
∞-Categorical Generalized Langlands Correspondence
III: ∞-Stackification

Xin Tong

Abstract

We discuss further around the generalized Langlands Program, by using ∞-categoricalization
and ∞-analytic stackification.
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Reference 1. A: [La], [DHKM], [DA], [DB], [VL], [DK], [A], [XZ], [GL], [K1], [KX], [BS],
[FS], [Z], [EGH], [CA]; B: [KLA], [KLB], [SchA], [SchB], [SchC], [FA], [Ta], [BS], [KPX]; C:
[CSA], [CSB], [CSC], [BBBK]; D: [BS2], [BLA], [DC], [SchD], [SALBRC], [TA], [TB], [TC].

Assumption 1. Let n ≥ 2. Here n will be a key parameter for our consideration. We will have
GalX,n, WeilX,n and all the related objects parametrized by n related to the mixed-parity general-
ization. We will also fix the prime number p and ℓ, with the local nonarchimedean field X , where
ℓ is the coefficient characteristic, we make the requirement on Qℓ as in [FS] with respect to the
corresponding |OX/mOX

|.
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1 Condensation Conjectures

1.1 Condensation Conjectures
Although Langlands conjecture is slightly relatively more representation theoretic in [La], many
of the current existing Langlands parametrization happen over certain moduli stacks, such as the
group double quotients for the number fields, the group double quotients for the local fields, where
the corresponding ℓ-adic perverse sheaves will capture the action from the motivic Galois groups
and the Langlands dual groups, i.e. a map to the Bernstein centers. Condensation is needed in
the local setting, and especially when we are using certain analytic methods, such as Scholze’s
diamonds and even the corresponding analytic cohomologies. The current paper is along certain
direction generalizing significantly the paper [BS] in the following sense. First we consider finite
extension of a local nonarchimedean field X , which is assumed to be a finite extension of the p-adic
number field or a local function field such as Fp((z)). Over X there are many considerations can be
made beyond the consideration in [BS]. [BS] actually considered certain condensed morphism in
the p-adic consideration:

GalX,2 → GLan(T) (1)

where T/Qp is a corresponding p-adic algebraic closure, and X is assumed to be p-adic. The first
thing we want to consider is the following z-adic generalization:

Conjecture 1. For the general X as in the above in the z-adic situation, we conjecture there
exists certain Breuil-Schneider Conjecture, namely we conjecture there exists certain condensed
parametrization

GalX,2 → GLan(T) (2)

for generalized z-adic Banach representations for z-adic reductive group G(X).

Remark 1. Indeed the author does not know the definition of generalized z-adic Banach represen-
tations for z-adic reductive group G(X), but we conjecture there is such a way to define this for
instance after [EGH]. Here we assume T is finite extension of Qp or F((z)), which is sufficiently
large by assumption to be able to be used to defined the coverings of Galois groups in this paper
and all the corresponding roots of cyclotomic charaters, and the action of the cyclotomic characters
and the Frobenius operators.

Conjecture 2. For n-fold covering of Galois group GalX,n by taking the roots of cyclotomic
charaters up to order n. For the general X as in the above in the z-adic situation, we conjec-
ture there exists certain Breuil-Schneider Conjecture, namely we conjecture there exists certain
condensed parametrization

GalX,n → GLan(T) (3)

for generalized z-adic Banach representations for z-adic reductive group G(X).

When we have ℓ-adic coefficient actually we also have certain conjectures in some obvious
sense:
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Conjecture 3. There is a way to generalize [FS] to our setting, namely for any n-fold covering
of Galois group GalX,n by taking the roots of cyclotomic charaters up to order n, we have certain
condensed parametrization:

GalX,n → Gdual(Qℓ) × WeilX (4)

for generalized ℓ-adic perverse sheaves attached to G(X). One can also replace the full Galois
group with the corresponding Weil group version. For any n-fold covering of Galois group GalX,n
by taking the roots of cyclotomic charaters up to order n, we have certain condensed parametriza-
tion:

WeilX,n → Gdual(Qℓ) × WeilX (5)

for generalized ℓ-adic perverse sheaves attached to G(X).

After [EGH] we conjecture that there is also certain way to generalize the rigid analytic stack from
[EGH] to our setting. First we replace Breuil-Schneider consideration with the Robba ring version
of the consideration.

Conjecture 4. For the general X as in the above in the z-adic situation, we conjecture there
exists certain Breuil-Schneider Conjecture, namely we conjecture there exists certain condensed
parametrization of (ϕ, Γn)-GLan(T)-bundle over the generalized Robba ring ΠX[log(1 + T)1/n] in
the imperfect setting, for generalized p-adic Banach representations for z-adic reductive group
G(X) and more. For the general X as in the above in the p-adic situation, we conjecture there
exists certain Breuil-Schneider Conjecture, namely we conjecture there exists certain condensed
parametrization of (ϕ, Γn)-GLan(T)-bundle over the generalized Robba ring ΠX[log(1 + T)1/n] in
the imperfect setting, for generalized p-adic Banach representations for p-adic reductive group
G(X) and more.

Remark 2. Here we assume T is finite extension of Qp or F((z)), which is sufficiently large by
assumption to be able to be used to defined the coverings of Galois groups in this paper and all the
corresponding roots of cyclotomic charaters, and the action of the cyclotomic characters and the
Frobenius operators.

In this paper we also consider the corresponding geometrization of Breuil-Schneider’s conjec-
ture in [BS], by using the prismatization, after [CSA], [CSB], [CSC], [SchD], [SALBRC], [TA],
[TB], [TC], [BBBK], [BS2], [BLA], [DC]. Essentially we needs the condensation, which might
provide directly the Banach norms in [BS] automatically.

Conjecture 5. The Breuil-Schneider style functor

⊗󰃈 : QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n)End (6)

× QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n)Loc (7)

→ QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n) (8)

can be used to construct geometrization of the Breuil-Schneider paramatrization in [BS].
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1.2 Generalized Langlands Parameter Stackification
After [EGH] we immediately have the following stacks:

Definition 1. Stack(ϕ,Γn),GLan(T),ΠX [log(1+T)1/n] are stacks over rigid analytic spaces RASX , parametriz-

ing arithmetically all the (ϕ, Γn)-GLan(T)-bundles over the generalized Robba ringΠX[log(1+T)1/n]
in the imperfect setting.

Then one can follow [FS], [DHKM], [EGH], [Z] to consider the corresponding coherent
sheaves over these stacks by using the points coming from rigid analytic spaces, even in the derived
sense by animating the corresponding rigid analytic affinoids from [CSA], [CSB], [CSC], where
we use the same notation to denote the corresponding ∞-stacks.

Definition 2. Stack󰃈(ϕ,Γn),GLan(T),ΠX [log(1+T)1/n] are ∞-stacks over derived rigid analytic spaces RAS󰃈X ,

parametrizing arithmetically all the (ϕ, Γn)-GLan(T)-bundles over the generalized Robba ring

ΠX,󰃈[log(1 + T)1/n] (9)

in the imperfect setting. We then have the corresponding coherent sheaves over these ∞-stacks,
where we use the notation Coh󰃈(Stack󰃈(ϕ,Γn),GLan(T),ΠX [log(1+T)1/n]) to denote the corresponding con-
desed coherent sheaves.

1.3 Results
We introduce now the results of this paper. We generalize the corresponding context of [FS] to
certain generalized context where extension of Galois actions are introduced. The correspond-
ing functorial deformation of Robba sheaves give rise to certain analytic stackification of the
corresponding filtred Hodge structures in the corresponding prismatic/crystalline situations. We
then have the chance to construct the corresponding parametrization through stackification of the
generalized ℓ-adic perverse sheaves generalizing the smooth representations of reductive nonar-
chimedean groups. The coefficient can be p-adic as well, where one can use the corresponding
prismatization approach following [CSA], [CSB], [CSC], [SchD], [SALBRC], [TA], [TB], [TC],
[BBBK], [BS2], [BLA], [DC]. This can be use to geometrize Breuil-Schneider’s original conjec-
ture in [BS].

Theorem 1. StackBun,G,X,n(□) for n ≥ 2 are actually equal to there stackification over the v-sites.
And they satisfy the condition of being of smallness. Finally we can prove that they are satisfying
the condition of being Artin as in [FS].

Theorem 2.

FilFibCatcrys,n(□), (10)
FilFibCatcrys,n,Frob(□), (11)

are stacks, with certain morphisms into:

StackBun,G,X,n. (12)
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Theorem 3. Over the stack StackBun,G,X,n we have the corresponding v-stacks of categories of
prismatic quasi-coherent sheaves:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n). (13)

These quasi-coherent sheaves can be used to define the p-adic motives over category StackBun,G,X,n.
Moreover we have the well-defined category of all the objects have the requirement End is a line:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n). (14)

They cover the objects related to lisse p-adic representations of the reductive groups.

Theorem 4. Over the stack StackBun,G,X,n we have the corresponding v-stacks of categories of
prismatic quasi-coherent sheaves:

QuasiCohSheaves󰃈prismatic,Stackprismatic,deRham
(StackBun,G,X,n). (15)

These quasi-coherent sheaves can be used to define the p-adic motives over category StackBun,G,X,n.
Moreover we have the well-defined category of all the objects have the requirement End is a line:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n). (16)

They cover the objects related to lisse p-adic representations of the reductive groups.

Theorem 5. There is a way to generalize [FS] to our setting, namely for any n-fold covering of
Galois group GalX,n by taking the roots of cyclotomic charaters up to order n, we have certain
condensed parametrization:

GalX,n → Gdual(Qℓ) × WeilX (17)

for generalized ℓ-adic perverse sheaves attached to G(X), which make End a line. One can also
replace the full Galois group with the corresponding Weil group version. For any n-fold covering
of Galois group GalX,n by taking the roots of cyclotomic charaters up to order n, we have certain
condensed parametrization:

WeilX,n → Gdual(Qℓ) × WeilX (18)

for generalized ℓ-adic perverse sheaves attached to G(X), which make End a line.

Remark 3. Here the corresponding de Rham stack over any perfectoid □ is defined to be the formal
spectrum of the corresponding de Rham period sheaf attached to an untilt 󰂒□ of □, since we are
working in an absolute situation where we do not fix some prism as the base ring. To be more
precise we use the corresponding stack

SpecformalΠdeRham(󰂒□󰂐) = SpecformalWittVectorO(󰂒□󰂐)[1/p]I󰂒□ . (19)

Then we take the corresponding condensed analytification. If we have a fixed prism as the base
ring then we can just use the Cartier divisor for this ring to take the completion with respect to
this divisor after inverting p. In this manner is X is z-adic we can also use the corresponding
WittVectorO(□) to define the corresponding z-adic de Rham period ring which gives rise to z-adic
prismatization after [BS2], [BLA], [DC]. However here we only use p-adic prismatization.
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2 Stackification
In this section we prove the following results:

Theorem 6. StackBun,G,X,n(□) for n ≥ 2 are actually equal to there stackification over the v-sites.
And they satisfy the condition of being of smallness. Finally we can prove that they are satisfying
the condition of being Artin as in [FS].

Theorem 7.

FilFibCatcrys,n(□), (20)
FilFibCatcrys,n,Frob(□), (21)

are stacks, with certain morphisms into:

StackBun,G,X,n. (22)

Theorem 8. Over the stack StackBun,G,X,n we have the corresponding v-stacks of categories of
prismatic quasi-coherent sheaves:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n). (23)

These quasi-coherent sheaves can be used to define the p-adic motives over category StackBun,G,X,n.
Moreover we have the well-defined category of all the objects have the requirement End is a line:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n). (24)

They cover the objects related to lisse p-adic representations of the reductive groups.

Theorem 9. Over the stack StackBun,G,X,n we have the corresponding v-stacks of categories of
prismatic quasi-coherent sheaves:

QuasiCohSheaves󰃈prismatic,Stackprismatic,deRham
(StackBun,G,X,n). (25)

These quasi-coherent sheaves can be used to define the p-adic motives over category StackBun,G,X,n.
Moreover we have the well-defined category of all the objects have the requirement End is a line:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n). (26)

They cover the objects related to lisse p-adic representations of the reductive groups.

Theorem 10. There is a way to generalize [FS] to our setting, namely for any n-fold covering of
Galois group GalX,n by taking the roots of cyclotomic charaters up to order n, we have certain
condensed parametrization:

GalX,n → Gdual(Qℓ) × WeilX (27)

for generalized ℓ-adic perverse sheaves attached to G(X), which make End a line. One can also
replace the full Galois group with the corresponding Weil group version. For any n-fold covering
of Galois group GalX,n by taking the roots of cyclotomic charaters up to order n, we have certain
condensed parametrization:

WeilX,n → Gdual(Qℓ) × WeilX (28)

for generalized ℓ-adic perverse sheaves attached to G(X), which make End a line.
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2.1 Stackification for Generalized Hodge Modules
Motivated by the conjectures in the section above, we consider the corresponding algebraic geo-
metric approaches by using sophisticated stacks in the following.

Definition 3. Stack(ϕ,Γn),GLan(T),ΠX [log(1+T)1/n] are stacks over rigid analytic spaces RASX , parametriz-

ing arithmetically all the (ϕ, Γn)-GLan(T)-bundles over the generalized Robba ringΠX[log(1+T)1/n]
in the imperfect setting.

Then one can follow [FS], [DHKM], [EGH], [Z] to consider the corresponding coherent
sheaves over these stacks by using the points coming from rigid analytic spaces, even in the derived
sense by animating the corresponding rigid analytic affinoids from [CSA], [CSB], [CSC], where
we use the same notation to denote the corresponding ∞-stacks.

Definition 4. Stack󰃈(ϕ,Γn),GLan(T),ΠX [log(1+T)1/n] are ∞-stacks over derived rigid analytic spaces RAS󰃈X ,

parametrizing arithmetically all the (ϕ, Γn)-GLan(T)-bundles over the generalized Robba ring

ΠX,󰃈[log(1 + T)1/n] (29)

in the imperfect setting. We then have the corresponding coherent sheaves over these ∞-stacks,
where we use the notation Coh󰃈(Stack󰃈(ϕ,Γn),GLan(T),ΠX [log(1+T)1/n]) to denote the corresponding con-
desed coherent sheaves.

There ∞-stacks are actually playing the roll of ∞-stacks in [FS], [DHKM], [Z] in the ℓ-setting,
generalizing from [EGH] to our mixed-parity situation. Namely they should be called arithmetic
stacks of p-adic Langlands Parametrization.

Definition 5. Stack󰃈(ϕ,Γn),GLan(T),ΠX [log(1+T)1/n] are ∞-stacks over derived rigid analytic spaces RAS󰃈X ,

parametrizing arithmetically all the (ϕ, Γn)-GLan(T)-bundles over the generalized Robba ring

ΠX,󰃈[log(1 + T)1/n] (30)

in the imperfect setting. We then have the corresponding coherent sheaves over these ∞-stacks,
where we use the notation QuasiCoh󰃈(Stack󰃈(ϕ,Γn),GLan(T),ΠX [log(1+T)1/n]) to denote the corresponding
condesed quasicoherent sheaves.

The program in [FS] actually can be generalized to the mixed-parity situation in this paper in
the following way, to use the corresponding stacks of geometric family of relative Hodge structure
in the p-adic and z-adic fashion.

Definition 6. We use the notation TPERFSpde to denote all the Tate perfectoid spaces over Spde as
in [FS]. e/Fp is assumed to be algebraically closure of Fp. Then we consider the Fargues-Fontaine
diamonds over this site carrying v-topology in the mixed-parity generalization situation. We then
use the notation FarFonX,n(□) to denote the functors, where □ is varying in the site TPERFSpde. To
be more precise:

FarFonX,n(□) =
󳕒

I Spa(Π□,X,I[t1/n] ⊗ T,Π+,□,X,I[t1/n] ⊗ T)
ϕ

. (31)

t in the p-adic setting is defined to be functorially log([1 + z]) when we express □ as Tate over
Fp((z)). We require the Galois/Weil group acts on this chosen t through χcyc.
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Definition 7. We use the notation TPERFSpde to denote all the Tate perfectoid spaces over Spde as
in [FS]. e/Fp is assumed to be algebraically closure of Fp. Then we consider the Fargues-Fontaine
diamonds over this site carrying v-topology in the mixed-parity generalization situation. We then
use the notation FarFonX,n(□) to denote the functors, where □ is varying in the site TPERFSpde. To
be more precise:

FarFonX,n(□) =
󳕒

I Spa(Π□,X,I[t1/n] ⊗ T,Π+,□,X,I[t1/n] ⊗ T)
ϕ

. (32)

t in the p-adic setting is defined to be functorially log([1 + z]) when we express □ as Tate over
Fp((z)). We require the Galois/Weil group acts on this chosen t through χcyc. Then over these
diamonds we define the corresponding moduli analytic pre-v-stacks of G-bundles. We use the
corresponding notation StackBun,G,X,n(□) to denote the prestack evaluating over □ certain groupoid
of G-bundles over our stacks

FarFonX,n(□) =
󳕒

I Spa(Π□,X,I[t1/n] ⊗ T,Π+,□,X,I[t1/n] ⊗ T)
ϕ

. (33)

Theorem 11. StackBun,G,X,n(□) for n ≥ 2 are actually equal to there stackification over the v-sites.
And they satisfy the condition of being of smallness. Finally we can prove that they are satisfying
the condition of being Artin as in [FS].

Proof. The corresponding proof on the v-stackification equal to the prestack itself is following on
the corresponding fact that our Robba rings are actually finite over the corresponding usual Robba
rings in [FS], [KLA], [KLB]. Therefore the v-descent requirement for the v-stackification actu-
ally follows as in [FS] on the corresponding RΓ functors and the corresponding complexes. The
smallness can be formally checked following [FS, See the corresponding 1.3 of Chapter III, the
Proposition]. However the Artinness is not trivial. The idea is to use the corresponding Schburt va-
rieties in [FS] for StackBun,G,X,n(□) when n = 1. In such a way we have the corresponding smooth
presentation (actually being lisse cohomologically from [SchC]) from some diamond which needs
to be locally required to be spatial. The foundation in [SchC] realizes the stability of the cor-
responding pull-back mechanism for the corresponding lisse cohomologically morphisms in the
large category of v-stacks. Then we consider the corresponding smooth presentation for:

Stacksmooth −→ StackBun,G,X,1(□) (34)

to achieve the corresponding smooth presentation for all the corresponding stacks:

Stacksmooth × StackBun,G,X,n(□) −→ StackBun,G,X,n(□). (35)

Finally the proof on the corresponding required diagonal morphisms can be proved in the same
fashion by using the pull-backs along:

StackBun,G,X,n −→ StackBun,G,X,1, n ≥ 2. (36)

□
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2.2 Prismatic Consideration
We now construct some other moprhism to the stacks we established above following [FS]. First
for any ring □ in TPERFSpde, one can consider the corresponding prismatic site:

□∆,U∆ (37)

after [BS2], where one can consider the corresponding crystalline crystal structure sheaf over this
site as well. Moreover we consider the corresponding generalization in the following way. For
distinguished ideal sheaf I, we consider the extension by using the corresponding square root of
the distinguished element locally I1/n to form the corresponding generalized prismatic site:

□∆,n,U∆,n ⊗ OT (38)

Then we one can consider the corresponding crystalline crystal structure sheaf over this site as
well. The structure sheaf will produce after taking the global section the corresponding crystalline
ring Scrystalline in the style of A and then B. This functionalization will produce the corresponding
Frobenius endowed crystals and non-Frobenius endowed crystals, where we have correspnding
filtration indexed by 1

n of the all the integers. We use the notation as in the below to denote the
corresponding fiber categories:

FilFibCatcrys,n(□), (39)
FilFibCatcrys,n,Frob(□). (40)

After [FS] we have the following theorem which provides certain stackification for the pris-
matic crystalline crystals in the mixed-parity generalization:

Theorem 12.

FilFibCatcrys,n(□), (41)
FilFibCatcrys,n,Frob(□), (42)

are stacks, with certain morphisms into:

StackBun,G,X,n. (43)

Then we have the corresponding de Rham crystal consideration by looking at:

□∆,n,U∆,n[1/p]I1/n ⊗ OT,U∆,n[1/p]I1/n[1/I1/n] ⊗ OT . (44)

Here when we have □ the corresponding prestacks of the corresponding categories of the corre-
sponding de Rham crystals can be defined to be such a way to be stacks after [CSA], [CSB], [CSC],
[SchD], [SALBRC], [TA], [TB], [TC], [BBBK]. We use the notation

FibCatU∆,n[1/p]
I1/n [1/I1/n]⊗OT

(□) (45)

to denote the corresponding prestacks of the corresponding categories of the corresponding de
Rham crystals.

Theorem 13. We have that the corresponding prestacks of de Rham crystals:

FibCatU∆,n[1/p]
I1/n [1/I1/n]⊗OT

(□) (46)

are actually stacks in the v-topology, in our mixed-parity situation.
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2.3 p-adic Motives
Motives over v-stacks are challeging problems when it comes to study the corresponding Lang-
lands conjectures in our current setting. Here after [CSA], [CSB], [CSC], [SchD], [SALBRC],
[TA], [TB], [TC], [BBBK], [BS2], [BLA], [DC] we use the analytic stackification approaches for
the corresponding p-adic motives. The idea is as in the following. We start with our stack:

StackBun,G,X,n. (47)

The perfectoid charts for this v-stacks can be used to study the corresponding prismatic cohomol-
ogy. For any □ such perfectoid chart we have the corresponding prismatic stack:

Stackprismatic(□) (48)

with the corresponding quasicoherent sheaves over it:

QuasiCohSheavesprismatic,Stackprismatic(□). (49)

Varying the corresponding perfectoids we have the prestacks of categories:

Stackprismatic(□) (50)

with the corresponding quasicoherent sheaves over it:

QuasiCohSheavesprismatic,Stackprismatic(□). (51)

Then by taking the corresponding condensed analytification we have the corresponding analytic
version of the stacks.

Stack󰃈prismatic(□) (52)

with the corresponding solid quasicoherent sheaves over it:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(□). (53)

Theorem 14. Over the stack StackBun,G,X,n we have the corresponding v-stacks of categories of
prismatic quasi-coherent sheaves:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n). (54)

These quasi-coherent sheaves can be used to define the p-adic motives over category StackBun,G,X,n.
Moreover we have the well-defined category of all the objects have the requirement End is a line:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n). (55)

They cover the objects related to lisse p-adic representations of the reductive groups.

Proof. Here we rely on the descent results from [CSA], [CSB], [CSC] for general solid prismatic
quasi-coherent sheaves. □
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For any □ such perfectoid chart we have the corresponding prismatic stack:

Stackprismatic,deRham(□) (56)

with the corresponding quasicoherent sheaves over it:

QuasiCohSheavesprismatic,Stackprismatic,deRham(□). (57)

Varying the corresponding perfectoids we have the prestacks of categories:

Stackprismatic,deRham(□) (58)

with the corresponding quasicoherent sheaves over it:

QuasiCohSheavesprismatic,Stackprismatic,deRham(□). (59)

Then by taking the corresponding condensed analytification we have the corresponding analytic
version of the stacks.

Stack󰃈prismatic,deRham(□) (60)

with the corresponding solid quasicoherent sheaves over it:

QuasiCohSheaves󰃈prismatic,Stackprismatic,deRham
(□). (61)

Here the corresponding de Rham stack over any perfectoid □ is defined to be the formal spec-
trum of the corresponding de Rham period sheaf attached to an untilt 󰂒□ of □, since we are working
in an absolute situation where we do not fix some prism as the base ring. To be more precise we
use the corresponding stack

SpecformalΠdeRham(󰂒□󰂐) = SpecformalWittVectorO(󰂒□󰂐)[1/p]I󰂒□ . (62)

Then we take the corresponding condensed analytification. Along this way we have many other
stacks such as the corresponding crystalline and the corresponding semi-stable ones again after
[BS2], [BLA], [DC]:

SpecformalΠcristalline(󰂒□󰂐), (63)

SpecformalΠsemistable(󰂒□󰂐). (64)

If we have a fixed prism as the base ring then we can just use the Cartier divisor for this ring to
take the completion with respect to this divisor after inverting p. In this manner if X is z-adic we
can also use the corresponding WittVectorO(□) to define the corresponding z-adic de Rham period
ring which gives rise to z-adic prismatization after [BS2], [BLA], [DC]. However here we only
use p-adic prismatization. If X is z-adic we can also use the corresponding

WittVectorO(□) (65)

to define the corresponding z-adic de Rham period ring which gives rise to z-adic prismatization
after [BS2], [BLA], [DC]. Then we take the corresponding condensed analytification. First we use
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the formal spectrum of WittVectorO(□) to define the z-adic prismatization. Then along this way we
have many other stacks such as the corresponding crystalline and the corresponding semi-stable
ones again after [BS2], [BLA], [DC]:

SpecformalΠcristalline(󰂒□󰂐), (66)

SpecformalΠsemistable(󰂒□󰂐). (67)

Then we will then have the corresponding z-adic prismatization for any z-adic formal scheme. We
then use the notation

Stackprismatic,deRham, (68)
Stackprismatic,cristalline, (69)
Stackprismatic,semistable (70)

to denote the stacks with the condensed-prismatization in both p-adic and z-adic setting:

Stack󰃈prismatic,deRham, (71)

Stack󰃈prismatic,cristalline, (72)

Stack󰃈prismatic,semistable. (73)

Then we have the corresponding ∞-categories of solid quasicoherent sheaves over these stacks. All
above in this definition are defined over K , or a formal scheme S over OX , or certainly z-adic rigid
analytic space R for instance after [SchD] and [SALBRC]. Then we generalize these definitions to
the mixed-parity setting after [BS] for instance in de Rham, cristalline and semi-stable situations:

Definition 8. Now we generalize the definition here for mixed-parity modules after [BS]. We
only consider de Rham, cristalline and semi-stable situations in this definition. Therefore we add
the corresponding n-th root of t into all of the following prismatizations. We work over some K
which is stack in v-site and we assume K is small. We assume K is defined over SpdOX , where
we will differentiate the two different situations. We work over K in v-topology as well. Here
the corresponding de Rham stack over any perfectoid □ is defined to be the formal spectrum of
the corresponding de Rham period sheaf attached to an untilt 󰂒□ of □, since we are working in an
absolute situation where we do not fix some prism as the base ring. To be more precise we use
the corresponding stack SpecformalΠdeRham,n(󰂒□󰂐) = SpecformalWittVectorO(󰂒□󰂐)[1/p]I󰂒□[t

1/n
󰂒□

].
Then we take the corresponding condensed analytification. Along this way we have the corre-
sponding crystalline and the corresponding semi-stable ones again after [BS2], [BLA], [DC]:

SpecformalΠcristalline,n(󰂒□󰂐), (74)

SpecformalΠsemistable,n(󰂒□󰂐). (75)

If we have a fixed prism as the base ring then we can just use the Cartier divisor for this ring
to take the completion with respect to this divisor after inverting p. In this manner if X is z-
adic we can also use the corresponding WittVectorO(□) to define the corresponding z-adic de
Rham period ring which gives rise to z-adic de Rham prismatization after [BS2], [BLA], [DC].
However here we only use p-adic prismatization. If X is z-adic we can also use the corresponding
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WittVectorO(□) to define the corresponding z-adic de Rham period ring which gives rise to z-adic
de Rham prismatization after [BS2], [BLA], [DC]. Then we take the corresponding condensed
analytification. Then along this way we have the corresponding crystalline and the corresponding
semi-stable ones again after [BS2], [BLA], [DC] by adding n-th roots of the element t󰂒□:

SpecformalΠcristalline,n(󰂒□󰂐), (76)

SpecformalΠsemistable,n(󰂒□󰂐). (77)

We then use the notation

Stackprismatic,deRham,n, (78)
Stackprismatic,cristalline,n, (79)
Stackprismatic,semistable,n (80)

to denote the stacks with the condensed-prismatization in both p-adic and z-adic setting:

Stack󰃈prismatic,deRham,n, (81)

Stack󰃈prismatic,cristalline,n, (82)

Stack󰃈prismatic,semistable,n. (83)

Then we have the corresponding ∞-categories of solid quasicoherent sheaves over these stacks.
All above in this definition are defined over K .

Theorem 15. Over the stack StackBun,G,X,n we have the corresponding v-stacks of categories of
prismatic quasi-coherent sheaves:

QuasiCohSheaves󰃈prismatic,Stackprismatic,deRham
(StackBun,G,X,n). (84)

These quasi-coherent sheaves can be used to define the p-adic motives over category StackBun,G,X,n.
Moreover we have the well-defined category of all the objects have the requirement End is a line:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n). (85)

They cover the objects related to lisse p-adic representations of the reductive groups.

Proof. Here we rely on the descent results from [CSA], [CSB], [CSC] for general solid prismatic
quasi-coherent sheaves. □

Theorem 16. Now we assume that the corresponding X is z-adic. And we assume the correspond-
ing de Rham stack in this theorem is z-adic as well. Over the stack StackBun,G,X,n we have the
corresponding v-stacks of categories of prismatic quasi-coherent sheaves:

QuasiCohSheaves󰃈prismatic,Stackprismatic,deRham
(StackBun,G,X,n). (86)

These quasi-coherent sheaves can be used to define the p-adic motives over category StackBun,G,X,n.
Moreover we have the well-defined category of all the objects have the requirement End is a line:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n). (87)

They cover the objects related to lisse z-adic representations of the reductive groups1.
1Again we don’t know what is the z-adic local Langlands correspondence but we conjecture this is way to define

that in a geometrized fashion.
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Proof. Here we rely on the descent results from [CSA], [CSB], [CSC] for general solid prismatic
quasi-coherent sheaves. □

2.4 Construction of Generalized Langlands Correspondence
We now construct generalized Langlands parametrization for the following conjecture:

Theorem 17. There is a way to generalize [FS] to our setting, namely for any n-fold covering of
Galois group GalX,n by taking the roots of cyclotomic charaters up to order n, we have certain
condensed parametrization:

GalX,n → Gdual(Qℓ) × WeilX (88)

for generalized ℓ-adic perverse sheaves attached to G(X), which make End a line. One can also
replace the full Galois group with the corresponding Weil group version. For any n-fold covering
of Galois group GalX,n by taking the roots of cyclotomic charaters up to order n, we have certain
condensed parametrization:

WeilX,n → Gdual(Qℓ) × WeilX (89)

for generalized ℓ-adic perverse sheaves attached to G(X), which make End a line.

Proof. As in [FS, Chapter IX 4.1, Chapter VIII 4.1] and after [VL], we consider the corresponding
category of all the condesed Qℓ-perverse sheaves in the sense of [FS]:

Category󰃈
StackBun,G,X,n,Qℓ

(90)

which produces the corresponding Zℓ-linear categoricalization in the formalism in in [FS, Chapter
IX 4.1, Chapter VIII 4.1] and [VL]. To fit into the formalism we need the corresponding action of
Weil group WeilX,n which acts through the action on all the distinguished elements t including our
joined ones. Another thing is that we need the corresponding action of the Langlands dual group
on this category which is through pull back of the corresponding Hecke operator directly to our
stacks. Namely we have two key essential morphisms in our situation generalizing the situation of
[FS]. The first one is the following one from the Hecke stack in our setting to the corresponding
stack of G-bundles:

StackHecke,G,{1} −→ StackBun,G,X,n (91)

while the second one is the following one:

StackHecke,G,{1} −→ StackBun,G,X,n × StackCartier,G,n (92)

the latter is the mixed-parity Cartier divior stack which parametrizes the corresponding distin-
guished primitive ideal in the mixed-parity Fargues-Fontaine curve. In our setting this stack fur-
ther maps (by sending t1/n to the corresponding equivalence class for the n-fold covering of the
Weil group) to the classifying stack of the n-fold covering of the Weil group, this map immediately
realizes through pull back the corresponding image living in the WeilX,n-equivariant sub categories
of all the perverse sheaves in the ℓ-adic condensed categoricalization from [FS]. Putting all these
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together we are now exactly in the corresponding context and formalism from [FS] and [VL] as
mentioned above. This finishes the corresponding proof. Another way to prove this can also be
achieved such as in [FS, Chapter I] while we consider the stack of shtukas living over our extended
covering stacks by taking the corresponding stack of shtukas having one leg from [FS] along:

StackBun,G,X,n → StackBun,G,X,1 (93)

which produces the stack of generalized shtukas:

Stackshtukas,G,X,b,n,{1}, n ≥ 2. (94)

Then the corresponding push forward along the structure morphism of this stack will generated
the desired complex in our setting to realize the corresponding excursion operators as in [FS],
which produces the corresponding map from the stack of Langlands paraters cocycle spaces to the
Bernstein center. □
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3 Generalized geometrized p-adic Langlands Program

3.1 Generalized geometrized Breuil-Schneider parametrization
Motives over v-stacks are challeging problems when it comes to study the corresponding Lang-
lands conjectures in our current setting. Here after [CSA], [CSB], [CSC], [SchD], [SALBRC],
[TA], [TB], [TC], [BBBK], [BS2], [BLA], [DC] we use the analytic stackification approaches for
the corresponding p-adic motives. The idea is as in the following. We start with our stack:

StackBun,G,X,n. (95)

The perfectoid charts for this v-stacks can be used to study the corresponding prismatic cohomol-
ogy. For any □ such perfectoid chart we have the corresponding prismatic stack:

Stackprismatic(□) (96)

with the corresponding quasicoherent sheaves over it:

QuasiCohSheavesprismatic,Stackprismatic(□). (97)

Varying the corresponding perfectoids we have the prestacks of categories:

Stackprismatic(□) (98)

with the corresponding quasicoherent sheaves over it:

QuasiCohSheavesprismatic,Stackprismatic(□). (99)

Then by taking the corresponding condensed analytification we have the corresponding analytic
version of the stacks.

Stack󰃈prismatic(□) (100)

with the corresponding solid quasicoherent sheaves over it:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(□). (101)

Theorem 18. Over the stack StackBun,G,X,n we have the corresponding v-stacks of categories of
prismatic quasi-coherent sheaves:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n). (102)

These quasi-coherent sheaves can be used to define the p-adic motives over category StackBun,G,X,n.
Moreover we have the well-defined category of all the objects have the requirement End is a line:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n). (103)

They cover the objects related to lisse p-adic representations of the reductive groups.
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Proof. Here we rely on the descent results from [CSA], [CSB], [CSC] for general solid prismatic
quasi-coherent sheaves. □

We then consider the corresponding contruction which is sort of geometrization of Breuil-Schneider
conjecture in [BS]. In [BS], the smooth representation of G(X) in p-adic setting tensored with finite
dimensional weights of G(X) are expected to produce the expected p-adic Langlands parametriza-
tion, with key parameter as a pair from the Banach data as above. However all of these can be
regarded as the corresponding sheaves in our setting. In this category:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n). (104)

we have the corresponding objects where End is a line:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n)End. (105)

We also have the corresponding weights sheaves which are just local system:

QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n)Loc. (106)

Taking the corresponding solid tensor product we should end up the following conjecture:

Conjecture 6. The Breuil-Schneider style functor

⊗󰃈 : QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n)End (107)

× QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n)Loc (108)

→ QuasiCohSheaves󰃈prismatic,Stackprismatic
(StackBun,G,X,n) (109)

can be used to construct geometrization of the Breuil-Schneider paramatrization in [BS].

3.2 Generalized Langlands Parameter Stackification
After [EGH] we immediately have the following stacks:

Definition 9. Stack(ϕ,Γn),GLan(T),ΠX [log(1+T)1/n] are stacks over rigid analytic spaces RASX , parametriz-

ing arithmetically all the (ϕ, Γn)-GLan(T)-bundles over the generalized Robba ringΠX[log(1+T)1/n]
in the imperfect setting.

Then one can follow [FS], [DHKM], [EGH], [Z] to consider the corresponding coherent
sheaves over these stacks by using the points coming from rigid analytic spaces, even in the derived
sense by animating the corresponding rigid analytic affinoids from [CSA], [CSB], [CSC], where
we use the same notation to denote the corresponding ∞-stacks.

Definition 10. Stack󰃈(ϕ,Γn),GLan(T),ΠX [log(1+T)1/n] are ∞-stacks over derived rigid analytic spaces RAS󰃈X ,

parametrizing arithmetically all the (ϕ, Γn)-GLan(T)-bundles over the generalized Robba ring

ΠX,󰃈[log(1 + T)1/n] (110)

in the imperfect setting. We then have the corresponding coherent sheaves over these ∞-stacks,
where we use the notation Coh󰃈(Stack󰃈(ϕ,Γn),GLan(T),ΠX [log(1+T)1/n]) to denote the corresponding con-
desed coherent sheaves.
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One can generalize many stacks of Hodge structures to this setting as well. For instance one
can have the corresponding stacks of (∇, Γn)-modules, again after [EGH].

Definition 11. Stack(ϕ,Γn,∇),GLan(T),ΠX [log(1+T)1/n] are stacks over rigid analytic spaces RASX , paramet

rizing arithmetically all the (ϕ, Γn,∇)-GLan(T)-bundles over the generalized Robba ring ΠX[log(1+
T)1/n] in the imperfect setting.

Definition 12. Stack󰃈(ϕ,Γn,∇),GLan(T),ΠX [log(1+T)1/n] are ∞-stacks over derived rigid analytic spaces

RAS󰃈X , parametrizing arithmetically all the (ϕ, Γn,∇)-GLan(T)-bundles over the generalized Robba
ring ΠX,󰃈[log(1+T)1/n] in the imperfect setting. We then have the corresponding coherent sheaves
over these ∞-stacks, where we use the notation Coh󰃈(Stack󰃈(ϕ,Γn,∇),GLan(T),ΠX [log(1+T)1/n]) to denote
the corresponding condesed coherent sheaves.
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[SALBRC] Peter Scholze, Johannes Anschütz, Author-César Le Bras and Juan Estaban Rodriguez
Camargo. ”Analytic Prismatization.” https://www.mpim-bonn.mpg.de/node/12943.

[TB] Tong, Xin. ”Topologization and Functional Analytification II: ∞-Categorical Motivic Con-
structions for Homotopical Contexts.” arXiv preprint arXiv:2112.12679 (2021).

[TC] Tong, Xin. ”Topologization and Functional Analytification III.” arXiv preprint
arXiv:2405.14180 (2024).

23



[Z] Zhu, Xinwen. ”Coherent sheaves on the stack of Langlands parameters.” arXiv preprint
arXiv:2008.02998 (2020).

[EGH] Emerton, Matthew, Toby Gee, and Eugen Hellmann. ”An introduction to the categorical
p-adic Langlands program.” arXiv preprint arXiv:2210.01404 (2022).

[KPX] Kedlaya, Kiran, Jonathan Pottharst, and Liang Xiao. ”Cohomology of arithmetic families
of (ϕ, Γ)-modules.” Journal of the American Mathematical Society 27, no. 4 (2014): 1043-1115.

[CA] Colmez, Pierre. ”Représentations de GL2(Qp) et (ϕ, Γ)-modules.” Astérisque 330, no. 281
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