ is the relative diagram of oco-
functors.

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex



after [KKM, Definition 5.9, Section 5.2.1]:

global

deRham —= s> deRham

extended I) ( - )

sCommy;jmpliciallndBanach(Ox R ) ( - ) Rproilg

sCommygimplicial g IndBanach({Robba

global

deRham 2 > deRham

(=) —

. extended I) ( - )/

sCommygimplicialIlndBanach(O XQ sComMgimplicia g IndBanach({Robbaf oL
P

(pl/p"o)/\b

global

deRham —— > deRham

extended ) (_ )

sCommygjmplicialInd " Banach(Ox Ry~ ) ( o ) sComMyimplicial g Ind " Banach ({Robba oy

lobal
8 deRham

extended ) (_ ) .

deRhamscommsimplicialIndm Banach(Ox ) (_) sCommygimplicial g Ind" Banach({Robba Rorilg 11

QP PN,y

e Then we have the following a functor (global section) of K-group (co,1)-spectrum

from [BGT]:
KBGT ( ) global KBGT ( B )
sCommgimpliciallndBanach(Ox Ry, ) sCommSImphml @qIndBanach( {Robba}i’(tefde,;i )

lobal
BGT _) 8P KBGT —
sCommygjmpliciallndBanach(Ox Iy, )( ) sCommSimphcialq)qIndBanach({Robbante“dEd )( )’

Qp(p K Ro,=La



BGT . global & g .
() 0 )

sComMmgimplicialInd" Banach(Ox Re - sComMmgimplicia g Ind™ Banach({Robba?{;:/eflc}/eqCl I

lobal

BGT ( . ) & KBGT ( _ )
. L. m tended .

sCommygjmplicialnd Banach(OXQp(p X /P°°)/\b,7,q) extended )

sCommyjmplicia 99 Ind" Banach({Robba Ro g H1
The definition is given by the following:
homotopycolimit;((J) (O;),

each O; is just as Q, (Cy,...,Cy) ¢ = 1,q,.. and [J is the relative diagram of co-
functors.

Then we consider further equivariance by considering the arithmetic profinite

fundamental groups and actually its g-th power Gal(Qp <T1i1, .y Tkil > / Rg) ™1 through

the following diagram:

er

2 = Gal(Re/Qy(pV/7™) (T, ., TEL)) Gal(Qp (T, ., TEV ) /Ry)

(Zk = Gal(R/Qp(p*/P™)" <T1il,..., Tkﬂ>))xq — I = Gal(R/Q, <T1ﬂ,..., Tkﬂ>)xq —Tg).

We then have the correspond arithmetic profinite fundamental groups equivariant
versions:

o (Proposition) There is a functor (global section) between the co-prestacks of inductive



Banach quasicoherent presheaves:

obal
IndBanach .« (Ox gl) —— ggIndBanach_., ({Robbag"jed} )
Iy w0 p [ /P £1/p®\° T, ko= Lg
Qp(p!/? >A<T1 A s > —a

global

IndBanachroxq (Ox ) ———— (qundBanachroxq ({Robba%’;t,‘f‘};d} 1)

QP P70 ,—g
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cy) ,£ = 1,q,.. and [ is the relative diagram of co-
functors.

o (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent presheaves:

global

ded
IndeanaChrkxq (OXRk,*,t]) B —— q)qlndeanaChr:q ({Robba%):ie_n,l,eq }[)

global

Ind’”Banachroxq (Ox ) =@ qIndeanachrgq ( {Robba?{’;t,e_“f}i]d ).

Qp(pt/ PN,y
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cy) ,¢ = 1,q,... and [ is the relative diagram of oco-
functors.

e (Proposition) There is a functor (global section) between the co-stacks of inductive



Banach quasicoherent commutative algebra E., objects:

global tended
sCommsimplidalIndBanachrkxq (Ox Rpma ) ——— sComMgimplicial (qundBanachrkxq ({Robbaf, 5% }1)

global

- sCommsimphCialcqundBanachrgq ( {Robba?{;t,efded H)-

sCommg;jmpliciallndBanach .« (Ox Iq
0 p 7+

Qp(p!/ P°°)A7,—,q)
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Qp (Cy,...,Cy) ,£ = 1,q,... and [ is the relative diagram of oco-
functors.

e (Proposition) There is a functor (global section) between the co-prestacks of monomor-
phic inductive Banach quasicoherent commutative algebra E., objects:

global m extended
sCommSimphdalIndmBanachrkxq((’)XRk/_’q) ———— sComMmygjmplicial P Ind Banachrkxq({RobbaRk/,,Lq 1)

global

m m extended
sCommg;mpliciallnd Banachroxq (Ox ) —— sCommygjmplicial PqInd Banachroxq ({Robbaf 55 ).

QP! V7Y g
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cy) ¢ = 1,q,.. and [ is the relative diagram of oco-
functors.

e Then parallel as in [LBV] we have a functor (global section) of the de Rham complex



after [KKM, Definition 5.9, Section 5.2.1]:

global

deRhamsCommSimphdalIndBanachr kX (O Xy, ) ( - ) —> deRhamS Commymplical @I dBanaChrkX o {Robba%’;:/efﬂ?q‘i ) ( — )

global

(fleRhan’lsCommsimphcialInclBanachr xq (Ox ) ( - ) —— d-ERhal’nsCOmmsimphda1 ¢;IndBana Chr g € Robba%’gfff'}?; 1) ( - )1
0

0 Qp(pl/ PPN,y

global

deRham —= s> deRham

m _ —
sComMyimplicialInd Banachr kX 7(Ox R ) ( ) sComMmgimplicial g Ind™ BanachF kX q( {Robba%’;:fff}?; ) ( )

global

deRham )(—) =— deRham

extended I) ( - ) .

m
sCommygimplicialnd Banachrxq (Ox Ror 10

m
; QP sCommygimplicial g Ind Banachroxq ({Robba

The definition is given by the following:
homotopycolimit;((J) (O;),

each O; is just as Q, (Cy,...,Cy) ,¢ = 1,q,.. and [ is the relative diagram of co-
functors.

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum

from [BGT]:
lobal
BGT _ 60°% KBGT —
sCommyimpliciallndBanach - (Oxg - q) ) sCommyimplicial 9gIndBanach xa ({Robba%’;:ffﬂ‘i? 1)( )

BGT ) (-) global KBGT ) (—),

scommsimplicialIndBanaChr xq (OXQ RV sCommy;implicial Pq IndBanachr xq ( {Robba‘f{:)tef“}‘i;i
0 » - ; —1,



lobal
BGT _ 6009 KBGT —
sCommsimpliciallnd’”Banachr i (Oxg - ) ( ) sCommyimplicial (qundeanachr xq ({Robbagxtendedy ( )

q Ry, —1q J1

BCT (_) globalKBGT )(_)

sCommyg;plicia Ind” Banach o . m extended
simplicial rgq( XQp(pl /9% /\b,f,q) sCommyimplicial PqInd Banachroxq({RobbaROl,qu I

The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cy) £ = 1,q,.. and [ is the relative diagram of oco-
functors.

Remark 3.2.7. We can certainly consider the quasicoherent sheaves in [BBK, Lemma
7.11, Remark 7.12], therefore all the quasicoherent presheaves and modules will be
those satisfying [BBK, Lemma 7.11, Remark 7.12] if one would like to consider the
the quasicoherent sheaves. That being all as this said, we would believe that the big
quasicoherent presheaves are automatically quasicoherent sheaves (namely satisfying
the corresponding Cech co-descent as in [KKM, Section 9.3] and [BBK, Lemma 7.11,
Remark 7.12]) and the corresponding global section functors are automatically equiv-
alence of co-categories.

In Clausen-Scholze formalism we have the following®’:

o (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent sheaves:

lob
Moduless (Ox, ) — %pﬁ\/lodules@ ({ Robba?{)ftff}ded’q )-

The definition is given by the following:

lobal xten
homotopycolimit;(Moduless (Ox;, ) LR (quodules@({RObba;Itj Ided’q} ))(O;),

each O; isjustas Q, (Cy,...,Cp) , £ =1,2,....

% Certainly the homotopy colimit in the rings side will be within the condensed solid animated ana-
lytic rings from [CS2].



e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent sheaves:

gl
Moduless (Ox, ) — Obai\/Iodules@ ( {Robba(;ft_ef}ded’q )-

The definition is given by the following:

global

homotopycolimit;(Modulese (Ox, _,) = ¢sModulesg ({Robba eXtended’q} 1))(O;),

each O; isjustas Q, (Cy,...,Cp) , £ = 1,2, ....

e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra Eo objects®®

glob extended,q
sCommyg;mpliciaModulesg <OXR,—, ) —= éommsmphml(quodules@ ({Robba R +)-

The definition is given by the following:

lobal
homotopycolimit; (ScommsimplicialMOdules@ (Ox R—4q ) — e Commsunphaal GDqMOdUIeS(@ ({RObb .
each O; isjustas Q, (Cy,...,Cp) , £ =1,2,....
e Then as in [LBV] we have a functor (global section ) of the de Rham complex after

[KKM, Definition 5.9, Section 5.2.1]%:
deRh — B%eRn

e amsCommSimphdalModules@ (Ox R,—,q) (_) eRkham SCoMMgipmpiicial 9gModules ({Robbal) extended A0 (_ )/
The definition is given by the following:

homotopycolimit;

d 1o ai{h

( eRhamscommsimplicialMOdlﬂeS@ (OXR,,,q ) (— ) — e amSCOmmSImphClal q)qModulesA ({Robb extended i]} ) ( - ) ) (Ol

each O; isjustas Q, (Cy,...,Cp) , £ =1,2,....

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum
from [BGT]*:

BGT | (=) __ 8lobpar

sCommgimpliciaModulese (Ox sCommygjmplicial psModulese ({Robbay

extended q} ) (_)

=4

3Here © = solidquasicoherentsheaves.
¥Here © = solidquasicoherentsheaves.
“0Here © = solidquasicoherentsheaves.



The definition is given by the following:

KBGT (- )gk’bal KBGT

homotopycolimit;
py ( Scomm51mpllc1alM0duleSO (OXR 4 ) Scomm51mpllc1al (quoduleSQ ( {RObb

extended q } I) ( )

each O; isjustas Qy (Cy,...,Cy) , £ =1,2,....
o 00 (e8] oo\ D
Now let R = Q,(p'/? )"’ and Ry = Q, (pM/ )N <T1i1/P L Tkil/p > we have the fol-

00 o (e9) b
lowing Galois theoretic results with naturality along f : Spa(Q,(p*/P™)" <T1i1/ P, TklL L > ) —
Spa(Q, (p'/7")"):

(Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent sheaves*!:

global t d d,
b 3 extende q}I)

Modulesg (Ox —— @s;Modulesg ({Robbay

+1/p® +1/p>®
QPN (LY

global

Modulesg (O -
o Xoppi/v )Abmq)

@pgsModulesg ({ Robba?;tfj?ed’q +)-

The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cyp) ,£ = 1,2,... and [ is the relative diagram of oco-
functors.

(Proposition) There is a functor (global section) between the co-prestacks of inductive

“'Here © = solidquasicoherentsheaves.



Banach quasicoherent commutative algebra Eo objects*?:

global extended,q
sCommygjpplicialModulesg (O Xk ) ———— sCommyimplicialPgModulese ({Robba Ry, 1 )

global

extended,
sCommg;mpliciaModulese (O X, —— sCommy;jmplicial PgModulesg, ({Robba Ro, I 1 -
14

(pl/p°°)/\b,,,q )
The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Qp (Cy,...,Cy) , ¢ = 1,2,... and [ is the relative diagram of oco-
functors.

e Then as in [LBV] we have a functor (global section) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]*3:

global

deRham - —) ———deRham ded —
sCommSImphmlModuleS@(OXRkﬁ’q)( ) SCommsimphdal(quodules@({Robba‘;{’:,ei‘lle 2\ I)( )

global

deRham )(—) = deRham

sCommygjmpiiciatModulese (Ox

o sCommMyjmplicial PgModulese ( {Robba%t,efﬁed’q ) ( N )’

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum

“Here © = solidquasicoherentsheaves.
“3Here ® = solidquasicoherentsheaves.



from [BGT]*:

global
KBGT ) . ) KBGT ( o )

sCommyimpiicialModulese (OXRk,f,q sCommygjmplicial PgModulesg ({Robba;):il’c}ed’q )

global BGT
KBGT —)—-—K
scommsimplicialMOduleS@ (Ox ) ( )

o extended,q} )(_)’
Qp(pl/p )/\bﬁ,q I

sCommygimplicialPsModuless ({Robba Roo—I

The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cp) ,£ = 1,2,... and [ is the relative diagram of oco-
functors.
Then we consider further equivariance by considering the arithmetic profinite

fundamental groups I'q, and Gal(Q) <T1il, s Tkil> /Ry) through the following dia-
gram:

7 = Gal(Ry/Qy(p"/7™)" <T1ﬂ,..., Tkﬂ>) — T = Gal(Ry/Q, <T1ﬂ,..., Tkﬂ>) ——Tq,

e (Proposition) There is a functor (global section) between the co-prestacks of inductive

Banach quasicoherent sheaves®:

global ded,
Modulesay+ (O S gyModuless o ({Robbaly 4 )

+1/p>® +1/p>®
Qp(Pl/poo)A<Tl e Tk /p >, q

global

Modulesg (O X, @sModules ({Robba?{’;t,e_n"}ed,q ).

p(pl/ P°°>Ab,f,q)

“Here © = solidquasicoherentsheaves.
“Here ® = solidquasicoherentsheaves.



The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cp) ,£ = 1,2,... and [ is the relative diagram of oco-
functors.

e (Proposition) There is a functor (global section) between the co-prestacks of inductive
Banach quasicoherent commutative algebra Eq objects*:

global extended,q
sCommsimphdal(quodules@rqu ({Robba Ry, 1 )

SCOrnrnsirnplicial1v[0dules@r]z< q ( OXRk,—,q )

global

extended,
sCommSimphdalModules@roxq (Ox ) —— sCommSimphdal(quodules@roxq ({Robbag .

Qp(Pl/pOO)Ab:*"i
The definition is given by the following:
homotopycolimit;((J) (O;),

each O; is just as Q, (Cy,...,Cy) , £ = 1,2,.. and [ is the relative diagram of oco-
functors.

e Then as in [LBV] we have a functor (global section) of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]*:

global

deRham deRham extendedy (—)
=1

sCommyimpiiciaModulese x4 (Oxg o ) ( ) sCommyimpiicial 9gModulese xg ({Robba R,
k

global

deRham )(—) = deRham

scommsimplicialMOduleS@ rxq (OX

extended, -
; QP sCommsimphcial(quodules@rOXq({RobbaROhI ‘7}1)( )/

4Here © = solidquasicoherentsheaves.
4’Here © = solidquasicoherentsheaves.



The definition is given by the following:
homotopycolimit;((J) (O;),

each O; is just as Q, (Cy,...,Cp) ,£ = 1,2,... and [ is the relative diagram of co-
functors.

e Then we have the following a functor (global section) of K-group (oo, 1)-spectrum
from [BGT]*:

global - o
KBGT ) —2 K —
sCommsimphcialModuleS@r kxq (Ox kaq) ) sCommyimplicial q)qModules@r kxq ({RObbaiz):TiEd’qh)( )

lobal
BGT (—) BX2KBGT (—)
. .. N tended, 4
scommﬂmphaalMOdUIeS@r(>)< q (Opr (pl/poo )/\b,*,q ) Scommsimplicial q)qModules@ F6< q ( {Robba;);,ei]e 1 } I)

The definition is given by the following:
homotopycolimit;((J)(O;),

each O; is just as Q, (Cy,...,Cyp) ,£ = 1,2,... and [ is the relative diagram of oco-
functors.

Proposition 3.2.8. All the global functors from [CS2, Proposition 13.8, Theorem 14.9, Remark
14.10] achieve the equivalences on both sides.

“Here © = solidquasicoherentsheaves.



3.2.5 oo-Categorical Analytic Stacks and Descents V

Here we consider the corresponding archimedean picture, after [CBCKSW, Problem

A4, Kedlaya’s Lecture]. Recall for any algebraic variety R over R this Xg(C) is defined
to be the corresponding quotient:

Xg(C) := R(C) x PY(C) /g, (3.2.7)

Yr(C) := R(C) x P}(C). (3.2.8)

The Hodge structure is given by ¢. We define the relative version by considering a
further algebraic variety over C, say A as in the following:

Xg 4(C) := R(C) x P(C) x A(C)/ 9, (3.2.9)
Yg 4(C) := R(C) x P}(C) x A(C). (3.2.10)
We then take g-th self power to achieve Xz ,(C) as
Xg,4(C) := (R(C) x PY(C))"/ ¢y, (3.2.11)
Yg,4(C) := (R(C) x P}(C))". (3.2.12)

The multi hyperkidhler Hodge structure is given by ¢,. We define the relative version
by considering a further algebraic variety over C, say A as in the following:

Xg,A(C) := (R(C) x P(C))T x A(C)/ ¢y, (3.2.13)

Yr 4(C) := (R(C) x P1(C))7 x A(C). (3.2.14)

Then by [BBK] and [CS2] we have the corresponding co-category of co-sheaves of
simplicial ind-Banach quasicoherent modules which in our situation will be assumed

to the modules in [BBK], as well as the corresponding associated Clausen-Scholze
spaces:

Xg(C) := R(C) x P1(C)®/ ¢, (3.2.15)
Yg(C) := R(C) x P}(C)™. (3.2.16)

Xg 4(C) := R(C) x P}(C) x A(C)"/ ¢, (3.2.17)
Yz A(C) := R(C) x PY(C) x A(C)W, (3.2.18)

with the co-category of co-sheaves of simplicial liquid quasicoherent modules, liquid
vector bundles and liquid perfect complexes, with further descent [CS2, Proposition
13.8, Theorem 14.9, Remark 14.10].

We then take g-th self power to achieve X ,(C) as

Xg,4(C) := (R(C) x P(C))"™/ g, (3.2.19)
Yr4(C) := (R(C) x P}(C))"™. (3.2.20)



The multi hyperkidhler Hodge structure is given by ¢,. We define the relative version
by considering a further algebraic variety over C, say A as in the following:

Xg,4(C) := (R(C) x P}(C))"™ x A(C)/¢,, (3.2.21)
Yr A(C) := (R(C) x PL(C))"™ x A(C). (3.2.22)

We call the resulting global sections are the corresponding c-equivariant Hodge
Modules. Then we have the following direct analogy:

e (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent presheaves:

equi

IndBanach(Ox ,,) —> ¢qIndBanach(Oy, , ).
e (Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent presheaves:

equi

Ind™Banach(Ox, ,,) — ¢qInd"Banach(Oy, , ).
o (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent presheaves:

equi

IndBanach(Ox , ) —> ¢qIndBanach(Oy, , ).
e (Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent presheaves:

equi

Ind"Banach(Ox, ,,) — ¢qInd"Banach(Oy, , ).
o (Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra E., objects:

equi
sCommg;mpliciallndBanach(Ox,, g ) — sCommyimplicial s IndBanach(Oy, Ag ).

e (Proposition) There is an equivalence between the co-categories of monomorphic in-
ductive Banach quasicoherent commutative algebra Es, objects:

equi
sCommygimpliciallnd" Banach(Ox, g ) — sCommyimplicial PgInd " Banach (Oy, oy ).



e Then parallel as in [LBV] we have the equivalence of the de Rham complex after
[KKM, Definition 5.9, Section 5.2.1]:

equi

deRham ——— deRham

sCommygimpliciallndBanach(Ox RAg ) ( - ) sCommgimplicial (qundBanach(OyR’ A ) ( - )/

equi

deRham ——— deRham

sComMgimplicialInd" Banach (O XR, A ) ( - ) sCommygjmplicial g Ind"™ Banach(Oyy , . ) ( - ) :
e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]:

BGT _y oY L BGT -
sCommSimphdalIndBanach(O XR A, q) ) sCommy;mplicial (qundBanach(OyR/ A,q) )'

BGT _) 94 BGT —
sCommSimphcialInd"’Banach( Ox R, A’q) ) sComMgimplicial (qundeanach(OyR, A,q)

Assumption 3.2.9. All the functors of modules or algebras below are Clausen-Scholze
sheaves [CS2, Proposition 13.8, Theorem 14.9, Remark 14.10].

(Proposition) There is an equivalence between the co-categories of inductive liquid

sheaves:
equi

Moduleg (O Xpaq ) — ¢;Moduleg (OYR, g ).

(Proposition) There is an equivalence between the co-categories of inductive Banach
quasicoherent commutative algebra E« objects:

equi
ScommsimplicialMOduleliquidquasiCoherentsheaves ( Ox RAq ) - Scommsimplicial q)qMOdLﬂeliquidquasicoherent

e Then as in [LBV] we have the equivalence of the de Rham complex after [KKM, Defi-
nition 5.9, Section 5.2.1]%:

equi
deRhamsCommsimphcialModule@ (Ox R Ag ) ( - ) ’ deRhamsCommsimphcial ¢sModuleg (OYR, Ag ) ( - ) .

e Then we have the following equivalence of K-group (oo, 1)-spectrum from [BGT]>":

BGT equi L BGT
—) ——
SCOl'nrnsimplic:ialI\/I()(-h-ﬂe@ (OXR,A,‘7 ) ( ) SCOHu’nsim]:)licial Pq Moduleg (OYR,A,q )

“Here © = liquidquasicoherentsheaves.
Here © = liquidquasicoherentsheaves.
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